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We construct a Lorentz-violating electrodynamics in (1 + 2) spacetime dimensions from the electro-
magnetic sector of the nonminimal standard model extension (SME) in (1 + 3) dimensions. Subsequently,
we study some of the basic properties of this framework. We obtain the field equations, the Green’s
functions, and the perturbative Feynman rules. Furthermore, the modified dispersion relations are
computed at leading order in Lorentz violation. We then remove the unphysical degrees of freedom
from the electromagnetic Green’s function that are present due to gauge invariance. The resulting object is
used to construct the general solutions of the uncoupled field equations with external inhomogeneities
present. This modified planar electrodynamics may be valuable to describe electromagnetic phenomena in
two-dimensional condensed-matter systems. Furthermore, it supports a better understanding of the

electromagnetic sector of the nonminimal SME.
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I. INTRODUCTION

Violations of Lorentz invariance have been hypothesized
to emerge from phenomena related to Planck-scale physics
such as strings [1], spin networks described by loop
quantum gravity [2], noncommutative spacetimes [3],
spacetime foam [4], nontrivial spacetime topologies [5],
and effects connected to UV completions of general
relativity with Hotava-Lifshitz gravity [6] as a prominent
example. The standard model extension (SME) [7] is a
well-established framework to parametrize possible devia-
tions from Lorentz invariance in vacuo. It is an effective
field theory in (1 + 3) spacetime dimensions including the
standard model fields and the Riemann curvature tensor
when gravity is taken into account.

Each Lorentz-violating contribution is composed of a
background field tensor contracted with a physical field
operator of the theory. The Lagrange density of the SME
transforms as a Lorentz scalar under coordinate changes
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(observer Lorentz transformations). However, the back-
ground fields transform trivially under Lorentz transforma-
tions of an experimental apparatus (particle Lorentz
transformations), whereupon the theory is not invariant
under transformations of this kind. Each background field
involves preferred spacetime directions and controlling
coefficients describing the magnitude of Lorentz violation.
At the level of effective field theory, a violation of discrete
CPT symmetry implies a violation of Lorentz invariance
[8]. Therefore, a subset of the contributions in the SME is
CPT violating.

The minimal SME was constructed including renorma-
lizable field operators of mass dimensions 3 and 4 [7],
where Lorentz violation is controlled by a finite number
of coefficients. To date, quite a large number of these
coefficients has been tightly constrained by experimental
tests [9]. The nonminimal SME [10,11] was proposed as an
extension of the minimal version that involves higher-
dimensional operators. Because of that, the latter contains
an infinite amount of controlling coefficients that are con-
tracted with field operators of arbitrary mass dimension d.
The mass dimension of these field operators increases when
additional four-derivatives are included. The more four-
derivatives are present in a certain term, the more dominant
this particular term becomes with rising energy.

Contributions of the nonminimal SME were shown to be
generated in noncommutative field theories after applying
the Seiberg-Witten map [12]. They can also arise from
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quantum corrections when nonminimal couplings between
fermions and photons are present [13], as well as within
supersymmetric scenarios [14]. For the past several years
there has been a rising interest in improving our under-
standing of such nonminimal terms. For example, certain
operators that are part of the nonminimal electromagnetic
sector of the SME were proposed and studied in
Refs. [15,16]. Apart from that, alternative models incor-
porating higher derivatives were subject to recent inves-
tigations [17-22].

Lately, interest has also arisen in describing condensed-
matter systems based on the SME. Many prominent
phenomena in condensed-matter physics such as the
quantum Hall effect [23] or “relativistic effects” in gra-
phene [24] occur in planar systems. In this sense, studying
and applying a planar electrodynamics to real physical
systems can be seen as a suitable and sound investigation
proposal. One possibility of obtaining planar theories from
parent models defined in (1 + 3) spacetime dimensions is
by means of the procedure known as dimensional reduc-
tion. This method has been used before to derive the planar
version of the Maxwell-Carroll-Field-Jackiw Lagrangian
[25]. It was also employed to obtain the planar version of
the CPT-even electromagnetic sector of the SME [26].

In the current work, we propose a framework of an
electromagnetism modified by nonminimal Lorentz viola-
tion in (1 -+ 2) spacetime dimensions. To perform an
analysis as general as possible, we choose the broad
electromagnetic sector of the nonminimal SME [9] as the
parent theory. Our goal is to provide a nonminimal daughter
electrodynamics in (1 + 2) dimensions. The purpose of such
a procedure is twofold: First, a planar Lorentz-violating
electrodynamics can be valuable to describe condensed-
matter phenomena that occur in two-dimensional systems.
Second, a treatment of a (1 + 2)-dimensional field theory is
expected to be simpler than that of a (1 4+ 3)-dimensional
one from a technical perspective. Therefore, gaining under-
standing of the (1 + 2)-dimensional field theory might even
have impact on the parent theory.

The paper is organized as follows. In Sec. II, we apply
dimensional reduction to the electromagnetic sector of the
nonminimal SME. In this context, as well as in Sec. III, we
discuss some basic properties of the resulting planar theory.
These introductory considerations are followed by Sec. 1V,
where the system of coupled field equations is obtained, in
general, as well as the modified planar Maxwell equations,
in particular. The Green’s functions for the scalar and
electromagnetic field are computed in Sec. V. Here, we also
determine the perturbative Feynman rules. Section VI is
dedicated to obtaining the dispersion relations of the scalar
and the electromagnetic field at leading order in Lorentz
violation. In Sec. VII, the previous results are employed to
eliminate the unphysical degrees of freedom (d.o.f.) from
the Green’s function of the electromagnetic field. The
resulting physical Green’s function serves as a base to

construct the inhomogeneous solutions of the Maxwell
equations in the presence of an external three-current. The
inhomogeneous solutions of the scalar field equations are
derived in an analog way, whereas in this case it is not
necessary to get rid of unphysical modes. Finally, the
findings are summarized and concluded on in Sec. VIIL
Technical details that may be of interest to some readers are
presented in the Appendix. Natural units are used with 7 =
¢ = 1 unless otherwise stated. Lorentz indices are denoted
by Greek letters, whereas we indicate spatial indices by
Latin letters.

II. DIMENSIONAL REDUCTION

The present work is based on the electromagnetic sector
of the nonminimal SME. In Ref. [11] it is formulated via
the Lagrange density

where A is the U(1) gauge field and F;; = 0,A; — 0;A;
is the associated field strength tensor. All fields are defined
in (1 4 3)-dimensional Minkowski spacetime endowed
with the metric tensor (n;;) = diag(1,—1,-1,-1).
Lorentz indices with hats refer to this spacetime, i.e.,
i € {0...3}. Furthermore, £**#? is the Levi-Civita symbol
in (1 +3) dimensions, for which we use the conven-
tion %123 = 1.

The first term in Eq. (1) is the standard Maxwell term.
The second is a CPT-odd extension of the electromagnetic

sector, where (kuz), transforms as a four-vector under
coordinate changes. The third is CPT even and includes the

fourth-rank tensor (ky)f*#2. The objects k,r and ky are
interpreted as sets of scalars under Lorentz transformations
of an experimental apparatus. They are background fields
that permeate the vacuum and give rise to preferred
spacetime directions. In the minimal SME, they are
introduced as controlling coefficients independent of the
spacetime coordinates. This assumption is usually taken to
guarantee that translation invariance is still a symmetry of
the theory, which implies energy-momentum conservation.
In this context, the second contribution of Eq. (1) is denoted
as the Maxwell-Chern-Simons (MCS) term, and the third is
sometimes called the modified Maxwell term. As we intend
to study the (1 + 2)-dimensional planar theory, we do not
introduce a gauge-fixing term at this level.

To arrive at the nonminimal SME, the minimal control-
ling coefficients are promoted to operators that include
additional four-derivatives. Now, each of these operators is
an infinite sum over controlling coefficients contracted with
a number of four-derivatives that successively increases
by 2. We will use the terms minimal and nonminimal in the
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same context within the modified planar electrodynamics to
be constructed.

There are several procedures to derive a field theory of
(1 + 2)-dimensional electromagnetism from a (1 4 3)-
dimensional parent theory. A first method could be a
simple projection—i.e., to set the third component of the
gauge field to zero and to disregard any dependence on
the third spatial coordinate, e.g., A%(z,x®) > A#(1,x(?)
with € {0...2}. Indices without a hat refer to (1 + 2)-
dimensional Minkowski spacetime with the metric tensor
(n,,) = diag(1,—1,—-1). As a shorthand notation, we

introduce the spatial coordinates x® = (x,y) and x©) =
(x,y, z) for two and three spatial dimensions, respectively.

An alternative, more sophisticated approach to construct-
ing a (1 4 2)-dimensional daughter theory from a (1 + 3)-
dimensional parent theory is to disconnect the third
component of A# from the gauge field and to reinterpret
it as a scalar field ¢, where the third spatial coordinate is
again omitted:

A3 (1, x0)) 1> AR (1, x?), (2a)
Aﬁ¢3(t,x(3)) d AM(I,X(2)), (2b)
A1, x3) > (1, x?), (2¢)
As(1,x¥) > —gp(2,x?). (2d)

This technique is sometimes called dimensional reduction
in the literature [25,26]. Its advantage is that it automati-
cally includes the first method simply for the choice ¢ = 0.
Thus, the second method naturally gives rise to a scalar in
contrast to simply putting it in by hand. Due to emergent
couplings between the vector field in (1 + 2) dimensions
and the scalar field, a plethora of additional interesting
effects can emerge. If the scalar field is not suitable to
describe a physical system, it can always be set to zero.

Because of the presence of Lorentz violation, dimen-
sional reduction must also be applied to the background
fields and the Levi-Civita symbol. In particular,

(k)2 (1, %)) > (kap)<(,x12), (3a)
(k) (£, xO)) > kgp(t,x2), (3b)
(Rar)rzs (1, X)) > (kap) (1, x2), (3¢)
(k)3 (1, x3)) > —kyp(1,x2), (3d)
3 s g, (3¢)

where e/ is the Levi-Civita symbol in (1 + 2) dimensions.
Analog correspondences can be established for the
observer tensor (ky)#?2%. Even though the coefficients

above have been written as functions of the spacetime
coordinates, we will omit such dependencies to avoid a loss
of translation invariance in the planar theory.

Carrying out this procedure for the individual terms of
the Lagrange density of Eq. (1), which are contained in the
nonminimal electromagnetic sector of the SME, leads to

| IR 1
=3 FuFP 1 = L PP 420,00, (4a)
L s Yr

_ ZF,gj(kF)KﬂﬂyFﬁﬂ — _ZFKA(kF)KMyFIW

- akd’(l}%qﬁ)lwaﬂqﬁ

+ in(iclﬁF)Mﬂaﬂgb’ (4b)
e .
EglK””AZ(kAF)chﬁfx > = A, (kar) Db

1 ~
— ESAMDAA(]CAF)FMU
- E'”Kl/(p(]%AF)KaﬂA”’ (4c)

where we define a set of new operators via (IAcl/,)’W =
(kp) and (kyp)™ = (kp)**3. The rank-3 tensor oper-
ator obeys the property (kr)# = —(kyr)"* inherited
from the symmetries of IA<F. In addition, it satisfies a
constraint that originates from the Bianchi identity holding
for kg:

(/Acd,p)’d” + (IAQ/;F)”M + (/AC(/)F)AMK —0. (5)

Here we see that only the CPT-even term in (1 + 3)
dimensions can generate a purely scalar contribution,
whereas the CPT-odd term does not do so. The planar
Lagrange density obtained after dimensional reduction has
the form

1 1 1 A
£(|+2> = _ZFIWF”D +§aﬂ¢aﬂ¢ —EfilwAﬁ(kA],OFﬂy

1 A N
- ZFK}L(kF)KMyFyv - 8K¢(k¢)Kﬂap¢

+ v [¢<]%AF)K8/4AI/ - AU(]}AF)Kaﬂ¢]
+ FKA(]%(ﬁF)KAMayqs- (6)

The first and the second term describes the kinematics of
the electromagnetic and the scalar field, respectively, in
(1 +2) dimensions. The third and fourth are the direct
successors of the CPT-odd and CPT-even modifications in
(1 + 3) dimensions. The fifth is a Lorentz-violating con-
tribution that involves the scalar field only. Note that this
term has a form analogous to the c-type modifications of
the (1 + 3)-dimensional scalar field theory introduced
recently in Ref. [27]. Hence, terms of an analog shape
in (1 4 2) spacetime dimensions follow naturally from the
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electromagnetic SME sector in applying dimensional
reduction. The a-type modifications of Ref. [27] cannot
be reproduced in this manner, though.

The remaining contributions describe mixings between
the planar electromagnetic field and the scalar field,
governed by the operators (l’%(/)p)ld'ﬂ and (kyr)*. At the
level of perturbation theory, these terms can be interpreted
as vertices with an electromagnetic line and a scalar line
meeting (see the perturbative treatment of the theory
in Sec. V).

The structure of the modified Maxwell term remains
untouched in the planar theory. The tensor IAcF inherits its
symmetries from the parent tensor. Taking these into account,
there are six independent operators. Furthermore, getting rid

of the unobservable double trace of k r by aredefinition of the
electromagnetic fields leads to the condition

S

(k) =0, (7)

reducing the number of independent operators to five. They

~

will be chosen as (kp)210, (kp)9202, (kp)2192, (kz)°'12, and
(kf)92'2. The operator (k)22 can be expressed by the first
two of the previous five.

In contrast, the successor of the MCS term is quite
different from its parent term. The vectorlike background
field in two spatial dimensions boils down to an observer
scalar k,, which could simply be interpreted as a coupling
constant similar to the topological mass in a Chern-Simons
(CS) theory. For Lorentz violation of the minimal SME, the
latter cannot involve preferred directions in spacetime. This
finding agrees with the fact that there are genuine CS terms
in an odd number of spacetime dimensions. These CS terms
do not require vector- or tensorlike background fields for
their construction. It must be kept in mind, though, that in
the nonminimal SME, k, contains preferred directions as
well as three-derivatives. Last but not least, the observer
three-vector (k,r), simply involves three independent
operators in (1 4-2) dimensions and now plays the role
of a coupling between the electromagnetic and the sca-
lar field.

The Lorentz-violating term for the scalar field exhibits
derivatives of this field. This makes sense, as the contri-
bution originates from the modified Maxwell term. The
scalar remains massless, as a mass term cannot be gen-
erated from the Lorentz-violating modifications.

The original operators (k4z), and (kz)**#? are under-
stood as infinite sums over sets of controlling coefficients
suitably contracted with a number of four-derivatives
successively increasing by 2. In this context it is important
to recall that the mass dimensions of the fields A, ¢, and
F* change in a lower-dimensional spacetime. In particular,

1

=5 =3 ®

From these results we directly obtain the mass dimensions
of the background fields:

k=0, [yl =0.  (9)
In principle, we can take over the SME notation for
the controlling coefficients of mass dimension d, but we
must keep in mind that d no longer corresponds to the
mass dimension of the field operator a controlling
coefficient is contracted with. Nevertheless, the mass
dimensions of the controlling coefficients follow the same
rules as the parent coefficients. Since we will only work
in momentum space later on, we express the decom-
positions of the background fields in terms of the three-
momentum as follows:

(kar), = Z(k“>pp (10a)

(k) = 37 (ko p, py, . (10b)
deven

fear = C;i(kg";wuw—n Pay+Payy - (10c)

(kp)# = S (kVywar-aasp, L p,. . (10d)
deven

(k) = > (kypywar-awp, p,. . (10e)

deven

where p, = id,. Each class of controlling coefficients has
mass dimension 4 — d.

III. CONNECTION TO PHYSICAL FIELDS

Let us briefly review the concepts of electrodynamics in
(1 +2) dimensions [28] that are most essential in the
current context. The electromagnetic field strength tensor
has six independent components in (1 + 3) dimensions,
which amounts to three components for the electric field E
and another three for the magnetic flux density B. The
situation in (1 + 2) dimensions is quite different, though.
As an antisymmetric (3 x 3) matrix has a maximum of
three independent coefficients, the electric field in (1 + 2)
dimensions is simply a vector with two components,
E = (E', E?), whereas the magnetic flux density is not
even a vector at all, but is described by a scalar B. In an
analog manner, the electric displacement field D is a vector
with two components, D = (D', D?), and the magnetic
field strength H is a simple scalar. Despite this mismatch of
components, it is possible to write up the constitutive
relations between E, B and D, H as a (3 x 3) matrix
equation as follows (compare to Egs. (4) and (5) in
Ref. [29]):

095026-4



DIMENSIONAL REDUCTION OF THE ...

PHYS. REV. D 100, 095026 (2019)

<D>_<ﬂ2+f<g}5 2 )<E> )
H Rgp  1+Rpy/ \B

HB

where 1, is the (2 x 2) identity matrix. The counterparts of

the quantities fcgl)g etc., in (1 + 3) dimensions are all (3 x 3)

matrices. Here, fcg% is a symmetric (2 x 2) matrix with

three independent coefficients, ;eg}; is a two-component

| A(2) . d
column vector, K is a two-component row vector, an

(2)

Kyp 1s a scalar. In particular,

Kpe" = —2(kp), (12a)
k2 = g erten (k) (12b)
kb = er?(ky)0iP (12¢)
Rtk == (k5" (12d)

where £V denotes the Levi-Civita symbol in two (spatial)
dimensions and 7 stands for the transpose of a vector. The
spatial indices simply run from 1 to 2. Now, the three

components of fcgg and the two components of fcg}g
represent the five independent components of kp. The
object fcgg; does not deliver anything new due to the

condition of Eq. (7), which translates to
1
Tr (fcg,); +5 wﬁé) = 0. (13)

With the nonzero operators inserted, we obtain explicitly

]’% 0101 ]’% 0102
kg‘)g - _2< E,}F;moz E,}F;ozoz > (14a)
F F
f( 0112
Q) — 2( E/%F;OM ) (14b)
F
Rigk = —2((kp)O12, (kp)212), (14c)
Righ = 2(kr)'12, (14d)

Hence, in (1 4 2) dimensions, the number of electromag-
netic phenomena is quite restricted. The matrix fcg}: can still
be interpreted as a permittivity tensor describing an optical
medium with a nontrivial refractive index.' The connection

between the fields B and H is a simple scaling factor that is

'"The momentum dependence that appears in the nonminimal
SME is capable of describing a dispersive medium.

made up of components of the previous permittivity tensor.
Hence, there are no coefficients that are only tied to
magnetic field effects. The electric and magnetic fields
can still mix with each other, and this mixing is described
by two operators only. Furthermore, we can also define an
isotropic operator in (1 + 2) dimensions as follows:

1. . .
SRot = ~[(ke)" + (k)

A

= —(k)22, (15)

s

due to Eq. (7). Hence, the latter operator is not independent
of the other operators, though—in contrast to the situation
in (1 + 3) dimensions. Finally, it is possible to construct
objects K, , etc., in the same manner as in Ref. [11]. Since
these definitions do not provide new insight, we will omit
them here. It shall be mentioned that %, , K,_ are (2 x 2)
matrices, whereas K, and k,_ are two-component column
vectors. We find that X, = 0, whereas all other objects
involve nonzero components exclusively.

IV. FIELD EQUATIONS

We intend to derive the field equations from the
Lagrange density of Eq. (6). As the theory involves higher
derivatives, the Euler-Lagrange equations must be adapted
accordingly. Based on the principle of least action, the
Euler-Lagrange equations for a field theory including up to
the nth derivative of a generic field y read

oL oL oL
0=2"_9,(-2=) +9 ay<7>
N (3(3,41//)) #7\9(9,0,p)

— o (=1)"D,,...0, (ﬁ) (16)

O, W

Computing the appropriate derivatives, the field equations
for the scalar and electromagnetic fields are given by

0= D¢ - 2(1’%{/))](”8](8”4) - €K'MD(]2AF)KF”U

+ (kyr )0, F s, (17a)
0= aDFﬂV - gﬂyp(l,%AF)Fup + (IQF)WFD/)aﬁFy/)
- ZEM//)(];AF)yapq5 + 2(]%¢F)m/p6bap¢7 (l7b)

with the d’Alembertian (0= 0,0". For zero Lorentz
violation, the field equations reduce to the standard
equation for a massless scalar field and the inhomogenous
Maxwell equations without external sources. The field
equation of the scalar field involves two kinetic terms,

’See Ref. [30] for a treatment in the context of classical
mechanics, and Ref. [31] for field theories of higher derivatives.
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whereas there are three kinetic terms for the electromag-
netic field due to the two distinct classes of operators.

Moreover, Eqgs. (17a) and (17b) are coupled partial
differential equations of at least second order (for minimal
Lorentz violation). Higher than second derivatives can
appear for nonminimal contributions. The solutions of
the uncoupled scalar and electromagnetic field equations
for external inhomogeneities (a conserved current in the
electromagnetic case) will be determined later after deriv-
ing the corresponding Green’s functions.

The components of the field strength tensor in two
spatial dimensions have the following form:

FY = —E', FiJ = —¢lB, (18)

Hence, we see again that the electric field has two compo-
nents, whereas the magnetic flux density is a simple scalar.
The homogeneous Maxwell equations are Bianchi identities
that are not modified by Lorentz violation. In contrast to the
setting of (1 4 3) dimensions, there is only a single homo-
geneous Maxwell equation given by the Faraday law:

€ll9,El = —B. (19)

Now we investigate the inhomogeneous Maxwell equations
(without external charge and current densities). They
emerge as different components of the field equation (17b)
for vanishing couplings. First of all, we will keep the
couplings, though. The zeroth component of Eq. (17b)
provides
0= 0,F% — " (kyp)F,, + (kp)*?0,F,,

=26k ), 0 + 2(kyr)20,0,h,
0= —0,E" + 2(kpp)B + 2(kp) 9,E — 2(ky)*"20,B

— 26 (knp)i0;p + 2(kyr) 01 + 2(kyr) 7 0:0;,

(20)

where a dot on top of a field denotes a single time
derivative. The spatial components lead to
0=09,F"— e”’Q(kAF)Fw + ( )70, F,,

— 2€ly0(kAF)y Q¢ + z(kd)F)lwa a()(ﬁ
0= E" +V(=0,B + 2(kyp)E') — 2(kp) " E/

+2(kp)2B + 2(kp) 10, EF — 2(kp)71%0,;B

+ 267 (kar)o06 = (kar) )

+2(kyp) 0 + 2[(kyp )10 = (kyr)10,b

+ 2(kyr)10,0ip + 2(kyr) Y P . (21)

Here, the physical fields were introduced via Eq. (18). Note
that the index i in Eq. (21) is not summed over. This also

holds when it appears twice or more often in a single term.
From Eq. (20), we obtain a modified Gauss law by setting
the couplings to the scalar field equal to zero. In momentum
space, the latter reads

0=piE' = 2i(kyp)B—2(kp)"" p,El +-2(kp)*"2 p;B, (22)
which for lAcA r = 0 can be checked to agree with
0=p,Di = pE + R p.E + &2 pB,  (23)

with the objects defined in Eq. (14). The latter is the
equivalent to the Gauss law formulated for the modified
electromagnetism in (1 4 3) dimensions [29]. All Lorentz-
violating operators are understood to be transformed to
momentum space, as well, which corresponds to replacing
all additional three-derivatives by three-momenta via
0, = —ip, [cf. the operators of Eq. (10)]. Furthermore,
from Eq. (21) we also obtain a modified Ampere law of the
form

0= PoEi - 8i'j(PjB - 2i(lA<AF) j) - 2(/Aﬂv)omjpoEj
+2(kp)*"2(poB + p,E") + 2(kp)* p,E/
—2(kg)"p;B. (24)

After discarding IAcA r» EQ. (24) agrees with the equivalent of
the modified Ampere law in (1 + 3) dimensions:

0= pyD'—¢'p;H

(2)ij

= poE' — €Vp,B+kpy g2

PoE’ +kpp poB
e”'l?gékijk - gijkg;ij, (25)

stated in Ref. [29] with the quantities of Eq. (14) inserted.
It is possible to eliminate the magnetic field from
Eq. (24) by inserting the Faraday law of Eq. (19) trans-
formed to momentum space: &/p'E/ = pyB. Doing so
leads to

0 = [E" = 2(kp) ™ E/] p§ + 2i(kar)e' poE!
+ [(1 + 2(]%F)1212)8ijpj + 2p0<]}F)0i12]8mnmen
— 2[(k)IE + (k)T pop, (26)

It can be checked quickly that a contraction of the modified
Ampere law of Eq. (26) with p' is equivalent to the
modified Gauss law of Eq. (22) multiplied with p, after
inserting the Faraday law. The modified Ampere law can
also be expressed in matrix form as follows:

095026-6
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0=NVE, (27a)
Aab — [5ab _ 2<I%F)Oa0b]p(2) + Zi(]%AF>£apr
+ [(1 + 2(]%]:)1212)8”]-[)./- + zpo(]%F)OaIZ]gmhpm
— 2[(]}F)0aaj5ab + (]%F)Ojajajb}popj' (27b)

The latter has nontrivial solutions only for those p that
satisfy the condition that the determinant of the coefficient
matrix N vanishes. This condition corresponds to the
modified dispersion equation of the theory. We will come
back to that point later.

V. GREEN’S FUNCTIONS AND
PERTURBATIVE EXPANSION

Gauge invariance prohibits a perturbative treatment of
the theory described by Eq. (6). Therefore, we add a gauge-
fixing term’® with the gauge-fixing parameter £ to the latter.
By doing so, we define a new gauge-fixed Lagrange density
indicated by the superscript “gf”:

1
L8 =Ly —Z—S(a.A)z (28)

We now perform suitable partial integrations of the
Lagrange density of Eq. (6) to write each term as an
operator sandwiched by fields:

1 1
cffm = 5 A*(0g, = 0,0,)A° =5 ¢

- SMVAA(IACAF)aﬂAU - A&(]ACF)ﬂKMyaKauAV
+ Py V10,0, p + 24, (k) 40,0,
+ e [¢(IA€AF)K8/4AD - Au(/}AF)Kaﬂ(M

1
+ 5 00.A" (29)

Partial integration must be carried out twice for some terms
to arrive at this result. Boundary terms can be neglected in
Minkowski spacetime when we assume that the fields go to
zero sufficiently fast at infinity. We transform the new
Lagrange density to momentum space, where it is written in
a suggestive form as follows:

o 1 M U—iV)(A)
Flisa 2(A’¢)(<U+iv>f AV

*Note that the choice of an appropriate gauge fixing condition
in quantization is nontrivial when higher derivatives are present
(see, e.g., Ref. [32] for Podolsky’s extension of electrodynamics).
In the context of the current paper, this problem can be ignored, as
we do not carry out an explicit quantization of the planar
electrodynamics presented. The only concept of quantum physics
used is the propagator.

in terms of the (3 x 3) matrix

2

My, = —p*©,, + K, +iL,, - %sw, (30b)
the scalar
S=p>-D, (30c)
the projectors
O =M — Ly, (30d)
Q, = % : (30e)
and the Lorentz-violating operators
IA(MI/ = 2(]%F)/1Kﬁyp,<pﬁ’ (31a)
lAf;w = 2(7<AF)€,4ﬁuPﬁ, (31b)
A/l = 2(]%{/)F);4K/Jpxpﬂv (31c)
‘7,4 = 25,4KD(IA<AF)KPD’ (314d)
D= Z(IA%)"”prﬂ. (31e)

The operator ﬁﬂy is antisymmetric, whereas K v 18 Sym-
metric. Now we would like to construct the tools necessary
for a perturbative treatment of this theory. Disregarding
the background fields (k,z)* and lAc(/,F switches off the
mixing between the planar electromagnetic field and the
scalar field. After doing so, we derive the Green’s function
for the scalar and electromagnetic field, respectively. The
Lagrange density for the scalar field reads

1 .

with the scalar operator of Eq. (30c). The Green’s function
corresponds to the inverse of the latter operator, whose
result is readily obtained:

1
A, = . 33
@ pZ_D ( )

The treatment of the planar electromagnetic field is a bit
more involved. We consider the Lagrange density

1. .
EA - zAﬂMIwAI/' (34)

The inverse of the (3 x 3) matrix M** can be expressed in
terms of the metric tensor and suitable contractions of the
original matrix. We find
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(S D
A,m/ = ﬁ {z [(M a)z -M ﬂMﬁa]n/w

(1)1, + MﬂﬂM/’D}, (352)

where the denominator R corresponds to
3IR=(M",)3 =3(M* Mp,) (M7 ,) +2M"P M 5, M" .. (35b)

The Cayley-Hamilton theorem of linear algebra adapted to
a pseudo-Euclidean space allowed us to arrive at this result.
Details are presented in Appendix A. In principle, it is
possible to generalize Eq. (35) to (1 + D)-dimensional
Minkowski spacetime and even to curved spacetimes,
which will be discussed in Appendix A, too.

The two-tensors that appear in Eq. (35) can be totally
formulated in terms of observer Lorentz scalars formed of
the projectors of Eq. (30d) and observer two-tensor
operators of Eqgs. (31a) and (31b):

N 1 A
M, = — (2 + E) p>+ K%, (36a)

PP 1 N PPN
Ma/}Mﬂa — <2 + 5_2) p4 _ 2p2Kaa _ La[)’Lﬂa

+ KKy, (36b)

RPN 1 R
MPMy M7, = — (2 + E) p® +3p*Kk?,
+ 3p2(i/aﬁl’:ﬂa - kaﬁf{ﬂa)
+3(GL* Ky K", — L*L, K",)

KPR, R —iLPL, 07, (36¢)
These observer scalars involve the operators K and £ to first,
second, and third order, respectively. Due to the tensor

structure of A, another observer two-tensor is indispensable:

A 1 A

M sMP, = p* <®,w + 529,,V> —2p*(K +iL),,
+ (K +iL),4(K +iL)’,. (36d)

Now, the Feynman rules needed for a perturbative treatment
of the planar electrodynamics are given by

°® ! ® =iA,(g), (37a)
g i 37b
;'\/W\/\/\/\f\.: = 1A/W(k), ( )
q k ifypa{[];'AAF (Q)]pQU
—— e = harRlk)

—2[kyr(2)]7% qu4s.
(37¢)

Here, A of Eq. (33) and A, of Eq. (35) must be employed
with the appropriate three-momentum inserted. The objects
iAy and 1A, correspond to the scalar and the electromag-
netic propagator, respectively. The momentum directions at
the vertex are understood as incoming.

Several remarks are in order. First, for vanishing Lorentz
violation, 1A, corresponds to the propagator of a massless
scalar field. Furthermore, iA,, reproduces the standard
result for the electromagnetic propagator for our choice of
the gauge-fixing term:

. _1 v
1Auu|fff«":0 = F <77;w - (1 - 5) p;I; > (38)

kap=0

For the equivalent of the ’t Hooft-Feynman gauge in
(1 + 2) dimensions, £ = 1, the second term simply does
not contribute. The conventions have been chosen such that
the propagator without Lorentz violation matches the form
of the standard result in (1 4+ 3) dimensions stated in
Ref. [33]. Second, the denominator of A, in Eq. (35b)

is directly linked to the determinant of M. The equation
R = 0 can be interpreted as the dispersion equation of the
modified planar electrodynamics. Therefore, its zeros with
respect to p, provide the dispersion relations of electro-
magnetic waves in the plane. Third, the vertex involves the
full set of planar (k,)* operators, but only certain of the k
[we already noticed this point before when discussing the
interaction terms below Eq. (6)]. The momentum depend-
encies of the operators have to be adapted appropriately to
the momenta of the incoming scalar and electromagnetic
field, respectively.

VI. MODIFIED DISPERSION RELATIONS

Asymptotic free plane-wave solutions are on shell and
satisfy some dispersion equation of the underlying theory.
For the scalar field, this means that p? — D =0, whereas
electromagnetic waves satisfy R =0 with R given by
Eq. (35b). Their zeros with respect to p, correspond to the
dispersion relations of the sectors. We introduce the spatial
momentum p = (p', p?) that the dispersion relations are a
function of. Let us first look at the scalar, which is easier to
treat. At leading order in the operator lAc(,,, the positive-
energy solutions are given by

2k p' + Wk
E®)(p) = L Aoo( ) tee (39a)
1 - 2k¢ Po=wy(P)
w(zz¢):\/4(1%gfpi)2+(1_2kg°)(p2+21%gpipf), (39b)

where all additional p,’s are understood to be replaced by
the standard massless dispersion relation wq(p) = |p|.
Thus, at leading order, there are two dispersion relations,
and they approach the standard result @, for vanishing
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controlling coefficients. When next-to-leading-order effects
in nonminimal frameworks are taken into consideration,
there may be more than just two solutions. Furthermore, it
is known that nonminimal theories provide dispersion
relations that do not approach the standard result (@, in
this case) for vanishing Lorentz violation. We will come
back to this point below.

The next step is to discuss the dispersion relations of
modified planar electromagnetic waves. They will be
computed at leading order in Lorentz violation for the
cases IAcA r = 0and IAcF = 0, respectively. As M of the planar
electromagnetic theory in Eq. (34) is a (3 x 3) matrix,
where each coefficient involves at least two components of
the three-momentum (for the minimal case), R is a
polynomial of at least sixth degree in p,. In what follows,
we look at the positive dispersion relations, of which there
are three for the minimal framework. Inserting the back-
ground fields, the denominator R can be written in the form

2
Pl nuss - PPN -
R = ? {E [K(ﬂK/}a - (K( a)z - L(ﬂL/)’a] - p2(p2 - K a)}
(40a)
with

1. A
RPhYS — p2 - <1 + 5 (kF)lw/w) Kaa

+ f{m/(]%F);myK - 4(kAF)2‘ (4Ob)
The latter decomposition has been derived by employing
the explicit forms of K w and lA,W Using the condition of

Eq. (7), we can omit the double trace of k £ Itis possible to
extract the gauge fixing parameter in Eq. (40a) such that the
physical dispersion relations do not depend on it.
Furthermore, the second form of R allows us to separate
two powers of p? from the remaining expression RPWYS,
Therefore, independently of the explicit choice of the
Lorentz-violating background field, the standard dispersion
relation in two spatial dimensions is a twofold zero of R
with respect to pg:

o) (p) = . (41)
The third dispersion relation involves the Lorentz-violating
operators. For the first case, we simply set L w = Oand obtain

1.4 A
D), 0= |07+ 1K+ V(R

_i_...’

Po=o(P)
(42a)

T(R) = \ 2k Ry, — (R (42b)

For the second case, we insert K w = 0, which leads to

o3 (P)|t,—o = \/P* + 4kar)* pyapp) +

Before we interpret these results, several remarks will be
made. First, all p, components that are contracted with
controlling coefficients on the right-hand sides of Egs. (42)
and (43) are understood to be replaced by the standard
dispersion relation @,. Second, Eq. (42) involves the
operator ky at first order in Lorentz violation, whereas

Eq. (43) depends on lAcA r only at second and higher orders.
The latter property seems to be characteristic for (1 + 2)
dimensions, as for (1 + 3) dimensions, lAcAF enters the
dispersion relation at first order [34].

Third, as there is only a single modified dispersion
relation, birefringence does not occur. This property holds
for the minimal theory,4 but also for the nonminimal
framework at first order in Lorentz violation. For this
reason, there are no coefficients associated with birefrin-
gence, and it should be possible to parametrize the
complete tensor structure of kr by using an equivalent
of the nonbirefringent ansatz of Ref. [35]. We find that

(43)

AF :’,, 2 _’7 2 _l/l 2 +r[ 2 ’ a
i yueo Iy o jre vo 1 vo i1 44

K = (kp)y, (44b)
where (7(””) is a symmetric and traceless (3 x 3) matrix. The
latter has five independent coefficients, whereupon Eq. (44)
can represent the full tensor operator lAcF indeed. In contrast
to the counterpart of Eq. (44) in (1 4 3) dimensions, a
global prefactor of 1/2 is not needed here.

Fourth, Eq. (42) has a form analog to one of the two
dispersion relations obtained for the theory of minimal
(kg )rveo; cf. Egs. (16)-(18) in Ref. [29]. Fifth, Eq. (43) is
the exact result for the minimal setting. This finding shows
that the daughter theory is simpler than the parent theory, as
the dispersion relation of MCS theory is more involved
[34]. Last but not least, the negative-energy solutions found
are related to the positive ones by reversing the signs of the
spatial momentum components and the global sign in front
of them. In particular, let w_(p) be the negative-energy
counterpart of a positive-energy dispersion relation w, (p).
We then observe that @ (p) = —w_(—p). This finding
indicates that a quantization of the theory should lead to
photons that are their own antiparticles such as in (1 + 3)
dimensions. Note that the situation in the fermion sector is
different, and such correspondences do not necessarily hold
for all sets of operators. The explanation is that the C-odd
fermion coefficients have an opposite sign for antiparticles
in comparison to particles.

‘Cf. Ref. [26], where it was observed, as well.
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An electromagnetic wave in (1 + 3) dimensions has two
physical d.o.f. and two unphysical ones. The former
correspond to the transverse polarizations, and the latter
to the scalar and longitudinal ones. The number of
unphysical d.o.f. remains in (1 + 2) dimensions, and the
standard dispersion relation of Eq. (41) is associated with
those. In (1 4 3) dimensions, the unphysical dispersion
relations can be eliminated by solving the modified Gauss
law for one of the components of the electric field and
eliminating this component from the modified Ampere law
(cf. the second paper of Ref. [7]). The physical dispersion
relations are identified in that manner. This procedure does
not seem to be necessary in (1 +2) dimensions. The
determinant of the matrix N in the modified Ampere
law [Eq. (27)] is given by

det(N) = p(z)Rphyss (45)

when Eq. (7) is employed. Hence, the physical dispersion
relations can be directly identified from the latter. The fact
that the unphysical dispersion relations are not affected by
Lorentz violation seems to be a property that holds in
general (cf. also Ref. [36]).

There is only a single polarization perpendicular to a
given propagation direction in two spatial dimensions.
Therefore, for the minimal theory, there can be a single
physical dispersion relation only. Further dispersion
relations may emerge in nonminimal theories that include
additional time derivatives. There are two classes of such
dispersion relations. The first class only comprises per-
turbations of the standard dispersion relation. At leading
order in Lorentz violation, these correspond to the
dispersion relations of Eqs. (42) and (43). The second
class involves dispersion relations that do not approach
the standard result for vanishing Lorentz violation [see,
e.g., Refs. [16,17] for examples in (1 + 3) dimensions].
Such dispersion relations are sometimes called spurious or
exotic. In principle, they are not necessarily unphysical,
but they may be associated with ghosts. Besides, they are
interpreted as Planck-scale effects, which means that they
decouple from the theory for small momenta. For exam-
ple, in Ref. [16] it was observed that some of these modes
do not propagate in this regime; i.e., their group velocities
go to zero. Explicit results must be determined on a case-
by-case basis.

VII. SOLUTIONS TO THE FREE
FIELD EQUATIONS

At this point, we have the necessary tools ready to deal
with the field equations (17). We consider the uncoupled
equations that originate from the latter by setting the
couplings equal to zero. Furthermore, we take inhomoge-
neities into account:

J(x) = 0 = 2(ky) ™" 0,0,. (46a)
jﬂ (x> =D + EMHQIQAFFDQ - (]%F)ﬂm/gaaFvgv (46b)

where we use the Lorenz gauge condition 9 - A = 0 in the
second equation to fix the gauge. The inhomogeneity j(x)
is associated with the scalar field, and j#(x) is an external,
conserved three-current density coupled to the electromag-
netic field.

Let us first treat the scalar field. The general homo-
geneous solution is a superposition of plane-wave solutions
involving the modified dispersion relations:

¢hom — / 2 Z 2E ), (4721)
¢® (x) = a®) (p) exp(=iplx)
+a®*(p) exp(ipx). (47b)

Here, a'¥) is an appropriate plane-wave amplitude, a©* its

complex conjugate, and (p*)*) = (EW), p) with the appro-
priate dispersion relations of Egs. (39). Note that all
dispersion relations E¥) must be summed over. Spurious
dispersion relations can, in principle, be omitted when the
theory is restricted to its low-energy regime, where the
spurious modes decouple. The inhomogeneous solution of
Eq. (46a) can be written as a contour integral in the
complex pq plane:

909 = s [ a0 [ @pay(r)

with the Green’s function A,(p) of Eq. (33), the Fourier-
transformed inhomogeneity ]( p), and an appropriate con-
tour Cg. By choosing retarded boundary conditions, the
contour encircles all poles of Ay in a counterclockwise
direction.

The treatment of the electromagnetic field is a bit more
challenging. The plane-wave homogeneous solutions of
Eq. (46b) involve the modified polarization vectors as wave
amplitudes:

p) exp(=ipax®),

(48)

AP (x) = / . (49
2 Z 20K )C) ( )

AP (x) = & (p) exp(=ipyx)
+ e (p) expliphx9). (49b)

In the latter, e,(,k) is the polarization vector of the kth

(k)

physical mode, ¢, is its complex conjugated counterpart,
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and (p®*) = (w®, p) with the physical dispersion rela-
tion @, At leading order in Lorentz violation, the latter is
given by Eqgs. (42) and (43) dependent on which subset of
operators is discarded. The polarization vectors e,(,k) are
basis solutions of Eq. (46b) in momentum space for p, =
@ and vanishing external three-current. These vectors are
best computed for particular cases, as their form critically
depends on residual spacetime symmetries present. In the
minimal framework, there is only a single physical polari-
zation vector for this planar electrodynamics associated
with the physical dispersion relation. The physical modes
only must be summed over.

The inhomogeneous solution of Eq. (46b) for an exter-
nal, conserved current density j* is obtained by means
of the Green’s function A, in Eq. (35). Therefore, it can
also be written as a contour integral in the complex p,
plane:

A0 = s [ dam [ EpAE 07 0)

X exp(—ip,x?), (50)
where j# is the Fourier-transformed three-current density.
Again, C, is an appropriate contour that encircles the
physical poles in a counterclockwise direction when
retarded boundary conditions are chosen (cf. Ref. [37]).
Physical solutions do not involve unphysical d.o.f., which
is why they must be constructed from the physical part
APPYS of the Green’s function. To get rid of the unphysical
d.o.f. in Eq. (35), we decompose the latter into all observer
two-tensors available. Therefore, we make the ansatz

A, =an, +pp.p, +y(puw, +w.p,) +6(pL+Cupy)
+ ey, + 18,8, + Keua D, (51a)

where y, is a purely timelike and ¢, a purely spacelike
preferred direction:

1 0
=10  (@)=]1 (51b)
0 0

The advantage of this form of the propagator is that it
clearly separates the physical from the unphysical d.o.f.
The unphysical ones are contained in terms that are
proportional to at least one three-momentum with a free
Lorentz index. These terms vanish when the propagator is
contracted with two conserved external three-currents due
to p - j = 0. In this sense, the final term including the Levi-
Civita symbol does not contribute to physics either. Hence,
the physical d.o.f. must be contained in the remaining
terms only.

Setting the ansatz equal to the propagator leads to a
system of equations for the parameters a...x that can be
solved with computer algebra. To make the calculation
more feasible, we use the equivalent of a Feynman—"t Hooft
gauge in (1 4 2) dimensions; i.e., we set £ = 1. By doing
so, the physical part of the propagator can be cast into the
form

1 .
h
A = e |00+ RO
POAlz 201
+<sz -K )y/”ylp
1
N p A
#(R - Lk Yok (52)

with the physical dispersion equation of Eq. (40b). An
excellent cross check for the correctness of this result is that
the denominator p* giving rise to unphysical dispersion
relations cancels completely from A,‘ifys, as expected.
Besides, it was checked that

(B = AR = (53)

Thus, a contraction of A, with two external, conserved
three-currents gets rid of all unphysical d.o.f., which is why

the result must be the same as contracting ARY* with these
currents. Note that the same vector field must be obtained in
Eq. (50) by contracting A, with j# from the left or with j*
from the right. Another observation is that the numerator of
Eq. (52) involves Lorentz violation at first order only. This
is also the reason why lAcAF does not contribute to the
numerator, but just to the denominator RP"YS,

As the unphysical poles have been eliminated, the
contour C,, in the complex p, plane only encircles the
positive physical poles and their negative counterparts in a
counterclockwise direction. The contour integral over
Do is usually evaluated with the residue theorem. We will
only consider the minimal case explicitly. Let »® be the
physical dispersion relation. The denominator of Eq. (52)
can then be written as

Rphys — E[po _ a)(B)(p)Hpo + w(3)(—p)], (54a)
2= 1= 2[(hp)00 4 (k)22
AR ()22~ (RO (54b)

The residues are readily obtained from this form of the
denominator. We already mentioned that additional physi-
cal dispersion relations may arise for the nonminimal
case. Those must be taken into account in the contour
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integral. Finally, in the limit of zero Lorentz violation, we
obtain

.+ phys —in
ARy = —22, (55)
kap=0 V4

as expected from Eq. (38).

VIII. CONCLUSIONS

In the current paper, we have constructed the framework
of a Lorentz-violating extension of electrodynamics in
(1 +2) spacetime dimensions including field operators
of arbitrary mass dimension by means of the method of
dimensional reduction applied to the nonminimal electro-
magnetic SME. The resulting modified planar electrody-
namics involves an additional scalar field that the
electromagnetic field can mix with. We obtained the set
of coupled field equations, the modified Maxwell equa-
tions, the Green’s functions for the electromagnetic and the
scalar field, and the perturbative Feynman rules of the
theory.

The modified dispersion relations for electromagnetic
waves were computed at leading order in Lorentz violation.
Finally, the general homogeneous solutions of the
uncoupled field equations were constructed, as well as
the inhomogeneous solutions, by means of the Green’s
functions. In the case of electromagnetic waves, the
unphysical d.o.f. had been removed from the Green’s
function before.

More sophisticated analyses of the properties of particu-
lar interesting sectors of this framework are planned to be
carried out in the future, including applications to planar
condensed-matter systems. Indeed, the framework devel-
oped can serve as a base for theoretical investigations of
electromagnetic aspects in such systems. Also, the structure
of the planar electrodynamics is simpler than that of the
parent theory in (14 3) spacetime dimensions. This
enabled us to perform certain computations that would
have been much more challenging for the parent theory,
such as the elimination of the unphysical d.o.f. from the
Green’s function of the electromagnetic field. With this
methodology and experience at hand, similar general
results are now within reach for the electromagnetic sector
of the nonminimal SME.
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APPENDIX: GENERAL PROPAGATOR
OF MODIFIED ELECTROMAGNETISM
IN (1+D) DIMENSIONS

Here we would like to outline the construction of
Eq. (35). Inverse matrices can be obtained in a systematic
way via the Cayley-Hamilton theorem of linear algebra.
Note that in the mathematics literature, the corresponding
formulas are usually stated in Euclidean space. As we have
not found any text that discusses how to adapt these
formulas to a pseudo-Euclidean setting, we intend to
present these results here for a general purpose.

We consider a free theory of a vector field A, in
(1 + D)-dimensional Minkowski spacetime described by
the Lagrange density

Ly=A,"A,, (A1)

where H* is a tensor operator in momentum space that can
contain arbitrary powers of the three-momentum. The
Lorentz indices run from O to D, and they are contracted
with each other via the (1 4+ D)-dimensional Minkowski
metric 7, The propagator can be obtained from the inverse

of the operator HM that is constructed in a general way as
follows:

D D—k
A — det(naﬁ) Z(_1>D+k Hyl/ A

v R k! k> (A2a)

Ak = Bk<S1, —S87, 2!83, ey (—1>k_] (k — 1)!Sk>, (A2b)

where B, are the Bell polynomials. The latter are tabulated
(e.g., via the third and sixth columns of Table 24.2 in
Ref. [38]) with the first four given by

By =1, (A3a)

B (x;) = x, (A3b)

By (x1, %) = x3 + xy, (A3c)

B3 (x, %3, X3) = X} + 3x1x; + X3. (A3d)

Hence, the Bell polynomial B is a function of k variables.
The matrices 7:(,12,, that appear in Eq. (A2) are contractions

of k matrices H** such that the first index of the first matrix
and the second of the last one remain free:

H, =T, (Ada)
7:(;141/ = 7—,\‘;41/’ (A4b)
H;, = H, H (Adc)
Hey = Hoo HH g, H™, (A4d)
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The tensor components of 7 are defined via the inverse of
the metric tensor:
Ty = (") (Ade)
Clearly, the inverse of the Minkowski metric reproduces
this metric. However, we will work with the general
definition to be able to generalize the results to arbitrary
spacetimes.
The variables s, are given by traces of the latter
contractions, i.e., s; = (F)?,. The denominator R in
front of the sum in Eq. (A2a) corresponds to the determi-

nant of the matrix 7{** that can be expressed in the form

_ det(n,) A
— 71 . DA+

(1+D)! (A3)

The characteristic polynomial that 7 satisfies is given as

p(H) = FP 4 epHP + -+ eyH + oI =0,  (A6a)

where

(-D*
CD—k+1 = TAk'
The latter is the main ingredient used in the proof of the
general formula (A2) of the inverse.

It is worthwhile to notice that the formulas above have
been expressed in a covariant form. Thus, the inverse of
Eq. (A2) does not lose its validity for an electromagnetic
theory defined in a curved spacetime. In this case, all
occurrences of the Minkowski metric 7, must be replaced
by the corresponding pseudo-Riemannian metric g,, in

(1 + D) dimensions.

(A6b)
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