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We present a formalism based on the functional Schrödinger equation to analyze time-dependent
tunneling in quantum field theory at the semiclassical level. The full problem is reduced step by step to a
finite dimensional quantum mechanical setup and solved using the Wentzel-Kramers-Brillouin approxi-
mation. As an example, we consider tunneling from a homogeneous oscillating initial state in scalar
quantum field theory.
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I. INTRODUCTION

The tunneling of a scalar field settled in a local minimum
of its potential to its global minimum is a fascinating process
which appealsmore to the quantum aspects of quantum field
theory (QFT) than to its classical ones. Furthermore, far from
being a purely theoretical problem, tunneling in QFT is a
critical ingredient in many current areas of research includ-
ing, for instance, the study of phase transition in the early
Universe and gravitational wave production, vacuum sta-
bility of the electroweak vacuum or baryogenesis.
In a seminal paper of Coleman [1], it was understood that

the tunneling rate could be obtained by studying the so-
called “most probable escape path” (MPEP) introduced
in [2,3]. This path is the trajectory in the field space along
which the tunneling probability is maximal, and it directly
corresponds to a solution of the equations of motion in
Euclidean time. This result together with subsequent
estimation of first-order quantum corrections to this path
by Coleman and Callan in [4,5] led to the well-known
formula for the tunneling rate per unit of volume Γ=V in the
thin-wall approximation

Γ
V
¼ Ae27π

2
σ4
0

2ϵ3 ; ð1:1Þ

where σ0 and ϵ are, respectively, the tension and vacuum
energy of the bubble whose precise expression will be
given in Sec. III, and A is a quantum correction coefficient
which was first estimated in [4]. In parallel, it was realized
in [6,7] that a similar result could be obtained using the
functional Schrödinger equation (FSE) along the same
MPEP. While being a functional equation, the FSE is
usually solved in the semiclassical limit by reducing the
field evolution to a given path, out of which the wave
functional is suppressed by factor of ℏ. This reduces the
problem to a one-dimensional quantum mechanical one
which is readily solved.
However, both approaches fail to describe the case of

time-dependent tunneling, either because the rotation to
imaginary time performedby [1] is no longer appropriate, or,
in the FSE case because the reduction to a single path no
longer properly describes the dynamics of the system.
Interestingly, the last decade has seen a resurgence of
interest in generalization of the imaginary time rotation
of [1] to a more generic complex time trajectory, with
important successes in describing tunneling with some
initial dynamics in quantum mechanics (QM) [8–11]. Let
us also note that several recent works have explored
tunneling in QFT using different methods, such as the real
time formalism (potentially coupled to a lattice simulation)
[12–14] or stochastic field theory [15], which could in
principle be extended to our dynamical initial state problem.
Similarly, it might be interesting to see whether the signifi-
cant simplifications in the calculation of tunneling actions
based on generalized potentials [16,17] could be applied to
time-dependent tunneling problems.
While the application of these techniques to the QFT

case in the presence of a dynamical initial field is often
referred to as a possible extension, to the best of our
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knowledge no definite progress has been made. On parallel
but related topics, there have been new developments in the
case where the dynamics is provided not by the field itself,
but rather by the potential which possesses a non-negligible
time dependence using both the instanton and the FSE
approach [18,19] (as may be relevant, e.g., in cosmological
setups). A first attempt at describing the case of a
dynamical initial state for vacuum tunneling in the mem-
brane approach has been made by [20]. While we tackle the
same problem in Sec. III, our conclusions differ from [20].
A more detailed comparison of both approaches is made in
Sec. III, but the essential point is that the oscillations of the
field should not be treated as a background “potential” to
the tunneling process, but rather included as initial state of
the tunneling, with the tunneling path starting from this
oscillating state.
In this work, will build on the FSE formalism introduced

in [6,7,18] to describe tunneling from a dynamical state in
QFT in the semiclassical limit. Our key suggestion is that
such process should be described by reducing the full QFT
problem to a multidimensional quantum mechanical one,
instead of the one-dimensional approach used in static
tunneling problems. Once this reduction has been per-
formed, the system resembles the problem of multidimen-
sional tunneling in quantummechanics, as described in [21],
allowing to solve for a time-dependent tunneling rate.
We start Sec. II with the reduction of the FSE on a two-

dimensional subspace. This is complemented by a discus-
sion of how the time-dependent problem can be approached
using the time-independent version of the FSE. Section III
illustrates the procedure developed in Sec. II for the case of
the vacuum decay of an oscillating initial state thereby
improving on the heuristic results obtained in [22] both
analytically and numerically. The results are briefly dis-
cussed in Sec. IV. Appendices A and B review basics of the
Wentzel-Kramers-Brillouin (WKB) approximation as well
as the usual one-dimensional reduction of the FSE for
ordinary tunneling. Appendix C briefly ventures into the
possibility to describe two successive decoupled tunneling
events using the same formalism.

II. SEMICLASSICAL APPROACH TO
DYNAMICAL TUNNELING IN QFT

Our formalism is based on the FSE, which describes the
time evolution of the wave functional Ψ½ϕ; t� given a
potential VðϕÞ (see, e.g., Chapter 10 of [23]).

iℏ
∂
∂tΨ½ϕ; t� ¼−

ℏ2

2

Z
V
dx3

δ2

δϕ2
Ψ½ϕ; t�þUðϕÞΨ½ϕ; t�; ð2:1Þ

where V is a control volume and we have introduced the
effective potential

UðϕÞ ¼
Z
V
dx3
�ð∇ϕÞ2

2
þ VðϕÞ

�
; ð2:2Þ

which includes the spatial gradient of the field ϕ. As for the
quantum mechanical Schrödinger equation, the norm of the
wave functional Ψ½ϕ� gives a measure of the likelihood of
the occurrence of the field configuration ϕ.
In this section, we discuss the essential steps to obtain

our approximate solution to the time-dependent pro-
blem. We start with the FSE which we approach with a
suitable WKB ansatz. In a first step, we then simplify
the time-dependent functional equation to an ordinary
quantum mechanical Schrödinger equation by considering
a suitable two-dimensional subspace of all the fields.
The two-dimensional subspace is then determined by an
appropriate “equation of motion” for the fields. This is
effectively the two-dimensional generalization of the one-
dimensional maximum probability escape path used to
describe tunneling from a time-independent metastable
state. The two-dimensional generalization allows us to
match the tunneling solution also at times when the time
derivative of the field is nonvanishing.
Even in this simplified form solving the full time-

dependent problem seems impractical. We therefore reduce
the problem to a time-independent one by considering
energy eigenstates. This allows us to further simplify and
obtain concise equations of motion for the semiclassical
field solutions. These can then be solved with suitable
boundary conditions for the initial field value and its
time derivative. We do this for a concrete example in
Sec. III.
However, considering energy eigenstates is a nontrivial

step, as such states are quasi-static. To motivate our
procedure, we recall the construction of coherent states
which are close to our oscillating classical field solutions.
We then argue that in the saddle point approximation
matching conditions should indeed focus on the “classical”
field values, i.e., the expectation values.We introducewave-
packet solutions in order to focus on a time-independent
quantum mechanical problem and show how to relate the
tunneling rate for the time-dependent case to this time-
independent formalism.
We restore explicit factors of ℏ whenever useful.

A. From the functional Schrödinger equation to
quantum mechanics

A first important comment is that, similarly to its QM
counterpart, the FSE describes the behavior of a quantum
field system in isolation. All space integrals are therefore
taken on a certain control volume V, and we will have to
assume that the inside of the control volume is isolated on
the timescale relevant to the processes considered. For
the particular case of bubble nucleation considered
below, we will assume the control volume to be a few
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times bigger than the radius of the vacuum-to-vacuum
bubble.1

Following the intuition of [2,3], we will use a “saddle
point approximation” in that we will try to evaluate this
equation only along a particular field hypersurface H
(typically of dimension one or two) ϕsðx⃗; λiÞ parametrized
by λi, such that ϕs is a saddle point of the wave functional
Ψ½ϕ�,

δ

δϕ⊥
Ψ½ϕ�j

ϕs

¼ 0; ð2:3Þ

where we have labeled by ϕ⊥ all the fields configuration
orthogonal to the hypersurface H.
For later use, we note that any perturbation h⊥ orthogo-

nal to the surface H satisfies (see, e.g., Sec 5. of [7])

∂λϕs · h⊥ ¼
Z

dx3∂λϕsðxÞh⊥ðxÞ ¼ 0: ð2:4Þ

The main difference to the standard approach (reviewed
briefly in Appendix B) is that we will consider a two-
dimensional subspace instead of the usual one-dimensional
MPEP. The reason is that the one-dimensional setup allows
matching of the classical to the quantum regions only at the
turning point of the classical motion, where the momentum
of an incoming wave vanishes. For a time-dependent
classical solution, this only occurs at some particular times.
To allow more general matching conditions, a more
flexible, general approach is needed. In this section, we
discuss how to use this idea in practice and therefore to
reduce the FSE on a multidimensional (in particular we
consider the two-dimensional case) hypersurface. Along
such a hypersurface, the problem can be reduced to a
tractable case of multidimensional quantum mechanics as
studied in [21]. In the following, we concentrate only on the
leading order in ℏ dependence of the wave functional on
this hypersurface.
In the following, we will suppose that the wave func-

tional takes the form

Ψ ¼ e
i
ℏðFþiGÞ: ð2:5Þ

The difficulty of the procedure is that the precise shape of
the hypersurface H depends on Ψ and will be ultimately
fixed by solving (2.4).
Introducing this ansatz for the solution in (2.1) and

decomposing between real and imaginary part, the FSE
becomes

Z
V
dx3
�
−
�
δF
δϕ

�
2

þ
�
δG
δϕ

�
2

− ℏ
δ2G
δϕ2

�
¼ 2∂tF þ 2UðϕÞ

Z
V
dx3
�
2
δF
δϕ

δG
δϕ

− ℏ
δ2F
δϕ2

�
¼ −2∂tG: ð2:6Þ

We aim at reducing the FSE (2.6) on a surfaceH in field
space given by the field configurations ϕsðλiÞ, such that

δ

δϕ⊥
Ψ½ϕ�jH ¼ 0 ⇒

8<
:

δF
δϕ⊥

���
H
¼ 0

δG
δϕ⊥

���
H
¼ 0

: ð2:7Þ

Note that at this point the λi are simply parameters along the
hyperplane H. Using (2.7) (as, e.g., in [7,24]), we have in
particular that on this hyperplane,

∂iG ¼
Z
V

δG
δϕ

∂iϕs

∂iF ¼
Z
V

δF
δϕ

∂iϕs:

Specifying to the two-dimensional case and writing
λi ¼ ðl; λÞ, we can define a metric g on the surface H
given by

gij ≡
�

ml Xlλ

Xlλ mλ

�

gij ¼ mlmλ

mlmλ − X2
lλ

 
1
ml

− Xlλ
mlmλ

− Xlλ
mlmλ

1
mλ

!
; ð2:8Þ

where we have introduced the normalization for the field

ml ≡
Z
V
dx3ð∂lϕsÞ2 mλ ≡

Z
V
dx3ð∂λϕsÞ2 ð2:9Þ

and the cross-product

Xlλ ≡
Z
V
∂lϕs∂λϕs: ð2:10Þ

Using this notation and the usual Einstein indices summa-
tion convention, the functional derivative squared term in
Eq. (2.6) can now be written as

Z
V
dx3
�
−
�
δF
δϕ

�
2

þ
�
δG
δϕ

�
2
�
¼∂iG∂iG−∂iF∂iF: ð2:11Þ

Finally, we use the WKB expansion in which the semi-
classical limit is taken by considering the decomposition

1The precise definition of the control volume as well as the
validation of this assumption will rely on estimating the effect of
quantum decoherence. While in the following we will neglect
decoherence and assume that the system is perfectly isolated, it
seems clear that this issue should be studied carefully in further
work.
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F ¼
X∞
n¼0

ℏnFn

G ¼
X∞
n¼0

ℏnGn:

In the following, we are going to concentrate on the zeroth
order terms since our primary objective is to obtain the
exponent of the tunneling rate. A short review of the WKB
approximation in quantum mechanic is provided in
Appendix A. In particular, we need to ensure the hierarchy�
δF0

δϕ

�
2

−
�
δG0

δϕ

�
2

¼ ∂iG0∂iG0 − ∂iF0∂iF0 ≫ ℏ
δ2G0

δϕ2

ð2:12Þ

δF0

δϕ

δG0

δϕ
≫ ℏ

δ2F0

δϕ2
; ð2:13Þ

where the first equality can be derived from (2.4). We thus
recover the usual fact that the WKB approximation breaks
down at the boundaries where the “momentum” vanishes.2

We obtain the reduced set of equations

∂iG∂iG − ∂iF∂iF ¼ 2ðU þ ∂tFÞ ð2:14Þ

∂iF∂iG ¼ −∂tG: ð2:15Þ

We thus obtain a formulation similar to the one used in
[21] to describe QM tunneling in a multidimensional
potential. However, the mass parameters are now replaced
by the inverse metric gij. We will focus in the rest of the
paper on the case of stationary problems, for which the
scalar potential V½ϕ� is time independent and the time
derivatives can be replaced by the energy of the initial state.

B. Time-independent system and equation of motion

We can now focus on the time-independent system
of equations assuming an energy eigenstate, Ψ½ϕ; t�∼
expð−iEt=ℏÞΨ½ϕ�. Then, we have

∂tF ¼ −E: ð2:16Þ

Using this, the FSE (2.6) takes the simpler form

∂iG∂iG − ∂iF∂iF ¼ 2ðU − EÞ
∂iF∂iG ¼ 0: ð2:17Þ

This needs to be completed by the yet-unsolved equation of
motion for the field configuration ϕs, Eq. (2.7).
These are exactly the equations we would expect from

the Schrödinger equation governing multidimensional tun-
neling. This equation can in principle be solved perturba-
tively using a generalized version of the procedure of [21].
However, there are two additional complications. First, the
two-dimensional space is curved with metric gij. Second,
the field configuration ϕs that must be a solution of the
functional equation (2.7) is not known a priori and
consequently, neither is U.
A useful ansatz is to write Eq. (2.17) in the form

gij∂iG∂jG ¼ f; ð2:18Þ

where f is a function of the coordinates onH that does not
depend on G itself,

f ¼ 2ðU − EÞ þ gij∂iF∂jF: ð2:19Þ

This then can be solved using a “momentum transfer
method.” To implement this, we introduce the vector ki

defined by

ki ¼ gij∂jG ð2:20Þ

and look for the integral curve (G lines) of ki. Along those,
Eq. (2.18) reduces to

ki∂iG ¼ ∂sG ¼ f; ð2:21Þ

where we have parametrized the position on the G line by s,
such that ki∂i ≡ ∂s on the G line. The G lines are then
simply found by introducing a coordinate vector XiðsÞ ¼
ðlðsÞ; λðsÞÞ such that ∂sXi ¼ ki. Noting ∇ and Γa

bc the
usual covariant derivative and Christoffel symbols for the
metric gij, we then derive from Eq. (2.18)3

2gij∇kð∂iGÞkj ¼ ∇kf: ð2:23Þ

After a bit of algebra, we obtain the parametric equation for
the G lines,

∂2
sXa þ Γa

bc∂sXb∂sXc ¼ 1

2
gab∂bf: ð2:24Þ

This should be solved using (2.18) written as

2In quantum mechanics, the system behavior around the
boundaries can be easily described using Airy functions. This
leads to connections formulas describing the phase shifts across
the interfaces and determining the pre-exponential factor. In the
following, we will focus only on the exponential part, for which
the detailed treatment is not necessary.

3Notice that a more symmetric form in G and F is

ki∇ikj − li∇ilj ¼ ∂jU; ð2:22Þ

where we have introduced the vector li along the F line as
li ¼ gij∂jF. We further have trivially kili ¼ 0 and kiki − lili ¼
2ðU − EÞ from (2.17).
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gab∂sXa∂sXb ¼ f ð2:25Þ

to obtain the initial values for ∂sXb. This last equation
should be seen as a type of “energy conservation” along the
G lines, notice in particular how ml and mλ from Eq. (2.9)
do indeed play the role of masses since the left-hand side of
(2.25) looks like a kinetic energy term.
Along any such line, GðsfÞ takes the simple form

G ¼
Z

sf

si

dsfðsÞ ¼
Z

λf

λi

dλ
ffiffiffiffiffiffiffiffiffi
mλf

p
: ð2:26Þ

Here, si, sf, λi, and λf denote initial and final values of the
respective parameters. In the second equality, we have
restored the arbitrariness of the parametrization of the G
line by replacing the parameter s (with norm

ffiffiffiffiffiffi
ms

p ¼ ffiffiffi
f

p
)

by a generic parameter λ (with norm
ffiffiffiffiffiffi
mλ

p
). We can now

solve the saddle point equation (2.7) by considering a small
orthogonal perturbation h⊥ around ϕs and ensuring that
δG ¼ 0 with respect to field configuration parametrized by
λ, as in, e.g., [7]. We obtain, on the hyperplane H,

δG⊥ ¼ Gðϕs þ h⊥Þ −GðϕsÞ ¼ 0

⇒
Z

λf

λi

dλδð
ffiffiffiffiffiffiffiffiffi
mλf

p
Þ ¼ 0

⇒
Z

λf

λi

dλ

� ffiffiffiffiffiffi
f
mλ

s
δmλ þ

ffiffiffiffiffiffi
mλ

f

r
δf

�
¼ 0: ð2:27Þ

It is clear that one of the simplest choices for the parameter
λ is such that

mλ ¼ f; ð2:28Þ

which amounts to choosing λ ¼ s. Inserting now the
required f ¼ 2ðU − EÞ þ gij∂iF∂jF, the variation δf
can be evaluated as

δf¼ 2δU− ðδgklÞgkiglj∂iF∂jF

¼ 2

Z
dx3½−Δϕsh⊥þV 0ðϕsÞh⊥−∂kϕs∂lðh⊥Þ∂kF∂lF�;

ð2:29Þ

where in the first line we used that δF ¼ 0 in the first line
according to Eq. (2.7). The second line then follows via an
integration by parts with respect to space. We can then
straightforwardly use Eq. (2.4) to find

δf ¼ 2

Z
dx3½−Δϕsh⊥ þ V 0ðϕsÞh⊥�

þ 2

Z
dx3h⊥ð∂iF∂jF∂i∂jϕsÞ: ð2:30Þ

Inserting back into Eq. (2.27) leads to

Z
dx3
Z

λf

λi

dλðh⊥Þ½−∂2
λϕs−ΔϕsþV 0ðϕsÞþ∂iF∂jF∂i∂jϕs�

¼0; ð2:31Þ

This then gives us the full equation of motion to be satisfied
by the field

ð∂iG∂jG−∂iF∂jFÞ∂i∂jϕs≡−ΔϕsþV 0ðϕÞ½þkðλ;lÞ∂iϕs�;
ð2:32Þ

where the last bracket indicates that this equation is defined
up to a field and x independent multiple k of ∂iϕs. This
ambiguity arises because we are only interested in mini-
mizing G with respect to the orthogonal perturbation, so
that one can a priori use Eqs. (2.4) and (2.31) to add an
arbitrary multiple of the single derivative factor of the formR
dx3∂iϕsh⊥. It is straightforward to check that δ⊥F leads

to the same equation.
The full set of equations to be solved is then

ð∂iG∂jG−∂iF∂jFÞ∂i∂jϕs¼−ΔϕsþV 0ðϕÞ½þkðλ;lÞ∂iϕs�
ð2:33Þ

ð∂iG∂jG − ∂iF∂jFÞgij ¼ 2ðU − EÞ ð2:34Þ

∂iG∂jFgij ¼ 0 ð2:35Þ

gij ¼
Z
V
dx3∂iϕs∂jϕs: ð2:36Þ

Let us conclude this section by making some important
comments. First, fixing the norm mλ amounts to fixing the
parametrization along the G lines. Or, equivalently, parti-
ally fixing the diffeomorphism invariance of Eq. (2.17). At
zeroth order, since f ¼ 2ðU − EÞ, Eq. (2.28) is simply
energy conservation in Euclidean time. Hence, in the FSE
formalism, (Euclidean) time is defined as being the para-
metrization respecting (Euclidean) energy conservation.
Second, the hyperplane H, consisting of the field configu-
ration ϕs in field space, is constructed here from the
solution of δG

δϕ⊥ jH ¼ 0 along each G line. As such, there

is no guarantee that it should be everywhere smooth or well
defined. In particular, if we suppose that the G lines are
defined from (t, λ ¼ λi), there may be certain values of the
parameter t for which δG

δϕ⊥ jH ¼ 0 does not have a solution,

and when solutions are found, smoothness of the resulting
hyperplane can rigorously be ascertained only in a small
neighborhood of λi. Finally, it would be interesting to see if
the equation set (2.33) could be transformed into a form
where the metric gij would be directly one of the variables
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and not a derived quantity, we leave this possibility for
future work.
At this point we are ready to approach a concrete

tunneling problem. We will do that in the next section III.
In the remainder of this section, we give arguments to justify
our procedure and in particular the use of the time-
independent FSE.

C. Dynamical tunneling

The formalism developed in the previous subsections is
based on the use of a time-independent functional
Schrödinger equation. In this section, we argue that the
tunneling rate exponent can be obtained by studying a time-
independent problem with suitable boundary conditions. In
particular, extending this to the reduced QFT problem leads
us in Sec. III to introduce time-dependent boundary
conditions, matching the field value and its time derivative.
Most of our arguments will be based on quantum

mechanics, but in some places we also briefly refer to
the full quantum field theoretical situation.

1. Time-dependent states

Let us start with a review of the relevant features of time-
dependent states in a quantum theory.
Energy eigenstates are quasistationary in the sense

that their corresponding probability distributions are time
independent,

Pðx;tÞ¼jψðx;tÞj2¼jψðxÞj2; for energyeigenstate: ð2:37Þ

Tunneling can nevertheless be described by considering
the particle flux on the left- and the right-hand side of the
barrier. Importantly, in quantum mechanics, this calculation
can be done for any (permissible) energy, not only in for the
ground state. This already gives some justification for
trying to consider the time-independent Schrödinger equa-
tion also for an energy that is not the ground state energy.
Nevertheless, there is no true time dependence yet. In

quantum mechanics, time dependence arises from a super-
position of states with different energy. The states closest to
the oscillating homogeneous fields considered in Sec. III
are coherent states. In the case of a harmonic oscillator, they
are (see, e.g., [25,26])

jαðtÞi ¼ exp

�
−
jαj2
2

�X
n

αnffiffiffiffiffi
n!

p jni; ð2:38Þ

where

αðtÞ ¼ xmax

ffiffiffiffiffiffiffi
mω

2ℏ

r
expð−iωtÞ: ð2:39Þ

Here xmax is the amplitude of the “classical” oscillation, and
we have chosen the phase such that the expectation value of

x is maximal at t ¼ 0. The corresponding wave function is
given by

ψαðxÞ ¼ ψ0ðxÞ exp
�
−
jαj2
2

�X
n

αn

2n=2n!
Hn

� ffiffiffiffiffiffiffi
mω

ℏ

r
x

�
;

ð2:40Þ

where ψ0ðxÞ denotes the wave function of the ground state.
For our purposes, the important observation is that a

coherent state is not an energy eigenstate but instead it is a
superposition of energy eigenstates. The expectation value
coincides with the classical one,

hEi ¼ 1

2
mω2x2max þ

1

2
ℏω: ð2:41Þ

More importantly, the variance is nonvanishing,

ΔE2 ¼ ℏ
mω3

2
x2max ≈ ℏωE; ð2:42Þ

where the approximate equality holds for large excitations.
As we would expect for the transition to classical behavior,
the relative uncertainty in the energy decreases with
increasing energy (or occupation number),

ΔE
E

¼
ffiffiffiffi
ω

E

r
¼

ffiffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffiffi
mω=ℏ

p
xmax

: ð2:43Þ

This has important consequences for our field theoretical
case of interest. First of all, it is straightforward to
generalize the result of the quantum mechanical harmonic
oscillator to the field theory Schrödinger functional,4

Ψ½ϕ� ¼Ψ0½ϕ�exp
�
−
jαj2
2

�X
n

αn

2n=2n!
Hnð

ffiffiffiffiffiffiffi
mV

p
ϕÞ: ð2:44Þ

In the field theoretical case, we have the relations

α ¼ ϕmax

ffiffiffiffiffiffiffi
mV

p

2
ð2:45Þ

and

ΔE
E

¼
ffiffiffi
2

pffiffiffiffiffiffiffi
mV

p
ϕmax

; ð2:46Þ

where ϕmax is the amplitude of the homogeneous field
oscillations. We are also interested in the (spatially aver-
aged) field amplitude

4To obtain a suitable finite volume, we could, e.g., consider a
three-dimensional torus with periodic boundary conditions. We
use ℏ ¼ c ¼ 1.
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Δϕ
ϕmax

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
pffiffiffiffiffiffiffi

mV
p

ϕmax

s
: ð2:47Þ

This also goes down with the volume. Crucially, the relative
uncertainty is not only suppressed with the amplitude of the
oscillation, but also with the volume V that we consider.
Generally speaking for macroscopic volumes, the relative

energy (and field) variance is much smaller in quantum field
theory.While this is suggestive of using an energy eigenstate
for the calculation of the tunneling rate if the dependence of
the rate on the energy is not too big, some caution is required.
First of all, the relevant volume for the bubble formation is
only the size of the bubble; hence, it is not infinite. Perhaps

more importantly, states with degenerate energy can have
already quite different tunneling rates.
This can be easily seen from a textbook two-dimensional

quantum mechanical example.5 Let us consider a rectan-
gular potential barrier with infinite extent in one direction.
Finding the tunneling solutions for this problem is exactly
the same as the case of a one-dimensional barrier. Putting
the barrier in the x direction, the problem factorizes

ψðx; yÞ ¼ C expðikyyÞϕðxÞ; ð2:48Þ

where ϕðxÞ is the tunneling solution in the one-dimensional
problem and C is a normalization constant. The tunneling
probability is given by

PðkyÞ ¼
1

1þ V2
0

4ðE−ℏ2k2y=2mÞðV0−ðE−ℏ2k2y=2mÞÞ sinh
2ð2a ffiffiffiffi

m
p

=ℏ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðV0 − ðE − ℏ2k2y=2mÞ

q
Þ
; ð2:49Þ

where a is the thickness of the barrier and V0 its height.
For a given energy, the tunneling probability therefore

strongly depends on the size of ky. In a sense, this is not
surprising since only the momentum transverse to the
barrier is relevant for the tunneling rate (the same is also
true in the classical case).
In the field theoretical case, there is an infinite number of

degenerate states for a given energy. In general, the
tunneling probability will depend on the specific properties
of the initial state. Importantly, for our initial state to be a
proper “classical” state, we will later take any momenta
orthogonal to the classical evolution to be negligible
compared to the parallel one. In particular, this fixes the
degeneracy described above.
That said, Eq. (2.49) in a sense already exhibits structure

that we will follow (similar to what is done in [21]). In one
direction, we have classical motion and in the other,
perpendicular one we have tunneling. We will therefore
split the QFT problem into a direction with classical
motion, implementing the classical boundary conditions
for the field and its time derivative, and a tunneling
direction. We hope that this captures the relevant features
of the initial state. Nevertheless, in general, we should keep
the above caveat in mind.

2. The saddle point approximation
and initial conditions

Starting from the wave function at an initial time ti,
ψðx; tiÞ, we can determine the wave function at some later
time tf by the path integral expression (we closely follow
the arguments given in [8])

ψðxf;tfÞ¼
Z

Dx
Z

dxiexpðiS½xðtÞ;xf;tf;xi;ti�=ℏÞψðxi;tiÞ:

ð2:50Þ

Here S½xðtÞ; xf; tf; xi; ti� is the action for a path xðtÞ that has
initial values xi at ti and final value xf at tf.
Let us now consider a situation where the initial wave

function is given by the coherent state Eq. (2.40). For
convenience, we can write it as

ψðx;tÞ¼N exp

�
−
mω

2ℏ
ðx−xclðtÞÞ2þ ipclðtÞx=ℏþ iθðtÞ

�
;

ð2:51Þ

where xclðtÞ and pclðtÞ are the “classical” position and
momentum of the position and momentum at time t. In the
quantum mechanical setup, they coincide with the expect-
ation values of the respective quantities.
We can now employ the saddle point approximation

in the variable xi (both ti and tf are given and fixed).
Minimizing the exponent in Eq. (2.50), we have

i
∂S
∂xi −mωðxi − xclðtiÞÞ þ ipclðtiÞ ¼ 0: ð2:52Þ

Using

∂S
∂xi ¼ −pi; ð2:53Þ

we therefore have

5In one dimension, one usually does not have degenerate
states.
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mωðxi − xclðtiÞÞ þ iðpi − pclðtiÞÞ ¼ 0: ð2:54Þ

Insisting that both xi and pi are real, we obtain the initial
conditions for our time-dependent problem

xi ¼ xclðtiÞ; pi ¼ pclðtiÞ: ð2:55Þ

Using the methods developed in Secs. II A and II B, we
will implement these boundary conditions in a simple
example in Sec. III.

3. Superposition of states and its effect
on the tunneling rate

As we have seen above, the relative energy spread in
quantum field theory is not very large; nevertheless, there is
an important caveat to keep in mind. The tunneling rate
does not in general depend only on the energy of the
system. However, if one assumes that the potential orthogo-
nal to the initial direction of the oscillations is very steep,
the system can be assumed to be in the ground state in this
direction.6

We can then develop a picture (cf. [21]) where we have
classical evolution in one direction (in our case y) and the
tunneling direction is in the other variables.
Let us first focus on creating a suitable initial state for

our problem. We consider a two-dimensional quantum
mechanical problem with potential Vðx; yÞ.7 We will
suppose that the system is initially classically evolving
in the y direction. As discussed above, we decompose the
initial wave function as

Ψi ¼ Ψx;0Ψðy; tÞ; ð2:56Þ

where Ψx;0 is a ground state solution for the approximately
harmonic steep potential in the x direction.
We are interested in forming a wave packet of time-

independent WKB solutions around a coordinate y0 and
therefore define

Ψðy; tÞ ∝ exp

�
i
ℏ
FðyÞ − i

ℏ
Et

�
: ð2:57Þ

Varying the energy, the available impulsion k at a given
point y0 can be defined through

∂yFjy¼y0 ≡ kðy0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðE − V0Þ

p
; ð2:58Þ

where we have noted V0 ¼ Vðy0Þ and the second
equality derived from the Schrödinger equation at y0.

8

Reciprocally, we can label these WKB solutions by their
momentum k at y0, using that their energy satisfies at the
point y ¼ y0,

EðkÞ ¼ V0 þ
k2

2m
: ð2:59Þ

We stress that this is merely a way of labeling the one-
dimensional family of the WKB solutions of the
Schrödinger equation for the potential Vð0; yÞ. Focusing
on an initial oscillating state, we can form a Gaussian wave
packet of variance λ,

Ψðy; tÞ ∝
Z

dk exp

�
−
ðk0 − kÞ2
2λℏ2

þ iF
ℏ
− i

EðkÞt
ℏ

�
: ð2:60Þ

If we expand F around y0 as

Fðk;yÞ¼FðE0;y0Þþðy−y0Þkþ
k2−k20
2m

∂EFjE0;y0 ; ð2:61Þ

we obtain after integrating

Ψðy;tÞ∝ exp

�
−

λm2

2ðm2þλ2ℏ2t2Þ
��

y0þ
k0
m
t

�
−y

�
2

þ iα
ℏ

�
;

ð2:62Þ

where we have translated the time parameter by the
constant ∂EFjE0;y0 and collected in α the terms contributing
to the phase. We obtain a standard Gaussian wave packet of
plane waves centred in momentum around k0 and in
position around y0 with a spread controlled by λ, as
constructed in a similar context in [21]. In particular, the
choice λ ¼ Oðℏ−1Þ leads to wave packet localized in both
position and momentum with a OðℏÞ spread. Notice that
the localization of the crest of the wave packet could also be
easily obtained by using the saddle point approximation on
the exponent of (2.60), leading to

�
k − k0 ¼ 0

y − y0 ¼ k
m t;

ð2:63Þ

and we recover the complete wave-packet results.
Once F and G have been obtained by solving the

time-independent Schrödinger equation, the wave function
in the full system can be obtained from the original wave
packets as

6Or at least very near to the ground state in the sense that
excitations in these directions areOðℏÞ compared to the evolution
in the “classical” direction. This is particularly relevant for the
field theoretic case where perturbations around the classical
homogeneous solution are ℏ suppressed.

7Which can for instance correspond to the effective potential
introduced earlier restricted to thehypersurfaceH,withU½ϕsðλ;lÞ�.

8Notice that we only consider right-moving positive solutions
for F, but the reasoning would proceed similarly for left-moving
solutions.
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Ψðx; y; tÞ ∝
Z

dk exp

�
−
ðk0 − kÞ2
2λℏ2

þ iF
ℏ

−
G
ℏ
− i

EðkÞt
ℏ

�
:

ð2:64Þ

As was already pointed out in [21], the wave-packet shape
itself is strongly deformed during the tunneling due to the
simple fact that each part of the packet feels a different part
of the barrier.
Let us nevertheless study the dependence of the crest of

the packet on the other coordinate x (effectively the
tunneling direction) at a fixed time t using again the saddle
point approximation. Overall, we are asking how a wave
packet localized around a classical path (and therefore
being maximal on it) extends into the remaining directions.
The important observation here is that F is constant

along the lines generated by ∇⃗G, henceforth called G lines
(see Appendix A or [21]), so that

Fðx; y; EÞ ¼ Fð0; Y0ðx; y; EÞÞ; ð2:65Þ

where Y0 is the inverse function along G lines defined such
that given a point x⃗1, Y0ðx⃗1; EÞ ¼ y0 along the G line
starting at (0, y0). Applying the previous decomposition
(2.61) of Fð0; yÞ in this case leads to the deformed
expansion

Fðx⃗1þ δ⃗x;EÞ ¼Fð0;y0;E0Þþ δ⃗x · ∇⃗Y0jx⃗1k

þ k2− k20
2m

ð∂EFjE0;y0 þ k∂EY0jx⃗1Þ; ð2:66Þ

and finally, using the saddle point approximation, and again
translating the time coordinate to absorb the constant
∂EFjE0;y0 , we obtain

� k − k0 ¼ λℏ k
m ∂EG

δ⃗x · ∇⃗Y0jx1;y1 ¼ ∂EY0

2m ð3k2 − k20Þ:
ð2:67Þ

In particular, we see that the crest of the wave packet
naturally extends orthogonally to ∇⃗Y0—and therefore
along the G lines—but can be moved away by corrections
stemming from ∂EG and ∂EY0.

9

Overall, we conclude that as a first approximation, we
can estimate the time-dependent tunneling rate for a
classical oscillating state yðtÞ of energy E by determining
Gðx; yÞ for a WKB state of energy E and then following the
integral line of G starting at yðtÞ.
When moving into the full-fledged quantum field theory,

this conclusion could be modified in two ways. First, the
field support on which we will project the problem onto a
quantum mechanical one will depend on the energy,

implying that during tunneling, the wave packet will also
spread in field space. However, since the initial wave
function is only one dimensional, the field support will be
independent of the energy (as one will be always able to
reparametrize time to ensure it) and depends only on the
potential. This implies that the initial wave packet can be
formed on a one-dimensional support as we did for the
quantum mechanical problem. We will neglect the sub-
sequent spreading effect in the following. Second, the mass
term m defined above is now a function of the metric gij on
the field hyperplaneH, so that one has mðx; yÞ. In practice,
we then define m ¼ mð0; y0Þ, ensuring that the initial wave
packet is properly defined. The subsequent effect of the
variation of m is included in Y0 since the shape of the G
lines depends on the metric.

III. TUNNELING IN AN OSCILLATING
BACKGROUND

As an application of the formalism described above, we
evaluate the time-dependent decay rate of an initially
homogeneous field configuration oscillating around a false
vacuum to a deeper one. The two-dimensional hyperplane
H will be constructed from all the MPEP at a given time of
the oscillation.

A. The membrane action

We consider a setup similar to the one introduced in [22].
Namely, we use an asymmetric double well potential of the
form

V ¼ gc4

4
ðϕ2=c2 − 1Þ2 − Bðϕþ cÞ; ð3:1Þ

where g, c, and B are positive constants. We define the
inverse “thickness” of the wall by

μ≡
ffiffiffiffiffiffiffiffiffi
2gc2

q
and assume the “thin-wall” hierarchy

Bc ≪ μ2c2: ð3:2Þ

It will be useful to introduce the thin-wall parameter α
defined by

α≡ Bc
μ2c2

≪ 1; ð3:3Þ

such that the radius of the vacuum-to-vacuum bubble R0 is
given by

R0 ¼
1

μα
: ð3:4Þ9In the QFT case, the energy derivative is naturally suppressed

by the volume V compared to the coordinate ones ∂E ∝ 1=V.
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During the initial oscillating phase, the field undergoes a
classical evolution with its energy density conserved. The
energy density of an oscillating scalar field is given by

e ¼ 1

2
ð∂tϕÞ2 þ VðϕÞ ð3:5Þ

and remains constant during the oscillations since kinetic
energy is simply transferred to potential energy. Hence,
provided that we can neglect the variation in tension (small
oscillations), the initial radius of the classical solution
corresponding to a true vacuum bubble will not depend on
the time at which tunneling occurs. According to the
discussion of Sec II C, we will focus on solving the FSE
in the WKB regime, assuming a stationary solution with
energies very close to the classical energy of an oscillating
initial state.
In the thin-wall limit, we can neglect the details of the

potential shape and parametrize the whole evolution of the
system as a function of the membrane tension σ0 along
the wall W, the difference between the energy density in
the membrane and outside of it ε, the bubble radius R (we
suppose a spherically symmetric bubble), and the value of
the field outside of the bubble (assumed to be unperturbed).
As noticed in [22], the field oscillations within the bubble
are typically suppressed during the bubble nucleation
process, we will therefore assume we can neglect them
in the following. Furthermore, we will consider that the
field outside the bubble is not perturbed by the bubble
nucleation and given by small harmonic oscillations around
the false vacuum

ϕout ¼ cð−1þ qf cos μTÞ; ð3:6Þ

where we use uppercase T to emphasize the fact that this
time parameter is used to describe the field configuration
outside the bubble. The energy of such a classical initial
state over the control radius Λ is simply

E ¼ 4

3
πΛ3e: ð3:7Þ

Crucially, the dominant expansion parameter in this
scenario is not qf, but rather the ratio q2f=α. As argued
in [22], this expansion parameter roughly compares the size
of the oscillations with the thin-wall approximation and
ensures that the subsequent evolution of the bubble is not
strongly modified by the surrounding oscillating field.
Similarly, we will see that when considering the variation
of tunneling rate, the expansion naturally orders around
q2f=α. In the thin-wall regime, the direct consequence of
requiring

q2f
2α

≪ 1

is that all changes of the wall tension derived from the
oscillation of the external field, proportional to q2f are
negligible at first order. The radius of the bubble nucleated
at the extremum of the oscillation Re has been determined
in [22] using the standard Coleman instanton approach. At
first order in q2f=α, it reads

Re ¼
R0

1þ q2f
4α

: ð3:8Þ

Based on these assumptions, it is possible to reduce the
action for the scalar field ϕ to the simplified form [22]

S ¼
Z

dT

�
−4πσ0R2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − _R2

p
þ 4

3
πpR3 þ 4

3
πpoutΛ3

�
;

ð3:9Þ

where the pressure is defined by

p≡ pin − pout

≡
�
1

2
_φ2
in − Vðcþ φinÞ

�
−
�
1

2
_φ2
out − Vð−cþ φoutÞ

�
:

ð3:10Þ

In particular, for the potential (3.1) introduced earlier, the
tension can be written as

σ0 ¼
2μ

3
½c2 þOðφ2

in;φ
2
outÞ�: ð3:11Þ

In this form, and as it was noticed in [20], the action
strongly resembled the one of particle pair creation in a
time-dependent electric field, with the distance between
electron and positron replacing the radius r of the bubble.
The latter can be solved using the standard instantonic
method by promoting time to a complex parameter and
solving the corresponding equations of motion. However,
these two scenarios differ in a crucial way: for the
oscillating tunneling case, the time dependence is given
by the initial state dynamics, which is mainly now hidden in
the expression for the pressure in Eq. (3.9). In contrast, for
the pair creation case, it is the potential which depends on
time due to the presence of the background electric field. In
that sense, the oscillating field tunneling resembles more
closely the QM case with an initially oscillating particle [8]
and the pair creation process, the tunneling in a time-
dependent potential [18,19]. One issue with the membrane
form of the action (3.9) is that it does not properly describe
the initial configuration of the field through the variable R,
so that the setup is markedly different from the one
described in [8]. In particular, it is not clear that complex-
ifying the time parameter will properly describe the bubble
tunneling.
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The expression (3.11) corresponds to the tension for the
vacuum to vacuum, for which one can easily find an
approximate form for the bubble’s field profile. Indeed,
following the standard treatment from [4,5] and assuming
that the solution during tunneling is Oð4Þ-symmetric, the
field only depends on ξ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2 þ jx⃗j2
p ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2 þ ρ2
p

and
Euclidean equation of motion for the field profile ϕ is

∂2ϕ

∂ξ2 þ
3

ξ

∂ϕ
∂ξ ¼ V 0ðϕÞ: ð3:12Þ

The first “viscous” derivative term in (3.12) is neglected in
the “thin-wall approximation” around the bubble wall,
leading to the usual solution

ϕ0ðξÞ ¼ −c tanh
�
μ

2
ðξ − R0Þ

�
; ð3:13Þ

where R0 is the final radius of the bubble defined above. An
important comment is that (3.13) can be further approxi-
mated in the vicinity of the bubble by noting that

ξ − R0 ≃
ρ2 − R2

2R0

; ð3:14Þ

where R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 − λ2

p
is the radius of the bubble during

tunneling (namely between λ ¼ −R0 and λ ¼ 0 in the
chosen parametrization). Using this parametrization, we
can put aside the imaginary time parameter λ altogether and
describe the nucleating bubble directly for its 3D field
profile along with its radius. Notice also that using this
approximation, the viscous terms are suppressed by a thin-
wall parameter α compared to the second-derivative one,
validating the consistency of our approximation.
In the following section, we will use the approach

described in the previous section based on the FSE instead
of the instantonic method. Our final result then resembles
more closely the results from [8] than the one for tunneling
in a time-dependent potential in that the tunneling rate
exponent will not have an exponential increase with the
oscillations.

B. The FSE approach

The first step is to use the membrane approximation to
simplify the equations of motion for the field and absorb the
space dependence. We neglect the variation in tensions
following the discussion in the previous sections. We will
assume that along the wall the solution can be parametrized
with r corresponding to ξ − R0 in Eq. (3.13) and being
given by

r≡ ρ2 − Rðλ;lÞ2
RfðlÞ

: ð3:15Þ

Here R is the radius of the bubble and Rf is the final radius
after tunneling, assumed to be a function of l.
The choice mostly amounts to fixing the dependence

on ρ in our bubble profile and assuming that this profile will
be deformed during the tunneling. The radius R of the
bubble depends on the variables parametrizing the two-
dimensional surface in field space which we use for our
tunneling process. Using this form amounts to neglecting
all the derivatives which are parallel to the wall and taking
only the variation perpendicular to it into account.
Furthermore, we continue to use the thin-wall approxima-
tion so that we can neglect first derivative terms in ρ
compared to the second order derivative contributions.
We will use a shorthand notation

∂λ ≡ ∂iG∂i and ∂l ≡ ∂iF∂i: ð3:16Þ

The equation for the field from (2.33) then reads

½ð∂λrÞ2 − ð∂lrÞ2 þ ð∂ρrÞ2�∂2
rϕþ fðl; λÞ∂rϕ ¼ V 0ðϕÞ;

ð3:17Þ

where we have included the free function f to make explicit
the freedom present in Eq. (2.33) to add a multiple of ∂iϕ.
Multiplying by ∂rϕ, we see that a particularly attractive
choice for f is

fðl; λÞ ¼ 1

2
∂r½ð∂λrÞ2 − ð∂lrÞ2 þ ð∂ρrÞ2�

����
ρ∼Rðl;λÞ

: ð3:18Þ

Using this and integrating over r, we can find a simple
relation which holds in the vicinity of the wall

½ð∂λrÞ2 − ð∂lrÞ2 þ ð∂ρrÞ2�ð∂rϕÞ2 ¼ 2VðϕÞ: ð3:19Þ

In particular, we can express the wall tension as

σ ≡
Z

ϕin

ϕout

dϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2VðϕÞ

p

¼
Z
W
dρð∂rϕÞ2ð∂ρrÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð∂λrÞ2 − ð∂lrÞ2

ð∂ρrÞ2
s

; ð3:20Þ

and more importantly, absorb the space dependence
of the solution along the wall using our definition of r
to obtainZ

W
dρð∂ρϕÞ2 ¼

σ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð∂λRÞ2 − ð∂lRÞ2

p ; ð3:21Þ

where in replacing σ by σ0, we used the fact that the
variation of the tension is proportional to q2f and therefore
negligible at first order in q2f=2α. Let us now turn to the
FSEs in Eqs. (2.33)–(2.36). The second step is to use the
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previous result to expand explicitly the effective potential
part. We find

2ðU − EÞ ¼ ð4πσ0ÞR2

�
−2

R
Re

þ R3 − Λ3

R0R2

q2f
2α

sin2μT

�

þ 4π2R2

Z
W
dρ½ð∂ρϕÞ2 þ 2V� ð3:22Þ

¼ð4πσ0R2Þ
�
−
R
Re

þ 2þð∂λRÞ2−ð∂lRÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð∂λRÞ2−ð∂lRÞ2

p −mT

�
:

ð3:23Þ

Finally, we can recast the energy conservation,
Eq. (2.34), and probability conservation, Eq. (2.35), equa-
tions in two different ways. The first, more general
possibility would be to use the G lines approach outlined
earlier in Sec. II B and using the definition of the parameter
λ to express Eqs. (2.34) and (2.35) as

∂λG ¼ 2ðU − EÞ þ ∂iF∂iF ð3:24Þ

∂λF ¼ 0: ð3:25Þ

The second equation implies that F is constant along a G
line and thus equal to its initial value at a time T0ðT; RÞ
where T0 is the function giving the initial time correspond-
ing to the G line passing by the point (T, R).
Notice that the term ∂iF∂iF includes a contribution from

the induced metric on the hypersurface H. A convenient
parametrization of H is to label the field profiles using
(T, R). The parameter T fixes the field outside of the bubble
as in Eq. (3.6). It can be matched to the time parameter of
the time-dependent FSE using the wave-packet procedure
described in Sec. II C 3. We first introduce the metric
elements for the R and T parameters by

mR ≡
Z
V
d3xð∂RϕÞ2 ¼

ð4πσ0R2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð∂λRÞ2 þ ð∂lRÞ2

p ð3:26Þ

mT≡
Z
V
d3xð∂TϕÞ2¼ð4πσ0Þ

Λ3−R3

R0

q2f
2α

sin2μT: ð3:27Þ

The first equation is obtained by plugging in our ansatz
for the bubble wall. For the second equation, we observe
that the main contribution ∼q2f=α is simply the time
derivative of the field outside the bubble but inside the
control volume. The time derivative of the bubble solution
integrated over the wall region is suppressed by a thin-wall
factor α and therefore negligible in our approximation. The
off-diagonal metric components vanish as a consequence of
neglecting the variation in tension. Following the method
described in Sec. II B, we can then search for the parameter
equation for the G line (TðλÞ, RðλÞ). Once all G lines have

been found, one can then extract T0ðT; RÞ and iterate the
process until convergence. The final tunneling rate is then
obtain by integrating along G lines,

G¼
Z

λf

λi

dλmλ¼
Z

λf

λi

dλðð∂λRÞ2mRþð∂λtÞ2mTÞ: ð3:28Þ

However, given that the system at hand has been
substantially simplified already, there is a more direct
approach. We can directly solve for G and F by observing
that we have

∂λT ¼ ∂TG
mT

∂λR ¼ ∂RG
mR

ð3:29Þ

∂lT ¼ ∂TF
mT

∂lR ¼ ∂RF
mR

: ð3:30Þ

Note that the equations in R are nontrivial since mR has
some ∂λR and ∂lR dependence. Solving them leads to an
expression for mR as function of F and G as

mR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4πσ0Þ2R4 þ ð∂RFÞ2 − ð∂RGÞ2

q
: ð3:31Þ

We can now express directly Eq. (2.33) as an equation on
F and G as function of T and R. After some algebra, we
have

∂TF∂TG ¼ −
mT

mR
∂RF∂RG ð3:32Þ

ð∂RGÞ2 − ð∂RFÞ2

¼ ð4πσ0Þ2R4

�
1 −

�
R
Re

−
ð∂TFÞ2 − ð∂TGÞ2 −m2

T

8πσ0R2mT

�
2
�
:

ð3:33Þ

The boundary conditions for Eq. (3.32) are as follows:

G¼0; and ∂TF¼ð4πσ0Þ
Λ3

R0

q2f
2α

sin2μT atR¼0; ð3:34Þ

where ∂TF is given by the WKB momentum. An important
comment is that this boundary condition on F represents
the initial classical evolution before the tunneling and
thus implements the time dependence of our initial state
in practice. In order to make the correspondence with
Sec. II C 3 more explicit, notice that this initial condition
corresponds to Eq. (2.58), with the parameter T corre-
sponding to y of the quantum mechanical problems. In
other words, the momentum of the WKB solution is fixed
to be the one of the classical solution at this point. The only
additional difficulty in our case is that T now refers to the
best parameter choice to describe the field configuration of
the classically oscillating state. The time dependence
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corresponding to the parameter of the time-dependent FSE
has been absorbed by forming a carefully chosen wave
packet, as described in Sec. II C 3.
Let us conclude this section by noticing that if we focus

on the extremum tunneling case when T ¼ 0 the set of
equations can be drastically simplified. In particular,
∂TF ¼ ∂TG ¼ ∂RF ¼ mT ¼ 0 leads to a trivial solution
GeðRÞ satisfying

ð∂RGÞ2 ¼ ð4πσ0Þ2R4

�
1 −

�
R
Re

�
2
�
; ð3:35Þ

which is fully compatible with our initial condition above
and leads at the bubble nucleation radius to the result found
in [22],

GðReÞ ¼
π

4
σ0R3

e: ð3:36Þ

At T ≠ 0, ∂TF ≠ mT ≠ 0 so that the above simplification
does not occur. In the next section, we will use a
perturbative approach to find analytical and numerical
results.

C. Perturbative expansion and numerics

When considering the problem at first order in
q2f
2α only, as

was done in [22], there are in fact only three variables we
need to consider: the final radius Rf, expected to be a
function of T, then F and G. At zeroth-order, F and G are
given by

∂TF0 ¼ mTðR ¼ 0Þ≡ ð4πσ0Þ
Λ3

R0

q2f
2α

sin2μT

∂RG0 ¼ ð4πσ0ÞR2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðR=RfÞ2

q
; ð3:37Þ

a numerically important point is that we do not use the
vacuum radius in the definition of the G0; this avoids the
appearance of imaginary contributions later on and will be
absorbed in the first order correction.
The final radius is determined by setting the right-hand

side of Eq. (3.33) to zero and expanding Rf ¼ Re þ δ0r . At
first order in δ0r , one obtains10

δ0r ¼ Rf − Re ¼ R0

R3
0 − 2Λ3

R3
0 − Λ3

q2f
4α

sin2μT: ð3:38Þ

In the limit of a large control volume, we find

Rf ¼ R0

�
1þ q2f

4α
cos 2μT

�−1

: ð3:39Þ

This corresponds to the radius obtained in [22] by con-
sidering that the oscillations were completely frozen during
the nucleation of the bubble. When reducing the control
volume closer to R0, our first order approximation breaks
down.
Replacing in the definition of G0, it is now simple to

linearize Eqs. (3.32) and (3.33) in order to fully solve the
system. All the results in the following rely on the previous
approach to numerically solve for F and G. Writing then

G≡G0 þ q2f
2α g and F≡ F0 þ q2f

2α f, the system (3.32) and
(3.33) becomes

∂rf ¼ −R
∂TG0 þ ∂Tgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
f − R2

q ð3:40Þ

∂rg ¼
Rfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
f − R2

q �
ð4πσ0Þ

�
2
R2

Re

�
δr − δ0r

R2

R2
e

�
− δ2r

�

þ ∂Tf
R
Re

Λ3

Λ3 − R3

�
1 −

δrRe

R2

��
; ð3:41Þ

where we have used the shorthand notation δr following the
structure of Eq. (3.38), by

δr ¼
R2

R0

R3
0 − 2Λ3

R3
0 − Λ3

q2f
4α

sin2μT: ð3:42Þ

This system is readily solved numerically. The value of
G we find at the maximal radius rmax describes the final
tunneling exponent, and we can directly compare it with the
action S we obtained numerically in [22] as shown in Fig. 1
for a control volume Λ ¼ 2R0. When the control volume is
significantly larger than R0, the dependence is very similar
and confirms the results obtained before as well as the

FIG. 1. Comparison between time dependence of the tunneling
exponent G and the corresponding action S obtained in [22]. The
values of parameters we used in this example are q2f=2α ¼ 1=10,
4πσ0 ¼ 2, and R0 ¼ 1 with Λ ¼ 10.10We always use Λ > R0.
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simplifications necessary to obtain them. Indeed, this can
be also seen for instance from the definition of δ0r which
converge rapidly to a constant value at large Λ.
We investigate in more details the sensitivity of our

results to the control volume Λ in Fig. 2(a). The depend-
ence of the final tunneling exponent on this parameter
converges to the correct value very quickly as Λ grows and
is very insensitive to its precise value unless the control
volume is not much bigger than the maximal bubble radius
that is Λ ≈ rmax. Finally, we show in Fig. 2(b), the G lines,
which as were seen in Sec. II C 3, represent the preferred
tunneling paths at a given time.
Notice that while Fig. 1 shows the action for t between 0

and π=2, the rest of the evolution is completely symmet-
rical. This is a consequence of our choice of focusing on
corrections of order q2f=α and therefore neglecting varia-
tions of the bubble tension which are typically of order q2f.
Indeed, Eqs (3.32) and (3.33) are fully periodic with period
π and symmetric under T ⇒ π − T, reflecting the sym-
metries of our potential. Contrary to the quantum mechani-
cal case, having an initial state on the other side of the false
vacuum merely implies that the bubble solution will be
deformed to accommodate the initial value.11

IV. CONCLUSIONS

In this work, we have presented a prescription for finding
the leading contribution to the tunneling rate between an
initial state dynamically evolving around an unstable
vacuum and the true vacuum configuration in the frame-
work of QFT. Based on the functional Schrödinger
equation, we have shown how the problem can be reduced
into finding a “most probable escape hyperplane” and
solving a time-independent quantum mechanical problem
on this plane. Furthermore, while the initial state is
dynamical, the final tunneling rate in the quasiclassical
limit can be obtained from energy eigenstate, by approxi-
mating the initial configuration from a suitable wave packet
of WKB solutions. Interestingly, we find that the quantum
mechanical “masses” are then defined from the field
configurations which mediate the tunneling. In particular,
they can be replaced by defining a metric on the most
probable escape hyperplane.
While noticeably simpler than the full FSE, our final set

of equations, Eq. (2.33) remains challenging to solve in full
generality. Indeed, it requires solving simultaneously the
field equation fixing the hyperplane as well as an integro-
differential equation on this plane. Focusing on the case of
tunneling from an initial oscillating state, we used the thin-
wall approach to simplify drastically the equation of motion
for the field, which allowed us to estimate at first order the
tunneling rate. We have further numerically estimated this
rate, hence complementing and confirming our previous
results from [22] specifically devoted to this case. An
appealing side aspect of the formalism presented in this

1 2 5 10
0.0

0.2

0.4

0.6

0.8

1.0

(a) (b)

FIG. 2. (a) Sensitivity of the tunneling exponent to the artificial control volume parameter Λ. (b) G lines in the R=T plane with Λ ¼ 1.4
for blue dotted lines and Λ ¼ 3 for yellow dashed lines. The values of parameters we used in both panels are q2f=2α ¼ 1=10, 4πσ0 ¼ 2,
and R0 ¼ 1.

11As an example, after expanding the equation of motion at
first order around the vacuum to vacuum, [20] found an
approximation for the relevant bubble profiles. Note however
that these profiles are classical solutions and do not per se
describe a tunneling event.
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work is moreover that it could be used to describe two
successive tunneling events in QFT (as argued in
Appendix C), where the standard instanton method cannot
be directly applied to describe the second bubble nuclea-
tion, leading to several controversial claims of possible
resonant tunneling in this setup [27,28], later contested
by [24,29].
While this work focuses on the direct effects of the

dynamic of the initial state on quantum tunneling, the
presence of parametric resonance phenomena [30–33] (see
also, e.g., the recent work [34]) which can transfer directly
energy from an oscillating field to fuel the growth of
perturbations will likely also have a strong impact on
tunneling by creating seeds for subsequent bubbles to
nucleate. It is nonetheless important to point out that the
formalism described above applies already during the first
oscillations and does not require several field oscillations to
build up fluctuations.
Several theoretical aspects of our calculations would

nevertheless deserve a deeper look. In particular, our
equations are properly defined only in a given control
volume. While this was also the case for the standard
vacuum-to-vacuum case, the volume terms could always be
factored out. In our two-dimensional case, the metric in the
“time direction” of the hyperplane depends directly on the
size of the control volume. Albeit this dependence cancels
out in the large volume limit, our approximation breaks
down when considering a control volume close to the final
bubble radius. We believe this issue could be tied with the
problem of decoherence as the control volume can be seen
as the typical volume on which we are able to maintain
quantum coherence for long enough to allow the tunneling
process to happen. Finally, tunneling in quantum field
theory has been historically tackled both through the FSE
formalism and a path integral formulation, since we present
in this work a study using the former, it would be
interesting to check our results using with the latter.
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APPENDIX A: WKB APPROXIMATION

Since our FSE approach to dynamical tunneling in QFT
is based on a reduction of the problem to a simpler quantum
mechanical one, it will be instructive to review shortly the
basics of tunneling in QM with the WKB formalism,
further expanding them to the case of multidimensional
tunneling described by [21] whom we closely follow.

Following the WKB intuition, we look for a solution of
Ψ of the form

Ψ ∝ exp

�
iS
ℏ

�
; ðA1Þ

where

S ¼ F þ iG:

Replacing in the time-independent Schrödinger, we obtain
the system

�
ℏG00 þ ðG02 − F02Þ ¼ 2mðE − VðλÞÞ
2F0G0 ¼ F00ℏ;

ðA2Þ

where we denote derivatives with respect to λ by a prime. It
can be solved in the semiclassical limit by considering the
decomposition

F ¼
X∞
n¼0

ℏnFn

G ¼
X∞
n¼0

ℏnGn:

At first order in ℏ and in the classically accessible region,
the first nonzero coefficients are

F0 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðE − VÞ

p ≡�p

G1 ¼ −
1

4
½logðE − VÞ�0;

so that the wave function takes the form

Ψ ¼ αL
1ffiffiffi
ℏ

p ffiffiffiffi
p

p exp

�
i
ℏ

Z
λ

λ0

pðlÞdl
�

þ αR
1ffiffiffi
ℏ

p ffiffiffiffi
p

p exp

�
−
i
ℏ

Z
λ

λ0

pðlÞdl
�
; ðA3Þ

where the coefficients αL and αR depend on the choice of
the integration limit λ0. In the classically forbidden region,
the same reasoning leads to

Ψ ¼ αþ
1ffiffiffi
ℏ

p ffiffiffiffĩ
p

p exp

�
1

ℏ

Z
λ

λ0

p̃ðlÞdl
�

þ α−
1ffiffiffi
ℏ

p ffiffiffiffĩ
p

p exp

�
−
1

ℏ

Z
λ

λ0

p̃ðlÞdl
�
; ðA4Þ

where p̃ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2mðE − VÞp

. Matching between both
regimes cannot be done immediately within the WKB
approximation since it breaks down near the classical
turning points where V → E. One then again solves the
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Schrödinger equation, but this time at the vicinity of the
turning points λ�. Around these points, the potential can be
linearized and the Schrödinger equation reduces to an Airy
equation whose solutions asymptotics in −∞ and þ∞ are
known. By matching these asymptotic forms with theWKB
solutions in both the allowed and forbidden regions, one
obtains the so-called connection formula. Crucially, these
formulas only modify the real part of the wave function.
They are thus critical in accounting for interference
phenomena like resonant tunneling, but can be neglected
while focusing on the tunneling exponent as we do in
this work.
This formalism has been extended in [21] to the

multidimensional case. In this case, the Heisenberg equa-
tion using the WKB approximation becomes

ð∇GÞ2 − ð∇FÞ2 þ ℏ∇2G ¼ 2mðE − UÞ ðA5Þ

2∇F ·∇G ¼ ℏ∇2F; ðA6Þ

where the last equation should be understood as the
requirement that the divergence of the probability current
e2G=ℏ∇F vanishes. We can see ∇S ¼ ∇F þ i∇G as the
“momentum” of the wave function.
In the semiclassical limit we are interested in, we want to

neglect the ℏ terms in the above equations. This implies the
two conditions,

ð∇FÞ2 ≫ ℏ∇2F

ð∇GÞ2 ≫ ℏ∇2G; ðA7Þ

which are broken either when∇G, ∇F vanish (correspond-
ing to the usual case U − E ¼ 0) or when ∇2G;∇2F
become very large. The latter occurs at caustic of the F
lines and G lines, namely when initially neighboring lines
cross. For a slowly varying barrier compared to its steep-
ness, this happens at the turning point of F lines. We will be
interested to the case of tunneling with an initial transverse
momentum, so that ∇F will be nonvanishing parallel to the
barrier. In that case, the matching with the quantum regime
will occur along the caustic, or in our approximations,
when the momentum is perpendicular to the barrier (for an
almost step function, this is simply at the barrier itself).
Note that one can also find an interpolation at the boundary
between classical and quantum regimes in terms of Airy
functions; see [21].
We are left with solving (A5) under the barrier. Bowcock

and Gregory described a step-by-step procedure allowing to
solve this system perturbatively assuming

ℏ ≪
E
U
;

ð∇FÞ2
U

≪ 1: ðA8Þ

Indeed, at zeroth order, Eq. (A5) reduces to the standard
form

ð∇GÞ2 ¼ 2mU; ðA9Þ

which can be solved by using the momentum transfer
equation derived from (A9),

∇G∇G ¼ m∇U; ðA10Þ

which amounts to search for the integral lines of the
gradient of G. Once these lines have been found, we can
use the second equation of (A5) to prove that F is constant
along such lines and subsequently find ∇F under the
barrier. Replacing in the first equations of (A5) leads to the
full equation for G at first order

ð∇GÞ2 ¼ 2mU − ð2mE − ð∇FÞ2Þ: ðA11Þ

Solving step by step, one can obtain the tunneling rate.

APPENDIX B: ONE-DIMENSIONAL
REDUCTION OF THE FSE

If one assumes that the hypersurface H is one dimen-
sional, the problem can be solved completely in the
WKB approximation. We review in this appendix this
case, following [7,24], which can be used to obtain the
vacuum-to-vacuum tunneling rate. Since the initial state is
time independent, we can start our analysis directly from
the FSE for an eigenstate of energy E,

Z
V
dx3
��

δF
δϕ

�
2

−
�
δG
δϕ

�
2

þ ℏ
δ2G
δϕ2

�
¼ 2E − 2UðϕÞ

Z
V
dx3
�
δF
δϕ

δG
δϕ

− ℏ
δ2F
δϕ2

�
¼ 0; ðB1Þ

where we have omitted the space dependence of the
functional derivative for notational simplicity. The one-
dimensional H corresponds to the field configurations
ϕsðλÞ, such that

δ

δϕ⊥
ΨðϕÞj

H
¼ 0 ⇒

8<
:

δF
δϕ⊥

���
H
¼ 0

δG
δϕ⊥

���
H
¼ 0

: ðB2Þ

We can write the functional derivative along the line H by
decomposing it as12

12This is easily understood by going back to the finite
dimensional limit where the previous formula can be written as

∇⃗ ¼ n⃗jj1
jn⃗jj1j2

∂ n⃗jj1 þ ð⊥field configurationsÞ:
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δ

δϕ

����
H
¼ ∂λϕs

mλ

Z
V
dx∂λϕs

δ

δϕ

����
H
þ δG
δϕ⊥

����
H

≡ ∂λϕs

mλ
∂λ þ

δG
δϕ⊥

����
H
;

where we have introduced the field normalization

mλ ≡
Z
V
dx3ð∂λϕsÞ2: ðB3Þ

Using this decomposition of the functional derivative on the
hypersurface H, we can then reduce the FSE (2.6) to the
system of ordinary differential equations in λ,

ð∂λFÞ2 − ð∂λGÞ2 þ ℏ∂2
λG ¼ −2mλðUðϕÞ − EÞ

∂λF∂λG − ℏ∂2
λF ¼ 0: ðB4Þ

Following the WKB approximation, we will be interested
in the tunneling process itself in the semiclassical limit,
meaning that we suppose

ℏ∂2
λðF þ iGÞ ≪ ð∂λðF þ iGÞÞ2:

In the semiclassical approximation, the system (B4) has
two regimes depending on the sign of UðλÞ − E. The case
U − E < 0 corresponds to the classical region. In this
regime, we find

∂λF ¼ � 1

ℏ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mλðE −UÞ

p
þOð1Þ≡� i

ℏ
pþOð1Þ

∂λG ¼ 1

4
∂λ½logðE −UÞ� þOðℏÞ; ðB5Þ

along with the “energy conservation” relation

mλ ¼ 2ðE − UðλÞÞ: ðB6Þ

The fact that the previous equation refers to energy
conservation can be readily seen by using the definition
of mλ in Eq. (B3) and recasting it as

Z
V
dx3
�ð∇ϕÞ2

2
þ VðϕÞ þ 1

2

�∂ϕ
∂t
�

2
�

¼ E: ðB7Þ

In the quantum region, which corresponds toU − E > 0,
we obtain

∂λG¼� 1

ℏ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mλðU −EÞ

p
þOð1Þ≡� i

ℏ
pþOð1Þ ðB8Þ

∂λF ¼ −
1

4
∂λ½logðU − EÞ� þOðℏÞ ðB9Þ

and

mλ ¼ 2ðUðλÞ − EÞ: ðB10Þ

The wave functional can then be written in the standard
form (in the quantum region) as function of two constants
αþ and α−,

ΨðλÞ ¼ 1ffiffiffiffi
p

p
�
αþ exp

�
1

ℏ

Z
λ

λi

dypðyÞ
�

þ α− exp

�
−
1

ℏ

Z
λ

λi

dypðyÞ
��

: ðB11Þ

Contrary to the quantum mechanical case, we are
however not done yet, since we still do not have any
information on the form of the path ϕs. Using the explicit
form for the wave functional in the WKB approximation,
we can recast the second equation of (2.6) in a solvable
form. Writing δϕ⊥ an infinitesimal field variation orthogo-
nal to ϕs,

δ

δϕ⊥
ΨðϕÞ

����
ϕs

¼ 0 ⇔
Z
V
dx3
�
δϕ⊥ðxÞ

δ

δϕ
ΨðϕÞ

����
ϕs

�
¼ 0

⇔
Z
V
dx3
�
δϕ⊥ðxÞ

δ

δϕ
ðF þ iGÞ

����
ϕs

�
¼ 0:

We can now use the explicit form of our action to express
this last equation as a simple equation of motion for ϕs. Let
us first focus on the quantum regime. We have F constant

and G ¼ R λfλi dλ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mλðU − EÞp

. Replacing in the previous
equation, we find

Z
dx3δϕ⊥ðxÞ

�Z
λf

λi

dλ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mλðU − EÞ

p �
¼ 0

and finally

Z
dx3δϕ⊥ðxÞ

Z
λf

λi

dλ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ðU−EÞ
mλ

s
δmλþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mλ

ðU−EÞ
r

δU

!
¼0

⇒
∂2

∂λ2ϕsþΔϕsþ
∂V
∂ϕ¼0: ðB12Þ

We therefore recover the standard equations of motion for
the field in Euclidean time. Coupled to the solution for the
wave functional (B8), this procedure has been used in [7] to
recover the tunneling rate from a false vacuum to a true
vacuum by using the Coleman-De Luccia instanton as a
solution of (B11). The classical case can be treated
completely similarly, and one would recover the equation
of motion for the field in real time. An important comment
is that the “time” parameter λ defined along the curve H
and satisfying Eq. (B7) is different from the time t which
gives the evolution of the wave functional. In the calcu-
lation, λ simply appears as a convenient parametrization of
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the classical path, for which the equation of motions take
their standard form.

APPENDIX C: SUCCESSIVE
TUNNELING EVENTS

An interesting consequence of the formalism introduced
in Sec. II B is that it can be adapted to described the case of
multitunneling events. Let us focus on the simplest case
where the first tunneling event does not interact with the
second one. It is obvious that the tunneling rate for such
double-bubble emergence will simply be the product of the
tunneling rate for each event. Nonetheless, the traditional
instantonic formalism cannot rigorously describe it since
the initial state for the second tunneling event is time
dependent due to the first bubble growth.
If the two events are spatially decorrelated (in the sense

that the field from the outer bubble is constant on the wall
of the inner one), we can write the effective potential as

Uðt; λÞ ¼ UgðtÞ þUtunðλÞ; ðC1Þ

where Ug is the effective potential of a single classically
growing bubble and UtunðλÞ is the effective potential of a

single tunneling bubble. We can use a field configuration
described by

ϕðx⃗; t; λÞ ¼ ϕg1ðx⃗; tÞ þ ϕtunðx⃗; λÞ; ðC2Þ

where the first term ϕg1 describe the growing bubble and
ϕtun the second tunneling event as a solution of the equation
of motion Eq. (2.32). The phase of the wave functional
before tunneling is then simply given by F ¼ Fg1ðtÞ, where
Fg1ðtÞ is the WKB solution for the growing bubble. Since
the effective potential is separated, the FSE (2.17) is
trivially satisfied separately for its classical part

−∂iF∂iF ¼ 2ðUg1 − EÞ ðC3Þ

and its quantum one

∂iG∂iG ¼ 2Utun; ðC4Þ

as long as G is given by the standard one bubble tunneling
expression and F ¼ Fg1ðtÞ.
Overall, the tunneling rate of the two events is then the

sum of both rates as expected.
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