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Ghost-free modification of the Polyakov action and Hawking radiation
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In this paper we discuss possible effects of nonlocality in black hole spacetimes. We consider a two-
dimensional theory in which the action describing matter is a ghost-free modification of the Polyakov
action. For this purpose we write the Polyakov action in a local form by using an auxiliary scalar field and
modify its kinetic term by including into it a nonlocal ghost-free form factor. We demonstrate that the
effective stress-energy tensor is modified and we study its properties in a background of a two-dimensional
black hole. We obtain the expression for the contribution of the ghost-free auxiliary field to the entropy of
the black hole. We also demonstrate that if the back-reaction effects are not taken into account, such a
ghost-free modification of the theory does not change the energy flux of the Hawking radiation measured at
infinity. We illustrate the discussed properties for black hole solution of a 2D dilaton gravity model which

admits a rather complete analytical study.
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I. INTRODUCTION

Nonlocal field theories have a long history, especially in
the context of attempts to manage the ultraviolet (UV)
behavior of quantum scattering amplitudes. There is a
subclass of nonlocal field theories that are called ghost-free
(GF) theories, which have particularly nice properties.
First, these ghost-free modifications of local field theories
do not lead to any extra propagating degrees of freedom at
tree level. As a consequence, while improving the behavior
at short distances, their behavior at large scales is very
similar to that of local theories. These theories have been
extensively studied in a large number of publications,
especially in the context of the resolution of cosmological
as well as black hole singularities [1-25]. Scattering on a
potential barrier in the framework of ghost-free theories,
vacuum fluctuations and nonlocal footprints in observables
has been analyzed in Refs. [26-29]. Thermal properties of
ghost-free theories in flat spacetime and the superradiance
effect were studied in [28,30].

There is an interesting related question as to how
nonlocality would affect the excitation rate of an Unruh-
DeWitt detector interacting with a ghost-free quantum
field on the background of a Rindler spacetime or a
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Schwarzschild black hole. There has been some contro-
versy in the literature on this topic, see e.g., [31-34]. The
result of this discussion can be summarized as follows: An
Unruh-DeWitt detector is not sensitive to the nonlocality of
a ghost-free quantum field and will react exactly in the
same way as if it were interacting with a local field. The
explanation of this fact is quite simple. The response rate of
the Unruh-DeWitt detector is described by the temporal
Fourier transform of the Wightman function of the corre-
sponding quantum field. The Wightman function satisfies a
homogeneous equation and, for this reason, is the same as
for the local theory. Only quantities that are described by
the Feynman propagator or the retarded Green function,
which satisfy inhomogeneous equations, may be connected
with nonlocal aspects of the field [27].

The flux of Hawking radiation of an evaporating black
hole is described by the retarded propagator of the
corresponding scalar field [35]. Therefore it might depend
on the scale of nonlocality inherent to ghost-free theories.
On a given background of a black hole the Hawking
temperature is defined by the geometry of the black hole
and it evidently depends on the surface gravity of the
horizon only. The vacuum stress-energy tensor and the
value of the Hawking flux at infinity in their turn depend
also on the gray-body factors and on the characteristics of
the quantum field. Therefore the question about the effect
of nonlocality on the quantum mean value of the stress-
energy tensor of ghost-free fields is nontrivial.

In this paper we study quantum aspects of ghost-free
theories in the strong field regime. Dealing with nonlocality
in this context is not a simple problem. It requires serious
modifications of well-known approaches as well as the
development of entirely new approaches. Our main interest
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in this paper is to study how a ghost-free modification of a
local theory influences the stress-energy tensor of the
matter field and the Hawking radiation in particular. We
start with two-dimensional gravity, wherein the background
geometry of a two-dimensional black hole is considered to
be classical. The matter field, on the other hand, shall be
assumed to be quantum.

Itis well known that in the case of a local two-dimensional
conformal scalar field, a quantum mean value of its stress-
energy tensor can be obtained as a variation of the Polyakov
action [36], see Eq. (4) further below. This action appears as
an effective action after quantization of conformal matter
fields in a given background geometry and can be obtained
by functional integration of the conformal anomaly [36-38].
By construction, the Polyakov action and other effective
actions are generically nonlocal functionals of the back-
ground fields and geometry. When the matter field is
nonlocal even before quantization, the effective action will
be nonlocal in any case. We do not propose a particular
rigorous prescription of quantization of nonlocal theories.
Instead we notice that, because the ghost-free modification
of the matter field does not introduce any new degrees of
freedom compared to the local theory, one can reasonably
expect that after the quantization the effective theory also
will not acquire extra poles in the propagators. Ghost-free
modifications, in the class of theories considered here,
contain a dimensional parameter of fundamental length £
which breaks conformal invariance of the theory. This fact
can have an imprint on all quantum averages of observables.

Let us consider a class of theories

S[Qﬂl/’ l/’\/} = Sg [9/41/] + Smatter [g;wv li/] (1)

where S, is a gravitational action and Sy, 18 the action of
the quantum matter field yr in the background of g. After the
quantization of the matter fields i, as well as renormaliza-
tion of the coupling constants of the gravitational action,
one obtains the effective action

W[g/w] = Sg [g/u/] + Whatter [g/w}' (2)

Now suppose that g, is a black hole solution of S,[g,,]. In
this given background, we may ask how the ghost-free
deformation of the theory, described by W ..» affects the
effective stress-energy tensor and the Hawking radiation of
the black hole in particular.

The paper is organized as follows. In Sec. II we present
the standard Polyakov action in a local form by introducing
an auxiliary scalar field and the effective stress-energy
tensor associated with this action. We also discuss a relation
between the choice of the state and zero modes of the
[J-operator. In Sec. III we describe a ghost-free modifica-
tion of the Polyakov action in the local form, obtain an
expression for the effective stress-energy tensor of such a
theory, and demonstrate that this tensor can be explicitly

written as a sum of two terms. The first one depends on the
form factor of the modified theory but is insensitive to
the choice of the state. The second term, describing the
dependence of the stress-energy tensor of the state, does not
“feel” the presence of nonlocality and coincides with the
corresponding expression for the original local (nonmodi-
fied) theory. Nonlocal contribution to the entropy of a 2D
black hole is discussed in Sec. IV. In Sec. V we demonstrate
that for a fixed background of a 2D black hole the nonlocal
modification of the theory does not change the energy flux
of Hawking radiation at spatial infinity. In Sec. VI we
analyze nonlocal effects for a special case of a 2D black
hole model connected to string theory and obtain explicit
expressions for the components of the effective stress-
energy tensor as well as contributions to the quantum
corrections of the black hole entropy. Section VII contains a
brief summary and discussion of the obtained results.
Useful formulas for the 2D geometry of a static lack hole
are collected in the Appendix.

II. 2D CONFORMAL ANOMALY
AND POLYAKOV ACTION

Let us consider a two-dimensional spacetime with a
metric g,,, and let i be a conformally invariant quantum
field in this metric. Then, as it is well known, the quantum
average of the trace of the stress-energy tensor for such a
field has a following universal form:

(T")g,, = 2bR. (3)

Here, R is the Ricci scalar for the metric g,,. The
dimensionless coefficient b depends on the nature of the
quantum field. For a conformal massless scalar field
b = 1/(48x). Polyakov [36] demonstrated that the expres-
sion for the trace anomaly (3) can be obtained by variation
of the following nonlocal effective action':

b 1
WPol [g/u/} == 5/ dzx\/ _QRER' (4)

One obtains

2 OWpy
V=9 09
The Polyakov action (4) can be identically rewritten in a

local form by introducing an auxiliary field ¢. To that end,
let us consider the action

T=T"g,, = 9w = 2bR. (5)

Weol[gu- @) = b / d’xy/=g B oo — R¢} (6)

'We use Misner-Thorne-Wheeler sign conventions for the
definition of the Riemann tensor and the signature (—, +) [39].
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The scalar curvature here plays the role of a source for the
field ¢. The variation of this action with respect to ¢ gives

O¢ = R. (7)

By substituting this relation into (6) one returns to the
Polyakov action (4). It should be emphasized that the
effective action (6) depends on the classical fields g,,
and ¢. It correctly reproduces the conformal trace anomaly,
but itself is not conformally invariant.

The effective action can be used to calculate not only the
trace but also all components of the effective stress-energy
tensor [35]

g — 2 Wea
V=9 69
o . 1.
= b|pHp? — 2 — g (E PPy — 2D(p>:| . (8

In this expression we understand

1
— =R 9)

The tensor (8) is conserved, T#*, =0, and its trace
reproduces (5). The expression 1/ should be understood
as a corresponding Green function of the [J-operator. In the
application to spacetimes with Lorentzian signature of the
metric, this Green function is to respect the initial con-
ditions of the problem under consideration. If there are no
incoming fluxes one should use the retarded Green func-
tion. This choice corresponds to the calculation of the
(in|7#¥|in) quantum mean value of the stress-energy tensor
operator of the conformal quantum field 1/7.2

Let us now turn to black holes. A static two-dimensional
metric can be written in the form

d 2
ds2:—fdt2+7r, (10)

where f = —£&¢, and £, is the Killing vector (see the
Appendix). A solution of Eq. (7) can be written as a sum

» = +y, (11)
where
Oy =—Inf (12)

is a solution of the inhomogeneous equation and y is a
solution of the homogeneous equation [ly = 0. In other
words, y is a solution constructed from zero modes of the
[J-operator. We are looking for solutions that generate a

For more details see the discussion in Ref. [35].

stationary stress-energy tensor (8). Such zero modes can be
written in the following form (see the Appendix):

X =wt+kr,. (13)

Here, w and k are two arbitrary constants and r, is a tortoise
coordinate,

dr

r.= [ —. (14)
f
Substituting (11) into (8) one obtains
v _ v
T = T(%) + T(x)' (15)

In the above, T* ;0) denotes the contribution of the ®,-term
and T’& corresponds to the contribution of zero modes,

respectively. The first term is

T;w

5 W UY v 1 ‘@
= b| DYDY — 208 — g (5 LDy, — ZDCDON.

(16)

Simple calculations allow one to write the following
explicit expression:

2"+ 0
Tion = b & 17
(q)())l/ - 0 fIZ * ( )

The zero-mode contribution reads

_Pw? k

_ W
Ty, = ( e kzwz)‘ (18)

12 2f

Different choices for the constants w and k correspond to
different states of the quantum field: When either w or k
vanishes the nondiagonal elements of the stress-energy
tensor vanish as well, that is, for such a choice of the state
there are no fluxes. The choice w = 0, k = 2k, where « is
the surface gravity

1 U
= — o 1
K 2f |r—r_q’ ( 9)

corresponds to the Hartle-Hawking state. Lastly, w = «,
k = —« defines the Unruh vacuum state. For details see the
Appendix.
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III. GHOST-FREE MODIFICATION OF THE
POLYAKOV ACTION

A. Action

Let us now study a nonlocal modification of the action
(6) by substituting instead of the [l-operator its ghost-free
version. To that end, let us consider a nonminimally
coupled ghost-free real scalar field in two dimensions:

WeE[Gu- @] = / dxy/= [ pAg — R<ﬂ} (20)
where the background is given by metric g and the operator
Ais

A = 0eP0) P(z) = (=*2)N. (21)
Here N is a positive integer number. We refer to this class of
theories as GNy [40]. The scalar field equation is

Ap =R, (22)

where the Ricci scalar acts as a source for the field ¢.
Integrating out the scalars from (20) one obtains the
action

1
Warlgu] = ~%6n d*x,/—=gRA™'R

e~ (=220

1
T dzx‘/_R R. (23)

In the limit # — 0 it corresponds to the Polyakov action.
For nonvanishing parameter of the nonlocality £ the above
action (23) is a ghost-free deformation of the Polyakov
action. Our aim is to analyze how this modification affects
physical observables.

For the case of GF, theory the action (23) can be written
in the form

War = Wpo + Wy,
o
W, = / dsWis],
0

d’x\/=gRe*“R. (24)

ST

In the above, Wp,, denotes the Polyakov action (4) and the
term W, describes its ghost-free modification. In the limit
¢ — 0 one has W, = 0 and one arrives back at the standard
theory without ghost-free modifications.

B. Trace of the effective stress-energy tensor

We derive here an expression for the trace of the stress-
energy tensor for the action (23). The expression for the

complete stress-energy tensor will be given in the next
subsection.

For the calculation of the trace we write a two-
dimensional metric in the conformal gauge,

V=g =e%. (25)

g;u/ = ezﬁnuw
Using this representation one obtains
O = 200, R = —20o, (26)

where [ denotes the flat d’Alembertian. The ghost-free
Polyakov action (23) then takes the form

Warlo] = d2xe¥oe D' Os.  (27)

2471

The trace of the energy-momentum tensor for the scalar
field can be obtained via

29/41/ 5WGF 26 5WGF

T =g TW= -
uw Nk

(28)
Note that in the conformal gauge

5(y/=g0) =60 =0, 0 =-256¢00. (29)

The only term in Eq. (28) which requires new calcula-
tional techniques is e~"(7). The variation of the exponent of
an operator can be performed using the following relation
[41,42]:

5(eB) = / L dee(-9B (55)elB (30)

0

which is applicable to variation of an exponent of any self-
adjoint operator B. This relation allows one to obtain the
expression for the trace for an arbitrary GFy model. Here
we present the corresponding result for the simplest case of
GF, theory. We obtain

1 2
T=—"e"UR+——

s R+ g [ dele I ORI R 1)

For # = 0 this expression correctly reproduces the trace

anomaly of the Polyakov action T = ﬁR.

C. The effective stress-energy tensor

Variation of the action (20)—(23) over the metric gives
the effective stress-energy tensor. For example, in the case

104008-4
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of GF, theory one has B = P(LJ) = —£?[J and the effec-
tive stress-energy tensor reads

1 2
TH — [ -0
agr PO -

— 2(p;;w + 29My|:|(ﬂi|
bp2
487 Jo

9"” “(e"Cg),,

ag{ (19T (o5 Ty
1 uv (,—(1-6)7*0 waf ,—E00
- Eg (6 D(p)’ (6 (p>;a

1
— 39 (e 1970y (¥ 0y |. (32)

Here, after the variation, one can apply the field equation (22)
and write

—A‘IR—fR (33)
@ = =R

These formulas generalize (8)—(9) to the nonlocal GF,
theory. Similarly, one can easily derive the stress-energy
tensor for arbitrary GFy theory for other values of N. It is
straightforward to verify that by taking trace of (32) one
correctly reproduces (31).

D. State dependence

A solution (33) of Eq. (22) for the GF; model can be
written as a sum

were @ is a solution of the inhomogeneous equation (22)

® =0, Dy=-Inf, (35)

and y is a zero mode of the operator A. Since the form factor
¢”’0 calculated for an on-shell solution is equal to 1, zero
modes of the operator A are identical to zero modes y of the

[J-operator
Ly =0. (36)
This is a property intrinsic to ghost-free theories and not

present in generic higher-derivative theories. Using these
results one can show that (32) splits into two terms,

TH =Tl + T2, (37)

The first term is given by the same formula as (32) where
@ is replaced by @,

T’"J*1

_n »
@) ~ 487 {CD”( Ry

1
- Egyyq);a(e—fzijq));a

— 20w Zg”UD(I)]

£ (1-&)20 —£20 ¢\
-1 df{( O)# (e~ D)
——g"”( (=700 (e D),
1
— 39197000 (¢ O0) }. (38)

The zero-mode dependent term T’(’;) reads

, 1
T = 180 X'7" ——g"”)(xa—%””]

1 ; v v a
+K[q) 005 = ¢ . Pf) (39)

Using the field equation [Jy = 0 one can check that its
trace vanishes, T(,) = 0. The component T’(‘;) does not

depend on the parameter £ and hence it coincides with the
corresponding expression for the Polyakov action dis-
cussed earlier. One can see that the nondiagonal compo-
nents of the effective stress-energy tensor describing the
fluxes are given by the state dependent term T’g). Therefore

one can conclude that, if the backreaction of the effective
stress-energy tensor on the metric is neglected, the
Hawking flux of energy at infinity does not feel the effects
of nonlocality. At the same time the diagonal part T/, of

the stress-energy tensor depends on the nonlocality param-
eter £ and its back-reaction on the metric modifies the
parameters of the black hole.

IV. BLACK HOLE ENTROPY

The representation (20) of the ghost-free action is useful
for determining the contribution of ghost-free fields to the
quantum corrections of black hole entropy. As it has been
proved by Myers [43], the Noether charge technique
proposed by Wald [44] can be successfully applied to
nonlocal theories as well. The purely gravitational part of
the action §,[g,,] is local and obviously leads to a standard
Wald contribution to the entropy of the black hole. In what
follows, we shall be interested in the part stemming from
the ghost-free action (23). In this case, employing the local
representation (20), one can easily compute the ghost-free
contribution to the entropy3

Here we use the letter S for the entropy, as it is traditionally
accepted, although previously we used the same symbol to denote
classical actions. We hope that it will not lead to confusion.
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1
Ser = 75 ) . 40
GF 12(0r ( )

=Ty

where ¢ is given by (33). For GF,; theory we obtain

1 elej

ST

B (41)

In the limit # — 0 the ghost-free action W reduces to the
Polyakov action Wp, and one reproduces its standard
contribution Sp,; to the black hole entropy,

L1g (42)

Sea = 58], -

Note that ¢ and the propagator 1/ entering (41)—(42)
depend on the choice of the state, which in turn is reflected
in the proper boundary conditions for the Green function.
For every state these boundary conditions can be satisfied
by adding zero modes (13). For the Hartle-Hawking
vacuum the auxiliary field ¢ is finite on the bifurcation
point of horizons and takes the form

@ =®+2r, +c, (43)

where @ is given by (35) and c is a constant. Similarly, in
the case of the Polyakov action one gets

@ = Dy + 2kr, + c, Oy =—-Inf. (44)
Because zero modes are the same for the ghost-free and
Polyakov models, the constant ¢ here is the same as in (43).
One can fix this constant by considering the pure Polyakov
model, wherein it is defined by the boundary conditions
and a proper gauge fixing for the conformal metric [43].
The difference of the entropies in these two models,
AS=Sgr—Spo = (P+Inf)/12, is finite, uniquely defined,
and does not depend on the state.

V. HAWKING FLUX

As we already mentioned, the analysis of the effective
stress-energy tensor allows one to conclude that the ghost-
free modification of the Polyakov action does not affect the
fluxes as measured at infinity. In this section we rederive
this result by using the Christensen-Fulling representation
for a general stationary conserved stress-energy tensor in
two-dimensional static spacetimes [45]. As is well known,
in two dimensions the Hawking flux can be evaluated if a
trace of the stress tensor is given. In particular, in the metric
of the form (10) the conservation of the stationary energy-
momentum tensor gives

1
0.1 =0, 9,(fT}) = [Tt (45)

The Hawking flux at infinity is given by [45]

dE 1 fo
W2 o (46)

where r = r, corresponds to the black hole horizon such
that f(r,) = (Vr)?|,_, = 0. From (45) it is clear that the
Hawking flux at infinity picks up a contribution from the
horizon, f(r,)T}(r,). Consequently there will be no con-
tribution to the Hawking flux from any 77 that is finite at
the horizon.

Using the representation Wgr = Wp, + Wy, see (24),

one can write the following expressions for the trace 7' of
the effective action and its (r, r) component, 7%:

T=Tpo + A “dsT, Tr =T po + A dsTr. (47)
Here

2 SWs
V=9 69

and W[s] is defined by Eq. (24). The trace T can be easily
found by using the method explained in Sec. III B.

Let us now explain how the components of 7#* can be
determined. We start with a general expression for the
variation of the action W[s]

T = (48)

SW(s] = / d’x\/=gT"5q,,. (49)

After the variation is performed and 7** is obtained in an
arbitrary metric, let us substitute into this expression the
static metric (10). We now can consider special (static)
variations of the metric

dr?
?
Note that the integrand in (49) does not depend on time. As
the result of variation one obtains

6(ds?) = — {dtz + }5}0. (50)

SW(s]
of

Using these results one finds the following expressions for
T and T7:

2f =TT (51)

-1
T =—(2fe'"R" +2f'(¢*"R)' + Re*"R
487w

+sf A 1 dg(e<1—f5>sﬂR)’(estR)'] , (52)

Tr o sO py/ 1 ( ,sCIR Y/ s
T,—96ﬂ{4f(e R)" +2f"(e*=*) + Re*-R

+ 50, / l dff(eﬂ—é%@le)(eéﬂle)’] , (53)
0
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where (...)" = 9,(...). Let us consider these two expres-
sions in two regimes: at the horizon where f(r,) = 0, and
at spatial infinity where f =1 and R = 0.

At spatial infinity, both 7" and 77 vanish. At the horizon
they are regular and finite. Note, however, that this
regularity of 77 at the horizon implies

lim f77 = 0. (54)

Then the conservation of energy momentum (45) implies
that GF modification of the Polyakov action cannot affect
the total flux of Hawking radiation at spatial infinity.

VI. EXAMPLE: 2D DILATON BLACK HOLE

A. Action and solutions

In order to illustrate the effects of nonlocality on the
properties of black hole we consider a 2D theory described
by the effective action

Slgue] = % / dx/=ge R + 4(Vg) + 422, (55)

Here R is the curvature of the 2D spacetime, ¢ is a dilaton
field and A is a constant. This action arises in string theory
[46,47]. Tts 2D black hole solutions were studied in
Refs. [48-51]."

A static black hole solution can be written as

M
f =1 __e—Z/Ir’

; = —Jr. (56)

Here, M is the mass parameter of this black hole solution.
The horizon is located at r = r, with

1. M
r,=—In—. 57
9202 (57)
The constant A determines a scale. It is convenient to use
dimensionless coordinates (7, x) defined as

7 =211, x = 2A(r—ry), (58)

and write the “physical” metric ds? in the form

1 dx?

ds? =—ds?, ds’=—fdr*+—,
5 4/125 s f’r—l-f

f=l—e> (59

In what follows we perform our calculations in the dimen-
sionless metric ds” using the dimensionless coordinates
(7, x) and only at the very end restore the dimensionality of

*Solutions for the action (55) with conformal classical and
quantum matter (the so-called CGHS model) have been discussed
in [52]. For a review see Refs. [53,54].

the corresponding objects. For example, the surface gravity
in the physical metric is & = (df/ dr)|,:rg /2 = A while in
the dimensionless one it is k = 1/2.

The dimensionless Ricci curvature of the black hole is

R=e¢". (60)

In what follows it will be convenient to use the dimension-
less curvature R instead of the coordinate x. In these
curvature coordinates the metric (59) takes the form

dR?

ds? = —(1 = R)de> + —
= (=R + 40 TRy

(61)

B. Spectral representation

Our formulas describing the contribution of nonlocality
to the stress-energy tensor and black hole entropy contain
the quantity F(s, R) = e*“R and other functions similar to
it. Let us calculate this object. This function F(s, R) obeys
the following equation:

(0, —O)F(s,R) =0, F(0,R) =R. (62)

The second equality plays the role of an initial condition. In
our calculations we shall use the curvature coordinates
(r, R) in which the [-operator takes the form

O = RIR[(1 = R)ROR]. (63)
Let us consider the following eigenvalue problem:
O¥(R) = A¥(R), (64)

and require that a real eigenfunction W(R) is finite both at
the horizon and at infinity. It is easy to show that at the
horizon, R = 1, a general solution of (64) has the following
asymptotics:

Y(R)~a_In(1-R)+ag+---, (65)
At infinity its asymptotics are
Y(R) ~a, RV 4+ a_R™V7. (66)

Let us show that for a positive value of 4 it is impossible
to satisfy simultaneously the condition of the finiteness of
Y on the horizon and at infinity. Let us denote

R, — —ln<1 fR) (67)

Then, Eq. (64) can be written in the form

>y

e~ AR (68)
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The coordinate R, monotonically increases from —co at the
horizon to oo at the infinity The finiteness at the horizon
implies a_; = 0, so that

d¥
dR,

¥g.——e = a0, =0. (69)

R,=—o0

The constant a, depends on the normalization of ¥ and we
can always choose it to be positive. Then the relation

d¥
dR,

R, RdR
:/1/ (1 - R)¥dR, :1/ <Y 00
—00 0

implies that d¥/dR, is a positive growing function of R,.
Hence ¥ grows at infinity and the second boundary
condition (66) cannot be satisfied. Thus 4 < 0. We denote
A = —p? and write Eq. (64) in the form

D\PP(R) = _lePP(R)' (71)

For real p both asymptotics R*? remain finite at infinity (at
R — 0). This implies that the corresponding eigenvalue
problem (64) has a continuous spectrum.

Using the eigenfunctions ¥, (R) one can write a solution
of (62) in the form

F(s, R) = / dppye W, (R). (72)

Here, the spectral density factor p), is to be determined by
the boundary condition F(0,R) = R.

Eigenfunctions ¥,,(R) can be found in an explicit form.
For this purpose let us notice that a complex function
Zy(R),

Z,(R)=R"",F(ip,ip+1;2ip+1;R), peR, (73)

is a solution of Eq. (71). It is easy to see that
Z,(R) =Z_,(R). (74)

Real solutions can be written in the form R[Z,(R)] =
1/21Z,(R) + Z_,(R)] and 3(Z,(R)] = (1/20)[Z,(R) -
Z_,(R)]. Therefore, if one does not impose the requirement
that a solution is finite at the horizon for a given eigenvalue
p?, there exist two real solutions. These functions can be used
for the construction time-dependent propagating modes of
the [-operator. In the present case, which relies on static
modes, one needs to impose the condition of the finiteness
the horizon.

Expanding Z,(R) close to R = 1 one finds

Z,(R)~ b, +c,log(1-R)+ O(1 =R), (75)
APC(ip+5), . .
b, = —W (=i +2py +2py(ip)], (76)
Y
P =T atp) 77)

Here y(ip) is the digamma function. A real-valued solution
that is finite both at the horizon (R = 1) and at infinity
(R = 0), where it is oscillating, is then given by (p > 0)

¥ (R) = fp(cp)I(Z,(R)) = (e, )R (Z,(R))].  (78)

For a given value p > 0, the above procedure reduces the
number of solutions, that are real and finite at the horizon,
down to one. Incidentally, this solution is similar to a
standing wave.

C. Orthogonality and normalization
of the eigenfunctions

The Wronskian of two eigenfunctions ¥, and ¥, is

W, W, = R(1 - R)[¥,(R)0%,(R).  (79)

Since solutions are finite at spatial infinity (R = 0) as well
as at the horizon (R = 1), the Wronskian vanishes at these
points. Then one obtains

1
O:/ dRaRW[le,qu]
0
= (qz - P2><Tp’ qu>’

(¥, 0,) = A 1 %RTP(RWQ(R). (80)

The first equality follows because the solutions are finite at
the horizon (R = 1) and at infinity (R = 0). The last line
determines a scalar product in a space of solutions of the
equation (71). The relation (80) shows that eigenfunctions
with different eigenvalues are orthogonal in this scalar
product and these eigenfunctions with a proper choice of
the normalization constant satisfy the following relation’

| Rr@r®=or-a.
0

The normalizaton of the functions for the continuous
spectrum can be found from their asymptotics. This method
is described in detail in [55,56]. Note that the asymptotics
Z,(R - 0)  R'? = ¢~'P* imply

°Note that the functions Z, that diverge logarithmically at
R =1 do not satisfy the above orthogonality properties.
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Y,(R=0)~~f,[N(c,)sin(px)+I(c,)cos(px)].  (82)

In order to extract the normalization factor f, we make use
of these asymptotics. At R — 0 one has

LI"I‘,m,,~ |c,,| 2 cos[(p —k)x] + oscillating terms.  (83)

At the same time, for plane waves one has ¢ ,¢; ~ 1/(27).
In order to have a similar normalization one finds

2 2
f—Vﬁ—\/m *

The factor of /2 appears because

/oo dxcos(px)cos(kx) = n6(p + k) + nd(p — k).  (85)
At the horizon one has
¥,(1) = \/2pcoth(zp). (86)

We arrive at a regular, real-valued expression for the
function F(s,R) (62) with a proper normalization:

F(s,R) = A “dpp,e "W, (R). (87)

This function is at the foundation of all our subsequent
studies.

D. Implementing F(0,R) =

Inserting the boundary condition F(0,R) =R into
expression (87) gives
o ¥,(R)
1= d P 88
A PPy (88)
The orthogonality of the real regular solutions ¥,(R)

allows one to invert this relation:

/ dRY, ( / dR / dpp, ¥, (R <R) (89)
~ [Tam, | I%prm)wq(m (90)

= Aw dpp,6(p = q) = py. (91)

Using this relation one can obtain the expression p, as
follows. Let us denote

F,=sF,(1+ip, 1 +ip,ip:2+ip,1+2ip;1).  (92)

Then one has

_ ! _ fp
dp—[) dRZp(R)—1+ip,
Pp :fp {SR(CP)S(dp) _S(Cp)m(dp)]

s (on)) o

It is possible to check that

o 1
/ dppj, =3 (94)
0

E. Quasilocal approximation

Let us note that the function F(s,R) can, at least
formally, be expressed in the form of the following series:

o n[n N m

F(s.R)=e"R=>" p RxY ——R
n=0

|
— n:

= Ret50,10,R+352(0,0, PR+ O(s™*1).  (95)
This representation by construction satisfies the boundary
condition F(0,R) = R. One might expect that for a small
value of the parameter sR < 1 it is sufficient to cut the
series and to keep only a few first terms. As we will
demonstrate below, this expectation is correct. One can use
these expressions to determine the influence of nonlocality
on the trace T as well as the radial pressure 77 and the
Hawking flux. Inserting this power series in (31) one finds
the following series expansion for the trace:

n—1

_ n 4 n—p-1

=5 {2DR+;DR = R)}

R

S (96)

In the above, Tp, is the trace anomaly captured by the
Polyakov action, and the terms 7', with n > 1 contain
nonlocal corrections from the ghost-free deformation of the
Polyakov action.

F. Results

1. Ghost-free contributions to the trace

Having derived the explicit form of F(s, R), we may now
insert (87) into (31). In order to study the contribution of
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FIG. 1.

xT

Left: nonlocal GF corrections to the trace plotted over the distance x for a specific value of nonlocality of s = (21¢)? = 0.1,

where 1/(24) is the characteristic length scale of the background black hole, and # is the scale of nonlocality. The numerical evaluation
(labeled “numerical”) agrees well with the small-s expansion (labeled “Approx.” and performed to linear order in s). Right: evaluated
numerically nonlocal contributions to the trace anomaly are plotted over the distance x for a few values of nonlocality s.

GF modification to the trace anomaly we split it to the local
term Tp, coming from the Polyakov action and a GF
correction AT

1
T=T AT Tpy = ——R
Pol 1 ’ Pol 247 ’
1
Ky 1
— Fl(1- R|F|és, R|.
+agn | dEFII =5 RIFEs R (97

The correction AT captures the nonlocal contributions to
the trace anomaly. We evaluated AT using two approaches:
(i) the continuous spectrum representation developed in
Secs. VIB-VID as well as (ii) the approximate method
detailed in Sec. VIE.

In Fig. 1 we presented the GF corrections to the trace of
the stress-energy tensor computed using both approaches.
One can see that AT is finite on the horizon and rapidly
vanishes at infinity. For small values of nonlocality,
s = (24¢)? < 1, both methods of computation agree within
our resolution. We take it as an indication that our numerics
work well. For values s> 1 we cannot trust a series
expansion anymore and therefore one can use only
numerics to evaluate our exact representation.6 in terms
of hypergeometric functions. As depicted in Fig. 1, the GF
corrections grow for larger values of nonlocality scale ¢
and decay slower at far distances.

2. Ghost-free contribution to the black hole entropy

In the case of dilaton gravity (55)-(57) we can now
compute the quantum corrections to the black hole
entropy due to nonlocality. As before, we split the entropy

®In this case, however, note that a large nonlocality s improves
the numerical convergence.

corrections into a well-known local part, see (42), as well as
a nonlocal correction term AS,

SGF — SPol + AS (98)
The Polyakov contribution takes the form [43]

1 1 1. M
Sp01:—6¢:—6/1rg:—ﬁln7, (99)

where ¢ is the classical dilaton field.” The nonlocal
contribution AS to the black hole entropy (98) reads

1 K
AS=— [ d5F(,1) (100)
12 Jo
_ L=y W(ULlif» (101)
_12 0 ppl’ p p2

It is a function of # via s = (24¢)>.

Note that in this expression it is sufficient to use the
values of the functions F(s,R) and ¥,(R) taken at the
horizon, R = 1. The considerations presented in Sec. VI B
guarantee that they are regular expressions. The multipli-
cative term involving ¢ has the following properties: In the
limiting case £ — 0 it vanishes, so that one has AS = 0, as
it must be. Note that for arbitrary ¢ it is regular at p = 0.

Unfortunately, an analytic evaluation of the integral is
impossible, which is why we resort to numerical methods.
As we have already demonstrated in the above, the
numerical evaluation of F(s, R) converges reliably. In this
case, the integrand is a rapidly decreasing function of p,
which greatly simplifies the numerics.

"Recall that the dilaton ¢ has nothing to with the auxiliary
scalar field ¢, which we introduced to present the Polyakov action
in the local form (20).
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FIG. 2. Ghost-free correction to the black hole entropy AS
plotted as a function of nonlocality s = (21£).

See Fig. 2 for a diagram of AS plotted as a function of
nonlocality 7. In general, the corrections increase with a
larger parameter of nonlocality, and for £ = 0 they vanish,
as expected. It is interesting to note that for small values,
s = (24¢)* < 1, the functional dependence on # can be
approximately captured by a power law,

AS(Z < (2A)71) ~ const x s34, (102)
For larger values of nonlocality, s > 1, this approximation
fails, but we are not aware of any closed form expression.

VII. DISCUSSION

Two dimensional dilaton gravity is often used for the
modeling of properties of four-dimensional spacetimes.
The reason is evident: they are much simpler and many
problems can be solved exactly. Quantum theory of
massless fields in 2D gravity is a well-known example.
A two dimensional metric is conformally flat, so that the
conformal invariance of such a theory reduces solving of
the field equations to a similar problem in flat spacetime.
The latter problem is technically much simpler. However,
the calculation of local observables of a quantum conformal
field requires renormalization, which breaks the conformal
invariance. The conformal trace anomaly makes the quan-
tum field feel the background. The response of the quantum
average of the stress-energy tensor (7%“(x))., can be
obtained via the variation of the Polyakov effective action
with respect to the two-dimensional metric tensor. In this
paper we demonstrated how this effective stress-energy
tensor depends on the choice of the quantum state and how
these states are related to zero modes of the [1-operator.

An interesting problem is how the effects of nonlocality
modify (7%(x)) ., A natural way is to modify the kinetic
term in the action for the quantum field by introducing
the corresponding nonlocal form factor. For nonlocality in
the context of ghost-free GFy theories this is equivalent to the
substitution of [lexp [(—#>[J)"] instead of the [(J-operator.

Unfortunately, the calculation of the effective action for such
a quantum theory becomes a very nontrivial problem. One
reason is that this form factor breaks the original conformal
invariance of the theory.

In the present paper we discuss another possible nonlocal
modification of the Polyakov effective action. Namely, our
starting point is a local action (6), which is equivalent to the
nonlocal Polyakov action, and which contains an auxiliary
field . The corresponding modification implies the intro-
duction of the form factor in the kinetic part of the auxiliary
field. The corresponding nonlocal action takes the form
(20)—(21). We obtained an expression for the nonlocal
modification of the effective action, calculated the corre-
sponding stress-energy tensor, and studied its dependence
on the state described by zero modes of the [J-operator.
Our conclusion is that the main effect of nonlocality is to
modify the diagonal components of the stress-energy
tensor, while the fluxes, described by nondiagonal compo-
nents, remain unchanged.

In the application of these results to static two-
dimensional black hole spacetimes this means that the
backreaction of the effective stress-energy tensor produced
by the modification of the Polykov action changes the
parameters of the black hole: its mass, surface gravity, and
entropy. For a fixed background, however, the late-time
Hawking flux of the energy at infinity remains unchanged.

To illustrate the effect of nonlocality we considered a
special metric which is a solution of the effective action
for a two-dimensional string model. For this purpose we
studied solutions of the eigenvalue problem [V, =
-p°¥ p for time-independent functions ¥, In the consid-
ered metric this problem can be solved analytically.
Moreover, we demonstrated that the corresponding spec-
trum is continuous and displayed the eigenfunctions
explicitly. These results allowed us to calculate the
stress-energy tensor for the effective action. We demon-
strated that its deformation due to the presence of non-
locality remains finite at the horizon. We also confirmed
our general conclusion that the energy flux at infinity in a
given fixed background is not affected by the presence of
nonlocality.

It would certainly be interesting to use the obtained
results and developed tools for the study of backreaction
effects. In particular, it would be worthwhile to understand
how these effects can change the structure of the black hole
interior where nonlocal contributions to the stress-energy
tensor become strong.
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APPENDIX: USEFUL FORMULAS
FOR TWO-DIMENSIONAL
STATIC GEOMETRIES

1. General relations

The geometry of a two-dimensional static spacetime is
rather simple. We collect here useful formulaS which are
used in the main body of the paper.

Let us consider a two-dimensional metric g,, which
admits a Killing vector & such that

$uw) = 0. (Al)

We denote

f = _gﬂfﬂ .

We assume that the spacetime is asymptotically flat
and normalize the Killing vector by the condition that at
infinity f = —1. If this metric describes a 2D black hole,
then f = 0O at the event horizon.

In what follows, we shall focus on the exterior domain
where f > 0. We denote by £ a one-form

(A2)

& =&, dxt. (A3)
The trace of equation (A1) implies that
6& =0, (A4)

were 6 = xdx denotes the exterior coderivative, d is the
exterior derivative, and * is the Hodge dual. The above
relation implies that d(x£) = 0 and hence

n=x&=dr. (AS)
Here r is a scalar function.

Since the relation £ A dé = 0 is identically valid in 2D
space, one has

&= —pdt,

where ¢ and f are scalar functions. The minus sign in this
relation is chosen for convenience.

Thus the Killing vector allows one to introduce special
coordinates (7, r). In these coordinates

(A6)

9" =g*t,r, = —p'(x£,€) = 0. (A7)

One also has
gtt = g}wt.utu - _ﬂ_zf’ (A8)
g =g"r,r, = (%, x¢) = f. (A9)

Thus the metric written in (¢, r) coordinates takes the form

2
1
ds? = =242 +—dr2.
f f

The relation 5"(52);ﬂ =0 implies that f = f(r). The
relation of &%) = 0 for this metric gives

(A10)

Pf-fp=0.

where (...) = 0,(...). This means that f = fy(t)f. By
redefinition of the coordinate ¢ the factor f,(#) can be put
equal to 1. Thus the metric (A10) takes the form

(A1)

1
ds? = —fde* + ?dr2 = e (—dr* 4+ dr). (A12)

Here 0:%111 f and r, is a tortoise coordinate. The
following relation,

ger

DG: _Rﬂv?’ (A13)

is valid in any number of dimensions. In the 2D case, R, =
%Rglw and hence (A13) takes the form

1
o = ——R.

: (Al4)

This means that a solution of the equation Lp = R is

p=-20+y=—-Inf+y, (A15)
where y is a “zero mode”, that is, a solution of the
homogeneous equation [y = 0.

Let us demonstrate now that the functions ¢ and r, are
zero mode solutions,

Or = 6(dt) = =6 (;) = —xdx (;)

= _*<d*€> = —(jf—}—flz*(*f/\ df) =0.

In the last equation we used 6¢ = 0 and that both x¢ and df
are proportional to dr. Similarly one has

Or, —5(?> = *d(%) =xd (;) =xd’t=0. (Al17)

Thus zero mode y can be chosen as a linear combination
(with constant coefficients) of two functions ¢ and r,. One
can also add a constant, but this trivial solution does not
contribute to 7', and in what follows we shall ignore it for
that reason. We shall use the functions

(A16)
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u=t-r,, v=t+r, (A18)
instead of 7 and r,.. These functions are nothing but retarded
and advanced time coordinates. For an eternal black hole, u
is regular at the past horizon, while v is regular at the future
horizon. They obey the equations
Ou=00=0. (A19)

In the next subsection we show how zero mode solutions
are related to the choice of the state in the theory. To finish
this section we add two useful expressions for the mass
function and the surface gravity of a two dimensional
black hole.

Suppose there exists a conserved symmetric tensor 7',
T,*=0. Let us denote J, =T,¢ a Killing current
connected with this tensor. Then one has

d(xJ) =#5(J) =0. (A20)
This relation implies that the form *J is closed and there
exists such a mass function m that

dm = —xJ. (A21)

For a stationary tensor T,

m——/drTg.

This relation allows one to obtain a contribution to the mass
of a black by the effective stress-energy tensor of a test field
calculated on the black-hole background.

One can also prove the following useful formula for the
surface gravity of a two-dimensional black hole [51],

1
K:—/Rff‘dZM.
2Js

Here X is a one-dimensional surface (line) between the
horizon and infinity, and dZ, is the corresponding surface
element. In the coordinates (A12) this formula takes the
form

in the coordinates (A12) one has

(A22)

(A23)

(A24)

2. The stress-energy tensor

We demonstrate now that different choices of zero mode
functions y in a solution for the auxiliary field ¢, see
Eq. (A17), result in a special form of the effective stress-
energy tensor related to a special choice of the correspond-
ing quantum state.

a. Boulware vacuum

Let us put ¢ = —In f. The calculations give

12 12
bt} = diag (—— f”,—f—

T 2f) . H=-2f"=2R. (A25)

This expression vanishes at Z+ and Z~ and is singular at
both future and past horizons. Hence it correctly reproduces
the quantum average of the stress-energy tensor in the
Boulware vacuum state.

b. Hartle-Hawking vacuum
Let us put ¢ = —In f + kr,. One has

f/2 _ k2 . f/2 _ k2
T

th=b"'T) = diag( ) (A26)

For a general value of k this stress-energy tensor diverges at
the horizons. However, it remains finite for a special case
k= f"|, = 2K, where k is the surface gravity. For this case

at infinity

1y ~ diag(—2x?, 2x?). (A27)

The corresponding state in this case is the Hartle-Hawking
vacuum.

c¢. Unruh vacuum

Let us put ¢ = —In f 4 xu. Then in (¢, r) coordinates
one has

= —k2,

ti — _2f//+%(f/_2k.2)’
_K2 ro__ L / 2
*Fv tr*_zf(f_zK)'

t

(A28)

Let us denote by U, = (=f,1) a null vector which is
regular at infinity. Then, at large r, one has 7, ~ U WU
Hence the corresponding stress-energy tensor describes an
out-going flux of null fluid (radiation) at Z.

Let us demonstrate now that the stress-energy tensor
(A28) is regular at the future event horizon. To demonstrate
this we write our metric in advanced time coordinates
v =t + r, that are regular at the future horizon

ds? = —dv® + 2dwvdr. (A29)

The calculations give
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1
Loy :sz”_if/2+’<2,

1
Ly =1y = _4f” +2_ (flz - 4K2)’

f
‘= 2f7" -fiz(f/2 — 4, (A30)
Near the horizon one has
F=25lr=ry) F 3 Falr=r 4 g =
(A31)

One has

tyy = —K>+ O(r — ry)s
trr:f3/K+0<r_rg)'

tvr:_f2+0(r_rg)’
(A32)

These relations imply regularity of 7, at the future horizon.
Hence, this stress-energy tensor possesses the proper
boundary condition required for the Unruh vacuum state.
One can also see that negative energy flux through the
horizon, tw|rg = —«?, is equal (with a minus sign) to the

outgoing energy flux at ZF, #,,|,+ = «°.
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