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Impact of the vector dark matter on polarization of the CMB photon
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We consider a vector dark matter (VDM) with a direct coupling with photon. We examine the effect of
such an interaction on the CMB polarization to put new constrains on the properties of the DM particles.
We show that a partially polarized VDM of the order of temperature fluctuation with a quadrupole
distribution leads to a valuable circular polarization (CP) for the CMB. In different DM-models the DM-
masses range from few eV to a few TeV. We show that the CP angular power spectrum depends on the mass
of VDM as C i,sl) o 1/m$ such that for my = 10 eV-1 keV, the CP angular power spectrum is

Cg}gl) ~103-10~"! nK?2. Therefore, the light VDM with masses less than 10 eV leads to an unexpected
very large CP which can be excluded from the acceptable range of the VDM masses.
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I. INTRODUCTION

There are different theoretical and experimental
researches on the dark matter (DM) which contributes
about 25% of the whole energy density of the Universe.
Although, many cosmological and astrophysical observa-
tions such as velocity curves of spinning galaxies [1],
gravitational lensing [2], and structure formation [3] con-
firm the existence of DM in the universe but its nature is
still unknown. However, massive astrophysical compact
halo object (MACHO) [4], Gravitino [5], Kaluza-Klein
particle [6], nuetrinos [7], weakly interacting massive
particles (WIMPs) [8,9], super-WIMPs [10,11], axions
[12] are considered as some of DM candidates. Among
these various candidates, WIMPs and super-WIMPs are
particularly attractive candidates for DM at the electroweak
scale. The WIMPs are in GeV mass scale and fit to the cold
DM paradigm. They not only naturally describe the now-
observed abundance of dark matter [13] but also hold all
cosmological and astrophysical constraints imposed on
dark matter experiments [14]. This is while, the super-
WIMPs are known as warm DM candidate. They are lighter
than the WIMPs and put in the range of keV mass scale.
They can potentially explain the small-scale gravitational
clustering properties and for above ~3 keV, these particles
can easily describe the structure formation [15]. Detection
of WIMPs and super-WIMPs due to weakly interaction are
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naturally difficult nevertheless there are some suggested
experiments for finding these particles such as XENON100
[16,17], CDMS [18], LUX [19], PAMELA [20,21],
MAGIC [22], VERITAS [23], DAMA [24] and XMASS
[25]. Nonetheless, even for very light dark matters below
keV there are models for the Bosonic dark matters and also
experimental direct detection for masses in meV to keV
range [26]. On the other hand, many experiments such
as WMAP [27], SPT [28], ACT [29], and Planck [30] are
dealt with the CMB fluctuations and its polarization modes.
In fact, the cosmological information is encoded in the
temperature and polarization anisotropies of the CMB
radiation. Meanwhile, at the recombination epoch accord-
ing to the standard model of cosmology the Compton
scatterings off particles such as electrons, protons, and so
on are the main source of the photons interaction. However,
depending on the type of perturbations the Compton
scattering can only produce the E and B-modes of linear
polarization (LP) and not a radiation with circular polari-
zation (CP). Furthermore, temperature and the LP fluctua-

tions of the CMB have been measured as % < 1073 while

the current upper limit on the CP is about % < 10™* at the
large scales [31-34]. Therefore, any new interaction
beyond the standard cosmological model with photons at
the last scattering surface can provide a new source of
information through producing different types of the CMB
polarization. For instance, in the Ref. [35] it is shown that
the gravitational lensing by the matter distribution can
transform E- into B-mode polarization of the CMB. In [36]
the contribution of the noncommutative QED on the CMB
linear polarization has been considered. Nonlinear photons
interactions via Euler-Heisenberg effective Lagrangian is
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introduced as a source of CP of CMB in Ref. [37]. In
Refs. [38,39] have been shown that the photon scattering
from the cosmic neutrino background can have a significant
contribution on both LP and CP of the CMB. However, a
natural question can arise here, how much different DM-
models can affect the CMB polarization. In these models
DM-candidates may be appear as fermions or bosons with
different spins [40—44]. For example, in [42] a fermionic
DM has been considered as a dipolar DM which couples to
photon through loops in the form of electric and magnetic
dipole moments. Based on this model, the DM effects on
the CMB photon polarization has been explored which is
resulted in a B-mode polarization in presence of primordial
scalar perturbations with a bound on the mass and magnetic
dipole moment of dipolar DM about m > 50 MeV and
M <1079 ecm, respectively [45].

Here, we would like to focus on a model given in [44]
with a spin-1 bosonic vector-DM (VDM) which can
directly couple to photon through a gauge invariant
dimensionless coupling. As we know, the vector boson
as the DM candidate has recently received much attention
in various mass scales from a few eV to few TeV. For
instance, in [46] it is shown that the Higgs portal singlet
VDM scenario with 60 GeV < my <80 GeV can natu-
rally explain the y-ray spectrum. A vector WIMP with
100-1000 GeV mass which acquires its mass from the
gauge symmetry breaking at the TeV scale has been
considered in [47]. A model for VDM with my >
63 GeV has been introduced in [48] where the bound
on the VDM mass has been obtained from the upper
bound on the invisible decay width of the Higgs boson.
In [49] it is shown that a VDM with 2040 GeV mass
can provide an excellent description of the observed
gamma-ray excess. In [44,50] a model with two different
VDM candidates are considered in a GeV mass scale to
explain 3.5 keV and 130 GeV photon lines. Meanwhile,
there are many papers for the VDM in the low mass
scale. In [51], the constraints on the minimal model for
VDM leads to 0.01-100 keV mass range. In [10] the
cosmological abundance, the background created by
particle decays and the impact on stellar processes due
to cooling are analyzed for the VDM with mass less
than 100 keV. The authors in [17] have obtained some
bounds on the mass of VDM in range 8-125 keV.
However, a direct detection with the XMASS-I liquid
xenon detector for the mass of the VDM has been
resulted in a 40-120 keV range [25].

The paper is organized as follows. Section II presents an
overview of polarization and Boltzmann equations.
Section III discusses the time evolution of Stokes param-
eters due to DM-photon interaction for forward scattering
and damping terms. Section IV details CP of CMB photons
and its power spectrum due to DM-photon scattering.
Finally, we summarize our results and give conclusion
in Sec. V.

II. BOLTZMANN EQUATIONS AND
STOKES PARAMETERS

The polarization property is an important source to get
information from photon as a quanta of electromagnetic
field. Of different formalism that can describe photon
polarization, the Stokes parameters which describe partial
polarization of photon in terms of 4 parameters, /, Q, U and
V is proper for astronomical polarimetry where / indicates
the total intensity of radiation, Q and U show the linear
polarization and V' denotes the difference between right-
and left- handed CP. However, an unpolarized photon
characterizes with Q = U = V = (0. Meanwhile, for an
ensemble of photons the Stokes parameters can be
described as the components of photon density matrix p

as follows

1 I+0 U-iV

pP=x . : (1)
2\U~+iV I-0Q

Since the density matrix for a system of photons contains
the same information as the four Stokes parameters one can
examine the time evolution of the density matrix to find the
polarization of the system.

For every component of the universe one can consider
a statistical distribution function which depends on time,
position, and momentum [52]. The statistical equation that
describes the features of macroscopic distribution of par-
ticles due to gravity and collisions is called Boltzmann
equation which generally can be written as [52]

af
L, @
where the left-hand side deals with space-time properties,
gravitational perturbutions around the homogeneous cos-
mology, is known as the Liouville term while the right-
hand side of this equation contains all possible collision
terms. The time evolution of photon density matrix p;; can
be considered as a generalized Boltzmann equation as
follows [53]

(2P5(0)(2K) < p, ()
1

= i([H} (1), D}j(K)]) = 5/ di([Hy (1), [H}(0), DY (K)]]).
(3)

where HY is the interacting Hamiltonian [53], D?j(k) =
aj(k)a;(k) is the number operator and () indicates the
expectation value. The first term on the right-hand side of
(3) is called forward scattering. The second one is known as
damping term which is related to higher order collisions. In
the following section, we consider the interaction between
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VDM and the CMB photons to explore the possible effects
of this interaction on the CMB polarization.

III. THE TIME EVOLUTION OF
STOKES PARAMETERS VIA
DM-PHOTON INTERACTION

As we know the nature of dark matter is unknown. One
possible candidate for explaining the unseen dark sector of
the universe is spin-1 VDM. Here, we use a model which is
introduced in Ref. [44]. Comparing to the standard model,
this model includes an extra neutral vector boson pair V and
V' with masses my < my. Due to Z, symmetry imposed
on this model, vector boson V is stable and can be a suitable
candidate for DM. However, in this model photon can
directly couple to the dark matter particles through a gauge
invariant coupling as follows

L; = gy cos Oy F*V,V, + g, cos HWS”HU’/}FMUV“V;}, (4)

where gy and ¢, are dimensionless coupling, Oy, is the
Weinberg angle, V,, and V), are VDMs and F,, = 9,A, —
d,A, is the field strength of radiation. In the rest of the
paper, we explore the effects of VDM-photon scattering on
the CMB polarization. To this end, we make use of (3) to
calculate the time evolution of the component of the density
matrix and show that how the interaction between photon
and the VDM can affect the CMB polarization.

A. Forward scattering term

As the largest term we first consider the forward
scattering one. It can be shown that the time evolution
of Stokes parameters due to the DM-photon forward
scattering Fig. 1 with a completely unpolarized VDM
and an arbitrary distribution function p°(x,q) leads to
(see Appendix A)

V(k) =0,

I(k) =
' U(k) = 0. (5)

0,
0(k) =0,

In the other words, (5) means that an unpolarized VDM
cannot generate any polarization for the CMB radiation.
However, the net polarization of the VDM depends on
model in which it can be produced. In fact, in different
models there might be an imbalance in the production of

5p P P’ p
q q q q
FIG. 1. Typically Feynman diagrams for VDM-photon

scattering.

each component in comparison with the other ones [54].
Here, without referring to any specific model, we would
like to assume that for some reason or fluctuation there is a
small difference between the distribution densities of each
mode of polarizations. To this end, we consider a polarized
distribution for the VDM by taking p; # p» # p33 into
account where p;; and p,, show the densities of two
transverse modes and ps;3 is the density of the longitudinal
mode. Meanwhile, one can define the density matrix
elements for each component as

(%+6r)p0(X’Q) r=r

prr’(xvq):{o r;ér’

(6)

where |§,| < 1 shows a small deviation from the unpolar-
ized case. Now the time evolution of the Stokes parameters
can be explored order by order in terms of / the rank of the
multipole expansion of the angular function in terms of
the Legendre polynomials. Therefore, in the lowest order
where [ = 0 and in the nonrelativistic limits ¢° = m and
(m} —mi,)? > 4(k.q)* one has

I(k)=0 (7)

2

x k°mysin’a

O(k) = Em(& —&)npm(x)(CV(k)), (8)

. n  Kmysin’a

Uk) = Em(& — &)npm(x)(DV(K)), (9)
7 (k) = 7 komvsinzoz2

2m3, (m3, — mi)

x (61 = 6)npm(x)((CQ(k) + DU(K)).  (10)

where C = 44/,gycos’0y, D = (4¢3 — g%) cos® Oy, the
angle « is related to the incoming or outgoing photon
and npy(x) is the DM density which is defined as [see
Appendix A for more detail]

d3
()= [ 5 5o0xa). ()
It should be noted that in (8) to (10) for p;; = P # P33
there is not any circular polarization at / = 0 even though
the densities of transverse and longitudinal modes are
different. Nevertheless, for the next nonzero order which
is [ = 2 the situation is different. In this case the polarized
VDM-photon forward scattering affect the time evolution
of the Stokes parameters as follows

I(k)=0 (12)

7 Kmysin’a
2 2
y — my)

O(k) = (81 = 83)napm(x)(CV(k)),

(13)

gm%,,(m
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(k) = —Z KmsIa s () (DV(K)).

(14)

5my, (m3, —my)

x kKmysin®

a gm%//(m%// - m%/)

X (6 = 63))nopm(X)((CQ(K) + DU(k)),  (15)

a

V(k)

where nypy(x) is the quadrupole contribution of DM
density which is defined as [see Appendix A for more
detail]

o) = [ %p%x,qm(cose), (16)

in which @ is measured with respect to the DM direction
and P,(cos @) is the Legendre polynomial of rank 2. This
means that to generate the CP via VDM-photon forward
scattering in [ = 2, the distribution of VDM must have a
quadrupole component in addition to the polarized distri-
bution. However, as (12)—(15) show, a small difference in
the densities of the transverse and longitudinal modes for
[ =2 in contrast with / =0 is enough to producing a
circular polarization. Meanwhile, (7)—(10) and (12)—(15)
can be simplified as

I(k)=0,  V(k) = ksin2a(Q(k) + nU(k)),
O(k) ~ —ksin2aV(k),  U(k) ~ —ksinfanV(k), (17)

where 5 is a number and for / = 0 one has

( v)

K0
\% <Gvrel>annm (61 = 62)npm(x),  (18)

. k°
K~ \/{OVrel) ann 755~ (61 — 62)npm(X),

while for [ =2

. k°
K~ <6vre]>ann 70 2N (51 - 63)”2DM(X)a

(m%/, —my)

kO
- <Gvrel>ann m (51 - 53)n2DM(X)‘ (19)

In the above relations we have defined

mvf
X = , 20
o 20

and

m4,

4 4 14 4 2 ]2 4 V
gicos*Oy ~ giteos*Oy ~ Ghaffcos*y ~ (ot L
14

(21)

It should be noted that as the relations in (17) show the
B-mode also can be generated through the interaction with
the VDM. Unfortunately, in this case the B-mode power
spectrum depends on the circular power spectrum which
can be estimated as [55]

c 2
P (i) /e, (22)

Tey

that is too small for (£)? < 1. Therefore, at the forward

scattering level we only examine the circular polarization of
the CMB-photons.

B. Damping term of DM-photon interaction

In the previous subsection the forward scattering term of
(3) has been considered. In this subsection we explore the
time evolution of the Stokes parameters from the smaller
damping term. To evaluate the damping term for DM-
photon interaction in the case of a completely unpolarized
VDM with the distribution function p°(x,q), we only
consider the largest contribution in the time evolution of
Stokes parameters which can be obtained as follows (see
Appendix B)

4.
4 npy(x) k¥ sin?acos*@y,

g k = — 4 _1 14 I
Q(k) 15 md  (m3, —m)? (9y — 16gy)11(p).
(23)
' 16 npy (x) K sin?acos*dy,
U(k) = 15 e
my - (my, —my)
X gvdy (97 +497)12(P), (24)
V(k) =0, (25)
where
Qe
L (p) :/ ir Py(cosd)I(p), (26)

and by using (21), one has

V(k> =0, U(k) ~ —1tpml>(p),

(27)

O(k) ~ —ipula(p).

with
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oM & (0Vrel) ann /DM (X) (k—0)4~ (28)

my

As (27) shows, there is no chance to have CP via damping
term for the DM-photon interaction with a completely
unpolarized VDM, whereas the Faraday rotation can be
happened if one has a quadruple degree of freedom I,(p) in
the photon intensity. However, the factor ( )4 is very small
in the case of CMB photon £° < 1 eV and massive VDM
my <1 MeV. In fact, in comparison with the Thomson

scattering, the main interaction of standard scenario of
cosmology, one has

%DM ~ M <6Urel>alm <k_0> N (29)

Tey n, or nmy

where 7,, = n,or is the Thomson scattering optical depth,
n, is the electron number density and o is the Thomson
cross section. If we use the approximation n, = n, X ng y
that n, and ng ), are the number density of proton and
baryonic matter, respectively, we can write the ratio (29) as
follows

7'-DM ~ 10 18 < kO )
ey my
% "IpMm n,
1.4 x107%1/cm3 /) \2 x 10771 /cm?
<0-vrel>ann or
, 30
% <10‘32 cm?/s ) \ 6.6 x 1072 c¢m? (30)

where for -~ 2 - < Ileads to ’DM < 1. Therefore, the damping

V
term can have a considerable contribution for CMB

polarization when %~ 1 which is not in the context of
this paper.

IV. CMB CIRCULAR POLARIZATION

In this section, we are going to examine the CMB CP
which can be produced by the VDM-photon forward
scattering to study the nature of this type of dark matter.

A. Boltzmann equation for CMB photons
with the scalar perturbation

In the presence of primordial scalar perturbations (1nd1—
cated with a subscnpt S) the temperature anisotropy (A< )

and polarization (A P ) of CMB radiation can be described
in terms of multipole moments in the conformal time 5 as
follows [56,57]

UKopn) = 31+ DA (K)P). (3])
=0

in which y = i.K = cosa where a is the angle between
the CMB photon direction i = ﬁ and the wave vector K.

P;(u) is the Legendre polynomial of rank /. Meanwhile, the
Boltzmann equations for CMB photons due to the
Compton and VDM-photon forward scattering in presence
of the scalar perturbations are given by

AY 4k + 4 — ik

dn

. 1
:rwfﬂf*+A9*+@wb+2meny (32)

d
Z A ik =4, {—Ai“)

1
- - 5= Pagoln]

+ia(n)ipm(D F iC)AY,  (33)

d 5y ., (5 . ) 3 s
d—nA(V> +ikpAy =i, [—A(V) + Euﬁvf]

+ = ipm((D +iC) A

2
~(D=iC)a,"), (34)
where
kpm = ksin’a, (35)
Toy = d;,;’ a(n) is normalized scale factor and IT = Ag)Jr
AI(DZ) - PO>- Also, ¥ and @ are metric perturbations which

correspond to the Newtonian potential and the perturbation
to the spatial curvature, respectively. The values of
A, () = QS(h) £ i US(R) and AL (R) = VS(R) at
the present time 7, and the direction fi are given in the
following general form by integrating of the Boltzmann
equations (31)-(34) along the line of sight [56] and
summing over all the Fourier modes K as follows

2590 = [ k) Kon). (30

A () = /ﬁma> A9 (Kopme).  (37)

where g, is the angle needed to rotate the K and A
dependent basis to a fixed frame in the sky, £(k) is a
random variable using to characterize the initial amplitude
of each primordial scalar perturbations mode, and also the

values of Af.f(s)(K,,u,nO) and A%,S)(K,/,t,no) are given as

103024-5
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o . N 3
S R e
+

M (p ic)A(Vﬂ, (38)

Tey

M (D +iC)A,Y

Tey

N 1 o : IXp—T,
Aw(K’MJ?o):E A dnz,,e™ "
{3}4&\/1)

— (D= iC)A} (S))] : (39)

1 [ . X
~3 /0 U dnt, e {3/4&53 +2iCK,D—MA§DS)], (40)

Tey

where

Mo . P 3
A;;g)(K"M’ ’70) = ‘/0 dﬂ Te}’el)m “ |:Z(1 _MZ)H(Kﬁ 7//):| ’

(41)

and x = K(59 — 7). In the above equations the differ-
ential optical depth 7,,(n) and the total optical depth
7,,(17) due to the Compton scattering at time 5 are
given as

%w—/%mwr<w

Mo

i-ey (7]) = a(n)neo-T,

B. The power spectrum of CMB
circular polarization

Now we are ready to calculate the power spectra C g/sl) of
CP of CMB radiation due to the Compton scattering and
VDM-photon forward scattering in the presence of scalar
perturbations. In the presence of primordial scalar pertur-

bation, the power spectrum Ci}? is given by

s 1 .
CE/? = 2I—_H2m3<av.lmav,1;n>v (43)
where
ay g, = /dQY}‘mAV. (44)

By using (38)—(41), the power spectrum C&,S; can be
determined as

(5 1
s Nﬁ/dmp,ﬁ(l()

aQy;, dm e Tey P
u—># : (45)
with
Py(K)5(K' - K) = ({(K)&(K)).  (46)

in which P,(K) is the primordial scalar spectrum and
by using (18) and (19), we have 2C’?%M ~E (1= 2
for (=0

) where

i ~ (51 - 52) meko npm <O-yrel>ann (47)

a m}— m%,, n, or

Tey

and for [ =2

i ~ (51 - 53) meko Mpm <6Urel>ann (48)

Toy a  my—my o n, or

Meanwhile, the small deviation §, in the densities from the
unpolarized distribution of the VDM and the ratio
nopm/fpm can be assumed to be about the temperature
fluctuation as [31,58,59]

nzDM/nDM < AT/T ~ 10_5,
(8, = 8). (8, — 83) < AT/T ~ 1075, (49)

As (47) and (48) show, the ratio TL is small if the VDM

masses are large and far from each other. Therefore, the

............

-10[ P == >
L l. ————— AN g e mv=10 KeV
'''''''' | = = =~ ——— mv=100 KeV
o8l - - \ — — mu=1Mev
|
107}
1 10 100 1000
z(red-shift)

FIG. 2. Optical depths ratio L for [ = 0 in terms of redshift for
different masses my ~ 0.1 keV 1 keV, 10 keV, 100 keV, 1 MeV
with X = my/my = 2 and (6v,) = 1073% cm’s71.
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0.001

.................

mv=10 KeV
mv=1KeV
mv=0.1 KeV

my=5 KeV
1073+ 1
1078} g x=1.001
IR x=1.01
R x=1.1
........ =2
107°F 1 '
-12 i i L L
10 1 10 100 1000
z(red-shift)
FIG. 3. Optical depths ratio TL for [ = 0 in terms of redshift for

mass my ~ 5 keV with different mass ratios X = my/my ~ 2,
1.1, 1.01, 1.001 and (6v,) = 10732 cm?®s~!.

cases with the small VDM masses where the masses are
near to each other lead to larger values for the
CP generation due to the VDM-photon scattering.

Nevertheless, the power spectrum Ci,sl) of the CP depends

on the / through a complicated integral given in (45).

However, the effects of different VDM masses on the
optical depths ratio TL and the CP angular power spectrum

I(1+1)/ (271')C§}S? are shown in Figs. 2-7. As the optical
depths ratio TL for different masses in Figs. 2, 3, 5, and 6

my=5 KeV

-------- mv=10 eV
— — mv=1leV

7000
z(red-shift)

FIG. 5. Optical depths ratio TL for [ = 2 in terms of redshift for

different masses my ~ 1 eV, 10 eV, 0.1 keV, 1 keV, 10 keV with

X = my/my =2 and (6v,y) = 10732 cm3 57!,

show, impact of the VDM-photon scattering on the CP
generation for masses larger than 10 keV in / = 0 and for
the masses larger than 1 keV in / = 2 are negligible. On the
other hand, as the Figs. 4 and 7 show the power spectrum
increases very fast by reducing the VDM masses as ~1/ m?,
which leads to a stringent bound on the low mass VDM.
For instance, as the Fig. 7 shows for my ~ 10 eV and
X = my/my = 1.02, the CP power spectrum is about
10~ uK? = 10° nK? which is very larger than nK? region
where one expects for the CP of the CMB.

my=10 KeV

x=1.001 x=1.001
..... x=1.01 —=-=- x=1.01
------ x=1.1 amemem x=11
-------- X=2 eemeeee X=2
50 100 500 1000 50 100 500 1000
N my=50 KeV
10°
107t
x=1.001
----- x=1.01
107107 T T S Y A R D e x=1.1
x=2
1072

50 100

500 1000

FIG. 4. CP angular power spectrum [(/ 4+ 1)/(27)C g,S} for I = 0 in terms of the angular momentum [ for my ~ 5 keV, 10 keV, 50 keV
with different mass ratios X = my//my ~ 2, 1.1, 1.01, 1.001 and {6v,) = 1073% cm3 s~
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my=1KeV

10-12}

% 1b 160 1600

z(red-shift)

my=10 eV

10 700 7000

z(red-shift)

FIG. 6. Optical depths ratlo L for [ = 2 in terms of redshift for masses my ~ 1 keV, 10 eV with different mass ratios X = my/my and

ov) = 10732 cm? s~
rel

my=1KeV

10-12}
10—15 b
10—18 b

10721} ,’:«’ ’

10724 . N N N N
50 100 500 1000
|

my=10 eV

10-13

50 100 500 1000

FIG. 7. CP angular power spectrum /(/ + 1)/ (2ﬂ)C§,S,) for [ = 2 in terms of the angular momentum [ for my ~ 1 keV, 10eV with

3.1

different mass ratios X = my/my and (6v,y) = 10732 cm’ s

V. CONCLUSION

We considered a spin-1 bosonic DM with a direct
coupling with photon as is given in (4). Consequently,
we have explored the time evolution of the Stokes param-
eters to find our results as follows:

(i) The forward scattering of an unpolarized VDM with
a completely uniform distribution function cannot
generate any CMB polarization.

The damping term for the unpolarized VDM is not
zero but it is negligible in comparison with the
Compton scattering. In fact, the optical depth of this
scattering is much smaller than the optical depth of
Compton scattering fou o (£ ) < 1 where the pho-
ton energy k° is much smaller than the mass of dark
matter.

However, without considering a specific model or
mechanism for producing a vector dark mater, we
have considered a partially polarized vector-DM
by taking different densities for each components
of the vector dark mater as is given in (6). We
found that at the lowest order of the multipole
expansion (i.e., / =0) the CP can be generated
only if py; # pyp. In this case, if it exists, the
VDMs with masses less than a few keV lead to a
large circular polarization for the CMB (see Fig. 4)
and can be excluded from the acceptable range of
the VDM masses. Nevertheless, in the next leading

(i)

(iii)

@iv)

)

(vi)

103024-8

order for a partially polarized Vector-DM with a
quadrupole distribution of the order of temperature
fluctuation one has also a valuable CP for the
CMB. Such a new way for producing the CMB
polarization has provided a new constrain on the
properties of DM particles.

As one can see from (47) and (48), to have a valuable
impact on the CP of the CMB, one should consider
small masses for the VDMs where the masses are
near to each other.

We also showed that the CP angular power spectrum
depends on the mass of the VDM as CE/,) o 1/mf,.
Therefore, the power spectrum decreases very fast
by increasing the VDM mass such that for my >
1 keV there is not any measurable CP through the
VDM-photon scattering.

In different DM-models the DM-mass ranges from
a few meV to a few TeV. The 1/m$ mass depend-
ence of the power spectrum can put a stringent
bound on the low mass VDM. As the Fig. 7 for
my = 10 eV shows for the large angular momentum
(I > 50) the CP increases to thousands of nK? by
reducing the VDM mass to a few electron volts.
Therefore, the VDMs with my, <10 eV can be
excluded in our model. For instance, for my =
10 eV — 1 keV the CP angular power spectrum is

C9 = 10°-10"11 nK? for /= 300,
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APPENDIX A: THE TIME EVALUATION
OF PHOTON DENSITY MATRIX DUE TO
DM-PHOTON SCATTERING

In this appendix we are going to calculate contribution
of the VDM-photon forward scattering to the time evolu-
tion of the photon density matrix elements in detail. The
second-order scattering matrix is given by

1 © )
ey [T [T ar i om )

=—i [T aulo.

where Hl(m)( t) is the first-order interaction Hamiltonian.
From the Lagrangian (4), one can obtain the interaction
Hamiltonian for the second-order scattering processes as

follows

(A1)

H)(1)

- —%/cﬁxd‘*x’

x T{(gy cos Oy F*"V, V., + g, cos Oy e F,,V, V})),

X (gy cos O FP°V Vi + g, cos Oye’™ F, V,Vi) . }.
(A2)
The part of H; t)( t) which describes the VDM-photon
scattering by HO( ) as

H() =H" )+ HY (1) + HY (1), (A3)

where H'"(¢), H?(r) and H (1) are

HEI)(I) = —%gécoszew / d*x d*x' iDY (x — X')

x VI (x)[0,4; (x)0,AL (x') + 0,A; (x')0,A} (x)

- 8,,A;(x)(9pA+(x’ ) —0,A; (X )8HA;T (x)

— 0,A7 (x)0,A; (x') = 0,A; (x')0, A7 (x)
+ 0,45 (x)0,Af (x')
)

+ 0,45 ()0, AL ()] VP (), (A4)

HP (1)
= —igy §i,cosGy el / d*x d*x' iDp,, (x — x')
X (V (x)[0FAY (x)0,AF (x') 4+ 0,A; (x") O A* (x)
— AP (x)0,AF (X') = 0,A5 (X)) A** (x)]V 1 (x)
+ V7 (0)[0,A7 (x) 0" AV (x') 4+ 0"A* (x')9,A5 (x)
— 0,A; (x) VAT (X') = 0"AF (X')0,A7 (X)]V,i (X)),
(A5)

I
H§3> (1) = - Eg’%coszewe””"ﬁef"”l” / dx d*x' iD g, (x —x')

Va (%)[0,A7 (x)0,A5 (x) + 0,A7 (x')9,A) (x)
9,4, (x)0,Af (x) = 0,A7 (x')0,A;; (x)
9,A7 (x)0,A5 (x') = 9,A, (X')0, A (x)

+ 0,4, (x)0,AL (x) + 0,4, (x) DAL (x)]V] (X).

(A6)

In (A4)-(A6) V=(VT) and A~(A™) depend linearly on the
creation (absorption) operators of the VDM and photon,

respectively. Also, D}ﬂ is the Feynman propagator for the
VDM. However, the Fourier transforms of the fields and
propagator are given as

&*p
4= | Gy

x> la(p)ey(p)

e™P* + al(p)et,(p)e],

(A7)
_[_dq
“@‘/@Fﬂ
< S lba)enla)e™ 0+ e )6
(A8)
and
4 PIm3,
DY (x) = /(277:) - ja—erq,q%—/lé’V) ettt (A9)

where ¢, (k) and €,,(q), respectively, are the photon and

VDM polarization four-vectors, a (k) (b}(q)) and a,(k)
(b,(q)) are the creation and annihilation operators of
photon (VDM), respectively. They satisfy the following
commutation relations

[a,(p). al,(p")] = (27)32p°5,,6%) (p — P').

[b,(q).bl(q")] = (27)°2¢°5,,6%) (q — q').

Using (A7)-(A9) the interaction Hamiltonian can be cast
into

(A10)

(A11)

HO(t) = H (1) + HY (1) + HY (1)

1
- E/ dq dq' dp dp'(27)*6°) (¢’ +p' —q - p)

0L 10 0 0y, &
x i@ +p"=4"=p )’bﬂ(q’)a;f,(p’)
x (g cos’ Oy M, + 2gy¢i,cos* Oy M,

+ g’%,coszﬁwj\/h)b,(q)as(p), (A12)

103024-9
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with

d*q d’p

=, dp =
(27)*24° (

d AN N2~ O 9
q 27)32p°

for momentum of the VDM and photon, respectively, and

M, = ~Gvo T (q + p)v(q + p)a/m%/’
: my —m, +2p.q

x (p*pres(p')ed(p)eyu(d)e,(q) — p*poe(p)es (p)ev,(d e (q)
- p’e(p)el(p)er(q)en,(q) + P e (P)el (p)er,(q)en(q))
0o+ (q—= 1), (a=P")s/m3,

+
my, —mi, —2p'.q

x (pp"es(p)el(p)er,(d)en,(q) — P pei(p)es (P )er,(d)er,(q)
- p'p"ei(p)ed(p')er(d)en,(q) + p P& ()€l (P')eru(d e, (q)),

—Guy + (q + p)1/<q + p)n/m%/’

miy, —mi, +2p.q

M2 = 8pail1{

x ((p-&:(q))Ppess(P')e5(P)era(q') — (es(p)-€:(q)) Py evs(P")Eri(q')
+ (P'ev(q')ppel(P)esw(P)en(q) — (g (P')-€2(q)PpP" €56(P)eri(q))
+ ~Guy + (C] - p/)b(q - p/)n/m%//

miy, —mi, —2p'.q

x ((p'-e.(q))ppess(p)es(P)eri(qd) — (eg(P')-€:(q))PpP" €6(P)Eri(q")

+ (p-£:(q)Ppes(P)eys(P')en(q) — (es(p)-ew(Q’))p’pp”es/g(p’)erz(Q)>}’

My = dehvab gpoln

y (—g/;,, + (g4 p),(g+ p)s/mi,

Es' ! Es Evq ' &,
m%/_m‘z//+2pq PuPy u(p) o‘(p) ((Q) i(q)

g+ (a=p"),(a—D")s
+ e g phes(P)eye(P)era(d)en(q) ).
my, —my, —2p'.q

(A13)

(Al14)

(A15)

(A16)

By using (A10), the commutation relation between the interaction Hamiltonian HY(7) and number operator D?j(k) =

al (k)a (k) can be obtained as follows

1
[H)(0), DY (k)] = 5/ dqdq’ dp dp'(27)*5%) (¢’ + p' = q—p)

x [b)(q")b,(q)al(p')a;(k)2p° (27)*5;,6* (p — k)
= b}, (q")b(q)a; (k)ay(p)2p" (27)*6;08° (p' = k)]
X (g3cos’ Oy M, + 2gy ¢i,cos* Oy M,

+ g3 cos? Oy M;),

where by using

<611(12...b1b2...> = <611a2...><b1b2...>,

103024-10
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<aI"(p/)an(p)> = 2p0(2”)353 (P - p/)pmn(p)’ (A19)
(bi(q)ba(9)) = 26" (27)*6* (@ = @) S upmn (@), (A20)
one can obtain the expectation value of (A17) as

2(m? — m%/, 3
300) 0500 = [ da 2 a0

2 3 2
2g9vgycos Oy
X Z Z(éisps’j(k) _5s’jpis(k))prr(x’ q) - ,‘;12 ng o

(k.£,(q))(q.e(k)) = (k.q)(ey (k).£,(q))) kpe6(K)eri(q) g,
k. Sr(Q))(q Ss(k)) (k-Q)(gs(k)'sr(q)))kpes’a(k)sr/l(Q)qn)

2 2
G0 Z3ROSOW (o () (.6 () — (ko) (e, ()-1(q))
< (ke (0)) (g0 (k) — (k.g)(ew(K).6(4)))

+5ﬂ(4gvc‘f9<<m2v—mé/><k.er< o+ (ka)?) gzvcosewku)))} (A21)

mV,

Meanwhile, from (3) the time evolution of the photon density matrix elements up to the leading term can be derived as
follows

dpij _ i (m%/ - m%,,)

dr 269 ] Vo2 =2 )P = (kg

23 o
2gv g,,cos=6
X DD (Bispe(K) = 8 (K))pr (%, q) | e

s'=1 r=1 %4

(k.e.(9))(q-£4 (k) = (k.q)(ey (k).£:(q)))kyt50(K)er2(q) gy
ksr(q))( $(K)) = (k.q)(&;(k).£:(q)) ko (K)€ra(q)gy)
2

g3)cos?Oy
Y ((k.e:(q))(q-£5(k)) = (k.q)(es(k).£,(9)))

my,

x((
+((
Ly

X ((k.e.(q))(q.ey(k)) — (k.q)(ey(k).€,(q))) + sy (49\,;0; %

V!

< (= m) (ke (@) + (kq)?) — gzvcosZeww.e,(q))z)} , (A22)

or in terms of its components one has

d 1 (m} —m?, 3 29y gy cos? by

% - 2k0 dq (m m%, k 61)2 ;ﬂrr(x [ : gmc%js e
x (((k.e.(q))(g-€1(k)) = (k.q)(e1(k)..(q)))k,25(k)er2(q)q,
+ ((k.e,(q))(q-€2(k)) — (k.q)(e2(k).€.(q)))kye14(k)ers (q)gy)

(g7 — 497 )cos’Ow

((k.e.(q))(q-e1(k)) = (k.q)(e1(k).e,(q)))

+
2
ny,

x ((k£,(q))(q-€2(k)) = (kfl)(gz(k)-er(‘I)))} V(k), (A23)

103024-11
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dr— 2k0 q(m%/ m?,)? = 4(k.q)? m?,

X (((ke:(q))(g-£1(k)) = (k.q)(e1(k).£,(9))) k20 (k)e i (q)

+ ((k.e.(q))(q-e2(k)) = (k.q)(e2(k).€,(q)))k,e16(K)era(q)qy)

0O (1, 4))(g.0,0) - () er(K), )

mv/

dpy, 1 (m3, — mv) i: {29\/9,‘/00529‘4/ e

r=

x ((k-e:(q))(g-£2(k)) = (k~61)(82(k)-8r(Q)))] V(k),

2

dpis i (my, — m 4gvgvcos Ow
i _ [
at 280 ) Ny —m2)7 - 4kq2zp”xq

x e7(((k.,(q))(q.€1(k)) — (k.q) (e (k).€,(q )))kpela(k)gr/l( )ay
— ((ke,(9))(q-£2(k)) = (k.q)(2(k).£,(q)) K20 (K)er1(q) gy)

BRI (1 (g)) (g1 () - (k) o1 (K),()°

\d

/ cos?
(ke 02(K) ~ (k) e ) o) — [P0

x e7(((k.e,(q))(q.£1(k)) = (k.q)(1(k).£.(q)) k25 (k)£ () g,
+ ((ke,(q))(q-£2(k)) — (k.q)(e2(k).£.(9)))K,p€15 (k)€ (q) )

(00 ARV (1, (4)) (.01 (6) - (k) e1(8)0,(0))

_|_

2
ny,

x ((k.&,(q))(q-£2(k)) = (k-Q)(Ez(k)-er(Q)))}Q(k)},

dps, i (m} —m3, 3 4gy ¢y cos* Oy poin
R R T kq)zrg"" H m,
% (ke (@)) (.61 () — (k) (€1 (8)-£, (@) hyers (e (),
(ke (0)(@.e2(K)) — (kg) (€2 K)-,(@)) k2o (K)e ()t
190 =IO (1 (1) (q.1(0)) — () er (0)-2,(4))?

2
\d

1,c0S> Oy
(ke 02(K) = (k) ea, 0))) ) — LB

x &M (((k.e,(q))(q.€1(k)) = (k.q)(e1(k).€,(q))) k€2, (k)e1(9) g,
+ ((k.e,(q))(q-e2(k)) = (k.q)(e2(k)-€,(q)))kpe15(K)eri(q)qy,)

Ll = 49’v2)°°S W (ke (@) (@e1(8)) = (k.a)(er(R).e,(0)))

mvl

X ((k.e:(q))(q-£2(k)) = (k-Q)(gz(k)-Er(Q)))} Q(k)}-

(A24)

(A25)

(A26)

Now, we are ready to determine the time evolution of Stokes parameters for the VDM-photon scattering as follows

I(k) = pyi(k) + pn(k) =0,

103024-12
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O(k) = p11(k) = poa(k)
1 (m%, my ) 49\/9’\/‘305 Ow ol
- _2k°/dq (m3 —m2,)% - 4(k q)zzp” X q){ my, .
x (((k-e,(q))(q-€1(k)) — (k.q)(e1(k).€,(q)))k,e2, (k)€1 (9) g,
+ ((k.e.(q))(q-€2(k)) = (k.q)(e2(k).€,(q)))k,pe16(k)err(q)qy)

(g
200 =3O (4, () (.61 (k) — () o1 (k) ()

m

) =
Ow

+ 2
\4

< (ke (9))(g.e2(K)) - <k.q><e2<k>.er<q>>>} V(K).

U(k) = p1a(k) + pai (k)
1 (m} — m%/) 4qy ¢y,c0820 i
_z_ko/dq(m%, ) = 4(quzperq)[gV mC‘:)s W gpoi
x (((k.e,(q))(q.1(k)) — (k.q)(e1(k).€.(q)))k,€15(k)err(q)q,
— ((k.e.(q))(q.2(k)) = (k.q)(e2(k).€,(q))) k€26 (K)er2(0) )

2 — 4¢12)cos’Oy,
(g0 ‘ﬁv) W (ke (9)) (g1 (K)) = (kq) (e (R)-(q)))?

—~

_|_

2
— ((k.e,(q))(q-€2(k)) — (k-q)(sz(k)-sr(q)))z)] V(k),
and
() ip12(k) — ipy (k)

1 (m3, —mi, 3 4gy ¢,,cos*Oy
d E , PO
/ q I’I’l 2 . prr(x q) m2 &

( mV kq)zr: v
x (ke (0))(g.61(6) = (k.g)er (k). (a) 1o (K)e (g,
~ (ke,(0))(g:20)) = (k.q) a(K)(0)) 2o (e )9,
IR (1. (4)) (.10 - (k)1 (K)6,(4)?

/ 2
(k) a-e2(8) = (k) e R (0)P) | ) [

x (((ke,(q))(g-€1(k)) = (k.q)(e1(k)-£.(9))) kype26(K)€12(q) gy
)

+ ((ke,(q))(g-62(k)) — (k.q)(e2(k).£.(9))) k16 (K)r2(q)g,)

1 U ZARNTOW (4 (1) (g0 (K) = () e (K. (0))

\d

< (ke (9))(g.e2(K)) - <k.q><e2<k>.er<q>>>] Q<k>}.

m

(A28)

(A29)

(A30)

To perform the integrals in (A28)—(A30), we assume a uniform distribution function p°(x, q) for the VDM such that the
density matrix elements p,.(X,q) = % p(x,q), r =1, 2, 3 and consequently the time evolution for the Stokes parameters

can be obtained as

I(k)=0

103024-13
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4gy ¢,,cos*Oy

)zpo(x,Q)[

(m%/ - m%//)

/d‘I(m
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+ ((k.e3(q))(q.1(k)) = (k.q)(e1(k).€3(q)))k,€15(k)e31(q) gy
— ((k.e3(q))(q-82(k)) — (k.q)(2(K)-£3(q)) ) k,e25(K)E3,(0) )

(2 — 4g2)cos2Oy (((k.g,(g))(

+ oy q.£1(k)) = (k.q)(e1(k).€1(q)))?
= ((k.&1(q))(q.22(k)) = (k.q)(e2(K).£,(q)))?
+ ((ke2(q))(q.€1 (k) = (k.q)(e1 (k).e2(q)))?
= ((k.ex(q))(g-2(k)) — (k.q)(e2(k).£2(q)))?
+ ((ke3(q))(q.€1(k)) = (k.q)(e1 (k).e5(q)))?

x e (((k.e1(q))(q.£1(k)) = (k.q)(e1 (k)
+ ((k.1(q))(q-e2(k)) — (k.q) (e

+ ((k-e2(q))(q-€1(k)) — (k.q)

+ ((k-e2(q))(q-62(k)) — (k.q) (&2

+ ((k-e3(q))(q-€1(k)) — (k.q)

+ ((k-e3(q))(g-e2(k)) — (k.q)

+ 200 2SI (1 ¢, ()) (.1 (0) ~ ()1 (.1 (4))

< (ker(9))(g.e2(K)) — (kg) (ea(k).1(q))

T (kea(@) (@1 (8) — (ko)1 (R).e2(0)))

< (kex(9))(q.e2(K)) — (k.q) (ea(k).£2(q))

(k@) (@1 (8) — (keq)(er (R).e5(0)))

< (kes(9))(g.e2(K)) — <k.q><ez<k>.eg<q>>>>} Q(k)}. (A34)

If we consider general choices for the momentum direction
and polarization vectors of the DM and incoming photon
which is equal to the outgoing photon in case of the forward
scattering as

g = (4" |q|sin@cos ¢, |q|sin@sin ¢, |q| cosP),  (A35)
€1(q) =(0, cos @ cos ¢, cos Osin ¢, —sin 6), (A36)
& (q) =(0,—sin ¢, cos ¢, 0), (A37)

1
e3(q) = m—v(|q|, q°sin@cos ¢, ¢° sin @ sin ¢, ¢° cos 0),

(A38)
k = (K, |k|sinacos f, |k| sin asin 3, |k| cos @), (A39)
e1(k) =(0,cos acos f8,cos asin 3, —sina), (A40)

& (k) =(0, —sinf3, cos f3,0), (A41)

then the time evolution of the Stokes parameters leads to

I(k)=0 (A42)
O(k) =0 (A43)
U(k) =0 (A44)
V(k)=0 (A45)

The relations (A42)—(A45) show that the photon polariza-
tion cannot be generated by the forward scattering of
photon from the unpolarized VDM.

If we consider a polarized VDM with density matrix as
follows
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G+o)(xa) r=r

A46
0 r#r ( )

Prr(X.q) = {

which satisfies >3 5, = 0, the time evolution of the Stokes
parameters for the lowest order contribution of multipole
expansion of the angular function in terms of Legendre
polynomials / = 0 can be obtained as follows

I(k)=0 (A47)
O(k) = —Wq‘iﬂkosin%(él ~8,)V(k)
2
[ da I P
(A48)
(k) = 7(gy = 4g3)c05*0w KOsin2a(5, — 6,)V (k)

Zm%/,

mz_mzr
x/dq(z(g v)

0 2\ 0
q +\4q/°)p (X.q
my, —mv/)2 —4(k.q)2( al)/"(x.9)

(A49)
V(k):—gkosmz (6,-5,)
4 4 2 _4 2/
x ( i;/ZgV Q(k)—(gvm2 gV)U(k)>00529W
V! v

(¢” +1aP)p°(x.q).

X/dq( (myy —m3)

m — m%,,)2 —4(k.q)?

(A50)

The relations (A47)-(A50) in the nonrelativistic limits
q° = my and (m}, — m3,)? > 4(k.q)* can be simplified as

I(k)=0 (AS51)
. KOmysina
O(k) = 2ﬂngV/COSZHW% (6, = 8,)V(k)
mv/(mv/ - mv)
dq
3 .q), A52
. prs KOmysinZa
UKk)=—-= — 42, 20— T
( ) 2(9%/ gV)COS Wm%/,(m%,,—m%/)
dq
x (8) = 6,)V(k) (27)3,P (x,q), (AS53)

7 Kmysin’a

—EW(& — 8)(4gvgv O(k)

— (9% — 493,)U(K))cos?Oy

3
X /é&po(x,w

Also, one can be obtained the time evolution of the Stokes
parameters for next nonzero contribution / = 2 as follows

V(k) =

(A54)

I(k)=0 (A55)

N 4ﬂgngfC0526W

(k) Ksin’aV (k)

5ms3,
[ da AT
(my —my,)”—4(k.q)

x (81" = 5,|q|? —83m}) P (cos) p°(x.q), (AS6)

_ m(gy —4gy,)cos’ Oy

Uk)= KOsin?aV (k)

Sm%/,
22
e
(m—m?, P~ 4(k.q)
x (614" ~5alal? —83m3)Pa(cos0) o (x.q). (AST)

V(k)= —gkosinza

4y gy 2 —dg?,
x < i‘;zgv Q(k)——(gvm2 gV)U(k))coszé’VV
v v

Jan_ i)
S q
(m3y,—m?,)? —4(k.q)?

X (814" =8,]a|* =83m3) P (cos0) p°(x.q). (AS8)

As the previous case, (A55)—(A58) in the nonrelativistic
limits ¢° = my and (m3, — m3,)* > 4(k.q)* cast into

I(k)=0 (A59)
. Az kKOmysin’a
(k) = —?gvgv/coszewm (6, —63)V(k)
dq
X Wp (x,q)P,(cos ) (A60)
000 =26 - 463 Jeosty—"HE (5, 5 v(k)
57 v m3, (m?, — my)
d*q
X / (2ﬂ)3p0(x,q)P2(cos¢9), (A61)
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x  k'mysin’a
V(k) = 5 m (61 = 83)(49v gy O (k) — (g — 4g;,)U(K))cos’ Oy
my, — my

3
« / (‘2’”‘)‘3 0(x, q) Py(cos ). (A62)

The relations (A59)—(A62) show that the CP occurs due to the forward scattering when the VDM is partially polarized and
has a quadrupole distribution.

APPENDIX B: CONTRIBUTION OF STOKES PARAMETERS FROM DAMPING TERM

The contribution of the second term of (3) can be written as

%/_: dr([H(z). [H9(0). D,;(K)]])

= / dq, dqj dpy dp} dq, dq, dp; dpy(27)'8 () + Py — a1 — P1)6* (g5 + Ph — q2 — p2) M(1)M(2)
x {(27)’ pP8i, 8 (1 = K)(b), (¢5)b,,(42)b), (d1)b., (q0)){al, (Ph)ag, (p2)al (pi)a;(K))
~ (21)* Y635, 8 (p1 = K)(b ), (1)br, (41)by, (42)br, (92)) (@, (ph)a; (K)a, )
~ (272)°p'18,5,8° (py = K)(b], (45)b, (41)b), (41)by, (1)), (Ph)as, (p2)af (K)as, (p1)
+(21)* 06,8 (0} = k)(b), (41)by,(01)b), (d5)br,(42)) (@] (K)as, (pr)al, (Ph)a, (p2)) ). (B1)

where M = g} cos?0y M, + 2gyg,cos’0y M, + ¢} cos?0y, Ms. To calculate the above relation, we use the following
expectation value for photon and VDM

(PY)ay, (p1)al, (Ph)ag, (p2)) = 4p?p3(27)°8 (p1 — 1) (B2 = P3)Ps; (P1)Pss, (P2)
+4pYp3(27)°8 (p1 — P3)8 (P2 — PPy s, (P2) 65,5, + P (P)], (B2)
and
by, (a1)br, (a1)b], (4))by,(a2)) = 44743(2m)°5 (a1 — 41)8 (42 = €3)8,,116,,1,1, 7, (1)1, (€2)
+44793(27)°6* (a1 — 45)8* (42 — 41)6y 1,21, (@2) (61,0, + 810 (@), (B3)

which leads to

1 [ 1
3 [ a0, 90, D0 = §Cx19(0) [ daadl ap
x (27)*6*(qh + ph — a2 — ) M('r. p's . qr ks ) M(qr. ks, g'r, p'sy)
X Larr( ) 555 ( lS‘]pS,](k) + 5js'zpisl (k)) - 2prr(q )5l¥]5]9’2ps'lsz (p/)} (B4)

From (3) and (B4), the time evolution of the density matrix elements due to the damping term can be obtained as

d 1
: dqd
dtpl,( q) = 4k0/ qdp

1
X m(Zﬂ)fs(E(q +k-p)+p—-E(q)—k)

X [prr(x’ q)552$/ (5islps’2j(x’ k) + 5js’zpis] (X’ k))
Zprr(x q ) isy jS ps’lsz (X7 p/)}M(q/rv p/sll’ qr, kSl)M(C[}", ks,27 q,}", p/SZ)' (BS)
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Now by ignoring the recoil momentum of the VDM and

using the following approximations E(q+k-p)=~E(q),
q=q. (B6) S(E(q+k—p)+p—E(q) —k) =8(p —k),
Prr(X, Q') % pry(X, @), (B7) " one can cast the Stokes parameters into
|
. z 3
i) = pua(k) + paslk) = = i [ dadpo(p =) > po(x.a) 1)
v r=1

(k)

=pu(k) —pn(k) =

x [M(qr, p'(1), qr. k(1)) M(qr. k(1). qr. p(1)) + M(qr, p'(2). qr. k(1)) M(qr. k(1). gr, p(2))

+ M(qr, p'(1), qr k(2)) M(qr. k(2), qr, p(1)) + M(qr, p'(2), qr. k(2)) M(qr. k(2). qr. p(2))]

+ O(k)[M(qr, p'(1), gr. k(1)) M(qr. k(1), gr, p(1)) + M(qr. p'(2). qr. k(1)) M(qr. k(1). gr. p(2))
— M(qr.p'(1). qr.k(2)) M(qr.k(2). qr. p(1)) — M(qr. p'(2). qr, k(2)) M(qr. k(2). qr. p(2))]

+ U(Kk)[M(qr, p'(1), qr. k(2)) M(qr. k(1) gr, p(1)) + M(qr, p'(2). qr. k(2)) M(qr. k(1). gr. p(2))
+ M(qr. p'(1), qr. k(1)) M(qr. k(2), qr, p(1)) + M(qr, p'(2). qr. k(1)) M(qr. k(2). gr. p(2))]
+iV(k)[M(qr, p'(1), qr. k(1)) M(qr. k(2). qr. p(1)) + M(qr. p'(2). qr. k(1)) M(qr.k(2). gr, p(2))
— M(qr.p'(1). qr.k(2)) M(qr.k(1). qr, p(1)) = M(qr. p'(2). qr. k(2)) M(qr. k(1). qr, p(2))]
—1(p)[M(qr. p'(1), qr k(1)) M(qr, k(1), gr, p(1)) + M(qr, p'(1), gr, k(2)) M(qr. k(2). qr. p(1))
+ M(qr. p'(2), qr. k(1)) M(qr.k(1), qr, p(2)) + M(qr, p'(2). qr. k(2)) M(qr, k(2). qr. p(2))]

- 0(p)[M(qr.p'(1). qr. k(1)) M(qr. k(1) gr, p(1)) + M(qr, p'(1), qr. k(2)) M(qr. k(2). qr. p(1))
- M(qr, p'(2), qr.k(1))M(qr.k(1). qr, p(2)) — M(qr. p'(2). qr. k(2)) M(qr, k(2), qr, p(2))]

= U(p)[M(qr.p'(1). qr k(1)) M(qr. k(1) qr, p(2)) + M(qr, p'(1), qr. k(2)) M(qr. k(2). qr. p(2))
+ M(qr. p'(2), qr. k(1)) M(qr. k(1) gr, p(1)) + M(qr, p'(2). qr. k(2)) M(qr, k(2). gr. p(1))]
—iV(p)[M(qr. p'(2), qr k(1)) M(qr. k(1), qr, p(1)) + M(qr, p'(2), qr. k(2)) M(qr. k(2). qr. p(1))
— M(qr, p'(1), qr k(1)) M(qr.k(1). qr. p(2)) — M(qr. p'(1). qr. k(2)) M(qr. k(2), qr, p(2))]},

~ i [ dadoaip =i E;p x. ) {/(k)

x [M(gr.p'(1), qr. k(1)) M(qr.k(1), qr, p(1)) + M(qr, p'(2), qr. k(1)) M(qr. k(1), qr, p(2))

= M(qr.p'(1). qr.k(2)) M(qr.k(2). qr. p(1)) = M(qr. p'(2). qr. k(2)) M(qr. k(2). qr. p(2))]

+ O(k)[M(qr, p'(1), qr. k(1)) M(qr. k(1). qr. p(1)) + M(qr, p'(2). qr. k(1)) M(qr. k(1). gr, p(2))
+ M(qr. p'(1), qr. k(2)) M(qr.k(2), qr, p(1)) + M(qr, p'(2)., qr. k(2)) M(qr. k(2). qr. p(2))]
—I(p)[M(qr.p'(1), qr k(1)) M(qr. k(1), qr, p(1)) = M(qr, p'(1). qr. k(2)) M(qr.k(2). qr, p(1))
+ M(qr, p'(2), qr. k(1)) M(qr.k(1). qr. p(2)) = M(qr. p'(2). qr. k(2)) M(qr, k(2). qr, p(2))]

- 0(p)M(qr. p'(1), qr. k(1)) M(qr. k(1). gr, p(1)) = M(qr, p'(1), qr. k(2)) M(qr. k(2), qr, p(1))
= M(qr.p'(2). qr. k(1)) M(qr. k(1). qr. p(2)) + M(qr. p'(2). qr. k(2)) M(qr. k(2). g, p(2))]

- U(p)[M(qr,p'(2), qr k(1)) M(qr, k(1), qr, p(1)) = M(qr, p'(2). qr. k(2)) M(qr. k(2), g7, p(1))
+ M(qr. p'(1). qr. k(1)) M(qr.k(1), gr, p(2)) = M(qr. p'(1)., qr. k(2)) M(qr. k(2). qr, p(2))]
—iV(p)[M(qr, p'(2), qr k(1)) M(qr, k(1), gr, p(1)) = M(qr, p'(2). qr. k(2)) M(qr. k(2). qr, p(1))
= M(qr.p'(1). qr. k(1)) M(qr.k(1). qr, p(2)) + M(qr. p'(1)., qr. k(2)) M(qr. k(2). qr, p(2))]}.
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U(k) = pia(K) + pai (k)
3
o [ dadpatp =03 s (x @) {1(k)

x [M(qr, p'(1), qr.k(2)) M(qr.k(1). qr. p(1)) + M(qr. p'(2). qr. k(2)) M(qr.k(1), qr, p(2))

+ M(qr. p'(1). qr. k(1)) M(qr. k(2), gr, p(1)) + M(qr, p'(2), qr. k(1)) M(qr. k(2), qr, p(2))]

+ U(k)[M(qr, p'(1), gr.k(2))M(qr. k(2). qr, p(1)) + M(qr, p'(2). qr. k(2)) M(qr. k(2). g7, p(2))
+ M(qr. p'(2), qr. k(1)) M(qr.k(1). gr, p(2)) + M(qr, p'(1), gr. k(1)) M(qr. k(1) gr, p(1))]
—1(p)[M(qr.p'(1), qr. k(2)) M(qr. k(1), gr, p(1)) + M(qr, p'(1), qr. k(1)) M(qr. k(2). qr. p(1))
+ M(qr. p'(2). qr. k(2)) M(qr. k(1) qr, p(2)) + M(qr, p'(2), qr. k(1)) M(qr. k(2), qr, p(2))]

- 0(p)M(qr, p'(1). qr. k(2)) M(qr. k(1). gr. p(1)) + M(qr. p'(1), qr. k(1)) M(qr. k(2), gr, p(1))
= M(qr.p'(2). qr.k(2)) M(qr.k(1). qr. p(2)) = M(qr. p'(2), qr. k(1)) M(qr. k(2). qr, p(2))]

= U(p)[M(qr.p'(1). qr. k(1)) M(qr. k(2). gr. p(2)) + M(qr. p'(1)., qr. k(2)) M(qr. k(1), qr, p(2))
+ M(qr, p'(2), qr. k(2))M(qr. k(1). qr. p(1)) + M(qr, p'(2). qr. k(1)) M(qr.k(2). qr, p(1))]
—iV(p)[M(qr, p'(2), qr. k(2))M(qr. k(1) qr. p(1)) + M(qr, p'(2). qr. k(1)) M(qr. k(2). qr, p(1))
- M(qr.p'(1). qr.k(2)) M(qr.k(1). qr. p(2)) — M(qr. p'(1), gr. k(1)) M(qr. k(2), qr, p(2))]}. (B12)

V(k) = i(?lz(k) —/721(1())

. 3
—__” /dqdpa(p—k)Zprr(x,q){I(k)

4k"m —
x [M(qr, p'(1), qr. k(1)) M(qr.k(2). qr. p(1)) + M(qr. p'(2). qr. k(1)) M(qr.k(2). qr, p(2))
= M(qr, p'(1), qr.k(2)) M(qr.k(1). qr, p(1)) = M(qr, p'(2). qr. k(2)) M(qr. k(1) qr, p(2))]
+iV(k)[M(qr. p'(1). gr. k(1)) M(qr. k(1). gr, p(1)) + M(qr, p'(2). qr. k(1)) M(qr. k(1). gr. p(2))
+ M(qr. p'(1), qr. k(2)) M(qr. k(2), qr, p(1)) + M(qr, p'(2), qr. k(2)) M(qr. k(2). g7, p(2))]
—1(p)[M(qr.p'(1), qr k(1)) M(qr, k(2), gr, p(1)) = M(qr, p'(1). qr, k(2)) M(qr.k(1). gr, p(1))
(
1
(qr

)
)

)M

+ M(qr. p'(2), qr k(1)) M(qr. k(2), qr, p(2)) — M(qr. p'(2). qr. k(2)) M(qr. k(1), qr, p(2))]

- 0(p)[M(qr,p'(1), qr. k(1)) M(qr, k(2), qr, p(1)) = M(qr, p'(1), qr. k(2)) M(qr. k(1). qr, p(1))

= M(qr.p'(2). qr. k(1)) M(qr.k(2). qr. p(2)) + M(qr. p'(2). qr. k(2)) M(qr. k(1) qr, p(2))]

= U(p)[M(qr.p'(1), qr k(1)) M(qr. k(2). qr, p(2)) = M(qr, p'(1). qr. k(2)) M(qr. k(1). qr, p(2))

+ M(qr. p'(2), qr k(1)) M(qr.k(2), qr, p(1)) = M(qr, p'(2), qr,. k(2)) M(qr. k(1) qr, p(1))]

—iV(p)[M(qr. p'(2). qr. k(1)) M(qr. k(2). qr, p(1)) = M(qr, p'(2). qr. k(2)) M(qr. k(1), gr, p(1))

= M(qr, p'(1), qr. k(1)) M(qr.k(2). qr, p(2)) + M(qr. p'(1). qr. k(2)) M(qr, k(1), qr, p(2))]}. (B13)

If we consider only the first term of the propagator and using the relations (A35)—(A41) for the VDM and the incoming
photon and

p = (p° |p|sind cos #, |p|sina’ sin #', |p| cos '), (B14)
e1(p) =(0,cosa’ cos ff',cos sin ff', —sinda’), (B15)
&(p) =(0,—sinf, cos f',0), (B16)
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for the outgoing photon, then by applying the nonrelativ-
o e . . 2

istic limits ¢° =my and (m} —m3,)? > 4m{k", the
Stokes parameters can be written as

16 npy (x) K cos*y
_10 (R + 4g2)?
3 my (mi, —mi)? v v)

< (100 [ rw)

4 .
4 npy(x) k¥ sinacos*@y,

I(k) =

(B17)

O(k) = (g9 — 164)

15 my  (md, —my)?

X <I(k)/tig/P2(cosa’)

T

- [ pteosarim))

- (BIS)

16 npy (x) k%' sinacos*y

15 my  (md, —my)?

X <I(k)/62—Q/P2(cosa’)

T

_ / ‘f;’ P, (cos a')l(p>>,

V(k) = 0.

Uk) = gvgy (g +49%)

(B19)

and
(B20)

Now according to the orthonormality condition for the
Legendre polynomials one has

_ 1_6 npm (x) k04cos49W

I(k) = 2 4 4¢2)21(K),
( ) 3 m%/ (m%// _m%/)z <9V+ gV) ( )
(B21)
. 4 npy(x) k% sin?acos*6yy
K)=—— 4 — 16491, (p),
Q( ) 15 m%/ (m%// _m%/)z 9y gV) 2(p)
(B22)
. 16 npy (x) k%' sinZacos*dyy
U(k) = 15 2 2 232
my,  (my, —my)
x gvgv(gv + 497)(p), (B23)
and
V(k) =0, (B24)
where
asy
Be) = [ Paleosd)i). (829

The above relations show that the largest order in the
damping term produces only a linear polarization. One can
compare contribution of the VDM-photon scattering with
the Compton scattering as

. 0\ 4
TpM | 'bM {0Vrel) ann < k )
. ~N - bl
Tey n, or my

(B26)

which for (%)4 <1 is too small to be considered in

comparison with the Compton scattering.
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