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Setting aside anthropic arguments, there is no reason why the Universe should initially favor a net
expanding phase rather than one experiencing a net contraction. However, a collapsing universe containing
“normal” matter will end at a singularity in a finite time. We point out that there is a mechanism, derived
from nonperturbative effects in quantum field theory in a finite volume, which may provide a bias toward
expansion when the spacetime volume shrinks, by dynamically violating the null energy condition, without
the need for modified gravity or exotic matter. We describe a scalar field component subjected to this
nonperturbative effect in a cosmological background and consider its impact on a contracting phase. We
discuss how this could dynamically generate the necessary initial conditions for inflation to get started, or
form part of the mechanism for a nonsingular cosmological bounce.
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I. INTRODUCTION

The Hawking-Penrose theorems [1,2] imply that in the
absence of matter which breaks the null energy condition
(NEC) p + p > 0, the universe, run backwards, must begin
at a singularity. A corollary of this is that, under generic
conditions, a collapsing universe cannot transition to a
growing one, and thus if the universe started in a collapsing
state, it should have ended. This statement can also be
formulated in terms of the ADM decomposition [3—-5], and
forms the basis for work on cosmological bounces [6-8].

Such ideas are of general interest in the context of early
Universe cosmology, since the Universe could in principle
have started in either an expanding or contracting phase.
While one can make an anthropic argument that contracting
universes are simply not conducive to life, it is interesting
to explore whether there are deeper, more fundamental
reasons for our Universe to favor expansion.

Consider the dominant early Universe paradigm of
inflation, which solves the homogeneity and isotropy pro-
blems of the Universe by postulating a period of accelerated
expansion [9-12], while also providing a scale-invariant
spectrum of initial perturbations. The question of how
inflation actually got started is not yet fully resolved. In
particular, if inflation requires ““special” initial conditions in
order to proceed, at least one of its key motivations may be
undermined.

Numerical and analytic studies have considered the
question of what initial conditions can be tolerated in a
variety of different models (see Ref. [13] for a short
review). In particular, recent numerical work showed that
large-field models are strongly robust to initial inhomoge-
neities in the inflaton field [14], while small-field models
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are more sensitive to horizon-sized perturbations [15,16].
Yet these studies are open to the criticism that they bias
their results by assuming that the universe begins in an
expanding phase. (In Ref. [15], a mixture of expanding and
contracting phases were considered, but the average
expansion rate was positive.) This is a choice that must
be made in setting up the initial conditions, as the first
Friedmann equation is agnostic to the initial sign of a. In an
initially contracting universe, invoking only standard gen-
eral relativity (GR) and single-field slow roll, inflation will
fail, regardless of the chosen model.

In the alternative paradigm of bouncing cosmologies, the
smoothing of the Universe may be achieved in a contracting
phase dominated by a form of matter with equation-of-state
parameter w >> 1 in ekpyrotic models [6-8] or w = 1 in the
pre-big-bang scenario [17]. The generation of a scale-
invariant spectrum of perturbations is less easy to achieve,
with most models invoking special mechanisms, with the
exception of the matter bounce scenario [18], in which
the contraction is dominated by cold matter. Clear and up-
to-date reviews of the topic are given in Refs. [19,20].
However, while several suggestions have been made [21],
the origin of the cosmological bounce, that leads to our
current expansion, is still an open question.

The requirement to break the NEC is generally consid-
ered rather exotic, apart from the well-known Casimir
effect. However, consider the case where one has a
secondary field which sources a negative energy density,
and furthermore where the magnitude of the negative
energy density grows as the spacetime volume shrinks.
In the expanding case, the effect soon dilutes away. In the
collapsing case, the negative energy density increases and
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FIG. 1. Tllustration of finite volume effects on a concave bare

potential. Symmetry is restored by tunneling between the two
bare minima, which results in a negative energy density in the
ground state.

can balance the other energy contributions, slowing and
eventually ending the collapse at a finite size. If, in
addition, the effective equation of state violates the NEC
during the collapse, it provides the necessary push for the
spacetime to transition to expansion.

In this paper, we point out that such an effect is exactly
that expected due to finite volume effects in a scalar
field which is subject to a double-well bare potential, as
illustrated in Fig. 1. Assuming the volume is smaller than
some typical volume, related to the parameters of the bare
potential, quantum fluctuations can tunnel between the
degenerate vacua. As a consequence, the vacuum expect-
ation value of the field vanishes and symmetry is restored.
If the bare vacua have vanishing energy density, the
necessity for convexity of the effective potential implies
that quantum fluctuations dynamically generate a negative
energy density in the ground state. The result can be gen-
eralized to higher-dimensional field spaces with a continu-
ous set of degenerate vacua—a Higgs-like Mexican hat
potential, for example—as was shown in Ref. [22] in a flat
spacetime (see the Appendix for further details).

In this article, we explain why, in the context of a
spatially flat Friedman-Lemaitre-Robertson-Walker (FLRW)
background, the magnitude of the energy density which is
generated is proportional to the third inverse power of the
scale factor a—>. We also find that our “convection” field
behaves as a pressureless fluid because of the nontrivial
volume dependence of the effective action, and thus has the
equation of state w = 0. Since it has a negative energy
density, it thus violates the NEC.

We comment on the differences between this model
and the cosmological Casimir effect [23] and finish by
describing a toy model in which we combine a cosmo-
logical constant with our “convection” field, in a situation
where it sees the above nonperturbative convexity effect.
This illustrates very simply the bias toward expansion.
While such a result is known and expected for any NEC-
violating fluid, we emphasize that our model contains no

new physics—no nonstandard couplings or modifications
to the gravity sector. It is a natural dynamical consequence
of the bare potential of the scalar, evolving in a cosmo-
logical spacetime.

II. FINITE VOLUME AND THE EFFECTIVE
POTENTIAL IN FLRW SPACETIME

To define the volume in a cosmological spacetime with a
FLRW metric

ds® = —df* + a*(1)(dx* + dy* + dz?), (1)

we assume that the flat three-dimensional space is a 3-torus
with volume V|, and is therefore periodic in comoving
coordinates. The comoving volume is then

VO(1) = Voa' (1), 2)

and the four-dimentional volume appearing in the action is

Vi) — / dx\/gl = Vo [ Tadn,  (3)

i

where T =1, —1; is identified with a typical time for
quantum fluctuations to propagate over the volume V. The
choice of a 3-torus (as opposed to a 3-sphere, for example)
is a simplification which permits us to neglect intrinsic
curvature in the spatial slice.

A. Condition for convexity

Phase transitions are generally considered in the limit of
“infinite” volume, which is required for the wave functions
corresponding to different degenerate vacua to be orthogo-
nal and not overlap in field space [24]. In the case of the
Higgs mechanism with vacuum » ~ 240 GeV, “infinite”
volume means large compared to a scale proportional to
v~3 =~ (1078 m)3, which is obviously the case and thus
ensures spontaneous symmetry breaking (SSB) in the
Higgs model. For this reason, the one-particle irreducible
(1PI) effective potential of a model with SSB is derived
from a partial partition function, based on one vacuum only,
and not on the whole field space [25].

However, in the situation where the volume is finite,
tunneling between different vacua is allowed and, as a
consequence, the effective potential of a scalar theory
must be convex [26]: symmetry is restored by quantum
fluctuations. Such a nonperturbative effect is possible only
as the result of the competition between different saddle
points in the partition function which defines the quantized
theory [27].

We derive here the condition for tunneling between
vacua to occur, and therefore for the effective action to
be convex. For this, we first estimate the width, in field
space, of the distribution of fluctuations over the two dif-
ferent homogeneous saddle points in the partition function.
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We then require this width to be of the order of the
separation of these two saddle points, and thus derive a
condition on the four-dimensional volume for tunneling to
happen.

We are looking for an approximate condition for this
tunneling effect to occur, and for clarity we therefore
restrict ourselves, in this specific section, to a situation
where the scale factor changes slowly compared to typical
quantum fluctuations, and where flat spacetime is a good
approximation. This will be especially valid in the vicinity
of a cosmological bounce of an FLRW spacetime, which is
the primary regime of interest.

We start with the bare potential

Unae($) = 5 (8 = 17 @
and consider the partition function for vanishing sources.
We choose a vanishing energy for the vacua in order to
make explicit the dynamical generation of a negative
energy in the true vacuum.' The equation of motion for
the microscopic scalar field is

y)
O+ 5@ = %) =0, 5)
and ¢ is expanded above the vacua +v as

$1(x) = v+ (x),
$2(x) = —v +y(x). (6)

The semiclassical approximation described below is based
on classical configurations, such that we consider here on-
shell fluctuations. These satisfy, for (k = 1, 2),

A
Oy + mPy, = O(1), with m?= 51)2, (7)

and we consider (1, m?) as independent parameters, from
which the vacuum v is determined. With appropriate
boundary conditions, we have then

vil(x) = &sin(g, ) + O(). with ¢ =m?, ()
where &, are constant amplitudes to be integrated in the
partition function. The terms O(1) in the fluctuations
correspond to harmonics with momenta 2¢g, and 3g,,, such
that the action for these fluctuations is (k = 1, 2)

'Given that the convection field would currently occupy one of
the vacua (in the large-volume limit of our present-day Universe),
their energy densities must be smaller than the observed cosmo-
logical constant. For such small values, the convex part of the
potential could still potentially probe negative energies, but
taking them to be zero avoids the choice of a finely tuned value.
This could also be motivated, for example, by an underlying
supersymmetric model which fixes their value to zero.

1
5= [ (o) g

- 2 élsint(g,) + O
— - Zave s o) (9)

In the partition function, the latter actions lead to distri-
butions peaked over the vacua +w», with half-width

64\ 1/4

For these distributions to overlap considerably in field
space, and therefore for tunneling between vacua to occur,
this half-width should be at least of order v, which leads to
the convexity condition

WtV < 64. (11)

This bound is quite conservative—tunneling would occur
beyond it, but at a slower rate.

B. Wilsonian approach

The disappearance of the concave part of the potential
has been studied in the Wilsonian context [28], which in
spirit is closer to the effective field theory context than the
1PI potential, and therefore is more commonly used in the
framework of cosmology. The Wilsonian effective potential
is flat between the bare vacua (and therefore convex), which
corresponds to the so-called Maxwell construction [29],
by analogy with the transition from liquid to vapor, when
studied with the Van de Waals equation of state.” How is
this consistent with symmetry restoration? In a flat effective
potential, the field is equally likely to be found at any point
in the flat section, and thus it describes the coexistence of
different phases, each with different ground states, which
on average give a symmetric ground state. As the volume
tends to infinity, tunneling is suppressed, and bubbles of
each phase nucleate, such that at any localized point in
space one need only consider the potential around the
relevant vacuum for that phase. It is in this large-volume
limit that one usually considers the potential for the
inflaton, for example.

In this work, we consider the 1PI effective potential,
since unlike the Wilsonian one, it takes into account finite
volume effects and leads to symmetry restoration locally,
not just on average. The 1PI effective potential is identical
to the Wilsonian effective potential for infinite volume only.

Note that the Maxwell construction has been used to describe
spinodal inflation [30], which is different from the mechanism we
describe here.
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C. Effective potential

If we assume a regime where the volume satisfies the
condition in Eq. (11), the partition function is dominated by
both saddle points corresponding to the two vacua. The
semiclassical approximation for the effective action is then
described in Ref. [22], and we follow the same steps, also
valid for curved space time, in the Appendix. The convex
effective action, initially derived in Ref. [22], is

4A N 2
Seff[¢c] =-K+ 1+ 84 <%>

8A(=3 + 124 4 1284%) /. \*
3(1+8A)*

+ O(¢e/v)°, (12)

v

where K is a constant, ¢, is the homogeneous expectation
value of the convection, and

Ao

A
24"

Ve, (13)

We note the following points:

(1) Equation (12) is only valid for |¢.| < v. As ex-
plained in the Appendix, the semiclassical approxi-
mation for |¢.| > v leads to an effective action
which is identical to the bare action.

(2) Given the expression for A, one can see that the
convexity condition Eq. (11) is satisfied for A < 8/3.

(3) In addition to being convex, one can see that the
effective action has a nontrivial volume dependence,
and is not extensive. The effective potential, ob-
tained after dividing by V*), therefore depends on
the volume in a nontrivial way.

(4) The constant K is determined from continuity of
the effective action [Eq. (12)] at ¢. = £v, which

leads to
K e + 84 (=3 + 12A + 12843%)
T 1+8A  3(1+8A)* '
(14)
For A > 1, Eq. (14) leads to
7 5 11
~— - 15
127484 "3gaaz " (15)

In the large-A limit, the resummation of all the powers of
¢./v was calculated in Ref. [31] and leads to

Sapel = —ln2+% <1 _%> In <1 _%)

+%<1+%>1n(1+%). (16)

This expression is independent of A and is therefore
intensive. Although this feature is valid for large A, one
can see from Eq. (15) that K is already approximately
volume-independent if A is of order 1, and therefore within
the convexity regime described by Eq. (11).

The effective action in this intensive regime should not
depend on the scale factor a(¢), and its value in the vacuum
can therefore be written

Sal0) = —K = = [ a2 (17

where p, is a positive constant. In the present semiclassical
approximation we have

K

- 18
Po Vol ( )

A more accurate value would require a better approxima-
tion for the effective action in the region |¢p.| =~ v. One
expects then that py depends on the parameters appearing in
the bare potential, but at this stage we leave p, > 0 as a free
parameter. The energy density p. and the pressure p,. in the
vacuum state ¢, = 0 are finally

2 68
P, = —— eff __ 2’0 <0,
V/19101900l15 _ a’(t)
PARNONY
Pe=——t =0, (19)
V9] 81911 =0

such that the NEC is violated in the ground state, since
P+ p. < 0. Note that this vacuum state consistently satis-
fies the continuity equation for a fluid p. = =3H(p.. + p.)-

We highlight that the effect occurs in the range 1 S AS
8/3, which, in the context of a cosmological collapse
scenario, assumes a specific period for which the volume is
the appropriate size and the effect “turns on.” As discussed
above, the upper bound is conservative, and the overlap of
wave functions corresponding to the different vacua
remains non-negligible for larger values for A. An interest-
ing question, left for future work, is how this range is
probed in a dynamical situation.

D. Casimir effect

We end this section with comments regarding the
Casimir effect, which could potentially have a role for
small volumes. The study of the Casimir effect in the
context of cosmology was introduced in Ref. [23], where
a massless scalar field in a 3-torus has a repulsive Casimir
effect, and therefore contributes to an expansion of the
Universe. More generally, the Casimir effect is either
repulsive or attractive, depending on the coupling of the
scalar field to the metric, but also on the 3-space geometry/
topology (see Ref. [32] for a review). A massless scalar
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field conformally coupled to the metric, and experiencing
the Casimir effect, has an energy density p and a pressure p
which scale as

+1 P
d =5
pOCa4(t) an P 3

(20)

and which could potentially destabilize the tunneling effect
for small values of the scale factor, since the convection
energy density scales as a=>(t). Nevertheless, for a massive
scalar field, the energy density (20) is suppressed as [32]

(mlo)s/2

—mlga(t)
|p| o a3/2(t) e,

with milya(t)>1, (21)

where lg ~ V,. Hence, one can expect that tunneling effects
remain dominant, in a certain region of parameter space
at least.

The Casimir energy density may be attractive or repul-
sive, depending on the couplings of the scalar field to the
metric and the geometry of the 3-space [33], so there are
specific conditions such that the Casimir effect is repulsive.
We note that the quantum corrections arising from our
mechanism always have the same sign, independently of
the geometry/topology of the 3-space—convexity of the
potential requires that they always lead to an energy density
which is lower than the one at the degenerate bare minima.

III. COSMOLOGICAL ILLUSTRATION

We now describe a toy cosmological model as an
illustration of how the above dynamical mechanism could
work to favor expansion. We consider the FLRW metric
[Eq. (1)] with Hubble constant H = a/a, and we
assume that the matter content is dominated by two
components, both of which satisfy the continuity equation
p = —3H(p + p) individually:

(1) A cosmological constant, with energy density p;
and pressure p; = —py. (This could be a scalar field
slow-rolling in a convex potential.)

(2) The “convection” field, with a vanishing expectation
value ¢. = 0, and an energy density and pressure
given by the expressions in Eq. (19).

Using the Friedmann equations

H> =~ (ps +pe).

Wl x

. K
H+ H? = —g(pf +pe+3p;+3p.). (22)

where k = 8zG, the evolution equation is

’ K pPo
H=-=>0, 23

2a’ (23)
to be solved with initial values a; =1 and H; which

satisfies the constraint

2.0 r20
@ H;<0 (b) H;>0
1.54 r15
= =
F;]..O‘ ']-OTU’
0.51 r5
0.0 ro
1.0 r1.0
0.51 r0.5
I 0.0 r0.0 T
—0.51 r—0.5
—1.01 r—1.0

00 05 10 15 20 25
t

30 00 05 10 15 20 25 30

t

FIG. 2. An illustration of the evolution of the scale factor ¢ and Hubble constant H as a function of time ¢ for the cases of (a) initial
contraction and (b) initial expansion in our toy model. We see in the collapsing case that the convection field provides the necessary
bounce to transition to a period of exponential expansion. If the initial condition is already expanding, the effect of the convection is

quickly diluted away.
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H? = (Pf — Po)- (24)

SRS

The resulting evolution is shown in Fig. 2 for the cases of
initially positive and negative H. It is clear from Eq. (23)
that for our chosen components the NEC is violated, and
thus the acceleration of the scale factor d is positive,
providing the necessary bounce to expansion in the
contracting case.

IV. CONCLUSIONS

In this article we have suggested a connection between
finite volume effects in quantum field theory and early
Universe cosmology, to answer the question “Why is the
Universe expanding?” We have postulated the existence
of a “convection” field which sees different degenerate bare
vacua. Quantum tunneling effects result in a pressureless
fluid with negative energy density, which plays a role at
small volumes, but dilutes away during an expanding
period. Such a fluid breaks the NEC, and thus provides
a mechanism for a transition from contraction to an
expanding phase. Unlike other proposed mechanisms, this
does not involve nonstandard couplings for the field or a
modification of the gravity sector, and thus does not result
in ghosts—the dynamical mechanism is valid for any
standard scalar field which can tunnel between degenerate
vacua.

One naturally asks about the regime in which this
effect is valid. As discussed in the text, convexity, and
thus a negative energy density, is achieved for any four-
dimensional volume small enough to satisfy the condition
in Eq. (11), which leads to a condition A < 8/3. However,
an intensive effective action (which provides the w =0
equation of state) is valid for A 2 1, which sets a minimum
volume via Eq. (13). The mechanism we describe here is
therefore valid within a regime where the volume is not “too
big,” but also not “too small.” Of course, at some very small
volume, quantum gravity effects should also play a role,
and our description will break down. Similar nonperturba-
tive effects have been discussed in Refs. [34,35], which
take into account finite volume effects in a semiclassical
description of quantum gravity. There the authors discuss
the contribution of two different saddle points in the path
integral for gravity, and they derive a minimum volume in
order to decouple these saddle points and therefore have a
well-defined cosmological evolution. For gravity to be
classical, as it is in our work, the minimum volume we
consider must be greater than the minimum volume defined
in Refs. [34,35]. In this way, quantization of gravity would
not affect the results in our regime of validity. Given that
there are free parameters in both models, this inequality can
easily be satisfied for a large range of parameter space.

Much work remains to be done to elucidate this
interesting effect. First, one must justify the interpretation
of equilibrium field theory in a dynamical spacetime.

One should also investigate what the convexity condition
[Eqg. (11)] means for the separation of ultraviolet modes of
the convection from its infrared description in terms of a
vacuum expectation value.

A better approximation for the calculation of the parti-
tion function, including nonuniform saddle points and
quantum fluctuations above each saddle point, should also
be made. This is quite an involved calculation, but we
would expect any modifications to be relevant only away
from the vacuum state which we consider here.

Finally, we have considered only the coexistence of the
convection with a cosmological constant. Matter- or radi-
ation-like components would dominate over the convection
during a collapsing period, and in the present simplified
description one must make the strong assumption that they
are not present. Further studies are necessary to understand
the interplay between the convection and different matter
components, once kinetic terms are included. The latter
might play an important role, depending on the flatness of
the potential around the true minimum. Related to this, one
would ultimately like to study inhomogeneous initial
conditions in the background metric, especially since initial
anisotropies tend to grow and dominate during a collaps-
ing phase.
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APPENDIX: SEMICLASSICAL APPROXIMATION
We derive here the effective action for the bare action

sig1 = [ e /(% 0000 - Uuni@) ). (A1)

with

A
Ubare(¢) = ﬂ (¢2 - U2>2’
when both vacua are taken into account in the partition
function

20 = [ Dexp (~ig) - [ dx/ldlig). (a2

The source j is chosen to be constant, since we are
interested in the effective potential only. The semiclassical
approximation corresponds to replacing the path integral
with the sum over the relevant saddle points, and neglecting
quantum fluctuations above the latter. Taking into account
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the source term, the bare vacua are not degenerate, and the
Coleman configuration, which asymptotically reaches the
two different vacua [36], should in principle play a role.
Nevertheless, as we will show, the ground state of the
system consists of a vanishing background field ¢, = 0,
which corresponds to a vanishing source j, for which
this configuration does not contribute. If we focus on
the background field satisfying |¢.| < v, or equivalently
lj| < j., it is therefore enough to consider uniform saddle-
point configurations, and we follow here similar steps as
those described in Ref. [22].

These uniform saddle points are solutions of the equation

d Ubare

.
dp

(A3)
and depend on the amplitude of the source j:

(1) If |j| > j., where j. = Av>/(9v/3), then Eq. (A3)
has one real solution, ¢,.

(2) If |j| < j., then Eq. (A3) has three real solutions,
one of which is a maximum and two others which
are the local minima relevant for the partition
function:

b = %cos[n/s — (1/3) arccos(j/j.)].

2v

= cos|z — (1/3)arccos(j/j.)|- A4
b2 Ne [z—(1/3) (i/Je)] (A4)

We consider below these two situations separately. We
note that functional derivatives with respect to a uniform
source j are replaced by partial derivatives with respect to
V®j, and the background field is therefore

-1 0Z

P = oy

(AS)
which is used below.

1. Case |j| >,

This situation describes the region |¢,.| > v, where the
semiclassical approximation for the partition function is

Z[j] ~ exp(~ / /gl (Unae (o) + o). (A6)

The background field [Eq. (A5)] is then, in this approxi-
mation,

0
be = (U(do) + ) 220 1 4y = .

5 (A7)

The semiclassical 1PI effective action is then defined by the
Legendre transform

Sertlpe] = = Z[j] = V¥ jp. (A8)
= VO Uue(de). (A9)

leading to the semiclassical effective potential
Us(he) = Upa (). (A10)

The semiclassical approximation therefore does not modify
the bare potential for |¢.| > v.

2. Case |j| < j,
This situation describes the region |¢.| < v, where the

two saddle points ¢, ¢ dominate the partition function.
The latter is

2
2l =Y expl= [ y/[gl(Unae(be) + ). (ALD)
k=1

and the background field ¢, can be obtained as a Taylor
expansion in j. This expansion can then be inverted to give
the source j as a Taylor expansion in ¢,, and the 1PI
effective action can then be obtained by integrating the
equation of motion

1 or

These expansions have been made in Ref. [22], and they
lead to the semiclassical convex effective action

4A 2
Sete[pe] = —K + 11 38A (%)

8A(=3 + 124 + 12843) (ﬁ)ét

3(1+ 8A)4 v
+ O(¢./v)°, (A13)
where K is a constant and
A=y, (A14)
24

We note that Ref. [22] is done in flat spacetime, where the
constant K has no physical consequence. In the present
case, this constant is determined by S.;[tv] =0, as
previously discussed in the article.

Finally, we note that the generalization of this semi-
classical approximation to O(N) symmetry is also derived
in Ref. [22], in terms of the radial field component

re = \/(,ZC -gzzc, and leads to

N - _ re\? re\* 6
Seelre] = =Ky + ay , +ay » +O(r%), (A15)
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where K is a constant and

4NA

2= T~

(1+84)’

~ 8N?A[-3N +2(1 +5N)A]

8N2A[32(1 — N)AZ + 12843

TN 2)(1 + 8A)

(N +2)(1 +8A)*
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