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We consider a vector dark matter (VDM) with a direct coupling with photon. We examine the effect of
such an interaction on the CMB polarization to put new constrains on the properties of the DM particles.
We show that a partially polarized VDM of the order of temperature fluctuation with a quadrupole
distribution leads to a valuable circular polarization (CP) for the CMB. In different DM-models the DM-
masses range from few eV to a few TeV. We show that the CP angular power spectrum depends on the mass
of VDM as CðSÞ

Vl ∝ 1=m6
V such that for mV ¼ 10 eV–1 keV, the CP angular power spectrum is

CðSÞ
Vl ≃ 103–10−11 nK2. Therefore, the light VDM with masses less than 10 eV leads to an unexpected

very large CP which can be excluded from the acceptable range of the VDM masses.
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I. INTRODUCTION

There are different theoretical and experimental
researches on the dark matter (DM) which contributes
about 25% of the whole energy density of the Universe.
Although, many cosmological and astrophysical observa-
tions such as velocity curves of spinning galaxies [1],
gravitational lensing [2], and structure formation [3] con-
firm the existence of DM in the universe but its nature is
still unknown. However, massive astrophysical compact
halo object (MACHO) [4], Gravitino [5], Kaluza-Klein
particle [6], nuetrinos [7], weakly interacting massive
particles (WIMPs) [8,9], super-WIMPs [10,11], axions
[12] are considered as some of DM candidates. Among
these various candidates, WIMPs and super-WIMPs are
particularly attractive candidates for DM at the electroweak
scale. The WIMPs are in GeV mass scale and fit to the cold
DM paradigm. They not only naturally describe the now-
observed abundance of dark matter [13] but also hold all
cosmological and astrophysical constraints imposed on
dark matter experiments [14]. This is while, the super-
WIMPs are known as warm DM candidate. They are lighter
than the WIMPs and put in the range of keV mass scale.
They can potentially explain the small-scale gravitational
clustering properties and for above ∼3 keV, these particles
can easily describe the structure formation [15]. Detection
of WIMPs and super-WIMPs due to weakly interaction are

naturally difficult nevertheless there are some suggested
experiments for finding these particles such as XENON100
[16,17], CDMS [18], LUX [19], PAMELA [20,21],
MAGIC [22], VERITAS [23], DAMA [24] and XMASS
[25]. Nonetheless, even for very light dark matters below
keV there are models for the Bosonic dark matters and also
experimental direct detection for masses in meV to keV
range [26]. On the other hand, many experiments such
as WMAP [27], SPT [28], ACT [29], and Planck [30] are
dealt with the CMB fluctuations and its polarization modes.
In fact, the cosmological information is encoded in the
temperature and polarization anisotropies of the CMB
radiation. Meanwhile, at the recombination epoch accord-
ing to the standard model of cosmology the Compton
scatterings off particles such as electrons, protons, and so
on are the main source of the photons interaction. However,
depending on the type of perturbations the Compton
scattering can only produce the E and B-modes of linear
polarization (LP) and not a radiation with circular polari-
zation (CP). Furthermore, temperature and the LP fluctua-
tions of the CMB have been measured as δT

TCMB
≤ 10−5 while

the current upper limit on the CP is about δV
TCMB

≤ 10−4 at the
large scales [31–34]. Therefore, any new interaction
beyond the standard cosmological model with photons at
the last scattering surface can provide a new source of
information through producing different types of the CMB
polarization. For instance, in the Ref. [35] it is shown that
the gravitational lensing by the matter distribution can
transform E- into B-mode polarization of the CMB. In [36]
the contribution of the noncommutative QED on the CMB
linear polarization has been considered. Nonlinear photons
interactions via Euler-Heisenberg effective Lagrangian is
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introduced as a source of CP of CMB in Ref. [37]. In
Refs. [38,39] have been shown that the photon scattering
from the cosmic neutrino background can have a significant
contribution on both LP and CP of the CMB. However, a
natural question can arise here, how much different DM-
models can affect the CMB polarization. In these models
DM-candidates may be appear as fermions or bosons with
different spins [40–44]. For example, in [42] a fermionic
DM has been considered as a dipolar DM which couples to
photon through loops in the form of electric and magnetic
dipole moments. Based on this model, the DM effects on
the CMB photon polarization has been explored which is
resulted in a B-mode polarization in presence of primordial
scalar perturbations with a bound on the mass and magnetic
dipole moment of dipolar DM about m ≥ 50 MeV and
M ≤ 10−16 e cm, respectively [45].
Here, we would like to focus on a model given in [44]

with a spin-1 bosonic vector-DM (VDM) which can
directly couple to photon through a gauge invariant
dimensionless coupling. As we know, the vector boson
as the DM candidate has recently received much attention
in various mass scales from a few eV to few TeV. For
instance, in [46] it is shown that the Higgs portal singlet
VDM scenario with 60 GeV≲mV ≲ 80 GeV can natu-
rally explain the γ-ray spectrum. A vector WIMP with
100–1000 GeV mass which acquires its mass from the
gauge symmetry breaking at the TeV scale has been
considered in [47]. A model for VDM with mV >
63 GeV has been introduced in [48] where the bound
on the VDM mass has been obtained from the upper
bound on the invisible decay width of the Higgs boson.
In [49] it is shown that a VDM with 20–40 GeV mass
can provide an excellent description of the observed
gamma-ray excess. In [44,50] a model with two different
VDM candidates are considered in a GeV mass scale to
explain 3.5 keV and 130 GeV photon lines. Meanwhile,
there are many papers for the VDM in the low mass
scale. In [51], the constraints on the minimal model for
VDM leads to 0.01–100 keV mass range. In [10] the
cosmological abundance, the background created by
particle decays and the impact on stellar processes due
to cooling are analyzed for the VDM with mass less
than 100 keV. The authors in [17] have obtained some
bounds on the mass of VDM in range 8–125 keV.
However, a direct detection with the XMASS-I liquid
xenon detector for the mass of the VDM has been
resulted in a 40–120 keV range [25].
The paper is organized as follows. Section II presents an

overview of polarization and Boltzmann equations.
Section III discusses the time evolution of Stokes param-
eters due to DM-photon interaction for forward scattering
and damping terms. Section IV details CP of CMB photons
and its power spectrum due to DM-photon scattering.
Finally, we summarize our results and give conclusion
in Sec. V.

II. BOLTZMANN EQUATIONS AND
STOKES PARAMETERS

The polarization property is an important source to get
information from photon as a quanta of electromagnetic
field. Of different formalism that can describe photon
polarization, the Stokes parameters which describe partial
polarization of photon in terms of 4 parameters, I,Q,U and
V is proper for astronomical polarimetry where I indicates
the total intensity of radiation, Q and U show the linear
polarization and V denotes the difference between right-
and left- handed CP. However, an unpolarized photon
characterizes with Q ¼ U ¼ V ¼ 0. Meanwhile, for an
ensemble of photons the Stokes parameters can be
described as the components of photon density matrix ρ
as follows

ρ ¼ 1

2

�
I þQ U − iV

U þ iV I −Q

�
: ð1Þ

Since the density matrix for a system of photons contains
the same information as the four Stokes parameters one can
examine the time evolution of the density matrix to find the
polarization of the system.
For every component of the universe one can consider

a statistical distribution function which depends on time,
position, and momentum [52]. The statistical equation that
describes the features of macroscopic distribution of par-
ticles due to gravity and collisions is called Boltzmann
equation which generally can be written as [52]

df
dt

¼ C½f�; ð2Þ

where the left-hand side deals with space-time properties,
gravitational perturbutions around the homogeneous cos-
mology, is known as the Liouville term while the right-
hand side of this equation contains all possible collision
terms. The time evolution of photon density matrix ρij can
be considered as a generalized Boltzmann equation as
follows [53]

ð2πÞ3δ3ð0Þð2k0Þ d
dt

ρijðkÞ

¼ ih½H0
I ðtÞ; D0

ijðkÞ�i −
1

2

Z
dth½H0

I ðtÞ; ½H0
I ð0Þ; D0

ijðkÞ��i;

ð3Þ

where H0
I is the interacting Hamiltonian [53], D0

ijðkÞ ¼
a†i ðkÞajðkÞ is the number operator and hi indicates the
expectation value. The first term on the right-hand side of
(3) is called forward scattering. The second one is known as
damping term which is related to higher order collisions. In
the following section, we consider the interaction between
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VDM and the CMB photons to explore the possible effects
of this interaction on the CMB polarization.

III. THE TIME EVOLUTION OF
STOKES PARAMETERS VIA
DM-PHOTON INTERACTION

As we know the nature of dark matter is unknown. One
possible candidate for explaining the unseen dark sector of
the universe is spin-1 VDM. Here, we use a model which is
introduced in Ref. [44]. Comparing to the standard model,
this model includes an extra neutral vector boson pair V and
V 0 with masses mV < mV 0 . Due to Z2 symmetry imposed
on this model, vector boson V is stable and can be a suitable
candidate for DM. However, in this model photon can
directly couple to the dark matter particles through a gauge
invariant coupling as follows

LI ¼ gV cos θWFμυVμV 0
ν þ g0V cos θWε

μναβFμυVαV 0
β; ð4Þ

where gV and g0V are dimensionless coupling, θW is the
Weinberg angle, Vμ and V 0

μ are VDMs and Fμν ¼ ∂μAν −
∂νAμ is the field strength of radiation. In the rest of the
paper, we explore the effects of VDM-photon scattering on
the CMB polarization. To this end, we make use of (3) to
calculate the time evolution of the component of the density
matrix and show that how the interaction between photon
and the VDM can affect the CMB polarization.

A. Forward scattering term

As the largest term we first consider the forward
scattering one. It can be shown that the time evolution
of Stokes parameters due to the DM-photon forward
scattering Fig. 1 with a completely unpolarized VDM
and an arbitrary distribution function ρ0ðx;qÞ leads to
(see Appendix A)

_IðkÞ ¼ 0; _VðkÞ ¼ 0;

_QðkÞ ¼ 0; _UðkÞ ¼ 0: ð5Þ
In the other words, (5) means that an unpolarized VDM
cannot generate any polarization for the CMB radiation.
However, the net polarization of the VDM depends on
model in which it can be produced. In fact, in different
models there might be an imbalance in the production of

each component in comparison with the other ones [54].
Here, without referring to any specific model, we would
like to assume that for some reason or fluctuation there is a
small difference between the distribution densities of each
mode of polarizations. To this end, we consider a polarized
distribution for the VDM by taking ρ11 ≠ ρ22 ≠ ρ33 into
account where ρ11 and ρ22 show the densities of two
transverse modes and ρ33 is the density of the longitudinal
mode. Meanwhile, one can define the density matrix
elements for each component as

ρrr0 ðx;qÞ ¼
� ð1

3
þ δrÞρ0ðx;qÞ r ¼ r0

0 r ≠ r0
ð6Þ

where jδrj ≪ 1 shows a small deviation from the unpolar-
ized case. Now the time evolution of the Stokes parameters
can be explored order by order in terms of l the rank of the
multipole expansion of the angular function in terms of
the Legendre polynomials. Therefore, in the lowest order
where l ¼ 0 and in the nonrelativistic limits q0 ¼ mV and
ðm2

V −m2
V 0 Þ2 ≫ 4ðk:qÞ2 one has

_IðkÞ ¼ 0 ð7Þ

_QðkÞ ¼ π

2

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ
ðδ1 − δ2ÞnDMðxÞðCVðkÞÞ; ð8Þ

_UðkÞ ¼ π

2

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ
ðδ1 − δ2ÞnDMðxÞðDVðkÞÞ; ð9Þ

_VðkÞ ¼ −
π

2

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ
× ðδ1 − δ2ÞnDMðxÞððCQðkÞ þDUðkÞÞ; ð10Þ

where C ¼ 4g0VgVcos
2θW , D ¼ ð4g02V − g2VÞ cos2 θW , the

angle α is related to the incoming or outgoing photon
and nDMðxÞ is the DM density which is defined as [see
Appendix A for more detail]

nDMðxÞ≡
Z

d3q
ð2πÞ3 ρ

0ðx;qÞ: ð11Þ

It should be noted that in (8) to (10) for ρ11 ¼ ρ22 ≠ ρ33
there is not any circular polarization at l ¼ 0 even though
the densities of transverse and longitudinal modes are
different. Nevertheless, for the next nonzero order which
is l ¼ 2 the situation is different. In this case the polarized
VDM-photon forward scattering affect the time evolution
of the Stokes parameters as follows

_IðkÞ ¼ 0 ð12Þ

_QðkÞ ¼ −
π

5

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ
ðδ1 − δ3Þn2DMðxÞðCVðkÞÞ;

ð13ÞFIG. 1. Typically Feynman diagrams for VDM-photon
scattering.
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_UðkÞ ¼ − π

5

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ
ðδ1 − δ3Þn2DMðxÞðDVðkÞÞ;

ð14Þ

_VðkÞ ¼ π

5

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ
× ðδ1 − δ3ÞÞn2DMðxÞððCQðkÞ þDUðkÞÞ; ð15Þ

where n2DMðxÞ is the quadrupole contribution of DM
density which is defined as [see Appendix A for more
detail]

n2DMðxÞ≡
Z

d3q
ð2πÞ3 ρ

0ðx;qÞP2ðcos θÞ; ð16Þ

in which θ is measured with respect to the DM direction
and P2ðcos θÞ is the Legendre polynomial of rank 2. This
means that to generate the CP via VDM-photon forward
scattering in l ¼ 2, the distribution of VDM must have a
quadrupole component in addition to the polarized distri-
bution. However, as (12)–(15) show, a small difference in
the densities of the transverse and longitudinal modes for
l ¼ 2 in contrast with l ¼ 0 is enough to producing a
circular polarization. Meanwhile, (7)–(10) and (12)–(15)
can be simplified as

_IðkÞ ¼ 0; _VðkÞ ≈ _κsin2αðQðkÞ þ ηUðkÞÞ;
_QðkÞ ≈ −_κsin2αVðkÞ; _UðkÞ ≈ −_κsin2αηVðkÞ; ð17Þ

where η is a number and for l ¼ 0 one has

_κ ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hσvreliann

p k0

ðm2
V 0 −m2

VÞ
ðδ1 − δ2ÞnDMðxÞ;

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hσvreliann

p k0

m2
VðX2 − 1Þ ðδ1 − δ2ÞnDMðxÞ; ð18Þ

while for l ¼ 2

_κ ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hσvreliann

p k0

ðm2
V 0 −m2

VÞ
ðδ1 − δ3Þn2DMðxÞ;

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hσvreliann

p k0

m2
VðX2 − 1Þ ðδ1 − δ3Þn2DMðxÞ: ð19Þ

In the above relations we have defined

X ¼ mV 0

mV
; ð20Þ

and

g4Vcos
4θW ∼ g04V cos

4θW ∼ g2Vg
02
V cos

4θW ∼ hσvreliann
m4

V 0

m2
V
:

ð21Þ

It should be noted that as the relations in (17) show the
B-mode also can be generated through the interaction with
the VDM. Unfortunately, in this case the B-mode power
spectrum depends on the circular power spectrum which
can be estimated as [55]

CBðSÞ
l ∝

�
_κ

_τeγ

�
2

CVðSÞ
l ; ð22Þ

that is too small for ð _κ
_τeγ
Þ2 ≪ 1. Therefore, at the forward

scattering level we only examine the circular polarization of
the CMB-photons.

B. Damping term of DM-photon interaction

In the previous subsection the forward scattering term of
(3) has been considered. In this subsection we explore the
time evolution of the Stokes parameters from the smaller
damping term. To evaluate the damping term for DM-
photon interaction in the case of a completely unpolarized
VDM with the distribution function ρ0ðx;qÞ, we only
consider the largest contribution in the time evolution of
Stokes parameters which can be obtained as follows (see
Appendix B)

_QðkÞ ¼ −
4

15

nDMðxÞ
m2

V

k0
4

sin2αcos4θW
ðm2

V 0 −m2
VÞ2

ðg4V − 16g04V ÞI2ðpÞ;

ð23Þ

_UðkÞ ¼ −
16

15

nDMðxÞ
m2

V

k0
4

sin2αcos4θW
ðm2

V 0 −m2
VÞ2

× gVg0Vðg2V þ 4g02V ÞI2ðpÞ; ð24Þ

_VðkÞ ¼ 0; ð25Þ

where

I2ðpÞ ¼
Z

dΩ0

4π
P2ðcos α0ÞIðpÞ; ð26Þ

and by using (21), one has

_VðkÞ ¼ 0; _QðkÞ ≈ −_τDMI2ðpÞ; _UðkÞ ≈ −_τDMI2ðpÞ;
ð27Þ

with
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_τDM ≈ hσvreliannnDMðxÞ
�
k0

mV

�
4

: ð28Þ

As (27) shows, there is no chance to have CP via damping
term for the DM-photon interaction with a completely
unpolarized VDM, whereas the Faraday rotation can be
happened if one has a quadruple degree of freedom I2ðpÞ in
the photon intensity. However, the factor ð k0mV

Þ4 is very small

in the case of CMB photon k0 < 1 eV and massive VDM
mV < 1 MeV. In fact, in comparison with the Thomson
scattering, the main interaction of standard scenario of
cosmology, one has

_τDM
_τeγ

≈
nDM
ne

hσvreliann
σT

�
k0

mV

�
4

; ð29Þ

where _τeγ ¼ neσT is the Thomson scattering optical depth,
ne is the electron number density and σT is the Thomson
cross section. If we use the approximation ne ¼ np ≈ nB:M
that np and nB:M are the number density of proton and
baryonic matter, respectively, we can write the ratio (29) as
follows

_τDM
_τeγ

≈ 10−18
�
k0

mV

�
4

×

�
nDM

1.4 × 10−61=cm3

��
ne

2 × 10−71=cm3

�

×

� hσvreliann
10−32 cm3=s

��
σT

6.6 × 10−25 cm2

�
; ð30Þ

where for k0
mV

≪ 1 leads to _τDM
_τeγ

≪ 1. Therefore, the damping

term can have a considerable contribution for CMB
polarization when k0

mV
∼ 1 which is not in the context of

this paper.

IV. CMB CIRCULAR POLARIZATION

In this section, we are going to examine the CMB CP
which can be produced by the VDM-photon forward
scattering to study the nature of this type of dark matter.

A. Boltzmann equation for CMB photons
with the scalar perturbation

In the presence of primordial scalar perturbations (indi-
cated with a subscript S) the temperature anisotropy (ΔðSÞ

I )

and polarization (ΔðSÞ
P ) of CMB radiation can be described

in terms of multipole moments in the conformal time η as
follows [56,57]

ΔðSÞ
I;PðK; μ; ηÞ ¼

X∞
l¼0

ð2lþ 1Þð−iÞlΔðSÞ
I;Pl

ðK; ηÞPlðμÞ; ð31Þ

in which μ ¼ n̂:K̂ ¼ cos α where α is the angle between
the CMB photon direction n̂ ¼ k

jkj and the wave vector K̂.

PlðμÞ is the Legendre polynomial of rank l. Meanwhile, the
Boltzmann equations for CMB photons due to the
Compton and VDM-photon forward scattering in presence
of the scalar perturbations are given by

d
dη

ΔðSÞ
I þ ikμΔðSÞ

I þ 4½ _Ψ − ikμΦ�

¼ _τeγ

�
−ΔðSÞ

I þ ΔðS0Þ
I þ 4μvb þ

1

2
P2ðμÞΠ

�
; ð32Þ

d
dη

Δ�ðSÞ
P þ ikμΔ�ðSÞ

P ¼ _τeγ

�
−Δ�ðSÞ

P −
1

2
½1 − P2ðμÞ�Π

�

þ iaðηÞ_κDMðD ∓ iCÞΔðSÞ
V ; ð33Þ

d
dη

ΔðSÞ
V þ ikμΔðSÞ

V ¼ _τeγ

�
−ΔðSÞ

V þ 3

2
μΔðSÞ

V1

�

þ i
2
_κDMððDþ iCÞΔ−ðSÞ

P

− ðD − iCÞΔþðSÞ
P Þ; ð34Þ

where

_κDM ¼ _κsin2α; ð35Þ

_τeγ ≡ dτeγ
dη , aðηÞ is normalized scale factor and Π≡ ΔðSÞ

I2
þ

ΔðSÞ
P2

− ΔðSÞ
P0
. Also, Ψ and Φ are metric perturbations which

correspond to the Newtonian potential and the perturbation
to the spatial curvature, respectively. The values of

Δ�ðSÞ
P ðn̂Þ ¼ QSðn̂Þ � i USðn̂Þ and ΔðSÞ

V ðn̂Þ ¼ VSðn̂Þ at
the present time η0 and the direction n̂ are given in the
following general form by integrating of the Boltzmann
equations (31)–(34) along the line of sight [56] and
summing over all the Fourier modes K as follows

Δ�ðSÞ
P ðn̂Þ ¼

Z
d3kξðKÞe�2iψK;nΔ�ðSÞ

P ðK; μ; η0Þ; ð36Þ

ΔðSÞ
V ðn̂Þ ¼

Z
d3kξðKÞΔðSÞ

V ðK; μ; η0Þ; ð37Þ

where ψK;n is the angle needed to rotate the K and n̂
dependent basis to a fixed frame in the sky, ξðkÞ is a
random variable using to characterize the initial amplitude
of each primordial scalar perturbations mode, and also the

values of Δ�ðSÞ
P ðK; μ; η0Þ and ΔðSÞ

V ðK; μ; η0Þ are given as
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Δ�ðSÞ
P ðK; μ; η0Þ ¼

Z
η0

0

dη _τeγeixμ−τeγ
�
3

4
ð1 − μ2ÞΠðK; ηÞ

þ i
_κDM
_τeγ

ðD ∓ iCÞΔðSÞ
V

�
; ð38Þ

ΔðSÞ
V ðK; μ; η0Þ ¼

1

2

Z
η0

0

dη _τeγeixμ−τeγ

×

�
3μΔðSÞ

V1 þ i
_κDM
_τeγ

ððDþ iCÞΔ−ðSÞ
P

− ðD − iCÞΔþðSÞ
P Þ

�
; ð39Þ

≈
1

2

Z
η0

0

dη _τeγeixμ−τeγ
�
3μΔðSÞ

V1 þ 2iC
_κDM
_τeγ

ΔðSÞ
P

�
; ð40Þ

where

ΔðSÞ
P ðK; μ; η0Þ ¼

Z
η0

0

dη _τeγeixμ−τeγ
�
3

4
ð1 − μ2ÞΠðK; ηÞ

�
;

ð41Þ

and x ¼ Kðη0 − ηÞ. In the above equations the differ-
ential optical depth _τeγðηÞ and the total optical depth
τeγðηÞ due to the Compton scattering at time η are
given as

_τeγðηÞ ¼ aðηÞneσT; τeγðηÞ ¼
Z

η

η0

_τeγðηÞdη: ð42Þ

B. The power spectrum of CMB
circular polarization

Now we are ready to calculate the power spectra CðSÞ
Vl of

CP of CMB radiation due to the Compton scattering and
VDM-photon forward scattering in the presence of scalar
perturbations. In the presence of primordial scalar pertur-

bation, the power spectrum CðSÞ
Vl is given by

CðSÞ
Vl ¼ 1

2lþ 1

X
m

ha�V;lmaV;lmi; ð43Þ

where

aV;lm ¼
Z

dΩY�
lmΔV: ð44Þ

By using (38)–(41), the power spectrum CðSÞ
Vl can be

determined as

CðSÞ
Vl ≈

1

2lþ 1

Z
d3KPϕðKÞ

×
X
m

����
Z

dΩY�
lm

Z
η0

0

dη _τeγeixμ−τeγ
_κ

_τeγ

× ð1 − μ2ÞΔðSÞ
P

����2; ð45Þ

with

PϕðKÞδðK0 −KÞ ¼ hξðKÞξðK0Þi; ð46Þ

in which PϕðKÞ is the primordial scalar spectrum and

by using (18) and (19), we have 2C _κDM
_τeγ

≈ _κ
_τeγ
ð1 − μ2Þwhere

for l ¼ 0

_κ

_τeγ
∼
ðδ1 − δ2Þ

α

mek0

m2
V −m2

V 0

nDM
ne

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hσvreliann

σT

s
; ð47Þ

and for l ¼ 2

_κ

_τeγ
∼
ðδ1 − δ3Þ

α

mek0

m2
V −m2

V 0

n2DM

ne

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hσvreliann

σT

s
: ð48Þ

Meanwhile, the small deviation δr in the densities from the
unpolarized distribution of the VDM and the ratio
n2DM=nDM can be assumed to be about the temperature
fluctuation as [31,58,59]

n2DM=nDM ≤ ΔT=T ∼ 10−5;

ðδ1 − δ2Þ; ðδ1 − δ3Þ ≤ ΔT=T ∼ 10−5: ð49Þ

As (47) and (48) show, the ratio _κ
_τeγ

is small if the VDM

masses are large and far from each other. Therefore, the

FIG. 2. Optical depths ratio _κ
_τeγ

for l ¼ 0 in terms of redshift for
different masses mV ∼ 0.1 keV, 1 keV, 10 keV, 100 keV, 1 MeV
with X ¼ mV 0=mV ¼ 2 and hσvreli ¼ 10−32 cm3 s−1.
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cases with the small VDM masses where the masses are
near to each other lead to larger values for the
CP generation due to the VDM-photon scattering.

Nevertheless, the power spectrum CðSÞ
Vl of the CP depends

on the _κ
_τeγ

through a complicated integral given in (45).

However, the effects of different VDM masses on the
optical depths ratio _κ

_τeγ
and the CP angular power spectrum

lðlþ 1Þ=ð2πÞCðSÞ
Vl are shown in Figs. 2–7. As the optical

depths ratio _κ
_τeγ

for different masses in Figs. 2, 3, 5, and 6

show, impact of the VDM-photon scattering on the CP
generation for masses larger than 10 keV in l ¼ 0 and for
the masses larger than 1 keV in l ¼ 2 are negligible. On the
other hand, as the Figs. 4 and 7 show the power spectrum
increases very fast by reducing the VDMmasses as ∼1=m6

V
which leads to a stringent bound on the low mass VDM.
For instance, as the Fig. 7 shows for mV ∼ 10 eV and
X ¼ mV 0=mV ¼ 1.02, the CP power spectrum is about
10−3 μK2 ¼ 103 nK2 which is very larger than nK2 region
where one expects for the CP of the CMB.

FIG. 4. CP angular power spectrum lðlþ 1Þ=ð2πÞCðSÞ
Vl for l ¼ 0 in terms of the angular momentum l for mV ∼ 5 keV, 10 keV, 50 keV

with different mass ratios X ¼ mV 0=mV ∼ 2, 1.1, 1.01, 1.001 and hσvreli ¼ 10−32 cm3 s−1.

FIG. 3. Optical depths ratio _κ
_τeγ

for l ¼ 0 in terms of redshift for
mass mV ∼ 5 keV with different mass ratios X ¼ mV 0=mV ∼ 2,
1.1, 1.01, 1.001 and hσvreli ¼ 10−32 cm3 s−1.

FIG. 5. Optical depths ratio _κ
_τeγ

for l ¼ 2 in terms of redshift for
different masses mV ∼ 1 eV, 10 eV, 0.1 keV, 1 keV, 10 keV with
X ¼ mV 0=mV ¼ 2 and hσvreli ¼ 10−32 cm3 s−1.
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V. CONCLUSION

We considered a spin-1 bosonic DM with a direct
coupling with photon as is given in (4). Consequently,
we have explored the time evolution of the Stokes param-
eters to find our results as follows:

(i) The forward scattering of an unpolarized VDM with
a completely uniform distribution function cannot
generate any CMB polarization.

(ii) The damping term for the unpolarized VDM is not
zero but it is negligible in comparison with the
Compton scattering. In fact, the optical depth of this
scattering is much smaller than the optical depth of
Compton scattering _τDM

_τeγ
∝ ð k0mV

Þ4 ≪ 1 where the pho-
ton energy k0 is much smaller than the mass of dark
matter.

(iii) However, without considering a specific model or
mechanism for producing a vector dark mater, we
have considered a partially polarized vector-DM
by taking different densities for each components
of the vector dark mater as is given in (6). We
found that at the lowest order of the multipole
expansion (i.e., l ¼ 0) the CP can be generated
only if ρ11 ≠ ρ22. In this case, if it exists, the
VDMs with masses less than a few keV lead to a
large circular polarization for the CMB (see Fig. 4)
and can be excluded from the acceptable range of
the VDM masses. Nevertheless, in the next leading

order for a partially polarized Vector-DM with a
quadrupole distribution of the order of temperature
fluctuation one has also a valuable CP for the
CMB. Such a new way for producing the CMB
polarization has provided a new constrain on the
properties of DM particles.

(iv) As one can see from (47) and (48), to have a valuable
impact on the CP of the CMB, one should consider
small masses for the VDMs where the masses are
near to each other.

(v) We also showed that the CP angular power spectrum
depends on the mass of the VDM as CðSÞ

Vl ∝ 1=m6
V .

Therefore, the power spectrum decreases very fast
by increasing the VDM mass such that for mV ≫
1 keV there is not any measurable CP through the
VDM-photon scattering.

(vi) In different DM-models the DM-mass ranges from
a few meV to a few TeV. The 1=m6

V mass depend-
ence of the power spectrum can put a stringent
bound on the low mass VDM. As the Fig. 7 for
mV ¼ 10 eV shows for the large angular momentum
(l > 50) the CP increases to thousands of nK2 by
reducing the VDM mass to a few electron volts.
Therefore, the VDMs with mV ≲ 10 eV can be
excluded in our model. For instance, for mV ¼
10 eV − 1 keV the CP angular power spectrum is

CðSÞ
Vl ≃ 103–10−11 nK2 for l ≃ 300.

FIG. 6. Optical depths ratio _κ
_τeγ
for l ¼ 2 in terms of redshift for massesmV ∼ 1 keV, 10 eV with different mass ratios X ¼ mV 0=mV and

hσvreli ¼ 10−32 cm3 s−1.

FIG. 7. CP angular power spectrum lðlþ 1Þ=ð2πÞCðSÞ
Vl for l ¼ 2 in terms of the angular momentum l for mV ∼ 1 keV; 10 eV with

different mass ratios X ¼ mV 0=mV and hσvreli ¼ 10−32 cm3 s−1.
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APPENDIX A: THE TIME EVALUATION
OF PHOTON DENSITY MATRIX DUE TO

DM-PHOTON SCATTERING

In this appendix we are going to calculate contribution
of the VDM-photon forward scattering to the time evolu-
tion of the photon density matrix elements in detail. The
second-order scattering matrix is given by

Sð2Þ ¼ −
1

2

Z
∞

−∞
dt

Z
∞

−∞
dt0 TfHð1Þ

int ðtÞHð1Þ
int ðt0Þg

≡ −i
Z

∞

−∞
dtHð2Þ

int ðtÞ; ðA1Þ

where Hð1Þ
int ðtÞ is the first-order interaction Hamiltonian.

From the Lagrangian (4), one can obtain the interaction
Hamiltonian for the second-order scattering processes as
follows

Hð2Þ
int ðtÞ

¼ −
i
2

Z
d3x d4x0

× TfðgV cos θWFμυVμV 0
ν þ g0V cos θWε

μναβFμυVαV 0
βÞx

× ðgV cos θWFρσVρV 0
σ þ g0V cos θWε

ρσληFρσVλV 0
ηÞx0g:

ðA2Þ

The part of Hð2Þ
int ðtÞ which describes the VDM-photon

scattering by H0
I ðtÞ as

H0
I ðtÞ≡Hð1Þ

I ðtÞ þHð2Þ
I ðtÞ þHð3Þ

I ðtÞ; ðA3Þ

where Hð1Þ
I ðtÞ, Hð2Þ

I ðtÞ and Hð3Þ
I ðtÞ are

Hð1Þ
I ðtÞ ¼ −

i
2
g2Vcos

2θW

Z
d3x d4x0 iDνσ

F ðx − x0Þ

× Vμ−ðxÞ½∂μA−
ν ðxÞ∂ρAþ

σ ðx0Þ þ ∂ρA−
σ ðx0Þ∂μAþ

ν ðxÞ
− ∂νA−

μ ðxÞ∂ρAþ
σ ðx0Þ − ∂ρA−

σ ðx0Þ∂νAþ
μ ðxÞ

− ∂μA−
ν ðxÞ∂σAþ

ρ ðx0Þ − ∂σA−
ρ ðx0Þ∂μAþ

ν ðxÞ
þ ∂νA−

μ ðxÞ∂σAþ
ρ ðx0Þ

þ ∂σA−
ρ ðx0Þ∂νAþ

μ ðxÞ�Vνþðx0Þ; ðA4Þ

Hð2Þ
I ðtÞ

¼ −igVg0Vcos2θWερσλη
Z

d3x d4x0 iDFνηðx − x0Þ

× ðV−
μ ðxÞ½∂μAν−ðxÞ∂ρAþ

σ ðx0Þ þ ∂ρA−
σ ðx0Þ∂μAνþðxÞ

− ∂νAμ−ðxÞ∂ρAþ
σ ðx0Þ − ∂ρA−

σ ðx0Þ∂νAμþðxÞ�Vþ
λ ðx0Þ

þ V−
λ ðxÞ½∂ρA−

σ ðxÞ∂μAνþðx0Þ þ ∂μAν−ðx0Þ∂ρAþ
σ ðxÞ

− ∂ρA−
σ ðxÞ∂νAμþðx0Þ − ∂νAμ−ðx0Þ∂ρAþ

σ ðxÞ�Vþ
μ ðx0ÞÞ;

ðA5Þ

Hð3Þ
I ðtÞ ¼ −

i
2
g02Vcos

2θWε
μναβερσλη

Z
d3xd4x0 iDFβηðx− x0Þ

×V−
α ðxÞ½∂μA−

ν ðxÞ∂ρAþ
σ ðx0Þ þ ∂ρA−

σ ðx0Þ∂μAþ
ν ðxÞ

− ∂νA−
μ ðxÞ∂ρAþ

σ ðx0Þ− ∂ρA−
σ ðx0Þ∂νAþ

μ ðxÞ
− ∂μA−

ν ðxÞ∂σAþ
ρ ðx0Þ− ∂σA−

ρ ðx0Þ∂μAþ
ν ðxÞ

þ ∂νA−
μ ðxÞ∂σAþ

ρ ðx0Þ þ ∂σA−
ρ ðx0Þ∂νAþ

μ ðxÞ�Vþ
λ ðx0Þ:
ðA6Þ

In (A4)–(A6) V−ðVþÞ and A−ðAþÞ depend linearly on the
creation (absorption) operators of the VDM and photon,
respectively. Also, Dαβ

F is the Feynman propagator for the
VDM. However, the Fourier transforms of the fields and
propagator are given as

AμðxÞ ¼
Z

d3p
ð2πÞ32p0

×
X
s

½asðpÞεsμðpÞe−ip:x þ a†sðpÞε�sμðpÞeip:x�;

ðA7Þ

VνðxÞ ¼
Z

d3q
ð2πÞ32q0

×
X
r

½brðqÞεrνðqÞe−iq:x þ b†rðqÞε�rνðqÞeiq:x�;

ðA8Þ
and

iDαβ
F ðxÞ ¼

Z
d4q
ð2πÞ4

ið−gαβ þ qαqβ=m2
V 0 Þ

q2 −m2
V 0 þ iθ

e−iq:x; ðA9Þ

where εsμðkÞ and εrνðqÞ, respectively, are the photon and

VDM polarization four-vectors, a†sðkÞ (b†rðqÞ) and asðkÞ
(brðqÞ) are the creation and annihilation operators of
photon (VDM), respectively. They satisfy the following
commutation relations

½asðpÞ; a†s0 ðp0Þ� ¼ ð2πÞ32p0δss0δ
ð3Þðp − p0Þ; ðA10Þ

½brðqÞ; b†r0 ðq0Þ� ¼ ð2πÞ32q0δrr0δð3Þðq − q0Þ: ðA11Þ

Using (A7)–(A9) the interaction Hamiltonian can be cast
into

H0
I ðtÞ ¼ Hð1Þ

I ðtÞ þHð2Þ
I ðtÞ þHð3Þ

I ðtÞ

¼ 1

2

Z
dqdq0 dp dp0ð2πÞ3δð3Þðq0 þ p0 − q − pÞ

× eiðq00þp00−q0−p0Þtb†r0 ðq0Þa†s0 ðp0Þ
× ðg2Vcos2θWM1 þ 2gVg0Vcos

2θWM2

þ g02Vcos
2θWM3ÞbrðqÞasðpÞ; ðA12Þ
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with

dq≡ d3q
ð2πÞ32q0 ; dp≡ d3p

ð2πÞ32p0
; ðA13Þ

for momentum of the VDM and photon, respectively, and

M1 ¼
−gνσ þ ðqþ pÞνðqþ pÞσ=m2

V 0

m2
V −m2

V 0 þ 2p:q

× ðp0μpρενs0 ðp0ÞεσsðpÞεr0μðq0ÞεrρðqÞ − p0μpσενs0 ðp0ÞερsðpÞεr0μðq0ÞεrρðqÞ
− p0νpρεμs0 ðp0ÞεσsðpÞεr0μðq0ÞεrρðqÞ þ p0νpσεμs0 ðp0ÞερsðpÞεr0μðq0ÞεrρðqÞÞ

þ −gνσ þ ðq − p0Þνðq − p0Þσ=m2
V 0

m2
V −m2

V 0 − 2p0:q

× ðpμp0ρενsðpÞεσs0 ðp0Þεr0μðq0ÞεrρðqÞ − pμp0σενsðpÞερs0 ðp0Þεr0μðq0ÞεrρðqÞ
− pνp0ρεμsðpÞεσs0 ðp0Þεr0μðq0ÞεrρðqÞ þ pνp0σεμsðpÞερs0 ðp0Þεr0μðq0ÞεrρðqÞÞ; ðA14Þ

M2 ¼ ερσλη
�−gνη þ ðqþ pÞνðqþ pÞη=m2

V 0

m2
V −m2

V 0 þ 2p:q

× ððp:εrðqÞÞp0
ρεs0σðp0ÞενsðpÞεr0λðq0Þ − ðεsðpÞ:εrðqÞÞp0

ρpνεs0σðp0Þεr0λðq0Þ
þ ðp0:εr0 ðq0ÞÞpρε

ν
s0 ðp0ÞεsσðpÞεrλðqÞ − ðεs0 ðp0Þ:εr0 ðq0ÞÞpρp0νεsσðpÞεrλðqÞÞ

þ −gνη þ ðq − p0Þνðq − p0Þη=m2
V 0

m2
V −m2

V 0 − 2p0:q

× ððp0:εrðqÞÞpρεsσðpÞενs0 ðp0Þεr0λðq0Þ − ðεs0 ðp0Þ:εrðqÞÞpρp0νεsσðpÞεr0λðq0Þ

þ ðp:εr0 ðq0ÞÞp0
ρε

ν
sðpÞεs0σðp0ÞεrλðqÞ − ðεsðpÞ:εr0 ðq0ÞÞp0

ρpνεs0σðp0ÞεrλðqÞÞ
	
; ðA15Þ

M3 ¼ 4εμυαβερσλη

×

�−gβη þ ðqþ pÞηðqþ pÞβ=m2
V 0

m2
V −m2

V 0 þ 2p:q
p0
μpρεs0νðp0ÞεsσðpÞεr0αðq0ÞεrλðqÞ

þ −gβη þ ðq − p0Þηðq − p0Þβ
m2

V −m2
V 0 − 2p0:q

pμp0
ρεsνðpÞεs0σðp0Þεr0αðq0ÞεrλðqÞ

�
: ðA16Þ

By using (A10), the commutation relation between the interaction Hamiltonian H0
I ðtÞ and number operator D0

ijðkÞ ¼
a†i ðkÞajðkÞ can be obtained as follows

½H0
I ð0Þ; D0

ijðkÞ� ¼
1

2

Z
dq dq0 dp dp0ð2πÞ3δð3Þðq0 þ p0 − q − pÞ

× ½b†r0 ðq0ÞbrðqÞa†s0 ðp0ÞajðkÞ2p0ð2πÞ3δisδ3ðp − kÞ
− b†r0 ðq0ÞbrðqÞa†i ðkÞasðpÞ2p00ð2πÞ3δjs0δ3ðp0 − kÞ�
× ðg2Vcos2θWM1 þ 2gVg0Vcos

2θWM2

þ g02Vcos
2θWM3Þ; ðA17Þ

where by using

ha1a2…b1b2…i ¼ ha1a2…ihb1b2…i; ðA18Þ
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ha†mðp0ÞanðpÞi ¼ 2p0ð2πÞ3δ3ðp − p0ÞρmnðpÞ; ðA19Þ

hb†mðq0ÞbnðqÞi ¼ 2q0ð2πÞ3δ3ðq − q0ÞδmnρmnðqÞ; ðA20Þ

one can obtain the expectation value of (A17) as

ih½H0
I ð0Þ; DijðkÞ�i ¼

i
2

Z
dq

2ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2 ð2πÞ

3δ3ð0Þ

×
X2
s;s0¼1

X3
r¼1

ðδisρs0jðkÞ − δs0jρisðkÞÞρrrðx;qÞ
�
2gVg0Vcos

2θW
m2

V 0
ερσλη

× ðððk:εrðqÞÞðq:εs0 ðkÞÞ − ðk:qÞðεs0 ðkÞ:εrðqÞÞÞkρεsσðkÞεrλðqÞqη
þ ððk:εrðqÞÞðq:εsðkÞÞ − ðk:qÞðεsðkÞ:εrðqÞÞÞkρεs0σðkÞεrλðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ððk:εrðqÞÞðq:εsðkÞÞ − ðk:qÞðεsðkÞ:εrðqÞÞÞ

× ððk:εrðqÞÞðq:εs0 ðkÞÞ − ðk:qÞðεs0 ðkÞ:εrðqÞÞÞ

þ δss0

�
4g02V cos

2θW
m2

V 0
ððm2

V −m2
V 0 Þðk:εrðqÞÞ2 þ ðk:qÞ2Þ − g2Vcos

2θWðk:εrðqÞÞ2
��

: ðA21Þ

Meanwhile, from (3) the time evolution of the photon density matrix elements up to the leading term can be derived as
follows

dρij
dt

¼ i
2k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2

×
X2
s;s0¼1

X3
r¼1

ðδisρs0jðkÞ − δs0jρisðkÞÞρrrðx;qÞ
�
2gVg0Vcos

2θW
m2

V 0
ερσλη

× ðððk:εrðqÞÞðq:εs0 ðkÞÞ − ðk:qÞðεs0 ðkÞ:εrðqÞÞÞkρεsσðkÞεrλðqÞqη
þ ððk:εrðqÞÞðq:εsðkÞÞ − ðk:qÞðεsðkÞ:εrðqÞÞÞkρεs0σðkÞεrλðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ððk:εrðqÞÞðq:εsðkÞÞ − ðk:qÞðεsðkÞ:εrðqÞÞÞ

× ððk:εrðqÞÞðq:εs0 ðkÞÞ − ðk:qÞðεs0 ðkÞ:εrðqÞÞÞ þ δss0

�
4g02V cos

2θW
m2

V 0

× ððm2
V −m2

V 0 Þðk:εrðqÞÞ2 þ ðk:qÞ2Þ − g2Vcos
2θWðk:εrðqÞÞ2

��
; ðA22Þ

or in terms of its components one has

dρ11
dt

¼ −
1

2k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2

X3
r¼1

ρrrðx;qÞ
�
2gVg0Vcos

2θW
m2

V 0
ερσλη

× ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞkρε2σðkÞεrλðqÞqη
þ ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞkρε1σðkÞεrλðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞ

× ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ
�
VðkÞ; ðA23Þ
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dρ22
dt

¼ 1

2k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2

X3
r¼1

ρrrðx;qÞ
�
2gVg0Vcos

2θW
m2

V 0
ερσλη

× ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞkρε2σðkÞεrλðqÞqη
þ ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞkρε1σðkÞεrλðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞ

× ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ
�
VðkÞ; ðA24Þ

dρ12
dt

¼ i
2k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2

X3
r¼1

ρrrðx;qÞ
��

4gVg0Vcos
2θW

m2
V 0

× ερσληðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞkρε1σðkÞεrλðqÞqη
− ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞkρε2σðkÞεrλðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞ2

− ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ2Þ
�
ρ12ðkÞ −

�
2gVg0Vcos

2θW
m2

V 0

× ερσληðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞkρε2σðkÞεrλðqÞqη
þ ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞkρε1σðkÞεrλðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞ

× ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ
�
QðkÞ

	
; ðA25Þ

dρ21
dt

¼ −
i

2k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2

X3
r¼1

ρrrðx;qÞ
��

4gVg0Vcos
2θW

m2
V 0

ερσλη

× ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞkρε1σðkÞεrλðqÞqη
− ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞkρε2σðkÞεrλðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞ2

− ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ2Þ
�
ρ21ðkÞ −

�
2gVg0Vcos

2θW
m2

V 0

× ερσληðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞkρε2σðkÞεrλðqÞqη
þ ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞkρε1σðkÞεrλðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞ

× ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ
�
QðkÞ

	
: ðA26Þ

Now, we are ready to determine the time evolution of Stokes parameters for the VDM-photon scattering as follows

_IðkÞ ¼ _ρ11ðkÞ þ _ρ22ðkÞ ¼ 0; ðA27Þ
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_QðkÞ ¼ _ρ11ðkÞ − _ρ22ðkÞ

¼ −
1

2k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2

X3
r¼1

ρrrðx;qÞ
�
4gVg0Vcos

2θW
m2

V 0
ερσλη

× ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞkρε2σðkÞεrλðqÞqη
þ ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞkρε1σðkÞεrλðqÞqηÞ

þ 2ðg2V − 4g02V Þcos2θW
m2

V 0
ððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞ

× ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ
�
VðkÞ; ðA28Þ

_UðkÞ ¼ _ρ12ðkÞ þ _ρ21ðkÞ

¼ 1

2k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2

X3
r¼1

ρrrðx;qÞ
�
4gVg0Vcos

2θW
m2

V 0
ερσλη

× ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞkρε1σðkÞεrλðqÞqη
− ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞkρε2σðkÞεrλðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞ2

− ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ2Þ
�
VðkÞ; ðA29Þ

and

_VðkÞ ¼ i_ρ12ðkÞ − i_ρ21ðkÞ

¼ −
1

2k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2

X3
r¼1

ρrrðx;qÞ
��

4gVg0Vcos
2θW

m2
V 0

ερσλη

× ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞkρε1σðkÞεrλðqÞqη
− ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞkρε2σðkÞεrλðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞ2

− ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ2Þ
�
UðkÞ −

�
4gVg0Vcos

2θW
m2

V 0
ερσλη

× ðððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞkρε2σðkÞεrλðqÞqη
þ ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞkρε1σðkÞεrλðqÞqηÞ

þ 2ðg2V − 4g02V Þcos2θW
m2

V 0
ððk:εrðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:εrðqÞÞÞ

× ððk:εrðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ
�
QðkÞ

	
: ðA30Þ

To perform the integrals in (A28)–(A30), we assume a uniform distribution function ρ0ðx;qÞ for the VDM such that the
density matrix elements ρrrðx;qÞ ¼ 1

3
ρ0ðx;qÞ, r ¼ 1, 2, 3 and consequently the time evolution for the Stokes parameters

can be obtained as

_IðkÞ ¼ 0 ðA31Þ
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_QðkÞ ¼ −
1

6k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2 ρ

0ðx;qÞ
�
4gVg0Vcos

2θW
m2

V 0

× ερσληðððk:ε1ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε1ðqÞÞÞkρε2σðkÞε1λðqÞqη
þ ððk:ε1ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε1ðqÞÞÞkρε1σðkÞε1λðqÞqη
þ ððk:ε2ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε2ðqÞÞÞkρε2σðkÞε2λðqÞqη
þ ððk:ε2ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε2ðqÞÞÞkρε1σðkÞε2λðqÞqη
þ ððk:ε3ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε3ðqÞÞÞkρε2σðkÞε3λðqÞqη
þ ððk:ε3ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε3ðqÞÞÞkρε1σðkÞε3λðqÞqηÞ

þ 2ðg2V − 4g02V Þcos2θW
m2

V 0
ðððk:ε1ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε1ðqÞÞÞ

× ððk:ε1ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε1ðqÞÞÞ
þ ððk:ε2ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε2ðqÞÞÞ
× ððk:ε2ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε2ðqÞÞÞ
þ ððk:ε3ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε3ðqÞÞÞ

× ððk:ε3ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε3ðqÞÞÞÞ
�
VðkÞ; ðA32Þ

_UðkÞ ¼ 1

6k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2 ρ

0ðx;qÞ
�
4gVg0Vcos

2θW
m2

V 0

× ερσληðððk:ε1ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε1ðqÞÞÞkρε1σðkÞε1λðqÞqη
− ððk:ε1ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε1ðqÞÞÞkρε2σðkÞε1λðqÞqη
þ ððk:ε2ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε2ðqÞÞÞkρε1σðkÞε2λðqÞqη
− ððk:ε2ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε2ðqÞÞÞkρε2σðkÞε2λðqÞqη
þ ððk:ε3ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε3ðqÞÞÞkρε1σðkÞε3λðqÞqη
− ððk:ε3ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε3ðqÞÞÞkρε2σðkÞε3λðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ðððk:ε1ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε1ðqÞÞÞ2

− ððk:ε1ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ2
þ ððk:ε2ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε2ðqÞÞÞ2
− ððk:ε2ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε2ðqÞÞÞ2
þ ððk:ε3ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε3ðqÞÞÞ2

− ððk:ε3ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε3ðqÞÞÞ2Þ
�
VðkÞ; ðA33Þ

_VðkÞ ¼ −
1

6k0

Z
dq

ðm2
V −m2

V 0 Þ
ðm2

V −m2
V 0 Þ2 − 4ðk:qÞ2 ρ

0ðx;qÞ
��

4gVg0Vcos
2θW

m2
V 0

× ερσληðððk:ε1ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε1ðqÞÞÞkρε1σðkÞε1λðqÞqη
− ððk:ε1ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε1ðqÞÞÞkρε2σðkÞε1λðqÞqη
þ ððk:ε2ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε2ðqÞÞÞkρε1σðkÞε2λðqÞqη
− ððk:ε2ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε2ðqÞÞÞkρε2σðkÞε2λðqÞqη
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þ ððk:ε3ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε3ðqÞÞÞkρε1σðkÞε3λðqÞqη
− ððk:ε3ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε3ðqÞÞÞkρε2σðkÞε3λðqÞqηÞ

þ ðg2V − 4g02V Þcos2θW
m2

V 0
ðððk:ε1ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε1ðqÞÞÞ2

− ððk:ε1ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:εrðqÞÞÞ2
þ ððk:ε2ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε2ðqÞÞÞ2
− ððk:ε2ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε2ðqÞÞÞ2
þ ððk:ε3ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε3ðqÞÞÞ2

− ððk:ε3ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε3ðqÞÞÞ2Þ
�
UðkÞ −

�
4gVg0Vcos

2θW
m2

V 0

× ερσληðððk:ε1ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε1ðqÞÞÞkρε2σðkÞε1λðqÞqη
þ ððk:ε1ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε1ðqÞÞÞkρε1σðkÞε1λðqÞqη
þ ððk:ε2ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε2ðqÞÞÞkρε2σðkÞε2λðqÞqη
þ ððk:ε2ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε2ðqÞÞÞkρε1σðkÞε2λðqÞqη
þ ððk:ε3ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε3ðqÞÞÞkρε2σðkÞε3λðqÞqη
þ ððk:ε3ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε3ðqÞÞÞkρε1σðkÞε3λðqÞqηÞ

þ 2ðg2V − 4g02V Þcos2θW
m2

V 0
ðððk:ε1ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε1ðqÞÞÞ

× ððk:ε1ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε1ðqÞÞÞ
þ ððk:ε2ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε2ðqÞÞÞ
× ððk:ε2ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε2ðqÞÞÞ
þ ððk:ε3ðqÞÞðq:ε1ðkÞÞ − ðk:qÞðε1ðkÞ:ε3ðqÞÞÞ

× ððk:ε3ðqÞÞðq:ε2ðkÞÞ − ðk:qÞðε2ðkÞ:ε3ðqÞÞÞÞ
�
QðkÞ

	
: ðA34Þ

If we consider general choices for the momentum direction
and polarization vectors of the DM and incoming photon
which is equal to the outgoing photon in case of the forward
scattering as

q ¼ ðq0; jqj sin θ cosϕ; jqj sin θ sinϕ; jqj cos θÞ; ðA35Þ

ε1ðqÞ ¼ð0; cos θ cosϕ; cos θ sinϕ;− sin θÞ; ðA36Þ

ε2ðqÞ ¼ð0;− sinϕ; cosϕ; 0Þ; ðA37Þ

ε3ðqÞ ¼
1

mV
ðjqj; q0 sin θ cosϕ; q0 sin θ sinϕ; q0 cos θÞ;

ðA38Þ

k ¼ ðk0; jkj sin α cos β; jkj sin α sin β; jkj cos αÞ; ðA39Þ

ε1ðkÞ ¼ð0; cos α cos β; cos α sin β;− sin αÞ; ðA40Þ

ε2ðkÞ ¼ð0;− sin β; cos β; 0Þ; ðA41Þ

then the time evolution of the Stokes parameters leads to

_IðkÞ ¼ 0; ðA42Þ

_QðkÞ ¼ 0; ðA43Þ

_UðkÞ ¼ 0; ðA44Þ

_VðkÞ ¼ 0: ðA45Þ

The relations (A42)–(A45) show that the photon polariza-
tion cannot be generated by the forward scattering of
photon from the unpolarized VDM.
If we consider a polarized VDM with density matrix as

follows
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ρrrðx;qÞ ¼
� ð1

3
þ δrÞρ0ðx;qÞ r ¼ r0

0 r ≠ r0
ðA46Þ

which satisfies
P

3
r δr ¼ 0, the time evolution of the Stokes

parameters for the lowest order contribution of multipole
expansion of the angular function in terms of Legendre
polynomials l ¼ 0 can be obtained as follows

_IðkÞ ¼ 0 ðA47Þ

_QðkÞ ¼ −
2πgVgV 0cos2θW

m2
V 0

k0sin2αðδ1 − δ2ÞVðkÞ

×
Z

dq
ðm2

V −m2
V 0 Þ

ðm2
V −m2

V 0 Þ2 − 4ðk:qÞ2 ðq
02 þ jqj2Þρ0ðx;qÞ

ðA48Þ

_UðkÞ ¼ πðg2V − 4g2V 0 Þcos2θW
2m2

V 0
k0sin2αðδ1 − δ2ÞVðkÞ

×
Z

dq
ðm2

V −m2
V 0 Þ

ðm2
V −m2

V 0 Þ2 − 4ðk:qÞ2 ðq
02 þ jqj2Þρ0ðx;qÞ

ðA49Þ

_VðkÞ¼−
π

2
k0sin2αðδ1−δ2Þ

×

�
4gVgV 0

m2
V 0

QðkÞ−ðg2V−4g2V 0 Þ
m2

V 0
UðkÞ

�
cos2θW

×
Z

dq
ðm2

V −m2
V 0 Þ

ðm2
V−m2

V 0 Þ2−4ðk:qÞ2 ðq
02 þjqj2Þρ0ðx;qÞ:

ðA50Þ

The relations (A47)–(A50) in the nonrelativistic limits
q0 ¼ mV and ðm2

V −m2
V 0 Þ2 ≫ 4ðk:qÞ2 can be simplified as

_IðkÞ ¼ 0 ðA51Þ

_QðkÞ ¼ 2πgVgV 0cos2θW
k0mVsin2α

m2
V 0 ðm2

V 0 −m2
VÞ

ðδ1 − δ2ÞVðkÞ

×
Z

d3q
ð2πÞ3 ρ

0ðx;qÞ; ðA52Þ

_UðkÞ ¼ −
π

2
ðg2V − 4g2V 0 Þcos2θW

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ

× ðδ1 − δ2ÞVðkÞ
Z

d3q
ð2πÞ3 ρ

0ðx;qÞ; ðA53Þ

_VðkÞ ¼ −
π

2

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ
ðδ1 − δ2Þð4gVgV 0QðkÞ

− ðg2V − 4g2V 0 ÞUðkÞÞcos2θW
×
Z

d3q
ð2πÞ3 ρ

0ðx;qÞ: ðA54Þ

Also, one can be obtained the time evolution of the Stokes
parameters for next nonzero contribution l ¼ 2 as follows

_IðkÞ ¼ 0 ðA55Þ

_QðkÞ¼4πgVgV 0cos2θW
5m2

V 0
k0sin2αVðkÞ

×
Z

dq
ðm2

V−m2
V 0 Þ

ðm2
V −m2

V 0 Þ2−4ðk:qÞ2
×ðδ1q02 −δ2jqj2−δ3m2

VÞP2ðcosθÞρ0ðx;qÞ; ðA56Þ

_UðkÞ¼−
πðg2V −4g2V 0 Þcos2θW

5m2
V 0

k0sin2αVðkÞ

×
Z

dq
ðm2

V−m2
V 0 Þ

ðm2
V−m2

V 0 Þ2−4ðk:qÞ2
×ðδ1q02 −δ2jqj2−δ3m2

VÞP2ðcosθÞρ0ðx;qÞ; ðA57Þ

_VðkÞ¼−
π

5
k0sin2α

×

�
4gVgV 0

m2
V 0

QðkÞ−ðg2V −4g2V 0 Þ
m2

V 0
UðkÞ

�
cos2θW

×
Z

dq
ðm2

V −m2
V 0 Þ

ðm2
V −m2

V 0 Þ2−4ðk:qÞ2
×ðδ1q02 −δ2jqj2−δ3m2

VÞP2ðcosθÞρ0ðx;qÞ: ðA58Þ

As the previous case, (A55)–(A58) in the nonrelativistic
limits q0 ¼ mV and ðm2

V −m2
V 0 Þ2 ≫ 4ðk:qÞ2 cast into

_IðkÞ ¼ 0 ðA59Þ

_QðkÞ ¼ −
4π

5
gVgV 0cos2θW

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ
ðδ1 − δ3ÞVðkÞ

×
Z

d3q
ð2πÞ3 ρ

0ðx;qÞP2ðcos θÞ ðA60Þ

_UðkÞ ¼ π

5
ðg2V − 4g2V 0 Þcos2θW

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ
ðδ1 − δ3ÞVðkÞ

×
Z

d3q
ð2πÞ3 ρ

0ðx;qÞP2ðcosθÞ; ðA61Þ
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_VðkÞ ¼ π

5

k0mVsin2α
m2

V 0 ðm2
V 0 −m2

VÞ
ðδ1 − δ3Þð4gVgV 0QðkÞ − ðg2V − 4g2V 0 ÞUðkÞÞcos2θW

×
Z

d3q
ð2πÞ3 ρ

0ðx;qÞP2ðcos θÞ: ðA62Þ

The relations (A59)–(A62) show that the CP occurs due to the forward scattering when the VDM is partially polarized and
has a quadrupole distribution.

APPENDIX B: CONTRIBUTION OF STOKES PARAMETERS FROM DAMPING TERM

The contribution of the second term of (3) can be written as

1

2

Z
∞

−∞
dth½H0

I ðtÞ; ½H0
I ð0Þ; DijðkÞ��i

¼
Z

dq1 dq0
1 dp1 dp0

1 dq2 dq0
2 dp2 dp0

2ð2πÞ7δ3ðq0
1 þ p0

1 − q1 − p1Þδ4ðq02 þ p0
2 − q2 − p2ÞMð1ÞMð2Þ

× fð2πÞ3p0
1δis1δ

3ðp1 − kÞhb†r0
2
ðq02Þbr2ðq2Þb†r0

1
ðq01Þbr1ðq1Þiha†s0

2
ðp0

2Þas2ðp2Þa†s0
1
ðp0

1ÞajðkÞi
− ð2πÞ3p0

1δis1δ
3ðp1 − kÞhb†r0

1
ðq01Þbr1ðq1Þb†r0

2
ðq02Þbr2ðq2Þiha†s0

1
ðp0

1ÞajðkÞa†s0
2
ðp0

2Þas2ðp2Þi
− ð2πÞ3p00

1δjs01δ
3ðp0

1 − kÞhb†r0
2
ðq02Þbr1ðq1Þb†r0

1
ðq01Þbr1ðq1Þiha†s0

2
ðp0

2Þas2ðp2Þa†i ðkÞas1ðp1Þi
þ ð2πÞ3p00

1δjs01δ
3ðp0

1 − kÞhb†r0
1
ðq01Þbr1ðq1Þb†r0

2
ðq02Þbr2ðq2Þiha†i ðkÞas1ðp1Þa†s0

2
ðp0

2Þas2ðp2Þig; ðB1Þ

where M ¼ g2Vcos
2θWM1 þ 2gVg0Vcos

2θWM2 þ g02Vcos
2θWM3. To calculate the above relation, we use the following

expectation value for photon and VDM

ha†s0
1
ðp0

1Þas1ðp1Þa†s0
2
ðp0

2Þas2ðp2Þi ¼ 4p0
1p

0
2ð2πÞ6δ3ðp1 − p0

1Þδ3ðp2 − p0
2Þρs1s01ðp1Þρs2s02ðp2Þ

þ 4p0
1p

0
2ð2πÞ6δ3ðp1 − p0

2Þδ3ðp2 − p0
1Þρs01s2ðp2Þ½δs1s02 þ ρs1s02ðp1Þ�; ðB2Þ

and

hb†r0
1
ðq01Þbr1ðq1Þb†r0

2
ðq02Þbr2ðq2Þi ¼ 4q01q

0
2ð2πÞ6δ3ðq1 − q0

1Þδ3ðq2 − q0
2Þδr1r01δr2r02ρr1r01ðq1Þρr2r02ðq2Þ

þ 4q01q
0
2ð2πÞ6δ3ðq1 − q0

2Þδ3ðq2 − q0
1Þδr01r2ρr01r2ðq2Þ½δr1r02 þ δr1r02ρr1r02ðq1Þ�; ðB3Þ

which leads to

1

2

Z
∞

−∞
dth½H0

I ðtÞ; ½H0
I ð0Þ; DijðkÞ��i ¼

1

4
ð2πÞ3δ3ð0Þ

Z
dqdq0 dp0

× ð2πÞ4δ4ðq02 þ p0
2 − q2 − p2ÞMðq0r; p0s01; qr; ks1ÞMðqr; ks02; q0r; p0s2Þ

× ½ρrrðqÞδs2s01ðδis1ρs02jðkÞ þ δjs0
2
ρis1ðkÞÞ − 2ρrrðq0Þδis1δjs02ρs01s2ðp0Þ�: ðB4Þ

From (3) and (B4), the time evolution of the density matrix elements due to the damping term can be obtained as

d
dt

ρijðx;qÞ ¼ −
1

4k0

Z
dq dp

×
1

2Eðqþ k − pÞ ð2πÞδðEðqþ k − pÞ þ p − EðqÞ − kÞ

× ½ρrrðx;qÞδs2s01ðδis1ρs02jðx;kÞ þ δjs0
2
ρis1ðx;kÞÞ

− 2ρrrðx;q0Þδis1δjs02ρs01s2ðx;p0Þ�Mðq0r; p0s01; qr; ks1ÞMðqr; ks02; q0r; p0s2Þ: ðB5Þ
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Now by ignoring the recoil momentum of the VDM and
using the following approximations

q0 ≈ q; ðB6Þ

ρrrðx;q0Þ ≈ ρrrðx;qÞ; ðB7Þ

Eðqþ k − pÞ ≃ EðqÞ; ðB8Þ

δðEðqþ k − pÞ þ p − EðqÞ − kÞ ≃ δðp − kÞ; ðB9Þ

one can cast the Stokes parameters into

_IðkÞ ¼ _ρ11ðkÞ þ _ρ22ðkÞ ¼ −
π

4k0mV

Z
dq dp δðp − kÞ

X3
r¼1

ρrrðx;qÞfIðkÞ

× ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ
þMðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
þQðkÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ
−Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
þ UðkÞ½Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ
þMðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
þ iVðkÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ
−Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ�
− IðpÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ
þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
−QðpÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ
−Mðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
−UðpÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ þMðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ
þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ�
− iVðpÞ½Mðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ
−Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ −Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�g; ðB10Þ

_QðkÞ ¼ _ρ11ðkÞ − _ρ22ðkÞ ¼ −
π

4k0mV

Z
dq dp δðp − kÞ

X3
r¼1

ρrrðx;qÞfIðkÞ

× ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ
−Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
þQðkÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ
þMðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
− IðpÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ −Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ
þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
−QðpÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ −Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ
−Mðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
− UðpÞ½Mðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ
þMðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ −Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
− iVðpÞ½Mðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ
−Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ þMðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�g; ðB11Þ
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_UðkÞ ¼ _ρ12ðkÞ þ _ρ21ðkÞ

¼ −
π

4k0mV

Z
dqdp δðp − kÞ

X3
r¼1

ρrrðx;qÞfIðkÞ

× ½Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ
þMðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
þ UðkÞ½Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ
þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ þMðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ�
− IðpÞ½Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ
þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
−QðpÞ½Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ
−Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ −Mðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
− UðpÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ þMðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ
þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ�
− iVðpÞ½Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ
−Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ −Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�g; ðB12Þ

and

_VðkÞ ¼ ið_ρ12ðkÞ − _ρ21ðkÞÞ

¼ −
iπ

4k0mV

Z
dq dp δðp − kÞ

X3
r¼1

ρrrðx;qÞfIðkÞ

× ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ
−Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ�
þ iVðkÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð1Þ; qr; pð2ÞÞ
þMðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð1ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð2Þ; qr; pð2ÞÞ�
− IðpÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ −Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ
þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ�
−QðpÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ −Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ
−Mðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ þMðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ�
−UðpÞ½Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ −Mðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ
þMðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ�
− iVðpÞ½Mðqr; p0ð2Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð1ÞÞ −Mðqr; p0ð2Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð1ÞÞ
−Mðqr; p0ð1Þ; qr; kð1ÞÞMðqr; kð2Þ; qr; pð2ÞÞ þMðqr; p0ð1Þ; qr; kð2ÞÞMðqr; kð1Þ; qr; pð2ÞÞ�g: ðB13Þ

If we consider only the first term of the propagator and using the relations (A35)–(A41) for the VDM and the incoming
photon and

p ¼ ðp0; jpj sin α0 cos β0; jpj sin α0 sin β0; jpj cos α0Þ; ðB14Þ
ε1ðpÞ ¼ð0; cos α0 cos β0; cos α0 sin β0;− sin α0Þ; ðB15Þ

ε2ðpÞ ¼ð0;− sin β0; cos β0; 0Þ; ðB16Þ
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for the outgoing photon, then by applying the nonrelativ-
istic limits q0 ¼ mV and ðm2

V −m2
V 0 Þ2 ≫ 4m2

Vk
02 , the

Stokes parameters can be written as

_IðkÞ ¼ −
16

3

nDMðxÞ
m2

V

k0
4

cos4θW
ðm2

V 0 −m2
VÞ2

ðg2V þ 4g02V Þ2

×

�
IðkÞ −

Z
dΩ0

4π
IðpÞ

�
ðB17Þ

_QðkÞ ¼ −
4

15

nDMðxÞ
m2

V

k0
4

sin2αcos4θW
ðm2

V 0 −m2
VÞ2

ðg4V − 16g04V Þ

×

�
IðkÞ

Z
dΩ0

4π
P2ðcos α0Þ

−
Z

dΩ0

4π
P2ðcos α0ÞIðpÞ

�
; ðB18Þ

_UðkÞ ¼ −
16

15

nDMðxÞ
m2

V

k0
4

sin2αcos4θW
ðm2

V 0 −m2
VÞ2

gVg0Vðg2V þ 4g02V Þ

×

�
IðkÞ

Z
dΩ0

4π
P2ðcos α0Þ

−
Z

dΩ0

4π
P2ðcos α0ÞIðpÞ

�
; ðB19Þ

and

_VðkÞ ¼ 0: ðB20Þ

Now according to the orthonormality condition for the
Legendre polynomials one has

_IðkÞ ¼ −
16

3

nDMðxÞ
m2

V

k0
4

cos4θW
ðm2

V 0 −m2
VÞ2

ðg2V þ 4g02V Þ2IðkÞ;

ðB21Þ

_QðkÞ ¼ −
4

15

nDMðxÞ
m2

V

k0
4

sin2αcos4θW
ðm2

V 0 −m2
VÞ2

ðg4V − 16g04V ÞI2ðpÞ;

ðB22Þ

_UðkÞ ¼ −
16

15

nDMðxÞ
m2

V

k0
4

sin2αcos4θW
ðm2

V 0 −m2
VÞ2

× gVg0Vðg2V þ 4g02V ÞI2ðpÞ; ðB23Þ
and

_VðkÞ ¼ 0; ðB24Þ
where

I2ðpÞ ¼
Z

dΩ0

4π
P2ðcos α0ÞIðpÞ: ðB25Þ

The above relations show that the largest order in the
damping term produces only a linear polarization. One can
compare contribution of the VDM-photon scattering with
the Compton scattering as

_τDM
_τeγ

≈
nDM
ne

hσvreliann
σT

�
k0

mV

�
4

; ðB26Þ

which for ð k0mV
Þ4 ≪ 1 is too small to be considered in

comparison with the Compton scattering.
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