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Challenging bulk viscous unified scenarios with cosmological observations
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In a spatially flat Friedmann-Lemaitre-Robertson-Walker universe, we investigate a unified cosmic fluid
scenario endowed with bulk viscosity in which the coefficient of the bulk viscosity has a power law
evolution. The power law in the bulk viscous coefficient is a general case in this study which naturally
includes several choices as special cases. Considering such a general bulk viscous scenario, in the present
work, we have extracted the observational constraints using the latest cosmological datasets and examine
their behavior at the level of both background and perturbations. From the observational analyses, we find
that a nonzero bulk viscous coefficient is always favored and some of the models in this series are able to
weaken the current tension on H, for some dataset. However, from the Bayesian evidence analysis, A cold

dark matter is favored over the bulk viscous model.
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I. INTRODUCTION

Observational evidences from a series of distinct astro-
nomical sources firmly state that nearly 96% of the total
energy budget of the Universe is comprised of the dark
sector [1]. This dark sector is usually classified into dark
matter and the dark energy, in which the dark matter is
responsible for the structure formation of the Universe and
dark energy is speeding up the expansion of the Universe in
an accelerating manner. The simplest possibility to model
such a dark universe has been proposed in terms of the
noninteracting ACDM cosmology in which A > 0, the
cosmological constant, plays the role of dark energy and
the dark matter sector is comprised with cold dark matter
(CDM). However, the problems related to the cosmological
constant have motivated the construction of alternative
cosmological models. This has resulted in a class of
cosmological models in which either the dark fluids evolve
separately (known as noninteracting cosmological models)
or the dark fluids have a mutual interaction between them,
known as interacting dark energy models (see Refs. [2,3]
for reviews on a class of noninteracting and interacting dark
energy models). However, in spite of many investigations,
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the origin, nature, and the evolution of these dark fluids
have been absolutely unknown until today.

Along the same line of investigation, a possible and
natural idea in such a context is that the dark fluids, namely,
the dark matter and dark energy, are not two exotic matter
components but rather they are just two different aspects of
a single fluid model, usually known as the unified dark
matter (UDM) scenarios. Theoretically, there is no objec-
tion to considering such UDM scenarios since the nature of
dark sector could be anything. In the context of Einstein’s
gravitational theory, such UDM scenarios are described
by an equation of state p = f(p), where p and p are,
respectively, the pressure and energy density of the UDM
fluid and f is any analytic function of the energy density, p
(one can quickly recall the Chaplygin gas [4—15] and other
unified cosmologies [16—18] in this context). Sometimes,
these UDM scenarios are also studied in the form of
p =g(H), where g is any analytic function of H, the
Hubble rate of the Friedmann-Lemaitre-Robertson-Walker
(FLRW) universe which is the well-known geometrical
description of our Universe in the large scale, and in this
present work we have considered such a geometrical
configuration. However, one can see that the prescriptions,
p=f(p) and p = g(H), are actually equivalent for a
spatially flat universe since p o« H> for this Universe;
however, for nonflat cases, this equivalency does not hold.
Thus, in a spatially at FLRW universe, one could either
consider p = f(p) or p = g(H) to study the the UDM
scenarios, keeping in mind that the respective function
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should be analytic with respect to its argument, for instance
p or H. A class of cosmological scenarios with this equation
of state has been investigated in detail in the context of
cosmological bulk viscosity [19-54] (also see Ref. [55] for
a recent review on bulk viscous cosmologies). A bulk
viscous fluid is a cosmic fluid endowed with bulk viscosity.
Effectively, a bulk viscous fluid with (p, p) as, respectively,
the pressure and energy density is identified with an
effective pressure pe = (y — 1)p —n(p)uly, in presence
of the bulk viscosity.' Here, u/, is the expansion scalar of
this fluid, #(p) > 0 is the coefficient of the bulk viscosity,
and y is the model parameter. One can identify y as a
conventional equation of state of the fluid in the absence of
the bulk viscosity. For a FLRW universe, u’;ﬁ, = 3H; hence,
the effective pressure of the bulk viscous fluid in this
Universe turns out to be pes = (y — 1)p —3Hn(p). In
Refs. [19-23,37,39,41], the viscous coefficient was taken
to be n(p) = ap™, where a and m are free parameters and
cosmic expansion was investigated in detail, but all the
above works were mostly theoretical, both at background
and perturbations. Concerning the observational examina-
tions, although the low redshift data like supernovae type
Ia have been used to constrain such bulk viscous models,
but the full cosmic microwave background (CMB) temper-
ature and anisotropy data (we acknowledge that CMB shift
parameter was introduced in Ref. [41]), so far we are aware
of the literature, have not been applied to such models.
Thus, we believe that such an analysis will be worth for a
better understanding of such scenarios.

Thus, to take into account the observational features
of bulk viscous models, in the present work, we have
considered two specific UDM scenarios and constrained
them using different cosmological data. We have also
studied the evolution of these models at the level of
perturbations through the temperature anisotropy in the
CMB spectra and matter power spectra as well.

The work is organized in the following manner. In Sec. II,
we present the gravitational field equations for an imperfect
fluid with bulk viscosity. In Sec. III, we present the
observational data and the constraints of the present models.
In particular, in the Secs. III A and III B, we summarize the
main results of the two models, respectively. Finally, we close
the present work in Sec. IV with a brief summary.

II. BACKGROUND AND PERTURBATION
EQUATIONS FOR A VISCOUS UNIVERSE

We consider a homogeneous and isotropic model of our
Universe, which is characterized by the usual Friedmann-
Lemaitre-Robertson-Walker line element

'In this connection we recall an equivalent cosmological
theory known gravitationally induced particle creation theory
[56-69] which is equivalent to the bulk viscous theory at the level
of equations but from the thermodynamical point of view both are
theories are distinct [70].

dr?
1 — kr?

ds® = —di* + d2(1) + r2(d6* + sin®0d¢?) |,

where a(t) is the scale factor of the Universe; k is the
spatial curvature, its three distinct values of which, namely,
0, —1, and +1, represent a spatially flat, open, and closed
universe, respectively. In this work, we shall confine
ourselves to the spatially flat universe, which means
k = 0 throughout the work. The energy density, p, of the
universe in this spacetime is thus constrained by the Hubble
rate H=a/a as BzG = 1)

3H* = p; = (p, + Py +Pp) (1)

where p,, p,,, and pp are, respectively, the energy density
for the radiation and baryons and the unified fluid where
pp = (y — 1)pp and we have a bulk viscosity background.
Following Ref. [20], the effective pressure of the unified
dark fluid can be written as

Pett = Pp — 3H’1(PD)’ (2)

where 57(pp) is the coefficient of the bulk viscosity that we
assume to take the following well-known form [19-21]:
n(pp) = app.  (a>0). (3)

Thus, the effective pressure for the unified dark fluid can be
recast into

Peit = (¥ — 1)pp — 3aHpl. (4)

In the spatially flat universe, at late time, the contributions
from radiation and baryons are negligible, so, approxi-

mately, H « pg ?. and this is equivalent to a total stress of

the form pes = (v — 1)pp — V3ap ™/ [19-21], where
this equation reduces to the generic form pg; + pp =
[pd with y =0 and § =m + 1/2 and T = —/3a. For
these kinds of effective pressure of the dark fluid, there are
three free model parameters, y, @, and m. The pressure
Defr = —3aHpY; with assuming y = 1, and we can define
the dimensionless parameter f = aHyp/h~!, where p,q is the
present value of p, defined in Eq. (1). Let us note that the
model with p.g = —3aHp}, was constrained by the super-
novae type la [71] and CMB shift-parameter [72] data in
which the best-fit values of the parameters were found to be
m = —0.4 and g = 0.236.

In the present work, we seek a robust observational
analysis of the bulk viscous cosmologies [19-23,41] in a
spatially flat universe. Thus, in the presence of the bulk
viscosity, the effective pressure of the unified fluid becomes

Peit = (v = Dpp — V3ap*plp, (5)
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where the baryons and radiation components present in
p; [see Eq. (1)] are conserved separately, and hence they
evolve as p), = pyoa~> and p, = p,ga™*, respectively. Here,
the energy density of viscous dark fluid would not be in an
analytical form due to the baryons and radiation in the
effective pressure; however, it could be solved numerically.
The effective equation of state of viscous dark fluid will be

\focpl/2 m=l, (6)

Weft = ( )

The adiabatic sound speed for the viscous fluid is

/ /
2 _ Pest Wett

— — —_— 7
Cacft P Wert SH(1 + wegr) )

where the prime denotes the derivative of the conformal
time. H is the conformal Hubble parameter, H = aH.

When the equation of state of a purely barotropic
fluid is negative, it has an imaginary adiabatic sound
speed, which possibly causes instability of the pertur-
bations. To avoid this problem, we will allow an
entropy perturbation (nonadiabatic perturbation) in the
dark fluid according to the analysis of generalized dark
matter [73].

To follow the analysis of entropy perturbation for a
generalized dark matter [73], in the entropy perturbation
mode, the true pressure perturbation is from the effective
pressure, and pey = pp — 3Hn(pp) is from pey = pp—
n(V,u°), so one could calculate the pressure perturbation

Spett = 6pp — oN(V,u®) —n(6V,u”)
h/
=6pp — 3H511——<9+ 2> (8)

Combined with = ap}; [20,21], the effective sound
speed of viscous dark fluid could be defined as

o OPer
Cs,eff: 5pD ;
r.

=2 _famplﬂ m—1_ %D

;: (9 + %) (9

where |,, denotes the rest frame, generally the sound speed

¢2 =0 in the rest frame according to the analysis of
Ref. [73].

To follow the formalism for a generalized dark matter
[73], one can write the perturbation equations of density
contrast and velocity divergence

8, = —(1 +wor) (0 + 1) + et
D — eff D 2 1+Weff D

6p
- 3H( seff aeff) |:6D + 3H(1 + weff) k2 (10)

2

Lff]ggD’ (11)

0, = —H(1
b ( 1+Weﬁ-

- ch,eff)eD +

Now, based on the effective pressure of the viscous dark
fluid model [19-21], we consider two bulk viscous fluid
models, namely, the model with two free parameters «
and m, labeled as BVF1, and another model with three
parameters y, a, and m, labeled as BVF2. Let us note that
for the BVF1 and BVF2 models for the purpose of

statistical analysis, we have turned « into a a dimensionless

quantity by defining f = ap; "2 in terms of the original

parameter . Thus, from now on, we shall recognize f and
m as the governing parameters of model BVF1, and the
model BVF2 will be recognized by the parameters f, v,
and m. The case with m = 0 is the simplest bulk viscous
scenario representing the constant bulk viscosity. Thus, in
the present work, we consider four different bulk viscous
scenarios as follows: the two cases with m = 0, which
means we consider two different scenarios, namely, BVF1
(m = 0) and BVF2 (m = 0), and, second, we consider the
general scenarios in which m acts as a free parameter,
which means the two cases for free m, named BVF1 (m:
free) and BVF2 (m: free). Now, to understand the quali-
tative evolution of the density parameters for radiation,
baryons, and the effective bulk viscous fluid, we have
systematically investigated all the possibilities. In Fig. 1,
we have shown the density parameters for the model BVF1
(m = 0) using different values of $ such as § = 0.5 (upper
panel of Fig. 1), f = 0.55 (middle panel of Fig. 1), and
p = 0.6 (lower panel of Fig. 1). From this figure (Fig. 1),
we see that as f increases the domination of the bulk viscous
fluid starts lately. Now, to understand the general scenario
with free m, in Fig. 2, we have depicted two different
scenarios for the density parameters for some fixed values of
f and m. In a similar fashion, we have investigated the
qualitative evolution of the density parameters for BVF2
considering both the possibilities, which means the case with
m = 0 (see Fig. 3) and with free m (see Fig. 4). From the
qualitative evolution of various bulk viscous models pre-
sented in the aforementioned figures, one can easily notice
that the dynamics associated with # = 0 is problematic since
for # = 0 one can see that (see Figs. 1 and 3) at early times
radiation was more subdominated than the bulk viscous
fluid, which is impossible. However, the above discussions
imply that § should be greater than zero in order to have
realistic bulk viscous scenarios.

III. OBSERVATIONAL DATA
AND THE RESULTS

In this section, we describe both the observational data
and the analyses of the present bulk viscous scenarios. In
what follows, we first describe the observational datasets:

(i) Cosmic microwave background.—CMB radiation

is the effective astronomical probe to analyze the
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FIG. 1. Qualitative evolution of the density parameters for the

BVFI1 model with m =0 is shown for different values of f,
namely, f = 0.5 (upper panel), f = 0.55 (middle panel), and
p = 0.6 (lower panel), and also compared with the no bulk
viscous scenario (corresponding to f = 0).

dark energy models. Here, we consider the CMB
temperature and polarization anisotropies together
with their cross-correlations from Planck 2015 [74].
Particularly, we consider the combinations of high-
and low-ZTT likelihoods in the multipoles range
2 < ¢ <2508 and the combinations of the high- and
low-¢ polarization likelihoods as well as Ref. [75].

(i) Pantheon sample from the supernovae type la
data.—We use the most recent compilation of the
supernovae type la comprising 1048 data points [76]
in the redshift range z € [0.01,2.3].

(iii) Hubble parameter measurements.—Finally, we
consider the Hubble parameter values at different
redshifts measured from the cosmic chronometers
(CCs). The CCs are the most massive and passively
evolving galaxies in the Universe. For a detailed
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FIG. 2. We show some general behavior of the BVF1 model,
considering the fact that m # 0. In the upper panel, we fix
f = 0.6 and consider the density parameters for m = 0.4 and also
compare to the constant bulk viscous scenario (corresponding to
m = 0). In the lower panel, we fix m = 0.2 and consider three
different values of f in order to depict the evolution of the density
parameters.

motivation and measurements of the Hubble param-
eter values from CCs, we refer to Ref. [77]. In this
work, we consider 30 measurements of the Hubble
parameter values spread in the interval 0 < z < 2;
see again Ref. [77], in which the data points are
tabulated.

Now, to constrain the bulk viscous scenarios, we have
made use of the fastest algorithm, the Markov chain
Monte Carlo package cosmome [78] in which an efficient
convergence diagnostic, namely, the Gelman-Rubin
criteria R — 1 [79], which enables us to understand the
convergence of the Monte Carlo chains, exists. For the
first model BVFI, the analyzed parameters space is
Prver = {Q,h%, 1000y,c, 7, n,, In(101°A,), g, m}, and for
the second model BVF2, the parameters space is
Prvir = {Q,h%, 1000y,c, 7, n,, In(10'°A,), B, m, v}, where
Q, h? is the baryon density, 10060, is the ratio of the sound
horizon to the angular diameter distance, 7 is the optical
depth, n, is the scalar spectral index, and Ag is the
amplitude of the initial power spectrum. In Table I, we
summarize the priors on the model parameters that have
been used during the statistical analysis. Let us now analyze
the results of the models extracted from the observational
datasets.
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FIG. 3. Qualitative evolution of the density parameters for the

BVF2 model with m =0 is shown for different values of fj,
namely, f = 0.5 (upper panel), f = 0.55 (middle panel), and
p = 0.6 (lower panel), and is also compared with the no bulk
viscous scenario (corresponding to = 0). Let us note that for all
the plots we have fixed y = 1.01.

A. Model BVF1

Here, we present the observational summary of the
BVF1 model using various combinations of the cosmo-
logical datasets. The governing parameters of this model,
as already mentioned, are m and f (we recall again that

p= ap%_l/ 2). We first consider the simplest bulk viscous
scenario with m =0 that represents a constant bulk
viscosity in the Universe sector and then proceed toward
the more general scenario in which m has been taken to be a
free parameter.

For the scenario with m = 0, we have constrained the
model using four different observational datasets,
namely, CMB, CMB + CC, CMB + Pantheon, and CMB+
Pantheon + CC, and the results of the scenario are

1.0}

0.8}

g
=
.

=0.6, y=1.01)

N
~
.

Q; of BVF2 (B
o
o

0.2, y=1.01)

@ of BVE2 (m

FIG. 4. We show some general behavior of the BVF2 model
considering the fact that m # 0. In the upper panel, we fix
f = 0.6 and consider the density parameters for m = 0.4 and
also compared to the constant bulk viscous scenario (corre-
sponding to m = 0). In the lower panel, we fix m = 0.2 and
consider three different values of f in order to depict the
evolution of the density parameters. Let us note that for all the
plots we have fixed y = 1.01.

summarized in Table II. From Table II, one may notice
that the results can be divided in two different blocks, with
and without Pantheon, while they are about insensitive to
the presence of CCs. In particular, we see that adding
Pantheon we have a shift of all the cosmological param-
eters, except 6,,¢, toward higher values. Moreover, one can
see that here for ), and H, the CMB case goes down
several standard deviations, about 20, compared to the

TABLEI We show the priors on the free parameters of the bulk
viscous scenarios.
Parameter Prior
Q,h? [0.005, 0.1]
Q h? [0.01, 0.99]
T [0.01, 0.8]
ng [0.5, 1.5]
log[101°4,] [2.4, 4]
1000, [0.5, 10]
p [0, 1]
m [-2,0.5]
Y [-3.3]
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TABLE IL

68% and 95% C.L. constraints on various free parameters of the model BVF1 assuming the simplest case m = 0, which

means the constant bulk viscosity, using different observational data. Here, H,, is in the units of km/Mpc/ sec.

Parameters CMB CMB + CC CMB + Pantheon CMB + Pantheon + CC
0.00015+0.00029 0.00016+0.00031 0.00016+-0.00030 0.00015+0.00031

Q,h’ 0~02222f0.00014—+0.00029 0~02227i0.00017—+0.00031 0.02251 j0A00()15—+0A00030 0~02256t0.00017—+0.00030
0.00028+-0.00055 0.00028+-0.00055 0.00027+0.00052 0.00029+0.00061

1000¢ 1.033 29j0.00028—+0.00057 1 -03332j0.00027—+0400053 1.03325 ir0.00026—+0.00053 1 ~03327j0.00033—+0.00057

+0.016+0.033
T 0.077Z016-0.032

0_9640+040043+0A0088

ng 0.0044-0.0085
In(1004,) 3.0907 005 06
; 0.19970 0042 010084
H, 54.99103010%
F 12962.552

+0.019+0.031
0'080—0.017—04033

+0.0044-+0.0089
0.96527 4045-0.0083

+0.039+0.059
3 '094—003 1-0.065

+0.0045+0.0089
0.201 —0.0044-0.0092

+0.32+0.63
55.1 0—03 1-0.65

12991.452

+0.019+0.035
0'097—0.01 8-0.034

+0.00434-0.0085
0.9741 —0.0043-0.0080

+0.034+0.069
3.1 20—0035—0‘066

+0.0044+-0.0085
0.211 —0.0048-0.0080

+0.32+0.63
55'86—0435—059

14137.924

+0.017+0.032
0'099—0.017—0.033

+0.0043+-0.0087
0'9750—()‘0043—0‘0081

+0.035+0.062
3.1 24'—0.033—0.066

+0.0040+0.0079
0.21 2—0.0040—0.0075

+0.30+0.60
55'95—033—0‘56

14163.750

Planck’s ACDM-based estimation [l]. This is a very
striking result since the estimated values of 0y, and H,
for m = 0 have large difference compared to their esti-
mated values in ACDM based Planck’s results [1], and the
H, constraint is twice as strong as the ACDM one. On the
other hand, the constant f assumes small values, and it is
always different from zero at more than four standard

deviations, which goes in favor of the bulk viscosity. In
Fig. 5, we show the one-dimensional marginalized pos-
terior distributions for some free parameters as well as
the two-dimensional contour plots considering various
dataset combinations for the BVF1 model. From this figure
(i.e., Fig. 5), one can clearly see that the parameters are
correlated with one another. In particular, there is a strong

I BVF1 (m=0) with CMB

I BVF1 (m=0) with CMB+CC

Il BVF1 (m=0) with CMB+Pantheon
Il BVF1 (m=0) with CMB+Pantheon+CC

0.0228} g
~
=
=
(1
oo220F | 4
1 1 1 1 1
T T T T T T
s6.8} o+ A
, \
56.0f 1 //, g
=]
s5.2f 4 % g
Y
5441 y 4 _~ i

0.19 020 0.21

B

0.22

FIG. 5.

0.0220

0.0228 54.4 55.2

Hy

56.0 56.8

Qbhz

68% and 95% C.L. contour plots for the BVF1 model with m = 0, using the observational data from different sources. The

figure also shows the one-dimensional marginalized posterior distributions for some selected parameters.
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TABLE III.
data. Here, Hy, is in the units of km/Mpc/ sec.

68% and 95% C.L. constraints on various free parameters of the model BVF1 with m free using different observational

Parameters CMB CMB + CC CMB + Pantheon CMB + Pantheon + CC
2 +0.00015-+0.00030 +0.00015+0.00030 +0.00015+0.00030 +0.00015+0.00031
Qh 0.02223750015-0.00030 0.02223 7 30015-0.00028 0.02219Z5 50015-0.00031 0.02220Z00015-0.00030
+0.0046+0.0052 +0.00087+0.0019 +0.00057+0.0011 40.0005740.0011
1000¢ 10328 (0us-0.0057 10293~ 50097-0.0021 1027592 00056-0.0011 1027592 00056-0.0011
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positive correlation among the parameters shown in the
figure for this model.

Now, concerning the general scenario in which m acts as
a free parameter, we have summarized the observational
constraints on the model parameters in Table III at 68% and
95% C.L. From our analyses (see Table III), we see that the
CMB data alone return a very low value of the Hubble

parameter at present, i.e., Hy = 56f1'3 at 68% C.L. but with

large error bars, and of 6y, i.e., 1000, = 1.03287000/¢.

Subsequently, when the external datasets are added to the
CMB, the error bars on H significantly decrease, and H,,
increases. We see that the addition of CCs to the CMB
gives better constraints on H, and 6, contrary to the
results with respect to the m = 0 case. However, the best
constraints are achieved for the addition of the Pantheon
data to the CMB, and the results for this dataset (i.e.,
CMB + Pantheon) are practically indistinguishable from
the full combination CMB + Pantheon 4+ CC. Thus, to
show the graphical variations for the model parameters,
we limit to three combined analyses, namely, CMB + CC,
CMB + Pantheon, and CMB + Pantheon 4+ CC, because
the CMB-only constraints are too large and the figure
would be unreadable if added. In Fig. 6, for the above
three datasets, we show the one-dimensional marginalized
posterior distributions for the free parameters of the model
as well as the two-dimensional contour plots for several
combinations of the free parameters at 68% and 95% C.L.
From this plot, we can see the strong anticorrelation
between m and . Moreover, from Fig. 6, we have some
common features of some parameters that are independent
of the datasets. We see that the parameter  has a strong
positive correlation to H, and this is independent of the
datasets used. Correspondingly, we find that the parameter
m has a strong negative correlation to H. Further, one can
notice that there is a notable shift between the constraints
from CMB, CMB + CC, and CMB + Pantheon. For the
dataset CMB + CC, the estimation of H, (= 63.21’12_';‘,
68% C.L.) moves toward a higher value with respect to

the CMB alone but is still slightly far from the measure-
ments by Planck [1] in the ACDM scenario, while for the
dataset CMB -+ Pantheon, the estimated value of H,
(=68.0£ 1.1, 68% C.L.) is similar to Planck [1] but with
slightly large error bars. Interestingly, one can notice that,
due to large error bars on H, for this dataset (i.e.,
CMB + Pantheon), it is possible to weaken the tension
on H observed from the local estimation of H, measured
by Riess et al. in 2016, Hy, = 73.24 4 1.74 kms~' Mpc™!
[80], and in 2018, H, = 73.48 4+ 1.66 kms~! Mpc~! [81],
under 36 C.L. However, if we consider the updated
value of the present-day Hubble constant, Hy = 74.03 £+
1.42 kms~! Mpc™' of Riess et al. in 2019 [82], the tension
is still at 3.3¢. This is one of the interesting results in this
context since the H, tension is partially alleviated, even if
this is probably due to a volume effect, i.e., to the large
error bars imposed by the observational data. On the
contrary, with respect to the case with m =0, the 6y,
parameter shifts toward lower values, moving away from
Planck [1] in the ACDM scenario when adding CCs or the
Pantheon to the CMB. Finally, for the last combination,
which means CMB + Pantheon + CC, we find identical
constraints compared to CMB + Pantheon, showing that
CCs are not adding any new information to the analysis.
A similar observation can be found from the constraints
on the model parameters; specifically, looking at the
constraints on m and S, we can see that the combinations
CMB + CC, CMB + Pantheon, and CMB + Pantheon +
CC significantly improve the parameter space compared to
the constraints obtained only from the CMB data alone.
In fact, while for the CMB case we have an indication at
two standard deviations for B greater than zero, this
becomes very robust evidence at several standard devia-
tions after the inclusion of other cosmological probes.
In particular, we have a shift toward higher values,
passing from g = 0.2270% at 68% C.L. for CMB alone,
to f=035070992 at 68% C.L. for CMB + CC, to
p=0428 +0.016 at 68% C.L. for CMB + Pantheon.
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FIG. 6. The figure displays the 68% and 95% C.L. contour plots between various combinations of the parameters of the model BVF1
with m free using the observational data from different sources. The figure also shows the one-dimensional marginalized posterior
distributions for some selected parameters.

Analogously, we see that due to the negative correlation
between m and S, a shift in the parameter m towards its
lower values is realized. This results in a solid evidence for

m to be negative and different form zero at about roughly e0ee —— BVFi(m=0):CMB

eight standard deviations for the full combination ~ =+ BVFI(m=0):CMB+CC

CMB + Pantheon + CC. Also, for this parameter, while 20007 BVF1(m=0): CMB + Pantheon

the CMB-alone value is in agreement with m =0 Lo BVFL(m =0): CMB + Pantheon

(m = —0.0610%9 at 68% CL), it moves to m= =] ;

—0.32070055 at 68% C.L. after the inclusion of CC and § ] !

to m = —0.544*0956 41 68% C.L. for CMB + Pantheon. It~ § \

we compare Table II with m = 0 with Table I1I with m free, i\ 2000 4 \ f g“ ."

we see an exceptional gain of Ay? = 150, supporting the = VoV

necessity of m being different from zero. 1000 A

R l",\
1. BVF1 model at large scales o ' ' ' N

We now discuss the behavior of the BVF1 model at the 10° 107 10°

. R . . l
level of perturbations considering the direct impacts on the

CMB TT spectra. We start with the constant bulk viscous FIG. 7. CMB temperature power spectra using the best-fit

scenario (i.e., m = 0) and display the CMB TT spectra in  values of various free and derived parameters are shown for the
Fig. 7, using the best-fit values of all model parameters =~ BVF1 model with m = 0 (i.e., the constant bulk viscosity).
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FIG. 8. CMB temperature power spectra using the best-fit

values of various free and derived parameters of the generalized
the bulk viscous model BVFI.

obtained for different observational datasets. From different
spectrum corresponding to each observational data set,
namely, CMB, CMB + CC, CMB + Pantheon, and CMB +
Pantheon + CC, one cannot distinguish between them.

For the second scenario of this model with free m (i.e.,
model BVF2), we perform an investigation similar to that
for BVF1 (m = 0). In Fig. 8, we show the CMB TT spectra
for all the observational datasets using the best-fit values
of the model parameters. We find that a difference in the
lower multipoles (i.e., / < 10), i.e., in the cosmic variance
limited region, exists between the TT curve for CMB alone
dataset and the TT curves for the remaining observational
datasets, while for higher multipoles (i.e., [ > 10), we do
not observe any changes in the curves.

B. Model BVF2

The main free parameters of this model are /3, y, and m.
So, following a fashion similar to that performed with
model BVFI1, here, too, we consider the constant bulk
viscosity scenario leading to m =0 as the simplest

possibility and then proceed toward the more general bulk
viscous scenario assuming m to be a free parameter.

In Table IV, we show the observational constraints for the
constant bulk viscous model (the m = 0 case) at the 68%
and 95% C.L. From the Table IV, one can readily see that
the error bars are strongly relaxed, until an order of
magnitude, with respect to the BVF1 case. We also find
in this BVF2 scenario a large shift of 8,,- at about five
standard deviations and H, toward lower values, with
respect to the ACDM model, but thanks to the larger error
bars, now the shift is less significant. In particular, we have
Hy = 56.173% km/s/Mpc at 68% C.L for the dataset CMB
only, to be compared to its estimation by Planck [1], Hy =
67.27 £ 0.66 km/s/Mpc at 68% C.L. When the external
datasets, such as CC and Pantheon are added to the CMB,
H, goes up (more in agreement with the ACDM value), and
Oyc goes down (increasing the disagreement with the
ACDM value), and the error bars on them are also reduced
compared to their estimation from CMB only. Moreover,
y shifts away from 1 (which corresponds to the BVF1
scenario) of several standard deviations when more data-
sets are combined together. For this model, contrary to
the BVFI case, the addition of the CC dataset improves the
parameter constraints, although for the CMB + CC data, the
estimated value of H,=60.8"") km/s/Mpc at 68% C.L. is
still lower than Ref. [1]. When considering the Pantheon
datasets and the full combination, namely, CMB + Pantheon
and CMB + Pantheon + CC, the Hubble constant H(, has
the strongest constraints, and it shifts toward higher
values. Therefore, it is quite interesting to notice that for
the CMB + Pantheon dataset the tension in H, with the
local measurements is clearly reconciled within 95% C.L.,
even considering the latest Riess er al. 2019 measurement
[82]. For the full combination CMB + Pantheon + CC, the
tension is also released, but within 3¢. Concerning the S
parameter, we always find that it is different from zero at
more than 95% C.L., irrespective of the observational
datasets. We again note that for the CMB-only data f has
the maximum error bars, which eventually decrease after the

TABLE IV. 68% and 95% C.L. constraints on various free parameters of the model BVF2 assuming the simplest case m = 0, which
means the constant bulk viscosity, using different observational data. Here, H,, is in units of km/Mpc/ sec.

Parameters CMB CMB + CC CMB + Pantheon CMB + Pantheon + CC

Q,h? 0.02221 55001000054 0.02209556015-0.00030 0.02196 5550017-0.00051 0.021997550016-0.00033

1000,¢ 1.0328 0601300029 103081506089 -0.0016 1026767556073 0.0015 1027597566075 0.0014

4 0.07920017 0054 0.086 5015005 0.104X5 510 0035 0.101 5515 0036,

n, 0.96687 000850015 0.977420 00550011 0.9995 060570011 0.9953 050350010

In(10'°4) 3.09520635 0068 3.11220536 01065 315425037 00m0 3.147 150320065
0.20915053 0077 0.26175512 005 0.333%0 012 0025 0.32020500 01020

v LO0T050: 0006 1005050 01005 10132060 505 101220501 20005

Hy 56.1530707 608513735 70.25{5537 682113738

Kbesttit 12962.760 12981.476 14037.120 14059.740
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FIG. 9. 68% and 95% C.L. contour plots for the BVF2 model with m = 0, using the observational data from different sources. The
figure also shows the one-dimensional marginalized posterior distributions for some selected parameters.

addition of external datasets such as CC or Pantheon or
both, and moreover, we further note that the strongest
constraint on f is achieved for the full combination
CMB + Pantheon + CC. To compare the different datasets,
we choose the last three, namely, CMB + CC, CMB +
Pantheon, and CMB + Pantheon + CC, and in Fig. 9, we
show the one-dimensional marginalized posterior distribu-
tions for the model parameters as well the contour plots
between several combinations of the same free parameters at
68% and 95% C.L. Figure 9 offers some interesting behavior
of the parameters. First of all, we can notice also in this case
that the addition of Pantheon produces a large shift of the
cosmological parameters, now in tension with the estimates
obtained by the CMB + CC dataset combination. This shift
indicates a disagreement of the Pantheon dataset with the
CMB in the context of the BVF model. Second, we find that
the parameters H, 3, and y have strong positive correlations
between them, while the contours of (3, ,4%) and (y, Q,h?)
are almost vertical, leading to no correlations between them.

Now, concerning the general bulk viscous scenario with
free m, we have analyzed it using the same observational
datasets such as CMB, CMB + CC, CMB + Pantheon, and

CMB + Pantheon + CC, and we present the observational
constraints on the model parameters in Table V. From
the analyses (refer to Table V), one can see that for the
CMB data alone H confirms a lower mean value like in the
m =0 case, but with higher error bars, Hy, = 55.8f99:12
(68% C.L., CMB), and again when the external datasets are
added, namely, the CMB + CC or CMB + Pantheon or
CMB + Pantheon + CC, the error bars are significantly
reduced with increased values of the Hubble constant in
this way: Hy = 65913 (68% C.L., CMB + CC), H, =
68.073] (68% C.L., CMB + Pantheon), and H, = 68.4" %
(68% C.L., CMB —+ Pantheon + CC). While one can rec-
ognize that the estimated value of H for the combination
CMB + CC is still lower than the Planck estimation [1],
interestingly, for the last two datasets, namely, CMB +
Pantheon and CMB + Pantheon + CC, we see that, due to
larger error bars (which are indeed very small attained for
the analysis with CMB alone), the estimated values of H,,
can still catch the local estimation of H, by Riess et al. in
2019 [82] within 30. Eventually, the tension on H| is
clearly reduced, which is indeed one of the most interesting
properties of this bulk viscous model.
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TABLE V. 68% and 95% C.L. constraints on various free parameters of the model BVF2 using different observational data. Here, H

is in units of km/Mpc/ sec.

Parameters CMB CMB + CC CMB + Pantheon CMB + Pantheon + CC
Q,h 0.022207550015-0.00033 0.02218550016-0:00051 0.0221975001 70,0003 0.022197550016-0:00035
1000y 1033006040005 1028406011 00025 10276 555012200020 1027412056083 0.0015
v 0.07820570 0030 0.08020515 01054 0.07920017 0035 0.07810817 003

ny 0.9670206075 0014 0.9690% 506> 010135 0.9659 0 008101 0.9668 05053 0011
In(10'°4) 3.091 50037 0n4 3.097 0035 0068 3.093 15035 0:067 3.09225033 01065

p 0.215515%017 0.378105%- 010 0.427 25630 01038 0.42420017 20055

m 0.002517045 =0.352075 5051 ~0.5620:15 01 ~0.5120057053

v 1.0015063-0/005 10022000 0'004 1.000%5:0030/005 1001255050003
Hy 558551 105 66.2135 755 68.013:1707 684713753
;{%es[_ﬁt 12959.084 12977.172 13998.418 14013.918

Let us now focus on the constraints of the other
free parameters. From the constraints on y (see
Table V), we see that, this parameter is consistent to 1.
The numerical estimations of y from different observational
datasets do not change much from one to another: y =
1.001%5005 (68% C.L., CMB), y = 1.002100; (68% C.L.,
CMB + CC), y=10001000; (68% C.L., CMB+
Pantheon), and y = 1.0017000; (68% C.L., CMB +
Pantheon + CC). However, significant changes appear in
the constraints of the m parameter (let us recall that the m
parameter appears from the bulk viscosity: 1(pp) = ap},
a > 0). From the CMB data alone, we see that m =
0.0079%9 (68% C.L.), while from the remaining datasets,
the mean values of m are negative with increased signifi-
cance when more datasets are considered: m = —O.32f8"2116
(68% C.L., CMB + CC), m=-0.56103 (68% C.L.,
CMB + Pantheon), and m = —0.5170) (68% C.L.,
CMB + Pantheon + CC). From all the analyses, we find
that m # 0 at more than 68% C.L., which means it gives
a strong indication for a bulk viscous scenario apart from
the constant one.

Finally, we discuss the observational bounds on « in
terms of the f parameter quantifying the bulk viscosity in
the Universe sector. As already reported, the best con-
straints for S are achieved for the dataset CMB +
Pantheon + CC with g = 0.424'0013 at 68% C.L. Thus,
overall, we find that the observational data are in support of
a bulk viscous cosmology. We close this section with
Fig. 10, in which, for the last three best analyses, namely,
CMB + CC, CMB + Pantheon, and CMB + Pantheon +
CC, we display the one-dimensional marginalized posterior
distributions for the free parameters of the model as well as
the contour plots between various combinations of the
model parameters at 68% and 95% C.L. From this figure
(i.e., Fig. 10), we clearly see that the parameter m has a
strong positive correlation to y and f has a negative
correlation to both m and y, partially broken by the addition

of the Pantheon dataset. Moreover, the parameter m
presents a positive correlation with H, for the CMB +
CC case, while the addition of the Pantheon dataset
changes the direction of the correlation. This is the reason
why by adding the Pantheon dataset the H, value is very
well constrained, shifting m toward negative values. In
Fig. 10, all the bounds are now very well consistent, and
therefore we can conclude that having a negative m
parameter is a way to solve the disagreement between
the CMB and Pantheon datasets we saw in Fig. 9. The full
combination of datasets considered in this work is therefore
converging to a concordance model with a negative m at
several standard deviations, a larger £ different from zero, a
y consistent with 1, a larger value for the Hubble constant,
and a smaller value for 8,,c. For this model, we gain a
Ay? = 46 with respect to the same case with m = 0.

1. BVF2 model at large scales

We continue by discussing the effects on the CMB TT
and matter power spectra for the two variations of this bulk
viscous scenario, namely, for m = 0 and with free m.

As far as the simplest case with the constant bulk
viscous model (i.e., m = 0) is concerned, in Fig. 11, we
plot the CMB TT spectra. To draw the plot, we have used
the best-fit values of the model parameters obtained from
all the observational datasets that we have used in this
work. From Fig. 11, we find that at lower multipoles
(i.e., I £10) a mild deviation in the curves for CMB and
CMB + CC appear, compared to the curves for CMB +
Pantheon and CMB + Pantheon + CC. However, for
higher multipoles, we cannot distinguish between the
curves. Finally, we consider the general scenario with m
as a free parameter and plot the CMB TT spectra in
Fig. 12 using the best-fit values of the parameters from all
the observational datasets. We notice that, compared to
the previous case (BVF2 with m =0), the CMB TT
spectra exhibit similar features.
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FIG. 10. The figure displays the 68% and 95% C.L. contour plots between various combinations of the parameters of the model BVF2
using the observational data from different sources. The figure also shows the one-dimensional marginalized posterior distributions for
some selected parameters.
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FIG. 12. Temperature anisotropy in the CMB spectra for

FIG.11. We show the CMB TT spectra for the BVF2 model with different best-fit values of the free and derived parameters of
m = 0 using the best-fit values of the free and derived parameters. the generalized bulk viscous scenario BVF2.
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TABLE VI.  The table displays the values of In B;; for all the
observational datasets and for all variants of the bulk viscous
models. Here, InB;; = InB; —InB; (i represents the reference
model ACDM, and j is for the underlying model).

Dataset Model In B;;
CMB BVF1 (m =0) 34
CMB + CC BVF1 (m =0) 5.7
CMB + Pantheon BVF1 (m =0) 2.6
CMB + Pantheon + CC BVF1 (m =0) 2.9
CMB BVF1 (m free) 5.1
CMB + CC BVF1 (m free) 7
CMB + Pantheon BVF1 (m free) 2.9
CMB + Pantheon + CC BVF1 (m free) 3.6
CMB BVF2 (m =0) 4.7
CMB + CC BVF2 (m =0) 7.2
CMB + Pantheon BVF2 (m = 0) 3.6
CMB + Pantheon + CC BVF2 (m =0) 43
CMB BVF2 (m free) 6.6
CMB + CC BVF2 (m free) 9.1
CMB + Pantheon BVF2 (m free) 4.1
CMB + Pantheon + CC BVE2 (m free) 52

C. Bayesian evidence

In the previous subsections, we have mainly focused on
the observational constraints extracted from different var-
iants of the bulk viscous scenarios. An important question
that naturally arises in this context is how efficient the
present bulk viscous models are compared to the standard
ACDM model. The answer can be found by calculating the
Bayesian evidence values of the bulk viscous models with
respect to this standard ACDM model. The calculation can
be done through the publicly available code MCEvidence
[83,84].2 Now, one can introduce the so-called Jeffreys
scale that quantifies the strength of evidence of the under-
lying model against the reference model. The Jeffreys scale
deals with the values of In B;;, where B;j is the Bayesian
evidence of the reference scenario ACDM (M;), with
respect to the bulk viscous cosmic model (M) [85]. For
0 <InB;; < 1, weak evidence; for 1 <InB;; < 3, definite/
positive evidence; for 3 <InB;; <5, strong evidence;
and for InB;; > 5, very strong evidence for the ACDM
model against the bulk viscous scenario is signaled.
Following Refs. [83,84], we computed the values of
In B;; for all such variants of the bulk viscous model with
respect to the ACDM model. The values of InB;; are
summarized in Table VI for all possible observational
datsets. From Table VI, it is clear that ACDM is favored
over the bulk viscous scenarios.

*One can freely access this code from the link github.com/
yabebalFantaye/MCEvidence.

IV. CONCLUSIONS

We have considered a unified dark fluid endowed with
bulk viscosity in a spatially flat FLRW universe where the
coefficient of the bulk viscosity has a power law evolution:
nlpp) =ap? (@>0 and m is a free parameter) and
pp = (¥ = D)pp, ¥ € R being the barotropic state param-
eter. So, one can realize that the above choice for the bulk
viscous coefficient automatically includes a number of
models, specifically models with fixed m. For y =1, we
rename the scenario BVFI1, while for free y, we recognize
the bulk viscous scenario as BVF2. For m = 0, one can
realize a constant bulk viscous model. Thus, to include the
specific cases with m = 0, both the scenarios (i.e., BVF1
and BVF2) have been further classified as i) the case with
m =0 [BVF1 (m =0), BVF2 (m = 0)], representing the
constant bulk viscous scenario, and ii) the case for free m
[BVF1 (m: free), BVF2 (m: free)], which is the most general
bulk viscous scenario in this work. Thus, essentially, we
consider four different bulk viscous scenarios and constrain
all of them using the observational datasets from the CMB,
Pantheon sample of supernovae type la, and the Hubble
parameter measurements from the cosmic chronometers.

For the constant bulk viscous scenarios BVF1 (m = 0)
and BVF2 (m = 0), the results of which are summarized in
Tables II and IV, respectively, we find that the parameter
quantifying the observational evidence of the bulk viscosity
is strictly nonzero at several standard deviations. The model
BVF2 (m = 0) has an additional observational feature that
is absent in BVF1 (m = 0). We find that for the combi-
nations CMB + Pantheon and CMB + Pantheon + CC the
tension on H, is released within 36. In fact, the combi-
nation CMB + Pantheon is very effective in reconciling
this tension (see Table IV).

Concerning the general bulk viscous scenarios with free
m parameter, the results are summarized in Table III (BVF1
with free m) and Table V (BVF2 with free m). For BVF1
(m free), we find a strong anticorrelation between the free
parameter m and the quantifying bulk viscous parameter f.
Precisely, we find that # is nonzero at more than two
standard deviations for all the datasets. Regarding the m
parameter, although for CMB alone m =0 is allowed
within 68% C.L., for other datasets, m # 0 becomes
strongest. In addition, we see that the inclusion of
Pantheon to CMB weakly reduces the tension on H,.
For the BVF2 (m free) scenario, we have observations
similar to those for BVF1 (m free). We find that, although
for CMB-alone data m = 0 is certainly the case, for other
datasets, m # 0 is strongly preferred. The parameter p
quantifying the bulk viscosity in the Universe, we find
its positive evidence for all the observational datasets at
more than two standard deviations. Additionally, for the
CMB + Pantheon and CMB + Pantheon 4+ CC datasets,
this specific bulk viscous scenario has the ability to reduce
the H, tension weakly. Thus, considering the observational
limits on both f and m for both BVF1 and BVF2, a strong
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indication of a nonzero bulk viscous scenario (since f # 0)
apart from the constant bulk viscous coefficient (since
m # 0 except for CMB alone) is supported. We also
perform Bayesian evidence analyses for all the bulk viscous
scenarios shown in Table VI aiming to compared them with
respect to the standard ACDM model. Our analyses report
that ACDM is favored over the bulk viscous scenarios, at
least for the employed observational datasets.

To conclude, perhaps along with other findings, the best
finding is to explore the ability of the bulk viscous
scenarios to reduce the H( tension weakly. We use
“weakly" in the sense that the tension is released under
36 C.L. In summary, we see that the bulk viscous
scenarios might be able to compete with other cosmo-
logical models in which an additional constraint in terms
of either the inclusion of phantom dark energy equation
of state [86-90] or the nonzero interaction [91-95] is
necessary to release the H tension.
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