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We derive a quantum kinetic theory for fermions with arbitrary mass in a background electromagnetic
field using a Wigner-function approach. Since spin of massive fermions is a dynamical degree of freedom
(d.o.f.), kinetic equations with leading-order quantum corrections describe entangled dynamics of not only
vector- and axial-charge distributions but also of the spin polarization. Therefore, we obtain one scalar and
one axial-vector kinetic equations with magnetization currents pertinent to the spin-orbit interaction. We
show that our results smoothly reduce to the massless limit where the spin of massless fermions is no longer
an independent dynamical d.o.f. but is enslaved by the chirality and momentum, and the accordingly
kinetic equations turn into chiral kinetic theory for Weyl fermions. We provide a kinetic theory covering
both massive and massless cases and hence resolving the problem of constructing a bridge between them.
Such a generalization may be crucial for applications to various physical systems. Based on our kinetic
equations, we discuss the anomalous currents transported by massive fermions in thermal equilibrium.

DOI: 10.1103/PhysRevD.100.096011

I. INTRODUCTION

Triggered by predictions of the chiral magnetic effect
(CME)/chiral vortical effect (CVE) [1–3], the transport of
Weyl fermions has been widely studied in recent years.
In light of connections to quantum anomalies, those
transport phenomena have attracted much attention in
systems with quite different energy scales, including
relativistic heavy-ion collisions [4,5], Weyl semimetals
[6], and lepton transport in supernova explosions [7,8].
To investigate such anomalous transport in out-of-

equilibrium systems, chiral kinetic theory (CKT) has been
developed to capture the chiral anomaly effects [9–26].
Particularly, recent progress constructed a robust bridge
between CKT and quantum field theory on the basis of the
ℏ expansion applied to the Wigner functions, which allows
for systematic derivation of the side-jump effects stemming
from spin-orbit coupling and collisions [15,17,18].
However, the CKT developed for massless fermions

appears to have an issue in its connection to the existing
quantumkinetic theory formassive fermions [27–31]. There
are crucial differences between the massless and massive

fermions as representations of the Lorentz symmetry.
Whereas spin ofWeyl fermion is enslaved by its momentum
and is not an independent dynamical d.o.f., spin of massive
Dirac fermions is subject to dynamical effects. It is thus
necessary to understand how the side jumps and magnetic-
moment coupling in CKTare reduced from the dynamics of
massive fermions to the massless limit.
In the aforementioned systems, mass effects will play

sizable roles. For example, the measurements of global
polarization for Λ hyperons in heavy-ion collisions [32,33]
motivated by theoretical predictions [34,35] have triggered
increasing studies of spin-polarization formation and angu-
lar momenta of relativistic fluids [36–43]. Since the spin of
Λ is attributed mainly to the strange-quark component,
one may not treat them as massless fermions compared to
the temperature of the quark-gluon plasma. In addition, the
mass corrections upon the axial currents, generated by
the axial CVE and the chiral separation effect (CSE), has
accordingly received further attention [44–46]. As for the
astrophysical applications of the chiral-plasma instability
[47], a critical question was raised about the relaxation time
of the axial charge due to the effects of electron mass
[48,49]. These remain open questions and will be important
applications of the CKT with the mass correction, which
can simultaneously trace the time evolution of the charge
transport, chiral imbalance, and spin polarization.
In this paper, we apply a Wigner-function approach to

derive a quantum kinetic theory for fermions with arbitrary
mass, which we call axial kinetic theory (AKT). Recently,
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related studies were presented in Refs. [50,51], in which the
kinetic theories are derived in the rest frame of massive
fermions. Although physics is frame invariant (analogous
to gauge invariance), the choice of rest frame—similar to
the choice of a particular gauge—is legitimate only for
fermions with a mass larger than typical electromagnetic
and gradient scales. Physically, one simply cannot define a
rest frame for massless particles. The kinetic theories
derived therein consequently causes divergence and the
breakdown of ℏ expansion for smaller masses. In order to
apply a relativistic situation such as heavy-ion collisions,
where the quark mass is smaller than or comparable to the
gradient scale, one needs a theory applicable to an arbitrary
frame (or at least a proper frame). AKT covers both the
massive and massless cases and hence resolves the problem
in constructing a bridge between them and should be
regarded as an underlying theory which embodies the
effective theories obtained in Refs. [50,51] for the large-
mass regime. After formulation, we discuss anomalous
currents transported by massive fermions in a thermal
equilibrium, which are important in heavy-ion collisions
and neutron-star physics.
This paper is organized as follows. In Sec. II, we present

master equations obtained from the Wigner-function
approach. In Sec. III, the perturbative solution of the vector
part of the Wigner functions (WFs) is derived, and a
corresponding scalar kinetic equation in an axial-vector
kinetic equation (AKE) is obtained. In Sec. IV, we further
derive the axial part of the WFs partially with an alternative
approach and generalization, where we also present a
corresponding axial-vector kinetic equation in the AKE.
In Sec. V, we discuss anomalous transport in thermal
equilibrium in our formalism. We then give brief con-
clusions and an outlook in Sec. VI. Details of the
derivations and computations are presented in the
appendixes.

II. WIGNER FUNCTIONS AND
MASTER EQUATIONS

We consider a massive Dirac field ψ , which is, unlike a
massless Dirac field, no longer decomposed into a pair of
Weyl fermions. The Wigner transformation applied to the
quantum expectation values of the correlation functions
reads

S
<ð>Þ

ðq; XÞ ¼
Z

d4Ye
iq·Y
ℏ S<ð>Þðx; yÞ; ð1Þ

where X ¼ ðxþ yÞ=2 and Y ¼ x − y. Here, S<ðx; yÞ ¼
hψ̄ðyÞψðxÞi and S>ðx; yÞ ¼ hψðxÞψ̄ðyÞi are lesser and
greater propagators, respectively. Hereafter, we focus on
S<ðx; yÞ. Note also that the gauge link is implicitly
embedded and qμ thus represents the kinetic momentum.
We then apply a decomposition based on the Clifford
algebra [29],

S
<
¼ S þ iPγ5 þ Vμγμ þAμγ5γμ þ

Sμν

2
Σμν; ð2Þ

where Σμν ¼ i½γμ; γν�=2 and γ5 ¼ iγ0γ1γ2γ3. The coeffi-
cients Vμ and Aμ contribute to the vector- and axial-charge
currents, while S and P are related to the quark and chiral
condensates, respectively. The antisymmetric Sμν is related
to magnetization.
For simplicity, we work in the regime where the collision

effects are sufficiently weak and drop the contribution from
the self-energy. Then the lesser propagator obeys

ðΠ −mÞS
<
þ γμi

ℏ
2
∇μS

<
¼ 0; ð3Þ

where m is the mass of the fermion, ∇μ ¼ Δμ þOðℏ2Þ,
Πμ ¼ qμ þ ℏ2

12
ð∂ρFνμÞ∂ρ

q∂ν
q þOðℏ4Þ, and Δμ ¼ ∂μ þFνμ∂ν

q,
with Fμν being the background-field strength. Equation (3)
can be written into ten equations with 32 d.o.f. [29]. Three
of them read

mS ¼ Π · V; mP ¼ −
ℏ
2
∇μAμ;

mSμν ¼ −ϵμνρσΠρAσ þ ℏ
2
∇½μVν�; ð4Þ

where A½μBν� ≡ AμBν − BνAμ. Therefore, one can choose
either eight functions S, P, and Sμν as a set of independent
functions or the other half, Vμ and Aμ [52]. We choose the
latter set and apply an ℏ expansion to the rest of equations,
which results in

Δ · V ¼ 0; ð5Þ

ðq2 −m2ÞVμ ¼ −ℏF̃μνAν
; ð6Þ

qνVμ − qμVν ¼
ℏ
2
ϵμνρσΔρAσ; ð7Þ

q ·A ¼ 0; ð8Þ

ðq2 −m2ÞAμ ¼ ℏ
2
ϵμνρσqσΔνVρ; ð9Þ

q · ΔAμ þ FνμAν ¼
ℏ
2
ϵμνρσð∂σFβνÞ∂β

qVρ; ð10Þ

where F̃μν ¼ ϵμναβFαβ=2. We have retained the leading-
order quantum corrections and removed one redundant
equation which can be reproduced from the above set; the
detailed derivations are shown in Appendix A.
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III. VECTOR WIGNER FUNCTIONS/SCALAR
KINETIC EQUATION

We now seek perturbative solutions ðV=AÞμ ¼
ðV=AÞμ0 þ ℏðV=AÞμ1 up to Oðℏ1Þ. The zeroth-order solu-
tions are immediately obtained from Eqs. (6)–(9) as

ðV0=A0Þμ ¼ 2πðq=aÞμδðq2 −m2ÞfV=A; ð11Þ

where fV=Aðq; XÞ represent the vector/axial distribution
functions. Here, aμðq; XÞ satisfies q · a ¼ q2 −m2 and
corresponds to the (non-normalized) spin four vector.
As shown below, we have aμ ¼ qμ in the massless limit
because the spin is enslaved by the momentum. However,
aμ is a dynamical variable in the massive case which should
be determined by the kinetic theory.
Hence, we anticipate to derive the scalar kinetic equation

(SKE) and axial-vector kinetic equation (AKE) governing
the dynamical d.o.f. fV=A and aμ, Plugging Eq. (11) into
Eqs. (5) and (7), one acquires the LO kinetic equations,
δðq2 −m2Þq · ΔfV ¼ 0 and δðq2 −m2Þ□μνãν ¼ 0, where
ãμ ¼ aμfA and □μνãν ¼ q · Δãμ þ Fνμãν. The spin part is
the renown Bargmann-Michel-Telegdi equation [53].
For Oðℏ1Þ solutions, we first focus on the vector part,

which can be derived from Eqs. (5)–(7). Similar to the
massless case [17,22], Eqs. (6) and (7) determine the
modification of the dispersion relation and the magnetiza-
tion-current (MC) term, respectively. Accordingly, we
find [54]

Vμ
1 ¼ 2πF̃μνaνδ0ðq2 −m2ÞfA þ 2πδðq2 −m2ÞGμ; ð12Þ

Gμ ¼ ϵμνρσnν
2q · n

½ΔρðaσfAÞ þ FρσfA�; ð13Þ

where δ0ðq2 −m2Þ≡ dδðq2 −m2Þ=dq2, and nμðXÞ corre-
sponds to a local frame vector specifying the spin basis.
See Appendix B for more details of the derivation. The
presence of MC term implies that fV is frame dependent,
which follows the modified frame transformation between
arbitrary frames nμ and n0μ,

fðn
0Þ

V − fðnÞV ¼ ℏϵλνρσnλn0ν
2ðq · nÞðq · n0Þ ðΔρaσ þ FρσÞfA; ð14Þ

as derived in Appendix F, where the superscripts ðn0Þ=ðnÞ
of fV denote the frame dependence. Note that fV=A are
frame independent at Oðℏ0Þ. When one defines the spin
basis in the massive particle’s rest frame, the explicit form
of the frame vector reads nμ ¼ qμ=m such that q · n ¼ m,
and the above expressions reduce to those obtained in
Ref. [50], whereas this frame choice is only valid at large

mass when mS
<
≫ jγ · ΔS

<
j. It is necessary to choose a

different frame for smaller mass. See also Appendix E for
further discussions upon this issue.
When m ¼ 0 and aμ ¼ qμ, Gμ reproduces the side-jump

term for massless fermions [15,17]. Inserting Eqs. (11)–
(13) into Eq. (5) yields the SKE up to Oðℏ1Þ,

0 ¼ δðq2 −m2Þ
�
q · ΔfV þ ℏ

�EμS
μν
aðnÞ

q · n
Δν þ SμνaðnÞð∂μFρνÞ∂ρ

q þ ð∂μS
μν
aðnÞÞΔν

�
fA

�
−
δ0ðq2 −m2Þ

q · n
Bμ□μνãν

þ ℏ
2
δðq2 −m2Þϵμναβ

�
Δμ

�
nβ
q · n

�
½ðΔνaαÞ þ Fνα� þ

nβ
q · n

ðð∂μFρνÞð∂ρ
qaαÞ þ ½ðΔνaαÞ − Fρνð∂ρ

qaαÞ�ΔμÞ
�
fA; ð15Þ

where Eμ ¼ nνFμν, Bμ ¼ 1
2
ϵμναβnνFαβ, and

SμνaðnÞ ¼
ϵμναβaαnβ
2q · n

ð16Þ

is the spin tensor. When m ¼ 0 and aμ ¼ qμ, the second
line in Eq. (15) vanishes and the first line reproduces the
CKT in the massless case [17,18,22]. The detailed deriva-
tion of Eq. (15) is shown in Appendix D.

IV. AXIALWIGNER FUNCTIONS/AXIAL-VECTOR
KINETIC EQUATION

The axial part of Wigner functions is obtained from
Eqs. (8)–(10). However, unlike the vector part, Eqs. (8) and
(9) lead only to the modified dispersion relation and do not
uniquely fix the magnetization-current (MC) term. We thus
obtain

Aμ
1 ¼ 2πF̃μνqνδ0ðq2 −m2ÞfV þ 2πδðq2 −m2ÞHμ; ð17Þ

with an undetermined MC term Hμ up to the constraint
δðq2 −m2Þq ·H ¼ 0 on shell. While Eq. (10) yields the
AKE, we do not find any quantum correction whenHμ ¼ 0
and Fμν ¼ 0.
In order to find the MC term for Aμ

1, we will implement
an alternative method by constructing Wigner functions
directly through the second quantization of free Dirac
fields, as examined in the massless case [17]. The quantized
free Dirac field reads [55]

ψðxÞ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffi
2Ep

p X
s

usðpÞe−ip·xasp; ð18Þ

where Ep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þm2

p
and where we drop antifermions

for simplicity. We have the annihilation (creation) operators

asð†Þp and the wave function usðpÞ ¼ ð ffiffiffiffiffiffiffiffiffi
p · σ

p
ξs;

ffiffiffiffiffiffiffiffiffi
p · σ̄

p
ξsÞT ,
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with s and ξs being the spin indices and the two com-
ponent spinor, respectively [55]. Here, σμ and σ̄μ are four-
dimensional Pauli matrices which satisfy σμσ̄ν þ σνσ̄μ ¼
σ̄μσν þ σ̄νσμ ¼ 2ημν, with the Minkowski matrix ημν.
The lesser propagator then takes the form

S<ðx; yÞ ¼
Z

d3p
ð2πÞ3

Z
d3p0

ð2πÞ3
1ffiffiffiffiffiffiffiffi
2Ep

p 1ffiffiffiffiffiffiffiffiffi
2Ep0

p
×
X
s;s0

usðpÞūs0 ðp0Þhas0†p0 aspieip−·X−ipþ·Y; ð19Þ

where pμ
þ ¼ ðpþ p0Þμ=2 and pμ

− ¼ ðp − p0Þμ. The density
operator can be written as has0†p0 aspi ¼ δss0NVðp;p0Þ þ
Ass0 ðp;p0Þ, where Ass0 ðp;p0Þ ≠ 0 when s ≠ s0. We para-
metrize the results of the spin sum as

P
s ξsξ

†
s ¼ n · σ ¼ I

and
P

s;s0 ξsAss0ξ
†
s0 ¼ S · σ such that S · n ¼ 0. After the

Wigner transformation, we define

f̃Vðq; XÞ≡
Z

d3p−

ð2πÞ3NV

�
qþ p−

2
; q −

p−
2

�
e−ip−·X;

Ŝμðq; XÞ≡
Z

d3p−

ð2πÞ3 Sμ
�
qþ p−

2
; q −

p−
2

�
e−ip−·X; ð20Þ

where Ŝμðq; XÞ is related to the spin four vector. Further
making the ℏ expansion led by the pμ

− expansion for wave
functions analogous to the derivation in Ref. [17] for Weyl
fermions, we find that Eq. (19) yields ðV=AÞμ in terms of
f̃V=A with the explicit forms up to Oðℏ1Þ,

Vμ ¼ 2πδðq2 −m2Þ
�
qμfV þ ℏ

ϵμναβnβ
2q · n

∂νðaαfAÞ
�
; ð21Þ

Aμ ¼ 2πδðq2 −m2Þ½aμfA þ ℏSμνmðnÞ∂νfV �: ð22Þ

Note that we have identified the present parametrizations to
the previous ones as

fV ¼ f̃V −
ℏSμνmðnÞ
q · n

∂νŜμ; ð23Þ

a · nfA ¼ Ŝ · q; a⊥μfA ¼ ðŜ · qÞq⊥μ

q · nþm
−mŜμ; ð24Þ

where the subscripts “⊥” denote the components
perpendicular to nμ, i.e., vμ⊥ ≡ vμ − ðv · nÞnμ for the
vector vμ. We also introduced the following tensor:

SμνmðnÞ ¼
ϵμναβqαnβ

2ðq · nþmÞ ¼
ϵμναβqαnβ
2a · n

: ð25Þ

Onemay refer toAppendixC for details of the computations.
The Vμ

1 in Eqs. (21) and (12) agree with each other when
Fμν ¼ 0.Note that theprevious constraintq · a ¼ q2 −m2 is
satisfied ifwe take Ŝ · q ¼ ðq · nþmÞfA,which implies that
−Ŝμ ¼ qμ⊥fA=ðq · nÞ when m ¼ 0. Thus, ða · nÞ=ð2q · nÞ is
identified with the helicity in the massless limit. From
Eq. (24), one can obtain the second equality in Eq. (25).
In Eq. (22), one can read off the MC term [56]

Hμ ¼ SμνmðnÞΔνfV: ð26Þ

We generalize the derivative operator to include a back-
ground field analogous to themassless case [17], andwe find
that Aμ has a symmetric form with Vμ under interchanges
qμ ↔ aμ andfV ↔ fA. InEq. (22), onecouldabsorbHμ bya
redefinition āμfA ≡ aμfA þ ℏHμ. The freedom of such a
redefinition reveals itself as the nonuniqueness of the MC
term, as we saw when solving the master equations (8) and
(9) forAμ, and it could occur in themassive case since aμ is a
dynamical variable to be determined by kinetic theory.
However, it is crucial to explicitly separate the MC term
Hμ from aμ in order to see a smooth reduction to the CKT
whereaμ is no longer an independent dynamical variable and
is enslaved by qμ. TheHμ is also important for including the
spin-orbit interaction. Note that Hμ ¼ 0 when nμ ¼ qμ=m,
which is thus omitted in Refs. [50,51]. Similar to the case for
fV , aμfA also obeys the following modified frame trans-
formation,

aðn0Þμfðn
0Þ

A − aðnÞμfðnÞA

¼ ℏϵμναβ

2

�
nβ

ðq · nþmÞ −
n0β

ðq · n0 þmÞ
�
qαΔνfV: ð27Þ

Then, plugging Eqs. (11) and (17) into Eq. (10) and
carrying out straightforward arrangements, we derive the
AKE as

0 ¼ δðq2 −m2Þðq · ΔðaμfAÞ þ FνμaνfAÞ þ ℏqμ
�
δðq2 −m2Þ

�
ð∂αSανmðnÞÞΔν þ

SανmðnÞEαΔν

q · nþm
þ SρνmðnÞð∂ρFβνÞ∂β

q

�

− δ0ðq2 −m2Þ q · B
q · nþm

q · Δ
�
fV þ ℏm

�
δðq2 −m2Þϵμναβ
2ðq · nþmÞ

�
mð∂αnβÞΔν þ ðmnβ þ qβÞ

�ðEα − ∂αðq · nÞÞ
q · nþm

Δν

− ð∂νFραÞ∂ρ
q

��
þ δ0ðq2 −m2Þ ðmnβ þ qβÞF̃μβ

q · nþm
q · Δ

�
fV: ð28Þ
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The detailed derivation is shown in Appendix D. Taking the
massless limit m → 0, one immediately finds that aμ ¼ qμ

from Eq. (28) and that the full equation reduces to the
CKT in Ref. [18] multiplied by qμ, which manifests the spin
alignment along the momentum. In contrast, when m ≠ 0,
the background field and the derivative of the local frame
vector engender nontrivial spin force.
When solving kinetic equations (15) and (28), we need to

handle the terms proportional to δ0ðq2 −m2Þ. All of these
terms can be arranged with the leading-order (LO) kinetic
theory shown below Eq. (11): 2δ0ðq2−m2Þqμq ·ΔfV ¼
−δðq2−m2Þ∂μ

qðq ·ΔfVÞ and 2δ0ðq2−m2Þ□μνãν¼−δðq2−
m2Þ∂ρ

qððq ·nÞ−1nρ□μνãνÞ up toOðℏ1Þ. Then, all of the delta
functions can be factored out from the CKTs.
From the solutions of the CKTs, one can get the vector/

axial currents and the symmetric/antisymmetric parts of the
canonical energy-momentum tensor [57],

JμV=5 ¼ 4

Z
q
ðV=AÞμ; Tμν

S=A ¼ 2

Z
q
ðVμqν � VνqμÞ; ð29Þ

where
R
q ≡

R
d4q=ð2πÞ4. Angular-momentum conserva-

tion arises from Eq. (7) as discussed in the massless case
[39], and Tμν

A is responsible for the angular-momentum
transfer (see Ref. [43] and the references therein). As an
example, we consider the nonrelativistic limit with constant
nμ and Eμ. By approximating qμ ≈mnμ, Eq. (28) yields
n · ΔðaμfA − ℏϵμναβEαnβ∂qνðfV=4ÞÞ ≈ 0 after dropping the
subleading terms in m and arranging the delta functions
with the aforementioned strategy. Then, we find a spin Hall
current in the stationary state,

Jμ5 ≈ −2πℏϵμναβEαnβ

Z
q
δðq2 −m2Þ∂qνfV: ð30Þ

V. ANOMALOUS TRANSPORT IN
THERMAL EQUILIBRIUM

As an application, we discuss the mass effects on the
anomalous transport in global equilibrium with constant
thermal vorticity and chemical potentials, and we compare
our conclusions from the SKE and AKE with those from
the Kubo formula calculations.
While collisionless kinetic equations do not uniquely

determine equilibrium WFs [18], we may construct
equilibrium WFs motivated by the following considera-
tions. For the vector charges, we may naturally take the
Fermi distribution function fVeq ¼ f0ðq · u − μVÞ ¼ 1=
ðexpðβðq · u − μVÞÞ þ 1Þ, where β ¼ 1=T and μV are the
inverse temperature and vector chemical potential, respec-
tively. On the other hand, the axial charge should be
damped out as t → ∞ when m ≠ 0 because of the scatter-
ing. Thus, fAeq may be at most Oðℏ1Þ induced by the
vorticity correction. Referring to the massless case [16,18],
we also expect that Aμ

eq does not have an explicit

dependence on nμ. Thus, we propose an equilibrium
Wigner function in constant magnetic field and thermal
vorticity

Vμ
eq ¼ 2πδðq2 −m2Þqμf0; ð31Þ

Aμ
eq ¼ 2πℏ

�
δðq2 −m2Þ

4
qνϵνμαβΩαβ∂q·β

þ F̃μνqνδ0ðq2 −m2Þ
�
f0; ð32Þ

where Ωμν ¼ ∂ ½μðβν�Þ=2 corresponds to the thermal vor-
ticity and βν ¼ βuν. The equilibrium Aμ

eq takes the equiv-
alent form as the one for massless fermions at constant
temperature except for the on-shell condition [18] and
was also proposed for massive fermion [36] (a similar
form to [37]), which satisfies the master equations. See
Refs. [58,59] for WFs beyond weak vorticity and with
acceleration.
The equilibrium Wigner functions (31) and (32) now

lead to the CSE and the axial CVE, JμB=ω5 ¼ σB=ωðB=ωÞμ,
where

σB=ω ¼ ℏ
2π2

Z
∞

0

djqjgB=ωfð−=þÞ
0 ðEqÞ; ð33Þ

with gB¼1, gω¼ð2E2
q−m2Þ=Eq, and f

ð�Þ
0 ¼f0ðEq−μVÞ�

f0ðEqþμVÞ. Here, the fluid vorticity ωμ is defined as
ωμ ≡ TuνϵμναβΩαβ=2 ¼ ϵμναβuνð∂αuβÞ=2. Theabove results
agreewith thosederived from theKubo formulawith thermal
correlators [45,46]. Similar to themassless case [15,16,18], a
part of the axial CVE comes from theMC termwhich can be
identified by comparing Aμ

eq with the general form (22).
Finally, since fAeq ¼ Oðℏ1Þ, we conclude that the CME

and vector CVE vanish at equilibrium when m ≠ 0. On the
other hand, it was shown by the thermal field theoretical
calculation that the CME at equilibrium receives no mass
correction [60,61]. However, the axial chemical potential
μ5 is not a static quantity in the massive case, and the
thermal field theory with a constant μ5 does not correctly
capture its dynamics. The thermal field theoretical calcu-
lation may work only under certain caveats on the existence
of μ5, and there are no equilibrium currents at strict thermal
equilibrium at μ5 ¼ 0. Only when equilibrium statistical
operators breaking charge conjugation, parity, and rotation
symmetry (e.g., with acceleration and chemical potential)
exist would vector currents be allowed.

VI. CONCLUSIONS AND OUTLOOK

In this work, we developed the quantum kinetic theory
for arbitrary-mass fermions, which provides a theoretical
framework for describing the coupled dynamics among the
spin and the vector and axial charges. Moreover, we
constructed a bridge on the long-standing gap between
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the CKT and axial kinetic theory. In the future, we will
include collision effects to investigate their relaxation
dynamics. It is feasible with an extension of the collision
terms developed in the massless limit [17–19], and
with deeper understandings and techniques obtained in
this work.
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APPENDIX A: DERIVATION OF
MASTER EQUATIONS

In this section, we derive the six master equations for the
Wigner functions of Dirac fermions. We shall start with the
Dirac Lagrangian density,

L ¼ ψ̄ði=D −mÞψ ; ðA1Þ

where the covariant derivative isDμ ¼ ∂μ þ iAμ=ℏwith the
U(1) gauge field Aμ. We define the greater and lesser
propagators as

½S>ðx; yÞ�αβ ≡ e
i
ℏ

R
y

x
AμðzÞdzμhψαðxÞψ̄βðyÞi; ðA2Þ

½S<ðx; yÞ�αβ ≡ e
i
ℏ

R
y

x
AμðzÞdzμhψ̄ βðyÞψαðxÞi: ðA3Þ

Here, α and β denote the spinor indices.
After the Wigner transformation defined as

S≶ðq; XÞ ¼
Z

d4Y
ð2πÞ4 e

i
ℏq·YS≶ðX þ Y=2; X − Y=2Þ; ðA4Þ

the lesser propagator without collision terms obeys

ðΠ −mÞS< þ γμi
ℏ
2
∇μS< ¼ 0;

S<ðΠ −mÞ − i
ℏ
2
∇μS<γμ ¼ 0; ðA5Þ

or equivalently,

fðΠ −mÞ; S<g þ iℏ
2
½γμ;∇μS<� ¼ 0;

½ðΠ −mÞ; S<� þ iℏ
2
fγμ;∇μS<g ¼ 0; ðA6Þ

where we introduce

∇μ ¼ ∂μ þ j0ð□ÞFνμ∂ν
q;

Πμ ¼ qμ þ
ℏ
2
j1ð□ÞFνμ∂ν

q; □ ¼ ℏ
2
∂ρ∂ρ

q: ðA7Þ

Here, we define ∂μ ≡ ∂=∂Xμ, ∂μ
q ≡ ∂=∂qμ, and Fμν ≡∂μAν − ∂νAμ. Also, j0ð□Þ; j1ð□Þ are modified Bessel

functions. We note that ∂ρ in □ only acts on Fνμ when
having spacetime-dependent background fields. Making
the ℏ expansion, which corresponds to the gradient
expansion for ∂μ ≪ qμ, one finds that

∇μ ¼ ∂μ þ Fνμ∂ν
q −

ℏ2

24
ð∂ρ∂λFνμÞ∂λ

q∂ρ
q∂ν

q þOðℏ4Þ;

Πμ ¼ qμ þ
ℏ2

12
ð∂ρFνμÞ∂ρ

q∂ν
q þOðℏ4Þ: ðA8Þ

We then apply the decomposition based on the Clifford
algebra,

S< ¼ S þ iPγ5 þ Vμγ
μ þAμγ

5γμ þ Sμν

2
Σμν; ðA9Þ

where Σμν ¼ i½γμ; γν�=2 and γ5 ¼ iγ0γ1γ2γ3.
For simplicity, we consider the collisionless case, in

which Eq. (A6) results in

mVμ ¼ ΠμS −
ℏ
2
∇νSνμ; ðA10Þ

2mAμ ¼ −ϵμνρσΠσSνρ þ ℏ∇μP; ðA11Þ

mS ¼ Π · V; ðA12Þ

mP ¼ −
ℏ
2
∇μAμ; ðA13Þ

mSμν ¼ −ϵμνρσΠρAσ þ ℏ
2
∇½μVν�; ðA14Þ

and

∇μVμ ¼ 0; ðA15Þ

Π ·A ¼ 0; ðA16Þ

ΠνVμ − ΠμVν −
1

2
ϵμνρσℏ∇ρAσ ¼ 0; ðA17Þ

2ΠνSνμ þ ℏ∇μS ¼ 0; ðA18Þ
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ϵμνρσℏ∇σSνρ þ 4ΠμP ¼ 0: ðA19Þ

By writing S, P, and Sμν in terms of Vμ and Aμ from
Eqs. (A12)–(A14), we obtain

∇ · V ¼ 0; ðA20Þ

ðΠμΠ · V −m2VμÞ ¼ −
ℏ
2
ϵνμρσ∇νΠρAσ þ ℏ2

4
∇ν∇½νVμ�;

ðA21Þ

Π ·A ¼ 0; ðA22Þ

ΠνVμ − ΠμVν ¼
ℏ
2
ϵμνρσ∇ρAσ; ðA23Þ

ðΠ2 −m2ÞAμ − ΠσΠμAσ ¼ ℏ
2
ϵμνρσΠσ∇νVρ −

ℏ2

4
∇μ∇ ·A;

ðA24Þ

ℏððΠμ∇σÞAσ þ∇σΠσAμÞ ¼ ℏ2

4
ϵμνρσ∇σ∇½νVρ�; ðA25Þ

ℏðΠ ·∇Vμ þ ð∇μΠνÞVνÞ ¼ 2ϵνμρσðΠνΠρÞAσ; ðA26Þ

where A½μBν� ≡ AμBν − BνAμ. Up to OðℏÞ, Eqs. (A20)–
(A26) read

Δ · V ¼ 0; ðA27Þ

qμq · V −m2Vμ ¼ −ℏF̃μσAσ þ ℏ
2
ϵμνρσqρΔνAσ; ðA28Þ

q ·A ¼ 0; ðA29Þ

qνVμ − qμVν ¼
ℏ
2
ϵμνρσΔρAσ; ðA30Þ

ðq2 −m2ÞAμ ¼ ℏ
2
ϵμνρσqσΔνVρ; ðA31Þ

q · ΔAμ þ FνμAν ¼
ℏ
2
ϵμνρσΔσΔνVρ

¼ ℏ
2
ϵμνρσð∂σFβνÞ∂β

qVρ; ðA32Þ

q · ΔVμ þ FνμVν ¼
ℏ
2
ϵμνρσð∂νFβρÞ∂qβAσ; ðA33Þ

where Δμ ¼ ∂μ þ Fνμ∂ν
q. To obtain the right-hand side of

Eq. (A33), we employ the following equation,

2ϵνμρσðΠνΠρÞAσ ¼ 1

6
ϵνμρσð∂ρFβν þ ∂βFρνÞ∂qβAσ

¼ 1

2
ϵνμρσð∂ρFβνÞ∂qβAσ; ðA34Þ

where we derive the second equality above from the
relation

ϵνμρσ∂βFρν ¼ 2ϵνμρσ∂ρFβν; ðA35Þ

led by

ϵνμρσ∂βFρν ¼ ϵνμρσ∂βð∂ρAν − ∂νAρÞ
¼ ϵνμρσð∂ρðFβν þ ∂νAβÞ − ∂β∂νAρÞ

¼ ϵνμρσ

�
∂ρFβν þ 1

2
∂βFρν

�
: ðA36Þ

Note that Eq. (A33) is in fact redundant, which can be
derived from Eq. (A30). On the other hand, one can further
rewrite Eq. (A28) by using Eq. (A30) in a manner similar to
Eq. (A31). Accordingly, we shall deal only with the
following six master equations,

Δ · V ¼ 0; ðA37Þ

ðq2 −m2ÞVμ ¼ −ℏF̃μνAν
; ðA38Þ

qνVμ − qμVν ¼
ℏ
2
ϵμνρσΔρAσ; ðA39Þ

q ·A ¼ 0; ðA40Þ

ðq2 −m2ÞAμ ¼ ℏ
2
ϵμνρσqσΔνVρ; ðA41Þ

q · ΔAμ þ FνμAν ¼
ℏ
2
ϵμνρσð∂σFβνÞ∂β

qVρ

¼ ℏ
2
ð∂αF̃μνÞ∂α

qVν; ðA42Þ

where F̃μν ¼ ϵμναβFαβ=2 and where we employ the
Schouten identity,

ηλμϵρναβ − ηλρϵμναβ − ηλνϵρμαβ − ηλαϵρνμβ − ηλβϵρναμ ¼ 0;

ðA43Þ
to derive the last equality in Eq. (A42).

APPENDIX B: PERTURBATIVE SOLUTION FOR
WIGNER FUNCTIONS

Wewill then seek for the perturbative solution for Vμ and
Aμ from the equations above, for which we take ðV=AÞμ ¼
ðV=AÞ0μ þ ℏðV=AÞ1μ þOðℏ2Þ. At leading order up to
Oð1Þ, from Eqs. (A38) and (A39), it is found that
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V0μ ¼ 2πqμδðq2 −m2ÞfV; ðB1Þ

which follows the leading-order kinetic theory led by
Eq. (A37),

δðq2 −m2Þq · ΔfV ¼ OðℏÞ: ðB2Þ

The 2π factor in Eq. (B2) is introduced for convention. For
the axial part, Eqs. (A40) and (A41) yield

Aμ
0 ¼ 2πaμδðq2 −m2ÞfA; ðB3Þ

where

a · q ¼ q2 −m2 ðB4Þ

satisfies q ·A ¼ 0 with the on-shell condition. Now,
plugging Eq. (B4) into Eq. (A42), we find

δðq2 −m2Þðq · ΔðaμfAÞ þ FνμaνfAÞ ¼ OðℏÞ; ðB5Þ

which corresponds to the Bargmann-Michel-Telegdi
(BMT) equation.
Subsequently, according to Eqs. (A37)–(A42), for the

next-to-leading-order solution up to OðℏÞ, we then have to
solve

Δ · V ¼ 0; ðB6Þ

ðq2 −m2ÞV1μ ¼ −F̃μνAν
0; ðB7Þ

qνV1μ − qμV1ν ¼
1

2
ϵμνρσΔρAσ

0; ðB8Þ

q ·A ¼ 0; ðB9Þ

ðq2 −m2ÞAμ
1 ¼

1

2
ϵμνρσqσΔνV0ρ; ðB10Þ

q · ΔAμ
1 þ FνμA1ν ¼

1

2
ϵμνρσð∂σFβνÞ∂β

qV0ρ

¼ 1

2
ð∂αF̃μνÞ∂α

qV0ν: ðB11Þ

The vector part V1 can be solved from Eqs. (B7) and
(B8) in analogy to the massless case. Here, Eq. (B8)
follows the same structure as the massless master equation
to solve for the side-jump term. It is found that

Vμ ¼ 2πδðq2 −m2ÞqμfV þ 2πℏF̃μνaνδ0ðq2 −m2ÞfA
þ 2πℏδðq2 −m2ÞGμ; ðB12Þ

where

δðq2 −m2ÞGμ ¼
δðq2 −m2Þ

2n · q
ϵμνρσnνΔρðaσfAÞ −

δ0ðq2 −m2Þ
n · q

F̃μνnνqσðaσfAÞ

¼ δðq2 −m2Þ
2n · q

ðϵμνρσnνðΔρaσfAÞ þ 2F̃μνnνfAÞ: ðB13Þ

Here, nμ corresponds to a frame vector analogous to the
massless case. We employed the relation ðq2 −m2Þδ0ðq2 −
m2Þ ¼ −δðq2 −m2Þ to obtain the last line of Eq. (B13). We
will later utilize the solution in Eq. (B12) to derive the
scalar kinetic theory from Eq. (B6). SinceGμ reduces to the
side-jump term when m ¼ 0 and contributes to the mag-
netization currents, we will call Gμ the MC term.
For the axial part A1μ, from Eqs. (B9) and (B10), it is

found that

Aμ ¼ 2πδðq2 −m2ÞaμfA þ ℏF̃μνqν2πδ0ðq2 −m2ÞfV
þ 2πℏδðq2 −m2ÞHμ; ðB14Þ

where q ·H ¼ 0. Based on the side-jump term in the
massless limit, it is expected that the MC term here
will read

Hμ ¼ gϵμναβqαnβΔνfV; ðB15Þ

where g → 1=ð2q · nÞ when m → 0. However, given that
we are unable to fix g by Eqs. (B9) and (B10), we shall
implement an alternative way to derive g from the free
WFs in the absence of background fields obtained from the
free Dirac fields in the following section. According to
Eq. (C31), we find that 2g ¼ sgnðq · nÞ=ðjq · nj þmÞ,
assuming that it remains unchanged in the presence of
background fields.

APPENDIX C: WIGNER FUNCTIONS FROM
DIRAC WAVE FUNCTIONS

In this section, we employ an alternative method to
derive WFs without background fields up to OðℏÞ. In
particular, we will utilize the result to determine the MC
term in Aμ. We will start with the second quantization of
the free Dirac fields [55],
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ψðxÞ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffi
2Ep

p X
s

ðusðpÞe−ip·xasp þ vsðpÞeip·xbs†p Þ;

ψ̄ðxÞ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffi
2Ep

p X
s

ðūsðpÞeip·xas†p þ v̄sðpÞe−ip·xbspÞ; ðC1Þ

where

usðpÞ ¼
� ffiffiffiffiffiffiffiffiffi

p · σ
p

ξsffiffiffiffiffiffiffiffiffi
p · σ̄

p
ξs

�
; vsðpÞ ¼

� ffiffiffiffiffiffiffiffiffi
p · σ

p
ηs

−
ffiffiffiffiffiffiffiffiffi
p · σ̄

p
ηs

�
: ðC2Þ

Here, σμ and σ̄μ are four-dimensional Pauli matrices which satisfy σμσ̄ν þ σνσ̄μ ¼ σ̄μσν þ σ̄νσμ ¼ 2ημν, with the Minkowski
matrix ημν. For simplicity, we will drop the antifermions,

S<ðx; yÞ ¼ hψ̄ðyÞψðxÞi ¼
Z

d3p

ð2πÞ3 ffiffiffiffiffiffiffiffi
2Ep

p Z
d3p0

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2Ep0

p X
s;s0

ðusðpÞūs0 ðp0Þhas0†p0 aspieiðp0−pÞ·X−i
2
ðp0þpÞ·YÞ: ðC3Þ

Here, we make a change of coordinates by taking X ¼ ðxþ yÞ=2 and Y ¼ x − y in the second equality. We then carry out
the Wigner transformation, which yields

Z
d4Yeiq·YS<ðx; yÞ ¼

Z
d3p−

ð2πÞ3
Z

d3pþ
ð2πÞ3 ð2πÞ

4e−ip−·Xδ4ðq − pþÞ
X
s;s0

us
�
pþ þ p−

2

�
ūs

0
�
pþ −

p−

2

�
has0†pþ−p−

2

aspþþp−
2

i

¼ π

Z
d3p−

ð2πÞ3
e−ip−·Xδðq0 − pþ0Þ

ððjqj2 þ jp−j2
4

þm2Þ2 − ðp− · qÞ2Þ1=4
X
s;s0

us
�
pþ þ p−

2

�
ūs

0
�
pþ −

p−

2

�
has0†pþ−p−

2

aspþþp−
2

i;

ðC4Þ

where pþ ¼ ðpþ p0Þ=2 and p− ¼ p − p0. We now define the density operators as

has0†p0 aspi ¼ δss0NVðp;p0Þ þAss0 ðp;p0Þ; ðC5Þ

whereAss0 ≠ 0 when s ≠ s0, which characterizes certain projection in the spin space. When taking the spin sum, we assignX
s

ξsξ
†
s ¼ n · σ ¼ n · σ̄ ¼ I;

X
s;s0

ξsAss0ξ
†
s0 ¼ Sðp;p0Þ · σ; ðC6Þ

where S · n ¼ 0. Consequently, we find

X
s

us
�
qþ p−

2

�
ūs
�
q −

p−

2

�
¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ · ðqþ p−
2
Þσ̄ · ðq − p−

2
Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ · ðqþ p−
2
Þσ · ðq − p−

2
Þp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ̄ · ðqþ p−

2
Þσ̄ · ðq − p−

2
Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ̄ · ðqþ p−
2
Þσ · ðq − p−

2
Þp
!

ðC7Þ

and

X
s;s0

us
�
qþ p−

2

�
Ass0 ūs

0
�
q −

p−

2

�
¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ · ðqþ p−
2
Þp
σ · S

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ̄ · ðq − p−

2
Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ · ðqþ p−
2
Þp
σ · S

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ · ðq − p−

2
Þp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ̄ · ðqþ p−

2
Þp
σ · S

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ̄ · ðq − p−

2
Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ̄ · ðqþ p−
2
Þp
σ · S

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ · ðq − p−

2
Þp
!
: ðC8Þ

To compute the matrix elements above, we will employ the following tricks for Pauli matrices. We may write

q · σ ¼ m expðq̂⊥ · σθÞ; θ ¼ tanh−1
�jq⊥j

Eq

�
; ðC9Þ
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where q̂μ⊥ ¼ qμ⊥=jq⊥j, which yields

ffiffiffiffiffiffiffiffiffi
q · σ

p ¼ ffiffiffiffi
m

p �
cosh

θ

2
þ q̂⊥ · σ sinh

θ

2

�

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2ðEq þmÞ

s
ððEq þmÞ þ q⊥ · σÞ: ðC10Þ

Hereafter, we will use the subscripts ⊥ to denote the
components perpendicular to the frame vector nμ. That is,
Vμ
⊥ ≡ Vμ − n · Vnμ for an arbitrary Vμ. We can now write

ffiffiffiffiffiffiffiffiffi
σ · q

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2ðEq þmÞ

s
ðχq þ q⊥ · σÞ;

ffiffiffiffiffiffiffiffiffi
σ̄ · q

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2ðEq þmÞ

s
ðχq − q⊥ · σÞ; ðC11Þ

where χq ¼ Eq þm. We then have to utilize the following
parametrization,

ṽþμ σμ ≡ ðχp þ p⊥ · σÞðχp0 þ p0⊥ · σÞ
¼ χpχp0 − p⊥ · p0⊥ þ ðχpp0⊥μ þ χp0p⊥μÞσμ
− iϵμναβnασβp⊥μp0⊥ν; ðC12Þ

which gives

ṽþ · n ≈ 2EqðEq þmÞ þOðp2
−Þ ðC13Þ

and

ṽþ⊥μ ¼ 2ðEq þmÞq⊥μ − iϵμναβnαqβpν
− þOðp2

−Þ: ðC14Þ

Similarly, one finds that

ãþμ σμ ≡ ðχp þp⊥ · σÞS⊥ · σðχp0 þp0⊥ · σÞ
¼ χpχp0S⊥ · σ − ðχpp0⊥μ þ χp0p⊥μÞSμ⊥
− iϵμναβnασβSμðχpp0

ν − χp0pνÞ þp⊥ ·p0⊥S⊥ · σ

− S⊥ ·p0⊥p⊥ · σ − S⊥ ·p⊥p0⊥ · σ − iϵμναβpμp0
νnαSβ;

ðC15Þ
which gives

ãþ · n ≈ −2ðEq þmÞq⊥ · S⊥ þ iϵμναβqμp−νnαSβ þOðp2
−Þ

ðC16Þ

and

ãþ⊥μ ¼ 2ðmðEq þmÞS⊥μ − S⊥ · q⊥q⊥μÞ

− iϵμναβnαSβ
�
q⊥ ·p−

Eq
qν þ ðEq þmÞpν

−

�
þOðp2

−Þ;

ðC17Þ

where we use p− · ∂qχq ¼ −q⊥ · p−=Eq. On the other
hand, we also introduce

ṽ−μ σμ ≡ ðχp − p⊥ · σÞðχp0 − p0⊥ · σÞ;
ã−μ σμ ≡ ðχp − p⊥ · σÞS⊥ · σðχp0 − p0⊥ · σÞ: ðC18Þ

In the end, up to Oðp−Þ, we derive

ṽ� · n ¼ ðEq þmÞ2;
ã� · n ¼∓ 2ðEq þmÞq⊥ · S⊥ þ iϵμναβnαqμpν

−Sβ; ðC19Þ

ṽ�⊥μ ¼ �2ðEq þmÞq⊥μ − iϵμναβnαqβpν
−; ðC20Þ

and

ã�⊥μ ¼ 2ðmðEq þmÞS⊥μ − S⊥ · q⊥q⊥μÞ

∓ iϵμναβnαSβ
�
q⊥ · p−

Eq
qν þ ðEq þmÞpν

−

�
: ðC21Þ

Let us focus on the off-diagonal terms in Eqs. (C7) and
(C8) associated with Vμ �Aμ. By utilizing Eqs. (C19)–
(C21), it is found that

σ · ðV −AÞ ¼ π

Z
d3p−

ð2πÞ3
e−ip−·Xδðq0 − EqÞ
2EqðEq þmÞ

× ðṽþ · σNV þ ãþ · σÞ;

σ̄ · ðV þAÞ ¼ π

Z
d3p−

ð2πÞ3
e−ip−·Xδðq0 − EqÞ
2EqðEq þmÞ

× ðṽ− · σNV þ ã− · σÞ: ðC22Þ

Recall that NV ¼ NVðqþ p−
2
; q − p−

2
Þ and Sμ ¼ Sμðqþ p−

2
;

q − p−
2
Þ in the integrands. Thus, one obtains

n ·A ¼ π

2

Z
d3p−

ð2πÞ3
e−ip−·Xδðq0 − EqÞ
2EqðEq þmÞ

× nμððṽ−μ − ṽþμ ÞNV þ ðã−μ − ãþμ ÞÞ
¼ 2πδðq2 −m2Þq⊥ · Ŝ⊥; ðC23Þ

A⊥μ ¼ −
π

2

Z
d3p−

ð2πÞ3
e−ip−·Xδðq0 − EqÞ
2EqðEq þmÞ

× ððṽ−⊥μ þ ṽþ⊥μÞNV þ ðã−⊥μ þ ãþ⊥μÞÞ ðC24Þ

¼ 2πδðq2 −m2Þ
��

Ŝ⊥ · q⊥
Eq þm

q⊥μ −mŜ⊥μ

�

− ϵμναβ
nαqβ

2ðEq þmÞ ∂
νf̃V

�
; ðC25Þ
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n · V ¼ π

2

Z
d3p−

ð2πÞ3
e−ip−·Xδðq0 − EqÞ
2EqðEq þmÞ

× nμððṽ−μ þ ṽþμ ÞNV þ ðã−μ þ ãþμ ÞÞ

¼ 2πδðq2 −m2Þ
�
Eqf̃V þ ϵρναβ

2ðEq þmÞ nαqβ∂νŜρ

�

¼ 2πδðq2 −m2ÞEqfV; ðC26Þ

and

V⊥μ ¼ −
π

2

Z
d3p−

ð2πÞ3
e−ip−·Xδðq0 − EqÞ
2EqðEq þmÞ

× ððṽ−⊥μ − ṽþ⊥μÞNV þ ðã−⊥μ − ãþ⊥μÞÞ

¼ 2πδðq2 −m2Þ
�
q⊥μf̃V þ ϵμναβnα

2ðEq þmÞ

×

�
qν

q⊥ · ∂
Eq

þ ðEq þmÞ∂ν

�
Ŝβ
�

¼ 2πδðq2 −m2Þ
�
q⊥μfVðq; XÞ

−
ϵμναβnα

2Eq
∂ν

�
q · Ŝβq

ðEq þmÞ −mŜβ
��

; ðC27Þ

where

f̃Vðq; XÞ≡
Z

d3p−

ð2πÞ3NV

�
qþ p−

2
; q −

p−
2

�
e−ip−·X;

Ŝμðq; XÞ≡
Z

d3p−

ð2πÞ3 Sμ
�
qþ p−

2
; q −

p−
2

�
e−ip−·X; ðC28Þ

with

fVðq; XÞ ¼ f̃Vðq; XÞ þ
ϵρναβ

2EqðEq þmÞ nαqβ∂νŜρðq; XÞ:

ðC29Þ

Recall that Ŝμ ¼ Ŝ⊥μ. In the computations above, we have
employed Schouten identity (A43).

Finally, by taking

Ŝ · q⊥ ¼ a · nfA;
q · Ŝ

Eq þm
q⊥μ −mŜμ ¼ a⊥μfA ðC30Þ

and retrieving the ℏ parameters, we obtain

Aμ ¼ 2πδðq2 −m2Þ
�
aμfA þ ℏ

ϵμναβqαnβ

2ðq · nþmÞ ∂
νfV

�
;

Vμ ¼ 2πδðq2 −m2Þ
�
qμfV þ ℏ

ϵμναβnβ

2ðq · nÞ ∂
νðaαfAÞ

�
;

ðC31Þ

where we replace Eq with q · n. Note that here q · a ¼
q2 −m2 is indeed satisfied by taking a · n ¼ q · nþm.
One can now also decompose the spin four vector
into aμfA ¼ ðqμ þmnμÞfA − Ŝμ.
In the presence of arbitrary background fields, the

analytic solution for Dirac wave functions is unknown.
Consequently, we generalize the free solution for axial WFs
based on the solution in Eq. (C31) and its connection to the
massless result for Weyl fermions. We hence conclude that

Aμ ¼ 2πδðq2 −m2ÞðaμfA þ ℏSμνmðnÞΔ
νfVÞ

þ ℏF̃μνqν2πδ0ðq2 −m2ÞfV ðC32Þ

by replacing the ∂ν operator with the Δν operator in the
magnetization-current term, where

SμνmðnÞ ¼
ϵμναβqαnβ

2ðq · nþmÞ : ðC33Þ

APPENDIX D: SCALAR/AXIAL-VECTOR
KINETIC EQUATIONS

Given the perturbative solution for Vμ up to OðℏÞ in
Eq. (B12), we first derive the SKE from Δ · V ¼ 0 in
Eq. (A37). In the derivation, we assume that the frame
vector nμ is independent of the momentum q. By perform-
ing straightforward computations, we find that

Δ · V1 ¼
2πδðq2 −m2Þϵμνρσ

2n · q

��
Eμnνaσ
q · n

þ ðq · nÞ∂μ

�
nνaσ
q · n

�
− nνð∂μaσÞ

�
Δρ þ nνaσð∂μFβρÞ∂β

q

�
fA

þ 2πδðq2 −m2ÞϵμνρσfA
2n · q

��
ð∂μnνÞ þ

Eμ − ð∂μq · nÞ
q · n

nν

�
Δρ þ nνð∂μFβρÞ∂β

q

�
aσ

−
2πδ0ðq2 −m2Þ

n · q
Bμðq · Δãμ þ FνμãνÞ þ

2πF̃μνδðq2 −m2ÞfA
q · n

�
ð∂μnνÞ þ

Eμ − ð∂μq · nÞ
q · n

nν

�
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¼ 2πδðq2 −m2Þ
�EμS

μν
aðnÞ

q · n
Δν þ SμνaðnÞð∂μFρνÞ∂ρ

q þ ð∂μS
μν
aðnÞÞΔν

�
fA −

2πδ0ðq2 −m2Þ
n · q

Bμðq · Δãμ þ FνμãνÞ

þ πδðq2 −m2Þϵμναβ
�

nβ
q · n

ðð∂νaαÞΔμ þ ð∂μFρνÞð∂ρ
qaαÞÞ þ Δμ

�
nβ

q · n

�
ððΔνaαÞ þ FναÞ

�
fA; ðD1Þ

where the electric/magnetic fields are defined in terms of nμ,

F̃μν ¼
1

2
ϵμναβFαβ ¼ ϵμναβEαnβ þ Bμnν − Bνnμ; Fμν ¼ −ϵμναβBαnβ þ Eμnν − Eνnμ: ðD2Þ

From Eq. (D1), we derive the SKE

0 ¼ δðq2 −m2Þ
�
q · ΔfV þ ℏ

2

�EμS
μν
aðnÞ

q · n
Δν þ SμνaðnÞð∂μFρνÞ∂ρ

q þ ð∂μS
μν
aðnÞÞΔν

�
fA

�

þ ℏδðq2 −m2Þϵμναβ
4

�
nβ
q · n

ðð∂νaαÞΔμ þ ð∂μFρνÞð∂ρ
qaαÞÞ þ Δμ

�
nβ

q · n

�
ððΔνaαÞ þ FναÞ

�
fA

−
ℏδ0ðq2 −m2Þ

2q · n
Bμðq · ΔðaμfAÞ þ FνμaνfAÞ; ðD3Þ

where

SμνaðnÞ ¼
ϵμναβaαnβ
2q · n

: ðD4Þ

Next, we may derive the AKE from the perturbative
solution of Aμ up to OðℏÞ in Eqs. (C32) and (A42)
in the master equations. The computations will be more

complicated than in the case with the SKE but straightfor-
ward. Nevertheless, in order to make a direct comparison
with the massless CKT, the underlying strategy is to isolate
the ℏ terms proportional to qμ and the other terms explicitly
proportional to m since we expect that the AKE should
reduce to qμ multiplied by the CKT in the massless limit, as
foreseen from the off-shell BMT equation.
From Eqs. (C32) and (A42), we obtain

0 ¼ δðq2 −m2Þ½ðaμq · ΔfA þ fAðq · Δaμ þ FνμaνÞÞ þ ℏðq · ΔðSμνmðnÞΔνfVÞ þ FνμSmðnÞνρΔρfVÞ
− ℏϵμνρσð∂σFβνÞqρ∂β

qfV � þ ℏδ0ðq2 −m2ÞF̃μνqνq · ΔfV: ðD5Þ

We then rearrange this equation in light of the aforementioned strategy to obtain the form for comparison with the CKT
when m ¼ 0. We shall first evaluate

δðq2 −m2Þq · ΔðSμνmðnÞΔνfVÞ ¼ δðq2 −m2Þððq · ΔSμνmðnÞÞΔνfV þ SμνmðnÞq · ΔðΔνfVÞÞ
¼ ½δðq2 −m2Þððq · ΔSμνmðnÞÞΔν − SμνmðnÞFρνΔρ þ SμνmðnÞððq · ∂FβνÞ − qρð∂νFβρÞÞ∂β

qÞ
− 2δ0ðq2 −m2ÞqρFρνS

μν
mðnÞq · Δ�fV; ðD6Þ

where we take

δðq2 −m2Þq · ΔðΔνfVÞ ¼ δðq2 −m2Þððq · ΔΔνÞfV þ Δνðq · ΔfVÞ − ðΔνq · ΔÞfVÞ
¼ δðq2 −m2Þððq · ΔΔνÞfV − ðΔνq · ΔÞfVÞ þ Δνðδðq2 −m2Þq · ΔfVÞ
− ðΔνδðq2 −m2ÞÞðq · ΔfVÞ: ðD7Þ

For the first component of Eq. (D6), we find that
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δðq2 −m2Þðq · ΔSμνmðnÞÞΔνfV ¼ δðq2 −m2Þ
�
qμðΔαSανmðnÞÞ þ ðΔαS

μα
mðnÞÞqν þ ϵμνασ

�
qρFραnσ

2ðq · nþmÞ þ q2
�
∂α

nσ
2ðq · nþmÞ

��

þ ϵμνασq2nσEα

2ðq · nþmÞ2 þ ϵμνρα
�

q · nFρα

2ðq · nþmÞ þ qρ

�
∂α

q · n
2ðq · nþmÞ

��
þ ϵμνραq · nqρEα

2ðq · nþmÞ2
�
ΔνfV

¼ δðq2 −m2Þ
�
qμð∂αSανmðnÞÞ þ qμ

SανmðnÞEα

q · nþm
þ ðq · nF̃μν þ qμBνÞ

2ðq · nþmÞ þ ϵμνραqρEα

2ðq · nþmÞ

þ ϵμναβm2

2ðq · nþmÞ ð∂αnβÞ þ
ϵμναβðm2nβ þmqβÞ

2ðq · nþmÞ2 ðEα − ∂αðq · nÞÞ
�
ΔνfV þOðℏÞ; ðD8Þ

where we use

ϵμνασFρα ¼ δμρB½σnν� þ δσρB½νnμ� þ δνρB½μnσ� þ ϵμνασE½ρnα�
¼ δμρF̃σν þ δσρF̃νμ þ δνρF̃μσ ðD9Þ

and

ΔαSανmðnÞ ¼ ∂αSανmðnÞ þ ϵανρσFβα∂β
q

�
qρnσ

2ðq · nþmÞ
�

¼ ∂αSανmðnÞ þ
Bν

q · nþm
þ

SανmðnÞEα

q · nþm
: ðD10Þ

Subsequently, the second component in Eq. (D6) reads

− δðq2 −m2ÞSμνmðnÞFρνΔρfV

¼ −
δðq2 −m2Þ
2ðq · nþmÞ ϵ

μναβqαnβFρνΔρfV

¼ δðq2 −m2Þ
2ðq · nþmÞ ðδ

μ
ρF̃βα þ δαρF̃μβ þ δβρF̃αμÞqαnβΔρfV

¼ δðq2 −m2Þ
2ðq · nþmÞ ð−q · BΔμ þ qαF̃

αμn · ΔÞfV: ðD11Þ

Next, the third component in Eq. (D6) can be written as

δðq2 −m2ÞSμνmðnÞððq · ∂FβνÞ − qρð∂νFβρÞÞ∂β
qfV

¼ δðq2 −m2ÞSμνmðnÞðq · ∂FβνÞ∂β
qfV −

δðq2 −m2Þ
2ðq · nþmÞ ðq

μϵρνασ

þ qνϵμρασ þ qαϵμνρσ þ qσϵμναρÞqαnσð∂νFβρÞ∂β
qfV

¼ −δðq2 −m2Þ
�
qμSρνmðnÞð∂νFβρÞ þ

m2ϵμνρσnσ
2ðq · nþmÞ ð∂νFβρÞ

−
�
1 −

m
q · nþm

�
ϵμνρσqρ

2
ð∂σFβνÞ

�
∂β
qfV: ðD12Þ

For the forth component in Eq. (D6), it is found

− δ0ðq2 −m2ÞqρFρνS
μν
mðnÞq · ΔfV

¼ −
δ0ðq2 −m2Þ
2ðq · nþmÞ q

ρFρνϵ
μναβqαnβq · ΔfV

¼ −
δ0ðq2 −m2Þ
2ðq · nþmÞFρνðqμϵρναβ þ qνϵμραβ þ qαϵμνρβ

þ qβϵμναρÞqαnβq · ΔfV

¼ −
�
qμq · B

δ0ðq2 −m2Þ
q · nþm

− δ0ðq2 −m2ÞqρFρνS
μν
mðnÞ

−
δ0ðq2 −m2Þ
q · nþm

F̃μβðq2nβ − q · nqβÞ
�
q · ΔfV; ðD13Þ

which yields

− δ0ðq2 −m2ÞqρFρνS
μν
mðnÞ

q · ΔfV
2

¼ −
�
qμq · B

δ0ðq2 −m2Þ
q · nþm

−
δ0ðq2 −m2Þ
q · nþm

ðm2Bμ

− q · nqβF̃μβÞ
�
q · ΔfV þOðℏÞ

¼ −
δ0ðq2 −m2Þ

2

�
qμq · B
q · nþm

−
mðmBμ þ qβF̃

μβÞ
q · nþm

þ qνF̃
μν

�
q · ΔfV þOðℏÞ: ðD14Þ

On the other hand, one finds that

δðq2 −m2ÞFνμSmðnÞνρΔρfV

¼ δðq2 −m2Þ ϵρνασFμα

2ðq · nþmÞ q
σnνΔρfV

¼ δðq2 −m2Þ
2ðq · nþmÞ ½q · BΔμ − qμB · Δþ nμqρF̃νρΔν�fV:

ðD15Þ

Combining all pieces, we acquire
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δðq2 −m2Þ½q · ΔðSμνmðnÞΔνfVÞ þ FνμSmðnÞνρΔρfV � þ δ0ðq2 −m2ÞF̃μνqνq · ΔfV −
ϵμνρσ

2
ð∂σFβνÞqρ∂β

qfV

¼ δðq2 −m2Þ
�
qμð∂αSανmðnÞÞ þ qμ

SανmðnÞEα

q · nþm
þ ðq · nF̃μν þ qρF̃

ρμnν þ nμqρF̃
νρÞ

2ðq · nþmÞ þ ϵμνραqρEα

2ðq · nþmÞ

þ ϵμναβðm2nβ þmqβÞ
2ðq · nþmÞ2 ðEα − ∂αðq · nÞÞ

�
ΔνfV − δ0ðq2 −m2Þ

�
qμq · B
q · nþm

−
mðmBμ þ qβF̃

μβÞ
q · nþm

�
q · ΔfV

þ δðq2 −m2Þ
�
qμSρνmðnÞð∂ρFβνÞ þ

ϵμνρσmðmnρ þ qρÞ
2ðq · nþmÞ ð∂νFβσÞ

�
∂β
qfV

¼ qμ
�
δðq2 −m2Þ

�
ð∂αSανmðnÞÞΔν þ

SανmðnÞEαΔν

q · nþm
þ SρνmðnÞð∂ρFβνÞ∂β

q

�
− δ0ðq2 −m2Þ q · B

q · nþm
q · Δ

�
fV

þm

�
δðq2 −m2Þ ϵ

μναβðmnβ þ qβÞ
2ðq · nþmÞ

�ðEα − ∂αðq · nÞÞ
q · nþm

Δν − ð∂νFραÞ∂ρ
q

�

þ δ0ðq2 −m2Þ ðmBμ þ qβF̃μβÞ
q · nþm

q · Δ
�
fV: ðD16Þ

To obtain the last equality above, we apply

q · nF̃μν þ qρF̃
ρμnν þ nμqρF̃

νρ þ ϵμνραqρEα ¼ q · nðB½μnν� þ ϵμναβEαnβÞ þ q · Bnμnν − q · nBμnν

þ ϵρμαβqρEαnβnν þ nμðBνq · n − q · BnνÞ þ nμϵνραβqρEαnβ þ ϵμνραqρEα

¼ ϵμναβðq · nEαnβ − EαqβÞ þ qρEαnβðϵρμαβnν − ϵρναβnμÞ
¼ 0; ðD17Þ

where we also use

qρEαnβϵρναβnμ ¼ ðq · nÞEαnβϵμναβ þ qρEαnβϵρμαβnν þ ϵρναμqρEα: ðD18Þ

From Eq. (D5), the AKE takes the form

0 ¼ δðq2 −m2Þðaμq · ΔfA þ fAðq · Δaμ þ FνμaνÞÞ þ ℏqμ
�
δðq2 −m2Þ

�
ð∂αSανmðnÞÞΔν þ

SανmðnÞEαΔν

q · nþm

þ SρνmðnÞð∂ρFβνÞ∂β
q

�
− δ0ðq2 −m2Þ q · B

q · nþm
q · Δ

�
fV

þ ℏm

�
δðq2 −m2Þ ϵ

μναβðmnβ þ qβÞ
2ðq · nþmÞ

�ðEα − ∂αðq · nÞÞ
q · nþm

Δν − ð∂νFραÞ∂ρ
q

�

þ δ0ðq2 −m2Þ ðmBμ þ qβF̃
μβÞ

q · nþm
q · Δ

�
fV: ðD19Þ

APPENDIX E: SPIN HALL EFFECT

We show how Eq. (D19) reveals a spin Hall effect in a
nonrelativistic case. Assuming that Eμ and nμ are constant
and approximating qμ ≈mnν, Eq. (D19) reduces to

δðq2 −m2Þ
�
□

μνãν þ
ℏ
4
ϵμναβEαnβΔνfV

�

þℏ
2
δ0ðq2 −m2ÞϵμναβEαnβqνq · ΔfV ≈ 0; ðE1Þ

where □
μν ¼ ημνq · Δþ Fνμ and ãν ¼ aνfA. By using

δ0ðq2 −m2ÞϵμναβEαnβqνq · ΔfV

¼ −
δðq2 −m2Þ

2
ϵμναβEαnβðΔν þ q · Δ∂qνÞfV þOðℏÞ;

ðE2Þ

Eq. (E1) becomes
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δðq2 −m2Þ
�
q · Δ

�
ãμ −

ℏϵμναβ

4
Eαnβ∂qνfV

�
þ Fνμãν

�
≈ 0;

ðE3Þ

which can be written as

n · Δ
�
ãμ −

ℏϵμναβ

4
Eαnβ∂qνfV

�

¼ ðn · ∂ þ Eρ∂ρ
qÞ
�
ãμ −

ℏϵμναβ

4
Eαnβ∂qνfV

�
≈ 0 ðE4Þ

by further dropping the Oð1=mÞ suppression terms. On the
other hand, in such a limit, the axial WF approximately
reads

Aμ ≈ 2πδðq2 −m2ÞaμfA
þ ℏπϵμναβEαnβð∂ν

qδðq2 −m2ÞÞfV: ðE5Þ

In a stationary state such that

ãμ ¼ ℏ
4
ϵμναβEαnβ∂qνfV; ðE6Þ

we find that

Jμ5 ¼ 4

Z
d4q
ð2πÞ4 A

μ

≈ 4π

Z
d4q
ð2πÞ4 δðq

2 −m2Þð2ãμ − ℏϵμναβEαnβ∂qνfVÞ

¼ −2πℏϵμναβEαnβ

Z
d4q
ð2πÞ4 δðq

2 −m2Þ∂qνfV: ðE7Þ

APPENDIX F: FRAME INDEPENDENCE

In this section, we derive the modified frame trans-
formation upon fV and aμfA at OðℏÞ to ensure the frame
independence of Vμ andAμ. Recall that the explicit form of
Vμ and Aμ in an arbitrary frame nμ reads

Vμ ¼ 2πδðq2 −m2Þ
�
qμfðnÞV þ ℏϵμνρσnν

2q · n
ðΔρðaðnÞσ fðnÞA Þ þ Fρσf

ðnÞ
A Þ
�
þ 2πℏF̃μνaðnÞν δ0ðq2 −m2ÞfðnÞA ; ðF1Þ

Aμ ¼ 2πδðq2 −m2Þ
�
aðnÞμfðnÞA þ ℏϵμναβqαnβ

2ðq · nþmÞΔνf
ðnÞ
V

�
þ 2πℏF̃μνqνδ0ðq2 −m2ÞfðnÞV ; ðF2Þ

where we further add the superscripts (n) on fV and aμfA to highlight their frame dependence due to the presence of
magnetization terms. Based on the frame independence of Vμ, we obtain

δðq2 −m2Þ
�
qμðfðnÞV − fðn

0Þ
V Þ þ ℏϵμνρσ

�
nν

2q · n
−

n0ν
2q · n0

�
ðΔρðaσfAÞ þ FρσfAÞ

�
¼ 0 ðF3Þ

up to OðℏÞ when considering the frame transformation from nμ to n0μ, where we drop the frame dependence on aμ and fA
therein since only their frame independent part Oðℏ0Þ contributes. Contracting Eq. (F3) with nμ, one immediately obtains

fðn
0Þ

V ¼ fðnÞV þ ℏϵλνρσnλn0ν
2ðq · nÞðq · n0Þ ðΔρðaσfAÞ þ FρσfAÞ ðF4Þ

as the modified frame transformation of fV . One may show that Eq. (F4) indeed satisfies Eq. (F3) explicitly. By using
Eq. (F4) and Schouten identity (A43), it is found that

δðq2 −m2ÞqμðfðnÞV − fðn
0Þ

V Þ

¼ ℏδðq2 −m2Þðϵμνρσq · nn0ν þ ϵλμρσnλq · n0 þ ϵλνμσnλn0νqρ þ ϵλνρμnλn0νqσÞ
ðΔρðaσfAÞ þ FρσfAÞ

2ðq · nÞðq · n0Þ

¼ ℏδðq2 −m2Þ
�
ϵμνρσ

�
n0ν

2q · n0
−

nν
2q · n

�
ðΔρðaσfAÞ þ FρσfAÞ þ

ϵλνμσ

2ðq · nÞðq · n0Þ ðq · ΔðaσfAÞ þ FρσaσfAÞ
�
; ðF5Þ

where we employ qρΔσðaρfAÞ ¼ Δσðq · afAÞ − FρσaρfA and q · a ¼ q2 −m2 in the computation. Since

ℏδðq2 −m2Þðq · ΔðaσfAÞ þ FρσaσfAÞ ¼ Oðℏ2Þ ðF6Þ
according to the AKE and the corresponding term thus can be dropped in Eq. (F5), Eq. (F3) is indeed satisfied by the
modified frame transformation. For the frame independence of Aμ, it is straightforward to find that
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aðn0Þμfðn
0Þ

A − aðnÞμfðnÞA

¼ ℏϵμναβ
�

nβ
2ðq · nþmÞ −

n0β
2ðq · n0 þmÞ

�
qαΔνfV ðF7Þ

as the modified frame transformation. From Eq. (F4), one
can make the connection between nμ ¼ nμðXÞ and the rest
frame nμr ¼ qμ=m through

fðnrÞV ¼ fðnÞV þ ℏϵλνρσnλqν
2ðq · nÞm2

ðΔρðaσfAÞ þ FρσfAÞ: ðF8Þ

Nonetheless, in the small-mass region, fðnrÞV contains a
divergent term. For Vμ to be frame invariant, such a

divergent term from the modified frame transformation
should cancel the divergent part of the magnetization
current in nμr so that the remaining finite part agrees with
the magnetization current obtained in nμðXÞ. One is forced
to deal with such a subtle cancellation caused by an
inappropriate frame choice when m is smaller than the
gradient or electromagnetic scales. Thanks to our results in
the general frame, we may discuss the frame transformation
property and find how the frame invariance should be
realized. Even better, we can choose an appropriate frame
to avoid such pathological behavior. However, without
knowing such a general frame transformation, naively
working in the rest frame cannot correctly capture the
finite quantum effect when m is small.
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