
 

Bending of light in a universe filled with quintessential dark energy

R. Saadati 1 and F. Shojai 1,2,*

1Department of Physics, University of Tehran, P.O. Box 14395-547, Tehran, Iran
2Foundations of Physics Group, School of Physics, Institute for Research in Fundamental Sciences (IPM),

P.O. Box 19395-5531, Tehran, Iran

(Received 21 July 2019; published 20 November 2019)

As a local effect of dynamical dark energy, bending of light in the presence of a spherically symmetric
and static black hole surrounded by quintessence has been studied. Having in mind recent observational
data, we have treated the problem as a deviation from Kottler space-time. This deviation is measured by a
perturbation parameter ε included in the equation of state parameter of quintessence as ωq ¼ −1þ 1

3
ε.

Here, the deflection angle is calculated and then the result is compared with [H. Arakida and M. Kasai,
Phys. Rev. D 85, 023006 (2012)] in the limit ε → 0 where the quintessence behaves like the cosmological
constant. It is shown that unlike the cosmological constant, the effect of quintessence on the photon energy
equation can not be absorbed into the definition of impact parameter. Moreover in this paper, we generalize
the Kiselev black hole to the case that there is a modified Chaplygin gas as the dark energy component of
the universe and show that the resulted metric can be reduced to the Kiselev metric by adjusting some
arbitrary parameters.

DOI: 10.1103/PhysRevD.100.104041

I. INTRODUCTION

The universe undergoes an accelerated expansion which
is caused by a peculiar relativistic agent, called dark energy
whose presence gives rise to repulsive gravity. The most
famous and simplest candidate of dark energy is the
cosmological constant which has constant energy density
and pressure. There are also some other candidates with
varying energy density, one of which is called quintessence
with an equation of state parameter in the range of
−1 < ωq < −1=3. For a comprehensive review on dark
energy dynamics see[1]. The observational supports for the
presence of dark energy are many, see for example [2] for
type Ia supernovae observations and also [3] for a summary
of the current status of dark energy research. Problems
of the cosmological constant, such as the conflict between
the obtained value of the vacuum energy density predicted
by quantum field theory and its cosmological observed
value, lead physicists to consider the dynamical dark
energy models. Recent observational data, see for example
Planck 2018 results [4] and DES Collaboration results [5],
indicate that the value of dark energy state parameter, ω lies
in a narrow strip around −1 [6].
Besides the cosmological effects of dark energy, it has

some local consequences. The effect of the cosmological
constant in bending of light is studied in[7,8], although in
some earlier works, it had been argued that the cosmo-
logical constant has nothing to do with the bending of light,
see for example [9].

On the other hand in 2003 Kiselev introduced an exact
solution of Einstein field equations for a static black hole
surrounded by quintessence [10] which enabled the
investigation of the local consequences of quintessence.
Null geodesics in Kiselev metric has been examined in
detail for special case ωq ¼ −2=3 in [11]. For this case,
the effect of quintessence on photon trajectory is exam-
ined in [12]. Also, the study of null geodesics around a
charged black hole immersed in quintessence is done in
[13]. Using the Janis-Newman algorithm, the Kiselve
metric is generalized to Kerr [14] and to Kerr-Newmann-
Ads [15] black holes. Also, the authors of [16] study the
critical values of quintessential and spin parameters, to
distinguish a rotating Kiselev black hole from a naked
singularity. Other works in this topic can be founded in
papers [17,18].
In this paper we are going to treat the bending of

light in Kiselve space-time where the equation of
state parameter of quintessence is ωq ¼ −1þ 1

3
ε in

which jεj ≪ 1. The coefficient 1
3
comes for convenience.

This parameter can be considered as a perturbation
parameter. In the limit of ε → 0, the results of Kottler
(Schwarzschild-de Sitter) space-time will be obtained [7].
Kiselev metric will be our starting point and after having
a review about it in the next section, we take a glance on
the results of bending of light, obtained in the Kottler
space-time, in Sec. III. Then the photon energy equation
and the deflection angle will be calculated in the Kiselev
space-time perturbatively in Sec. IV. In Sec. V we will
generalize the Kiselev metric for a black hole immersed
in the Chaplygin gas and finally we will give some
conclusions in Sec. VI.*fshojai@ut.ac.ir
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II. KISELEV SPACE-TIME

In a static spherically symmetric space-time, the most
general form of the line element can be written as:

ds2 ¼ eνðrÞdt2 − eλðrÞdr2 − r2ðdθ2 þ sin2 θdϕ2Þ ð1Þ

Using Einstein equations, one can obtain the energy-
momentum tensor components as follows (4πG ¼ 1):

Tt
t ¼ −

1

2
e−λ

�
1

r2
−
λ0

r

�
þ 1

2r2
ð2Þ

Tr
r ¼ −

1

2
e−λ

�
1

r2
þ ν0

r

�
þ 1

2r2
ð3Þ

and

Tθ
θ ¼ Tϕ

ϕ ¼ −
1

4
e−λ

�
ν00 þ ν02

2
þ ν0 − λ0

r
−
ν0λ0

2

�
ð4Þ

where primes denote differentiation with respect to the
radial coordinate. In the case ν0 þ λ0 ¼ 0, we see that the
first two equations lead to

Tt
t ¼ Tr

r: ð5Þ

Substituting λ ¼ − ln ð1þ fÞ, it can be easily seen that
Einstein equations reduce to some linear equations for the
unknown function fðrÞ:

Tt
t ¼ Tr

r ¼ −
1

2r2
ðf þ rf0Þ ð6Þ

Tθ
θ ¼ Tϕ

ϕ ¼ −
1

4r
ð2f0 þ rf00Þ ð7Þ

and thus the superposition principle would be satisfied [19].
Following [10], for a static spherically symmetric space-

time, the components of the energy-momentum tensor in
Cartesian coordinates are of the form:

Tμ
ν ¼

�
AðrÞ 0

0 CðrÞrirj þ BðrÞδij
�
: ð8Þ

Averaging over angles leads to

hTμ
νi ¼ diag

�
AðrÞ; 1

3
r2CðrÞ þ BðrÞ; 1

3
r2CðrÞ þ BðrÞ;

1

3
r2CðrÞ þ BðrÞ

�
: ð9Þ

Comparing this with the energy-momentum tensor of a
perfect fluid

Tμ
ν ¼ diagðρðrÞ;−pðrÞ;−pðrÞ;−pðrÞÞ ð10Þ

we see that:

AðrÞ ¼ ρðrÞ ð11Þ

1

3
r2CðrÞ þ BðrÞ ¼ −pðrÞ ð12Þ

in which ρðrÞ and pðrÞ are the energy density and pressure,
respectively. Performing a coordinate transformation, it is
straightforward to show that the energy-momentum tensor
in spherical coordinates is given by

Tμ0
ν0 ¼ diagðρðrÞ; CðrÞr2 þ BðrÞ; BðrÞ; BðrÞÞ: ð13Þ

Applying the condition (5) yields:

CðrÞr2 þ BðrÞ ¼ ρðrÞ: ð14Þ

Equations (11), (12), and (14) specify the energy-
momentum tensor in spherical coordinates as

Tμ0
ν0 ¼ diag

�
ρðrÞ; ρðrÞ;− 1

2
ðρðrÞ þ 3pðrÞÞ;

−
1

2
ðρðrÞ þ 3pðrÞÞ

�
: ð15Þ

It is worth noting that the above energy-momentum tensor
is not of the form of a perfect fluid except for the
cosmological constant where p ¼ −ρ. It presents an
anisotropic fluid with the following radial and transverse
pressures

pr ¼ −ρðrÞ pt ¼
1

2
ðρðrÞ þ 3pðrÞÞ: ð16Þ

Using (15), the Einstein’s field equations (6) and (7) read

−
1

2r2
ðf þ rf0Þ ¼ ρðrÞ ð17Þ

−
1

4r
ð2f0 þ rf00Þ ¼ −

1

2
ðρðrÞ þ 3pðrÞÞ: ð18Þ

Assuming a linear equation of state, pðrÞ ¼ ωρðrÞ, from
the above two equations, one quickly finds that

f ¼ −
rg
r
−
�
rq
r

�
3ωþ1

ð19Þ

prðrÞ ¼ −
3ω

2r2

�
rq
r

�
3ωþ1

ptðrÞ ¼ −
3ωð1þ 3ωÞ

4r2

�
rq
r

�
3ωþ1

ð20Þ
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where rg is the Schwarzschild radius and rq is another
integration constant with length dimension. To find the
order of magnitude of rq, setting ωq ¼ −1, the temporal
component of the metric takes the form

gtt ¼ 1 −
rg
r
−
�
r
rq

�
2

ð21Þ

which is Kottler or Schwarzschild-de Sitter space-time with
the cosmological constant

Λ ¼ 3

r2q
ð22Þ

This means that rq is of the order of the de Sitter radius.
Using the superposition principle, the solution for different
values of state parameter can be superposed and the
corresponding metric component is

gtt ¼ 1 −
rg
r
−
X
n

�
rn
r

�
3ωnþ1

; ð23Þ

which is known as Kiselev space-time [10].

III. BENDING OF LIGHT IN KOTTLER
SPACE-TIME

In the absence of the cosmological constant and other
types of quintessence, the Kiselev metric reduces to the
Schwarzschild one. Solving the null geodesic equation in
the equatorial plane in Schwarzschild space-time, the
photon trajectory and the deflection angle up to the second
order in rg are [20]:

1

r
¼ 1

b
sinφþ rg

4b2
ð3þcos2φÞ

þ r2g
64b3

ð37sinφþ30ðπ−2φÞcosφ−3sin3φÞ ð24Þ

δS ¼ 2
rg
b
þ 15π

16

�
rg
b

�
2

ð25Þ

where b is the impact parameter which determines the
shortest spatial distance to the origin. In deriving the above
relations, the integration constants are chosen such that the
radial distance is minimized where φ ¼ π=2 at any order of
expansion.
The effect of the cosmological constant Λ on the photon

trajectory and the bending of light is also examined in [7].
In Kottler space-time (21), the geodesic equation in
equatorial space-time can be written as

�
dū
dφ

�
2

¼ 1 − ū2 þ r̄gū3 þ
Λ̄
3

ð26Þ

where for convenience, we have used the dimensionless
variables r̄ ¼ r=b, ū ¼ 1=r̄, Λ̄ ¼ b2Λ and r̄g ¼ rg=b.
Comparing with the Schwarzschild case, the effect of
the cosmological constant is equivalent to defining a
new dimensionless impact parameter B̄ which is

1

B̄2
≡ 1þ Λ̄

3
: ð27Þ

This means that the first order differential equation of the
light path changes when the cosmological constant is
included [7]. Thus to include the cosmological constant,
it is sufficient to replace b and rg with B̄ and r̄g in relation
(24) to obtain the following photon trajectory

1

r̄
¼ 1

B̄
sinφþ r̄g

4B̄2
ð3þ cos 2φÞ

þ r̄2g
64B̄3

ð37 sinφþ 30ðπ − 2φÞ cosφ − 3 sin 3φÞ;
ð28Þ

but it is not correct to do so for the deflection angle (25).
To clarify this point more, let us use the method of [8] in
which one should calculate the inner product of two
coordinate directions in curved space-time. The first is the
direction of photon propagation in the two dimensional space
(r;ϕ) and the other is the coordinate line corresponding to
the constant azimuth angle. By a simple calculation one can
show that the angle between these two directions is [8]

tanψ ¼
ffiffiffiffiffiffiffiffiffiffiffi
gttðr̄Þ

p
r̄

jdr̄=dφj ð29Þ

and the one-sided deflection angle is defined as δΛ ¼ ψ − φ
for arbitrary constant φ. This angle is very small thus
δΛ ≃ tan δΛ ¼ tanðψ − φÞ. Substituting (27) and (28) into
(29) and expanding the result up to the first order in Λ̄ and the
second order in r̄g, gives

tanψ ¼
�
tanφ −

Λ̄
3 sin 2φ

�
þ
�

1

cosφ
þ Λ̄ cosφ

6sin2φ

�
r̄g

þ
�
15ðπ − 2φþ sin 2φÞ

32cos2φ
−

Λ̄
96 sinφsin22φ

× ð33 cosφþ 31 cos 3φ − 30ðπ − 2φÞ sinφÞ
�
r̄2g

ð30Þ

According to (21) and (22), if the radial coordinate exceeds
from the dimensionless de Sitter horizon,

ffiffiffiffiffiffiffiffiffi
3=Λ̄

p
, the

cosmological constant considerably affects on the bending
of light path.Thus, at small enoughφ angle, inwhich r can be
compared with the horizon value, the cosmological constant
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can have a significant effect on the ψ angle and thus on the
deflection angle of photons. One can easily show that
replacing b and rg with B̄ and r̄g in relation (25) (see relation
(13) in [7]) and then expanding it, the resulted expression
for deflection angle is different from what can be obtained
by (30).
To compare the Kottler bending light with the

Schwarzschild one, one can compute the relative difference
in bending angle,ΔΛ ¼ ðδΛ − δSÞ=δS in two cases up to any
arbitrary order of expansion. Up to the first order in r̄g and Λ̄,
one gets

r̄gΔΛ ¼ −
1

6 sinφ
Λ̄þ

�
1

6sin2φ
þ 5

32

�
1þ π − 2φ

sin 2φ

��
r̄gΛ̄:

ð31Þ

IV. BENDING OF LIGHT IN KISELEV
SPACE-TIME

Now let us to consider the deflection of light in Kiselev
space-time given by (19). Using the null geodesic equations
in the equatorial plane, one can write the photon energy
equation as

�
dū
dφ

�
2

¼ 1 − ū2 þ r̄gū3 þ r̄qε−2ūε ð32Þ

where r̄q ¼
ffiffiffiffiffiffiffiffiffi
3=Λ̄

p
. Equation (32) differs from the photon

geodesic equation in the Schwarzschild space-time in the
last term on its right-hand side which is the quintessential
correction. Here we consider the Kiselev metric as a nearly
Kottler metric if the equation of state parameter of
quintessence is near −1. Hence, we write ωq ¼ −1þ 1

3
ε

in which the small parameter ε measures the deviation of
the metric from the Kottler metric. The time-time compo-
nent of metric, (23), up to the first order of ε would be

gtt ¼ 1 −
Λ̄
3ū2

− r̄gū − ε
Λ̄
3ū2

ln

ffiffiffiffi
3

Λ̄

r
ū: ð33Þ

This means that if the quintessential dark energy is
considered to be a small deviation from the cosmological
constant, it affects as a perturbation on the Kottler space-
time. This is also true for the null geodesic equation
considered here. Expanding the last term of (32) up to the
first order in ε leads�

dū
dφ

�
2

¼ 1 − ū2 þ r̄gū3 þ
Λ̄
3
þ εΛ̄

6
ln

3

Λ̄
ū2 ð34Þ

where the last term on the right-hand side of (34) is a
perturbation to the Kottler null geodesic equation (26). In
the following, in addition to r̄g, we use another expansion
parameter ε. Then we expand ūðφÞ in terms of these small
parameters as follows:

ū ¼ ½ðū0 þ εw̄0 þ � � �Þ þ r̄gðū1 þ εw̄1 þ � � �Þ
þ r̄2gðū2 þ εw̄2 þ � � �Þ þ � � �� ð35Þ

where, on the right-hand side, any terms in r̄g Taylor
expansion, is also expanded in terms of ε.
Inserting (35) into (34), we find that the functions ū0, ū1,

ū2, w̄0, w̄1, and w̄2 satisfy the following equations:

�
dū0
dφ

�
2

¼ 1 − ū02 þ
Λ̄
3

ð36Þ

�
dū0
dφ

��
dū1
dφ

�
þ ū0 ū1 ¼

1

2
u30 ð37Þ

1

2

�
dū1
dφ

�
2

þ
�
dū0
dφ

��
dū2
dφ

�
¼ þ3ū02ū1 − ū0 ū2 −

1

2
ū12

ð38Þ

�
dū0
dφ

��
dw̄0

dφ

�
þ ū0 w̄0 ¼

Λ̄
12

ln

�
3

Λ̄
ū02

�
ð39Þ

�
dū0
dφ

��
dw̄1

dφ

�
þ ū0 w̄1 ¼ 3ū02w̄0 −

�
dū1
dφ

��
dw̄0

dφ

�

− ū1 w̄0 þ
Λ̄
6

ū1
ū0

ð40Þ

�
dū0
dφ

��
dw̄2

dφ

�
þ ū0 w̄2

¼ 3ū0 ū1 w̄0þ
3

2
ū02w̄1 −

�
dū1
dφ

��
dw̄1

dφ

�
−
�
dū2
dφ

��
dw̄0

dφ

�

− ū1 w̄1 −ū2 w̄0þ
Λ̄
6

�
ū2
ū0

−
ū12

2ū02

�
: ð41Þ

The first three equations are exactly those are obtained from
the Kottler space-time in [7] and their solution yields (28).
Substituting (35) into (39)–(41) and assuming the mini-
mum of r occurs at φ ¼ π=2 at any order of expansion, we
find the photon trajectory as follows1:

1It should be noted that the last parentheses in (42) comes from
simplifying iðπ2=6 − φ2Þ þ 2φ lnð1 − e2iφÞ − iLi2ðe2iϕÞ. A sim-
ple calculation shows that this expression is real. To see this, it is
enough to use: ℑ lnð1 − e2iφÞ ¼ φ − π=2 and ℜLi2ðe2iϕÞ ¼
π2=6 − πφþ φ2.
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1

r̄
¼

�
1

B̄
sinφþ ε

B̄ Λ̄
12

�
ðπ − 2φÞ cosφþ sinφ ln

�
3

Λ̄B̄2
sin2φ

���

þ r̄g

�
1

4B̄2
ð3þ cos 2φÞ þ ε

Λ̄
12

ð1þ ð1þ cos2φÞ ln
�

3

Λ̄B̄2
sin2φ

�

− cosφ ln

�
tan2

φ

2

�
−
π − 2φ

2
sin 2φÞ

�

þ r̄2g

�
1

64B̄3
ð37 sinφþ 30ðπ − 2φÞ cosφ − 3 sin 3φÞ

þ ε
Λ̄

1536B̄ sinφ

�
2 cos 2φ

�
−32þ 15ðπ − 2φÞ2 − 60 ln

�
3

B̄2Λ̄
sin2φ

��

þ 3

�
64 − 10ðπ − 2φÞ2 þ 37 ln

�
3

B̄2Λ̄
sin2φ

��
þ 128 cosφ ln

�
tan2

φ

2

�
sin2φ

þ 10

�
−34φþ πð17 − 12 ln 2Þ þ 3π ln

��
3

B̄2Λ̄

�
3

sin2φ

��
sin 2φ

þ 9 ln

�
3

B̄2Λ̄
sin2φ

�
ðcos 4φ − 20φ sin 2φÞ þ ð18φ − 9πÞ sin 4φ

þ120 sin 2φð2φℜ lnð1 − e2iφÞ þ ℑLi2ðe2iφÞÞ
��

: ð42Þ

Substituting (33) and (42) into (29) gives the ψ angle. For a more accurate comparison with (30), we expand the result up to
the first order in Λ̄

tanψ ¼ tanφþ r̄g
cosφ

−
Λ̄

3 sin 2φ
þ cosφ
6sin2φ

Λ̄r̄g

−
1

6

�
2φ − π

2cos2φ
−

1

sin2φ
ln

Λ̄
3sin2φ

�
εΛ̄ −

1

12

�
1

cos2φ

�
2 ln tan

φ

2
þ ð2φ − πÞ sinφ

�

þ cosφ
sin22φ

�
8þ cos 3φþ 3ðcosφþ 1Þ

cosφ
ln

Λ̄
3sin2φ

��
r̄gεΛ̄ −

15ð2φ − π − sin 2φÞ
32cos2φ

r̄2g

−
1

96 sinφ sin 2φ
ð33 cosφþ 31 cos 3φþ 30ð2φ − πÞ sinφÞr̄2gΛ̄

−
1

1536sin32φ

�
−478þ 340ð2φ − πÞ − 360ð2φ − πÞ2 þ 120π ln 2þ 1113 ln

Λ̄
3sin2φ

þ 64 sin 2φsin2φ

�
16 sinφ ln tan

φ

2
− 15ℑLi2ðe2iφÞ

�

þ 2 cos 2φ

�
−772þ 240ð2φ − πÞ2 þ 499 ln

Λ̄
3sin2φ

�

− 2 cos 4φ

�
529þ 170ð2φ − πÞ þ 60ð2φ − πÞ2 þ 120π ln 2þ 853 ln

Λ̄
3sin2φ

�

þ 2 cos 6φ

�
4þ 243 ln

Λ̄
3sin2φ

�
þ 81 cos 8φ ln

Λ̄
3sin2φ

− 4 sin 2φ

�
170 − 187π þ 1589φþ 240φ ln 2þ 60ð2φ − πÞ ln Λ̄

3
þ 1620φ ln

Λ̄
3sin2φ

�

− 10 sin 4φ

�
−34 − 48φ ln 2þ 19ð2φ − πÞ þ 12φ ln

Λ̄
3
− 336φ ln

Λ̄
3sin2φ

�

þ 324ð7φ − πÞ sin 6φ − 81ð2φ − πÞ sin 8φ
�
r̄2gεΛ̄ ð43Þ
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This shows how deviation from the cosmological constant affects on the deflection angle. For completeness analysis, one
can find ΔΛε ¼ ðδΛε − δΛÞ=δΛ up to the first order in rg, Λ and ε as follows

rgΔΛε ¼
1

12

�
π − 2φ

cosφ
þ 1

sinφ
ln

Λ̄
3sin2φ

�
εΛ̄x

þ 1

384sin22φ

�
128þ 30ðπ − 2φÞ2 þ 30ðπ − 2φÞ sin 2φ

�
sin2φþ ln

Λ̄
3sin2φ

�

þ 128 sinφ sin 2φ ln tan
φ

2
þ 79 ln

Λ̄
3sin2φ

− 2cos2φ

�
15ðπ − 2φÞ2

− 64 − 32 ln
Λ̄

3sin2φ

�
− 15 cos 4φ ln

Λ̄
3sin2φ

�
r̄gΛ̄ε:

V. BLACK HOLES IN THE PRESENCE OF
CHAPLYGIN GAS

Although in this paper we have assumed that the dark
energy equation of state is very close to the cosmological
constant, it is known that there are several candidate for
dark energy in addition to the cosmological constant
and the quintessence such as the Chaplygin gas, phantom,
k-essence and so on [1]. Thus, it is of some interest to find
the black hole solutions of general relativity surrounded by
an arbitrary kind of dark energy. Here, for an example, we
are going to do this by accepting the Chaplygin gas [21,22]
as the dark energy component of the universe.
For a modified Chaplygin gas, the pressure p and the

energy density ρ are related through the following equation
of state:

p ¼ Aρ −
D
ρα

ð44Þ

where A and D are positive constants and α lies within the
range 0 ≤ α ≤ 1. Rewriting Einstein equations (17) and
(18), we thus have

−1
2r2

ðfch þ rf0chÞ ¼ ρðrÞ
1

4r
ð2f0ch þ rf00chÞ ¼

1

2
ðρðrÞ þ 3pðrÞÞ ð45Þ

in which fch is used to indicate that we are dealing with a
static spherically symmetric black hole surrounded by
Chaplygin gas. These equations together with (44) form
a closed system of equations for the three unknown
functions fch, ρ, and p. After a simple calculation, we
find that

ρ ¼
�
K þ E

rl

�
m

ð46Þ

fch ¼ −
2r2Km

3 2F1

�
−3
l
;−m; 1 −

3

l
;−

E
Krl

�
−
rg
r

ð47Þ

where

K¼ 3D
1þA

l¼3ð1þAÞð1þαÞ m¼ð1þαÞ−1 ð48Þ

where rg is an integration constant and 2F1 is hyper-
geometric function. The first term in (47) arises from the
Chaplygin gas and in the second term, a minus sign is
chosen to get the standard term of the Schwarzscild metric.
For a constant equation of state parameter, D ¼ 0, we find
that ρ ∼ r3ð1þAÞ and the first term of fch is proportional to
1=rð1þ3AÞ which agrees with (23). Another special case is
the pure Chaplygin gas where A ¼ 0 and α ¼ 1. For this
case, we obtain

ρ ¼
�
Dþ E

r6

�
1=2

ð49Þ

and

fðpureÞch ¼−
2r2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dþ E

r6

r
þ2r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðDþ E

r6
Þ

q
Arctanh

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þDr6

E

q

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EþDr6

p :

ð50Þ

The last interesting case studied here, is the space-time seen
by an observer located far away from the black hole
surrounded by a general Chaplygin gas. In this case, the
second term in (46) is small, one can easily show that

fch ¼−2
�
1þA
D

�
1þα

�
r2

3
−
Eð1þAÞ
Dð1þαÞ

r−3ð1þAÞð1þαÞ−1

3ðαþAþαAÞ
�
−
rg
r

ð51Þ

in which the first term on the right-hand side corresponds to
the presence of the cosmological constant and the third
term is the usual Schwarzschild term. Thus for a distant
observer who is located far away from the black hole, the

R. SAADATI and F. SHOJAI PHYS. REV. D 100, 104041 (2019)

104041-6



presence of the Chaplygin gas is distinguishable from the
cosmological constant.
It should be noted that in derivation of expressions (46)

and (47), we have used a nonperfect Chaplygin gas with
anisotropic pressures given by (16). As it is shown in Sec. II,
this is resulted directly from our assumption gttgrr ¼ −1.
However, this is not always true. For example, there are
some solutions of Tolman-Oppenheimer-Volkov equations
in the case of a perfect Chaplygin gas, for which gttgrr ≠ −1
[23]. This is also true for some other solutions of Tolman-
Oppenheimer-Volkov equations in the presence of a per-
fect fluid.

VI. CONCLUDING REMARKS

In this paper, we have investigated the deflection angle of
light by a quintessential black hole where the quintessence
has extremely small deviation from the cosmological con-
stant,ω ¼ −1. This allows us to use a perturbative analysis in
which, in addition to the dimensionless Schwarzschild
radius, r̄g, a new deviation parameter ε is appeared. We
have obtained the usual expansion of the bending light in

Schwarzschild space-time in terms of r̄g in which any order
of expansion is corrected by an expansion in terms of ε.
The deflection angle is calculated up to the second order in
r̄g and the first order in ε and it can be seen that in photon
trajectory, the contribution of quintessence can not be
absorbed into the definition of impact parameter in contrast
to the cosmological constant [7]. This is also true for light
bending angle both in the case of the cosmological constant
and also quintessence. We also generalized the Kiselev
metric to a black hole immersed in a Chaplygin gas. It is
worth noting that inKiselev space-time, a nonperfect energy-
momentum tensor acts as the source of Einstein equations.
Therefore, this solution is different from the solutions of
Tolman-Oppenheimer-Volkovequationswhena perfect fluid
is includedwith any equation of state (linear, Chaplygin, etc.)
except for the cosmological constant.
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