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Fermion masses and mixings and some phenomenological aspects
of a 3-3-1 model with linear seesaw mechanism
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We propose a viable theory based on the SU(3) x SU(3), x U(1)y gauge group supplemented by the
S, discrete group together with other various symmetries, whose spontaneous breaking gives rise to the
current Standard Model (SM) fermion mass and mixing hierarchy. In the proposed theory the small light
active neutrino masses are generated from a linear seesaw mechanism mediated by three Majorana
neutrinos. The model is capable of reproducing the experimental values of the physical observables of both
quark and lepton sectors. Our model is predictive in the quark sector having 9 effective parameters that
allow to successfully reproduce the four Cabbibo-Kobayashi-Maskawa parameters and the six SM quark
masses. In the SM quark sector, there is particular scenario, motivated by naturalness arguments, which
allows a good fit for its ten observables, with only six effective parameters. We also study the single heavy
scalar production via gluon fusion mechanism at a proton-proton collider. Our model is also consistent with
the experimental constraints arising from the Higgs diphoton decay rate.
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I. INTRODUCTION

Although the Standard Model (SM) is a very well
established quantum field theory highly consistent with
the experimental data, it has several unexplained issues. For
instance, the current pattern of SM fermion masses and
mixing angles, the number of SM fermion families, the tiny
values of active neutrino masses are some of the issues that
do not find an explanation within the context of the SM.
The SM fermion mass hierarchy is spanned over a range of
13 orders of magnitude from the light active neutrino mass
scale up to the top quark mass. In addition, the experimental
data shows that the quark mixing pattern is significantly
different from the leptonic mixing one. The mixing angles of
the quark sector are small, thus implying that the Cabbibo-
Kobayashi-Maskawa (CKM) quark mixing matrix is
close to the identity matrix. On the other hand, two of the
leptonic mixing angles are large and one is small, of the order
of the Cabbibo angle, thus implying a Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) leptonic mixing matrix very
different from the identity matrix. This is the so called
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flavor puzzle, which is not addressed by the SM and
provides reason for considering models with augmented
field content and extended symmetry groups added to
explain the current SM fermion mass spectrum and mixing
parameters.

Theories with an extended SU(3). x SU(3), x U(1)y
gauge symmetry [1-49] (3-3-1 models) are used to explain
the origin of the three family structure in the fermion sector,
which is left unexplained in the SM. In these models, the
chiral anomaly cancellation condition is fulfilled when there
are equal number of SU(3), fermionic triplets and anti-
triplets, which occurs when the number of fermion families
is a multiple of three. In addition, when the chiral anomaly
cancellation condition is combined with the asymptotic
freedom in QCD, theories based on the SU(3) . x SU(3), x
U(l)y gauge symmetry predict the existence of three
fermion families. Furthermore, the large mass difference
between the heaviest quark and the two lighter ones can be
explained in 3-3-1 models due to the fact that the third family
is treated under a different representation than the first and
second ones.

Furthermore, the 3-3-1 models explain the quantization
of the electric charge [50,51], have sources of CP violation
[52,53], have a natural Peccei-Quinn symmetry, which
solves the strong-CP problem [54-57], predict the limit
sin 0}, < 1, for the weak mixing parameter. Besides that, if
one includes heavy sterile neutrinos in the fermionic
spectrum of the 3-3-1 models, such theories will have cold
dark matter candidates as weakly interacting massive
particles (WIMPs) [58-61]. A concise review of WIMPs
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TABLE 1. Scalar transformations under the SU(3). x SU(3), X U(1)x X S4 X Zg X Z15 X Z 4 group.

X n p oy P 4 A S o B Q ® ¢ ¢ z S
SU(3)¢ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
SU@3), 3 3 3 1 1 1 1 1 1 1 1 1 1 1 1 1
U(l)y -1 12 0 0 0 0 0 0o 0 0 0 0 0 0 0
Sy 1 1 1 1 Iy 2 2 2 3 3 3 3 3 3 3 ¥
Zs 0 0 0 0 0 0 0 0 2 2 2 1 1 0 0 0
Z1 0 0 0 -3 1 -5 -4 2 1 0 1 1 1 =2 0 0
Zis 0 0 0 -1 -1 -2 -1 -1 0 1 0 0 0 0 0 1

in 3-3-1 electroweak gauge models is provided in Ref. [62].
Finally, if one considers 3-3-1 electroweak gauge models
with three right handed Majorana neutrinos and without
exotic charges, one can implement a low scale linear or
inverse seesaw mechanism, useful for generating the tiny
active neutrinos masses.

In this work, motivated by the aforementioned consid-
erations, we propose an extension of the 3-3-1 model with
right handed Majorana neutrinos, where the scalar spec-
trum is enlarged by the inclusion of several gauge singlet
scalars. Our theoretical construction successfully explains
the current SM fermion mass spectrum and fermionic
mixing parameters. In the proposed model, the SU(3). x
SU(3); x U(1)y gauge symmetry is supplemented by the
S, family symmetry and other auxiliary cyclic symmetries,
whose spontaneous breaking produces the current SM
fermion mass spectrum and mixing parameters. In the
proposed model, the masses for the Standard Model
charged fermions lighter than the top quark are produced
by a Froggatt-Nielsen mechanism and the tiny masses for
the light active neutrinos are generated by a linear seesaw
mechanism. We employ the S, family symmetry because it
is the smallest non-Abelian group having a doublet, triplet,
and singlet irreducible representations, thus permitting us
to accommodate the three fermion families of the SM. It is
worth mentioning that the S, discrete group [10,63-84] has
been shown to provide a nice description for the observed
pattern of SM fermion masses and mixing angles.

The layout of the remainder of the paper is as follows. In
Sec. IT A we describe the proposed model, its symmetries,
particle content and Yukawa interactions. The gauge sector
of the model is described in Sec. II B, whereas its low

energy scalar potential is presented in Sec. Il C. In Sec. III
we discuss the implications of our model in quark masses
and mixings. In Sec. IV, we present our results on lepton
masses and mixing. The consequences of our model in the
Higgs diphoton decay rate are discussed in Sec. V. The
production of the heavy H, scalar at proton-proton collider
is discussed in Sec. VI. We conclude in Sec. VIL
Appendix A provides a description of the S, discrete
group. Appendices B and C present a discussion of the
scalar potentials for a S; scalar doublet and S, triplet,
respectively.

II. THE MODEL

A. Particle spectrum and symmetries

We propose an extension of the 3-3-1 model with right
handed Majorana neutrinos, where the SU(3) x SU(3), x
U(1l)y gauge symmetry is augmented by the S, X Zg X
Z1y X Z1g discrete group and the scalar spectrum is
enlarged by considering gauge singlet scalars, which are
added in order to generate viable textures for the fermion
sector that successfully explain the current pattern of SM
fermion masses and mixing angles. The scalar and fer-
mionic content with their assignments under the SU(3) x
SU3), x U(1)y x Sy X Zg X Z1 X Z¢ group are given in
Tables I and II, respectively. The dimensions of the SU(3) .,
SU(3), and S, representations shown in Tables I and II,
are described by numbers in boldface and the additive
notation is used to specify the U(1)y and Zy charges. We
choose the S, symmetry since it is the smallest non-Abelian
group having doublet, triplet, and singlet irreducible repre-
sentations, thus allowing us to naturally accommodate the

TABLE II.  Fermion transformations under the SU(3). x SU(3), x U(1)x X S4 X Zg X Z5 X Z4 group.

i G G wig g ug  dig  dp  fp  jig jr Lp  elg ep  ep Nig  Np
sUG). 3 3 3 3 3 3 3 3 3 3 1 1 1 1 1 1
su3, ¥ 3 3 1 1 1 1 1 1 1 3 1 1 1 1 1
R R T I
S4 1 1 1 1 1 1 r 2 1 1 1 3 1 1 1 1 2
Zs 0 0 0 0 0 0 0 0 0 0 0 0 -1 -1 -2 0 0
Zi 0 0 0 4 0 0 5 0 0 0 0 -1 2 —6 -4 -1 -1
Zi -4 -2 0 4 2 0 3 3 0 -4 -2 0 8 4 2 0 -1
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three families of the SM left handed leptonic fields into a Sy
triplet, the three gauge singlet right handed Majorana
neutrinos into one Sy singlet and one S, doublet, the three
right handed SM down type quarks into a S, singletand a S,
doublet, and the remaining fermionic fields as S singlets. In
addition, the Sy, Zg, and Z,, symmetries shape the textures
of the SM fermion mass matrices thus yielding areduction of
the model parameters, especially in the SM quark sector. In
addition, the Z¢ and Z;, symmetries separate the S, scalar
triplets (@, B, Q, ¢, ¢) participating in the charged lepton
Yukawa interactions, from the ones (£, X, S) appearing in the
neutrino Yukawa terms. Moreover, the Zg symmetry allows
to distinguish the S, scalar triplets @, E, Q generating the
third column of the SM charged lepton mass matrix from the
ones ¢ and ¢ that give rise to the second and the first column
of the SM charged lepton mass matrix, respectively.
Consequently, the Zg symmetry selects the allowed entries
of the SM charged lepton mass matrix, thus allowing to
reduce the number of lepton sector model parameters.
Furthermore, the Z;, symmetry distinguishes the S, scalar
triplet { participating in the Dirac Yukawa interactions, from
the ones £ and S appearing in the remaining neutrino
Yukawa terms. Besides that, the Z;, symmetry also dis-
tinguishes the different S scalar doublets &, A, and ® that
contribute to the first, second and third rows of the SM down
type quark mass matrix, respectively, thus allowing to obtain
a predictive texture for the down type quark sector that
generates the SM down quark masses, the Cabbibo mixing
as well as the mixing between the second and third quark
families. Furthermore, the Z;, symmetry also determines the
allowed entries of the SM up type quark mass matrix. It is
worth mentioning that due to the Z;, charge assignments,
the only nonvanishing entries of the SM up type quark mass
matrix are the diagonal ones as well as the 13 entry, needed to
generate the SM up quark masses as well as the quark mixing
angle in the 13 plane and the quark CP violating phase,
respectively. The quark mixing angle in the 13 plane and the
quark CP violating phase only arise from the up type quark
sector. The Z,s symmetry shapes the hierarchical structure
of the SM fermion mass matrices crucial to yield the
observed SM fermion mass and mixing pattern. We remark
that Z 4 is the smallest discrete symmetry permitting to

build the Yukawa terms (I, pIl),e x Z—% (I =a,%,Q) and

8
Gip Ui % required to provide a natural explanation for the
small values of the electron and up quark masses, which are

v v

2 75 and a8 75 times a O(1) coupling, respectively, where

A =0.225 is one of the Wolfenstein parameters. In our
model, the masses of the Standard Model charged fermions
lighter than the top quark arise from a Froggatt-Nielsen
mechanism [85], triggered by nonrenormalizable Yukawa
interactions invariant under the different discrete group
factors. Thus, the current pattern of SM fermion masses
and mixing angles arises from the S4 X Zg X Zj5 X Zi4
spontaneous symmetry breaking. The masses of the light

active neutrinos are generated from a linear seesaw
mechanism [86-90,90-94], which can be implemented in
our model because the third component of the SU(3),
leptonic triplet is electrically neutral and the fermionic
spectrum includes three right handed Majorana neutrinos.
In addition, the non-SM fermions in our model do not have
exotic electric charges. Consequently, the electric charge is
defined as:

1
Q:T3 +ﬂT8 +XI:T3—7T8 +XI,

N (2.1)

with [ =diag(1,1,1), T3 =3diag(1,-1,0) and Tg=
(ﬁg)diag(l, 1,-2) for a SU(3), triplet. In our model the

full symmetry G experiences the three-step spontaneous
breaking pattern:

G=SUB3)cxSUB), xU(1)y X Sy X Zg X Z, le6ﬁ>‘

SU3)e x SU(3), x U(1)y5
V0,

SU3) e x SU2), x U(1), =

SUB)ex U(1),, (2.2)

where the different symmetry breaking scales satisfy

Nine > 0, > v, v, with y /v; 4+ v = 246 GeV. The first
step of spontaneous symmetry breaking is produced by
all gauge singlet scalar fields (excepting {), charged
under the discrete symmetries, assumed to acquire vacuum
expectation values (VEVs) at a very large energy scale
At > v, ~ O(10) TeV. The second step of spontaneous
symmetry breaking is caused by the SU(3), scalar triplet y,
whose third component acquires a 10 TeV scale vacuum
expectation value (VEV) that breaks the SU(3), x U(1)x
gauge symmetry, thus providing masses for the exotic
fermions, non-Standard Model gauge bosons and the heavy
CP even neutral scalar state of y. We further assume that the
S, triplet gauge singlet scalar £ acquires a VEVs at the same
scale of v,,. Finally, the remaining two SU(3), scalar triplets
n and p, whose first and second components, respectively,
get VEVs at the Fermi scale, thus producing the masses
for the SM particles and for the physical neutral scalar states
arising from those scalar triplets. Here we are considering
that the SU(3), x U(1)y gauge symmetry is spontaneously
broken at a scale of about 10 TeV in order to comply with
collider constraints [95] as well as with the constraints
arising from the experimental data on K, D, and B meson
mixings [96] and from the B, —» u*y~ and B, —
K*(K)u"p~ decays [9,97-100].

The SU(3), triplet scalars y, 7, and p can be
represented as:
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)((1) d, U3
X = X2 ; o = | ~Un | > = | ds | .
L\/‘( +&, i) Jn L 2 L
L\/— (v, +&, £i,) v;
n= 5 , L;=1¢ |, n=1,2, i=1,2,3 (24)
s v,
i
p= ﬁ (v, +&,£ig,) |. (2.3)
Using the particle spectrum and symmetries given in

+
P3 Tables I and II, we can write the Yukawa interactions for the

The SU(3), fermionic antitriplets and triplets are quark and lepton sectors:

expressed as:
|

4 4 8
"o _ ., 0 ., 0 ., ©
L) =Yg yte + W Gapnuag + ¥\ a0 usg A—L + 33 G p ung A—L + 3G ug A—2
5

2
N Vo d) - 4 dy-
V9 i+ Y Gorx for + S )qst(®dR)1—A§ + 508 (Adg), 143 +y§ \aun (édR)1A6

7
d- ., O
+ 3\ q1n leA—27+ Hec., (2.5)

4

+ Y (Lopp)rean 22 5

_E(Yl) = x(lL)<Z‘L.0¢)lelR +y(1 )(]:L/)(/))lezR

A° AS
P

L)/ 7 03 LYt — o3 L),7 o 2 e

+ Z<1 >(Lqu))163R A_23 + Zé )(LLP‘:)leSR A_i + zé )(LLPQ)1€3R A—zg + Ypeape(LE(LE)?)3(p")

> [

1 1
~t ygn)(LLZ)l/’?NlR

+ 3 Lt (SNi)s <

- 1
+y<1j;)(LLZ)1’)(N1R_

L) s 1
A +y§n)LL’7(SNR)3x+ H.c. (2.6)

As shown in detail in Appendices B and C, the following VEV configurations for the S, scalar doublets and S, scalar triplets
are in accordance with the minimization conditions of the scalar potential:

©=v0-). @ ="200.  (©=rel0. (@)=r(1.00. (E="2010)
e _ r =
@="20.01. (o= (.00). () =5,(1.0.0)
__% . _ v _ s
0= s (100, (=201, () =T, @)

Given that the spontaneous S, X Zg X Zj, X Zjs symmetry breaking gives rise to the observed hierarchy
of SM charged fermion masses and quark mixing parameters, the vacuum expectation values of the gauge
singlet scalars can be expressed in terms of the Wolfenstein parameter 4 = 0.225 and the model cutoff A, in the
following way:

Uy ~ U, KL Vp~ 0, K V7~V ~ Vg~ Vo~ Vg~ Vg~ Vs ~Ug~ Vs ~ Uy~ Uy~ N = AA, n=1,2. (2.8)

where the model cutoff A can be interpreted as the scale of the UV completion of the model, e.g., the masses of
Froggatt-Nielsen messenger fields.
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TABLE III.  Physical gauge bosons and their masses. charge £1 (W*) and four non-SM gauge bosons W'*,
K°, K°.
Gauge boson Square mass The covariant derivative in 3-3-1 models reads:
w 49 *(vy + 1)
w'* 4g (UO+ vﬁ) D, = 8” +igW;,G, + ig’X(DB” (2.11)
14
z §(E - 5y) Replacing Eq. (2.11) in the scalar kinetic interactions
z §(E1 +58y) gives rise to the gauge boson mass terms as well as to the
KO, RO %’(,jﬁ +12) interactions between the scalar and gauge bosons [101]:
Lxn= ) (D'®)'(D,®)
B. The gauge sector P=r.p
Using f = —1/+/3, the gauge bosons related with W
SU(3), are: = > {(aﬂcb)*(Dﬂcb) +(DF®)"(0,®)
D=n.p.x
W, = WG, - (8”@)*(@@)
3 1 w8 0
1 Wi+ Wi V2w V2K (2)
=5 vawp Wi W V2KG | (29) + T (gW' + g XoB") (gW" + g XoB)@|,  (2.12)
\/z KO \/E K+ — 2 w8
K : V3T where the terms denoted as (1) give rise to the interactions
. between the Goldstone and massive gauge bosons. On the
where G, (a = 1,-- -, 8) are the Gell-Mann matrices. The

other hand, the terms denoted as (2) produce the masses for
the gauge bosons and the interactions between the gauge
bosons and the physical scalar fields. The gauge boson
squared mass matrices read:

representation of the gauge field related to the U(1), gauge
symmetry has Qp = 0 charge and is given by:

Bﬂ - I3><3B,u (210)
. . . s +59°v; 0
In this model three gauge fields with no electric charge are Mgharge 4= 1 s 12 (2, 13)
combined to form the photon as well as the Z and Z’ gauge 0 §92 v, T390y
bosons. Moreover, there are two gauge fields with electric
|
1,202, .2 7 _ g, 12 12 0
19" (v + 1) AT AA 599 vy — 3959
7 g 1.2 2 1 1,2 2 t/f/L,, tﬂ/,,q t/uq
v, g2 gu;g
~logvi Loty -2+ ”Jf LU L) + () +$v§<¢>2 0
0 0 0 L9 (v} +v2)
The physical gauge bosons and their masses are shown in Table III:
8 =3¢ (v 4 v3 + v2) + (¢)* (v} + 403 + v3)
B, = \/(3g2(v$ + 034+ v7) + () (vf +4v) +v2))? =942 (3g* + 4(9)?) (v; (v5 + v}) + vov7)
|
with v,72173.948GeV, v/,zl73.948GeV, and szloTeV. In what follows we briefly comment about the LHC

Consequently, for these values we find that the heavy gauge  signals of a Z' gauge boson. The heavy Z' gauge boson is
boson masses are My = 3.2 TeV, M, = 6.3 TeV. Notice = mainly produced via Drell-Yan mechanism and its corre-
that the obtained value of M, =~ 6.3 TeV is consistent with ~ sponding production cross section has been found to range
the lower bound of 4 TeV on the Z' gauge boson mass  from 85 fb up to 10 fb for Z’ gauge boson masses between
imposed by the experimental data on the K, D and B meson 4 TeV and 5 TeV and LHC center of mass energy v/ =
mixings [96]. 13 TeV [102]. Such Z’' gauge boson after being produced
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will decay into pair of SM particles, with dominant decay
mode into quark-antiquark pairs as shown in detail in
Refs. [9,103]. Comprehensive studies of the two body
decays of the Z’ gauge boson in 3-3-1 models are performed
in Refs. [9,103], where it has been shown that the branching
ratios of the Z’ decays into a lepton pair are of the order of
1072, thus yielding a total LHC cross section of about 1 b for
the pp — Z' — 1~ resonant production at v/S = 13 TeV
and M, = 4 TeV, which is below its corresponding lower
experimental bound resulting from LHC searches [104].
Finally, as pointed out in Ref. [102], at the proposed energy
upgrade of the LHC with /S = 28 TeV, the LHC produc-
tion cross section for the pp — Z' — [T[~ resonant pro-
duction will be of the order of 1072, at M, = 4 TeV, which
falls in the order of magnitude of its corresponding exper-
imental lower bound resulting from LHC searches.

C. The low energy scalar potential and
scalar mass spectrum

In our model, the renormalizable low energy scalar
potential reads:
|

= —u;(x"y) — uz(n'n)

TABLE IV. Physical scalar fields with their masses.

Scalars Masses
G) = =Sa, + Cul, My =0
AY = Cyl, + Spt, Mo = Lo+
Gy = —G& + 5,8 M2° =0
=¢, M%,o = vl
ho = Csé, — Ss&, 0 —/131),%4-/121)/2)
HY = S36, + Coéy My = L4 25
Gy = =Co} + St} Mgy =0
GY = —CoZ) + a7 Mzo =0
HY =S+ C.nd M%{“ _ W—;IWM
HS = S8 + M = M2,
Gy =—Cus + 5,05 Mé; =
Hy =S5 +Cp5 M%J} _ (\/ifffﬁiifzjz)(fﬁﬂi)
G5 = —Cpy + Sppi M. =0
Hy = Symy + Cypy Milsi _ ﬁf"&“z:’gp)('%*”ﬁ)

— 150" ) + f(nixpre™ +Hee) + L () ) + 2 (0"p) (07p) + A3 (n'n) (")

+ 4400 (0"p) + A5 (e ) (nn) + 26(p"p) (') + 27 (') (n"20) + A3 (") (07x0) + 9 (") (' ). (2.15)
being y, p, and 5, the SU(3), scalar triplets.
The following relations arise from the global minimal conditions of the low energy scalar potential:
fov, 1 1
2 _ nY
'ul__\/iv +2)¥5 ,7+2/14U +ﬂ.1'[) s (216)
fov, 1
2 nYx
//lp = - + /,{61) +/121] + 147) s (217)
V2v, 2 2
L N R R (2.18)
V20,
From the scalar potential we find that the squared scalar mass matrices are
fv,v fv fv, 2 fu,v, fv, fv,
\/Elv; v 20y + ﬁ”b; 4,0, — 7 Asv,v, — 7
M= | La Lo Iy M2 = | vy, =Lz 20,02 4 L0 w2
a= | v2 vm, V2 | &= | M2 20 T, AUt T |
fu, fu, fo,v fv, fv fz v
5B \/—é—v’l’ Asv,v, — 7 AVyv, — VA 22307 + \/E £,
hv%—{—% V2fv, + A, lgv/,—f—ffv‘(b" Aov,v, +V2fv,
M)Q(ono = M?(or-lo = ! /2 Miipi s
v v \/zfvp + Av,0, /1711 4 =< fv”bl w Agvyv, + \/Efﬂ)( /1911 4 =11 fv””
/181) +\/—f”” - \/zfv,7—|—/18v v,
M2, | = (2.19)
s \/ifvn—i-/lgvpvl /1811 —l-\/—fL &

The resulting physical scalars and their masses are given in Table IV.
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v
tan(a) =
Uy
v
tan(f) = 2
Uy
v
tan(y) = -
Uy
fo,
tan(6) = 20ty = )
= Topr, _Jupo > 2
ﬁyj - \/—#@j - 2’1},7&3 + 2/121}/,

The field composition of the low energy physical
scalar spectrum of our model is given by one light neutral
scalar h° identified with the SM-like 125.09 GeV
Higgs boson found at the LHC, five neutral heavy Higgs
bosons (HY,HY, HY, HY,A%) and four charged Higgs
bosons (Hi,H). It’s worth mentioning that the neutral
Goldstone bosons GY, G, GY and G are related to the
longitudinal components of the Z, Z’, K° and K° just like
the charged Goldstone bosons Gi and G5 are related to the
longitudinal components of the W* and W’'* gauge bosons.

The 125 GeV mass value for the SM-like Higgs boson
can be reproduced for the following benchmark point:

v, 10 TeV, vy~ U, 174 GeV, f=~1000 GeV,
A1 =~0.016, Ay ~ A3 ~20.26, Ag~As~Ag 1,
e =~ 10, A3 ~0.01. (2.20)

where in this scenario, the trilinear parameter f
has to be fixed at 1000 GeV to get M, ~5318.3 GeV
and M y= ~5503.95 GeV.

III. QUARK MASSES AND MIXINGS

From the Yukawa interactions of the quark sector given
by Eq. (2.5), we find that the SM quark mass matrices read:

C]l8 0 alﬂ4
v
My =—— 0 byt 0 ,
U \/E 2
0 0 ar
ad g0
v
Mp=—— 0 P 202 |, 3.1
D \/5 92 92 ( )
0 0 g2

where 4 = 0.225 and v = 246 GeV. In order to get quark
mixing angles and a CP violating phase consistent with the
experimental data, we assume that all dimensionless
parameters given in Eq. (3.1) are real, except for a;, taken
to be complex.

TABLE V. Model and experimental values of the quark masses
and CKM parameters.

Model Model
value with value with Experimental
Observable Eq. (3.3) Eq. 3.4) value
m,(MeV) 1.44999 1.44999 1451038
m.(MeV) 635 635 635 + 86
m;(GeV) 172.101 172.101 172.1 £ 0.6 £0.9
mg(MeV) 2.89988 2.90313 2.9+03
my(MeV) 59.1145 60.021 57.7+]88
my,(GeV) 2.79418 2.82003 2821907
siné, 0.225402 0.220611 0.225
sin 6,3 0.0412799 0.0415761 0.0412
sin @3 0.00386484  0.0038648 0.00351
S, 68.021° 68.0198° 68°
The exotic quark masses are
()
NS NG B S By
my =y Nk mj, =yj NG my,
()
) % _ Y
mj, =52 V2 0™ (3.2)

The experimental values of the physical quark mass
spectrum [105,106], mixing angles and Jarlskog invariant
[107] are consistent with their experimental data, as shown
in Table V, starting from the following benchmark point:

¢y =~ 1.2525, |a,| =~ 1.48406, arg(a;) ~ 68°,

a, ~0.989375, b, ~1.41504,

g1 ~0.579397, 9> ~0.57, g3 =~ 1.40209,

4 = 0.583. (3.3)

The result given in Eq. (3.3) motivates to consider the
simplified benchmark scenario:

¢y~ 1.2525,
a, ~0.989375,
g1~ gy ~ gy ~0.579397,

|a,| =~ 1.48406, arg(a;) ~ 68°,

by~ gy ~141504. (3.4)
Notice that a successful fit of the ten physical observables
in the quark sector can be obtained in the above described
scenarios where the first [Eq. (3.3)] and the second one
[Eq. (3.4)] only have 9 and 6 effective free parameters,
respectively. It is worth mentioning that in the general
scenario of 9 effective free parameters, such parameters fit
the CKM quark mixing matrix as well as 5 of the 6 quark
masses, whereas the remaining quark mass is predicted. In
the concerning to the scenario of 6 effective free para-
meters, the quark mixing angle 6,3, the quark CP violating
phase 0 and 2 quark masses are adjusted, whereas the
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FIG. 1.

remaining quark mixing angles €, 8,3 and 4 quark masses
are predicted.

Thus, the symmetries of our model give rise to quark
mass matrix textures that successfully explain the SM
quark mass spectrum and mixing parameters, with quark
sector effective free parameters of order unity.

In addition to the benchmark points of Egs. (3.3) and
(3.4), correlation plots in Fig. 1 have been obtained to
analyze the behavior of some of the quark observables,
such as the CP violating phase d-p as a function of the
quark mixing parameters sin ;3 and sin 6,5.

These plots were generated by varying the quark sector
parameters in Eq. (3.3) in a range of values that satisfies the
30 experimental allowed values in the quark sector and
0.224 < sin 6, < 0.226. The plots show that the CP-
violating phase is predicted to be in range 68.007° < d¢p <
68.032° for the allowed parameter space. Figure 1(a) shows
that 0.0036 < sin 63 < 0.0040 and as sin 813 grows up d¢p
goes down. On the other hand, Fig. 1(b) shows that 0.0377 <
sin 6,3 < 0.0434 and §p is directly proportional to sin 053.

Finally to close this section we briefly comment about the
LHC signatures of exotic 7, j; and j, quarks in our model.
Such exotic quarks will mainly decay into a top quark and
either neutral or charged scalar and can be pair produced at
the LHC via Drell-Yan and gluon fusion processes mediated
by charged gauge bosons and gluons, respectively. A
detailed study of the collider phenomenology of the model
is beyond the scope of this paper and is left for future studies.

IV. LEPTON MASSES AND MIXINGS

From Eq. (2.6), and using the product rules of the S,
group given in Appendix A, we find that the charged lepton
mass matrix is given by:

A0 xR xsAd
Ml = —= 0 x215 X6l4
0 0 x34°

(4.1)

68.030

68.025 -

68.020 -

6cpl’]

68.015 -

68.010

38 39 4.0 41 42 43
x1072

Correlations between the quark CP-violating phase §-p and the quark mixing parameters sin 63, sin 03.

Regarding the neutrino sector, from Eq. (2.6), we find the
following neutrino mass terms:

VL
1/— S
L =5 (o T Np)M| 0 | +Heo  (42)
Ng
where the neutrino mass matrix is given by:
O3 My M,
Ml, = MlT 03X3 M3 N (43)
MY MT 05,
and the submatrices take the form:
P 0 a O
v,0
M ==+ _4 0 b,
YN
0 -b O
o Xy -y
(L) “n"x 2
M>=h -Xx oy -wy |,
2 n \/6/\ y 2y
X @y —o°y
roz =z
v, i
M3:h)((1‘) 22 027 —wz |, o=é%. (4.4)
6A )
r wz -0z

The light active neutrino masses arise from a linear seesaw
mechanism and the physical neutrino mass matrices are

MY = —[MyM'MT + M (MT)'MT), (4.5)

1 1
MY =~ (M +ME) =5 (MM, (M]) ™+ (M)~ MY M),

(4.6)
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3 1 1 _ _
MY =2 (M + M) 45 (MM (MT) ™ + (M)~ MT M),

4.7)

1 . . .
where M l(, ) corresponds to the active neutrino mass matrix

whereas M 52) and M £3) are the sterile neutrino mass matrices.

The physical neutrino spectrum is composed of 3 light active
neutrinos and 6 nearly degenerate sterile exotic pseudo-
Dirac neutrinos. Furthermore, from Eqs. (2.6) and (2.8) and
considering v, ~ O(10) TeV, v, ~ v, ~ O(100) GeV and
the Yukawa couplings of order unity, we find that the light
active neutrino mass scale ~50 meV 1is estimated as

V0,0 VU,

m, ~ 2= ~ 2 which implies for the model cutoff the
X

estimate A ~ O(10'%) GeV.

The sterile neutrinos can be produced in pairs at the
LHC, via quark-antiquark annihilation mediated by a heavy
7' gauge boson. They can decay into SM particles giving
|

nmy :0,

rise to a SM charged lepton and a W gauge boson in the
final state. Thus, observing an excess of events with respect
to the SM background in the opposite sign dileptons final
states can be a signal in support of this model at the LHC.
Studies of inverse seesaw neutrino signatures at colliders as
well as the production of heavy neutrinos at the LHC are
carried out in Refs. [108—122]. A detailed study of the
implications of our model at colliders goes beyond the
scope of this paper and is deferred for a future work.
The light active neutrino mass matrix is given by:

2A Bel” —2A A —Be'?
Bei? —2A 2(A—Bei?) 2Bei? —A
A—Be'” 2Bei?—A  —2Be'?

M) = (4.8)

and the light active neutrino masses are

m, = \/i\/SA2 - 2\/6\/A4 —3A3Bcos(p) +A2B?cos(2¢) +3A%B? —3AB3 cos(¢) + B* — TABcos(p) +5B2,

my = \/5\/5A2 + 2\@\/A4 —3A3Bcos(p) +A%B?cos(2¢) +3A2B> —3AB3 cos(¢) + B*—TABcos(p) +5B%,  (4.9)

which implies that the experimental values of the neutrino
mass squared splittings can be very well reproduced for the
following benchmark point:

A = B =0.00949663¢V, @ = 65.8796°.  (4.10)
The corresponding PMNS leptonic mixing matrix is
defined as U = R}RH, and from the standard parametriza-
tion of U, it follows that the lepton mixing parameters are
given by:

2 _ 2 ) - Uy |?
sin®(013) = |Uy3/*, sin(0,) = T 2
1—|Uy3
Uys|?
sin?(0 ):—| 23 .
R ETINE

It is worth mentioning that due to the complexity of the
expression for the PMNS matrix, the analytic form cannot
be shown.
Furthermore, the Jarlskog invariant J-p is determined
from the relation:
Jep =Im(UT,U33U13Uy), (4.11)
whereas the leptonic Dirac CP violating phase dcp can be

extracted from the equivalent definition of Jp [123] in the
standard parametrization:

1
Jep :§sin(2912) sin(26,3)sin(263)cos(013)6¢cp.  (4.12)

The charged lepton masses, leptonic mixing parameters
and CP-phase can be very well reproduced for the scenario
of normal neutrino mass ordering in terms of natural
parameters of order one, as shown in Table VI, starting
from the following benchmark point:

x; =—0.85677-2.19346i, x, =—-2.84582—1.220606i,
x3 =—-0.235108 — 0.00451549i,

x4, =0.97984742.04567i, x5=0.220533 +0.440278i,
Xg =—2.69931—1.24421i. (4.13)

As indicated by Table VI, our model is consistent with the
experimental data on lepton masses and mixings. Notice
that the ranges for the experimental values in Table VI were
taken from [124] for the case of normal hierarchy. Note that
we only consider the case of normal hierarchy since it is
favored over more than 3¢ than the inverted neutrino mass
ordering.

Figure 2 shows the correlations of the leptonic Dirac CP-
violating phase S.p with the solar sin’>#,, and with the
reactor sin” §;; mixing parameters as well as the correla-
tions between the leptonic mixing parameters. To obtain
these figures, the lepton sector parameters were randomly
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TABLE VL

Model and experimental values for the physical observables of the neutrino sector: neutrino mass squared splittings,

leptonic mixing angles and the leptonic CP phase for the scenario of normal ordering.

Experimental value

Observable Model Value lo range 20 range 30 range
m, [MeV] 0.487 0.487 0.487 0.487

m, [MeV] 102.8 102.8 + 0.0003 102.8 + 0.0006 102.8 +0.0009
m, [GeV] 1.75 1.75 4+ 0.0003 1.75 4+ 0.0006 1.75 £+ 0.0009
Am3, [107° eV?] 7.55 7.55+020 7.20-7.94 7.05-8.14
Am3, [1073 eV?] 2.50 2.50 +0.03 2.44-2.57 2.41-2.60
sin?(0,,)/107! 3.20 3.2010% 2.89-3.59 2.73-3.79
sin?(6,3)/107! 5.47 5471920 4.67-5.83 4.45-5.99
sin?(6y3)/1072 2.160 2. 160f8.’8§3 2.03-2.34 1.96-2.41
Scp 248.78° 218j23§: 182°-315° 157°-349°

generated in a range of values where the neutrino mass
squared splittings, leptonic mixing parameters and leptonic
Dirac CP violating phase are inside the 3¢ experimentally
allowed range. We found a leptonic Dirac CP violating

250.0
249.5
— 249.0
=
§ 2485
248.0
2475
0.316 0.318 0.320 0.322 0.324
Sin2912
(a)
0.324
0.322
N
O 0.320
c
k7
0.318
0.316
0.0210 0.0215 0.0220
Sin2913
()

phase in the range 247.5°<60p <250.2°, whereas
the leptonic mixing parameters are obtained to be in the
ranges 0.316 <sin?6,, <0.324, 0.5462 < sin’0,; < 0.5476
and 0.0208 < sin? 6,5 < 0.0224.

250.0

249.5

249.0

cel’]

248.5

248.0

247.5

0.0215 0.0220
Sin2913

(b)

0.0210

0.5475

0.5470

sin2923

0.5465

0.0215 0.0220
Sin2913

(d)

0.0210

FIG. 2. Correlations between the different lepton sector observables.
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V. HIGGS DIPHOTON DECAY RATE
CONSTRAINTS

The decay rate expression for the i — yy process is
given by [125-132]:

2
aem
L(h—yy) = 756, 3h2 zahffNCQfF1/2(pf)
+ apww ki (/)W) + apwrw Fr(pw)
A= gV 2
+ 2 FO(pHi) ’ (51)
my,
where
apww = Sin(ﬂ - 5), (52)
Apwry = €osSsiny, (5.3)
sin &
=——, 5.4
Apit sin 8 (5.4)
At = 2(—4s sin(8)sin?(y)v,,
+ A¢(—sin(8))cos*(y)v, + cos(8) (v,  (5.5)
+ (A4 + Ag)sin*(7) + 24pc08* (7))
+ Ag sin(y) cos(y)v,)). (5.6)
Here p; are the mass ratios p;,= A} with M;=my,

My My a,, is the fine structure constant; N is the
color factor (N- = 1 for leptons and N = 3 for quarks);
and Qy is the electric charge of the fermion in the loop.
From the fermion-loop contributions we only consider the
dominant top quark term.

Furthermore, F|/,(z) and F;(z) are the dimensionless
loop factors for spin-1/2 and spin-1 particles running in the
internal lines of the loops. These loop factors take the form:

Fip(z) =2z + (2= 1)f(2))z 72 (5.7)
Fi(z) = =222 + 3z +3(2z = 1)f(2))z 2, (5.8)
Fo(z) = —(z— f(2))z 72, (5.9)
with
arcsin?y/2 for z<1
1O 4 (Y e 1 O

In order to get the constraints on the model parameter
space arising from the decay of the 126 GeV Higgs into a
photon pair, the observable R,, is introduced:

TABLE VII. Parameters with v, =173.948 GeV, v, =
173.948 GeV and v, = 10 TeV.
Parameters Model value
Mo 125.09 GeV
M g0 5319.77 GeV
M 4o 5318.3 GeV
M- 5503.95 GeV
apw-w+ 1.0
apww 0.0122981
Aptr 10
ApE gt 2525.45 GeV
olpp = WIlh—yy) _ » Tlh—yr)
= e e
" olpp = Msul(h =) T(h = 7y)sm
(5. 1 1)

That observable, which is called the Higgs diphoton signal
strength, normalizes the yy signal predicted by our model in
relation to the one given by the SM. We have used the same
normalization as in Refs. [77,132-138]. The ratio R,, has
been measured by CMS and ATLAS collaborations with
the best fit signals [139,140]:

ROMS = 1.14107% and RATMAS =1.174+027. (5.12)
The best fit result for the ratio R, is
R,, = 1.0267. (5.13)

This value was obtained using the best fit results shown in
Table VII and is consistent with the current Higgs diphoton
decay rate constraints. Correlations plots have been
obtained to observe the behavior of the R,, parameter as
function of the scalar masses and W’ gauge boson mass.
They are shown in Fig. 3.

These plots were generated using random points in a
space in the neighborhood of the best fit values for f, v,,
and Ag. Figure 3(a) shows that the parameter R,, is strongly
restricted by the CP-odd Higgs mass M 4o, since the range
of allowed values for R,, decreases when the CP odd scalar
mass M 4o is increased. The Higgs diphoton signal strength
R, features a similar behavior with the charged scalar mass
M+, as indicated by Fig. 3(b). Notice that despite the CP
odd neutral scalar A° does not contribute to the Higgs
diphoton decay rate, the Higgs diphoton signal strength
indirectly depends on M 4o since the parameters 6, y, and
Apgtp= (that enter in the Higgs diphoton decay rate) as well
as the CP-odd Higgs mass M o are functions of v,. In
addition, we have found that the Higgs diphoton signal
strength decreases when the W’ mass is increased,
approaching to 1 when My, 2 10 TeV, as indicated by
Fig. 3(c). Furthermore, Figs. 3(a), 3(b), and 3(c) show that
our model favors values for the Higgs diphoton decay rate
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FIG. 3. Correlations of the R,, parameter with the masses of the CP-odd scalar, charged scalars, and W’ gauge boson.

larger than the SM expectation. In addition, Fig. 4 shows
that the Higgs diphoton decay rate constraints are fulfilled
when My: = M 4. Finally, our obtained results for the
Higgs diphoton signal strength indicate that the Higgs
diphoton decay is a smoking gun signature of our model,
whose more precise measurement will be crucial to assess
its viability.

10000 -
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8000 -

7000 -
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My= [GeV]

5000 -

4000 -
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Mo [GeV] x10%

FIG. 4. Correlation plot of the CP-odd Higgs mass and the
charged Higgs mass.

VI. HEAVY SCALAR PRODUCTION
AT PROTON-PROTON COLLIDER

In this section we discuss the singly heavy scalar
H; production at proton-proton collider. It is worth
mentioning that the production mechanism at the LHC
of the heavy scalar H, is via gluon fusion, which is a one
loop process mediated by the heavy exotic 7, j;, and j,
quarks. Consequently, the total H; production cross
section in proton collisions with center of mass energy

V/S is given by:

O pp—gg—tt, (S)

:;a‘zgm%i' I m_%il +7 m_%ll +1 m_%{l
64028 m3 mjz-1 m?z

2
~In % %‘11 2
X 2 pl9 g CH
In Ll
5
2
My, _
fp/g —e y7/’l2 dy’ (61)
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0.25F

a(pp->Hi)[fb]

0.05f
10000 11000 12000 13000 14000 15000
vy[GeV]
FIG. 5. Total cross section for the H, production via gluon

fusion mechanism at the LHC for /S =13 TeV and as a
function of the SU(3), x U(1)y symmetry breaking scale v,
for the scenario described in Eq. (2.20).

where f,/,(x1, 4?) and f,/,(x,, u*) are the distributions of
gluons in the proton which carry momentum fractions x;
and x, of the proton, respectively. Furthermore yu = my, is
the factorization scale and /(z) is given by:

1 I=x 1 —4dxy

I(z)—AdxA dyl—zxy'

Figure 5 displays the H, total production cross section at
the LHC via gluon fusion mechanism for \/§ =13 TeV, as
a function of the SU(3), x U(1)y symmetry breaking scale
Uy, which is taken to range from 10 TeV up to 15 TeV,
which corresponds to a heavy scalar mass my, varying
between 1.3 TeV and 1.9 TeV. In addition, the exotic quark
Yukawa couplings have been taken equal to unity and the

scenario described by Eq. (2.20) has been considered in our
numerical analysis. Notice that the SU(3), x U(1)y

(6.2)

3.0F’

25F

a(pp->H)lfb]

0.5F

10000 11000 12000 13000 14000 15000
v,[GeV]

FIG. 6. Total cross section for the H; production via gluon
fusion mechanism at the proposed energy upgrade of the LHC
with /S =28 TeV as a function of the SU(3), x U(1)y
symmetry breaking scale v, for the scenario described in
Eq. (2.20).
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FIG. 7. Total cross section for the H; production via gluon
fusion mechanism at a v/S = 100 TeV proton-proton collider as
a function of the SU(3), x U(1)y symmetry breaking scale v,
for the scenario described in Eq. (2.20).

symmetry breaking scale has been taken larger than
10 TeV, which corresponds to a Z' gauge boson heavier
than 4 TeV, in order to comply with the experimental data
on K, D, and B meson mixings [96]. For such region of H,
masses, we find that the total production cross section is
found to be 0.28 —0.02 fb. However, at the proposed

energy upgrade of the LHC with v/S = 28 TeV, the H,
production cross section is enlarged, reaching values of
2.9 — 0.4 fb in the same mass region as indicated by Fig. 6.
Such small values for the H; production cross section at a
proton-proton collider with /S = 13 TeV and /S =
28 TeV are small to give rise to a signal for the relevant

region of parameter space. However at a /S = 100 TeV
proton-proton collider, there is a significant enhancement
of the H, production cross section, which takes values of
51 =10 fb for 1.3 TeV Smy, < 1.9 TeV, as shown in
Fig. 7. Finally, it is worth mentioning that one can safely
assume that the heavy H, scalar after being produced will
mainly decay into a pair of SM Higgs bosons, since it is the
lightest non-SM scalar, as follows from Eq. (2.20) and
Table I'V. Consequently, an enhancement of the SM Higgs
pair production with respect to the SM expectation, will be
a smoking gun signature of this model, whose observation
will be crucial to assess its viability.

VII. CONCLUSIONS

We have constructed a multiscalar singlet extension of
the 3-3-1 model with three right handed Majorana neu-
trinos, consistent with the observed SM fermion mass and
mixing pattern. The model incorporates the S, family
symmetry, which is combined with other auxiliary sym-
metries, thus allowing a viable description of the current
SM fermion mass and mixing pattern, which is generated
by the spontaneous breaking of the discrete group. The
small masses of the light active neutrinos are produced by a
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linear seesaw mechanism mediated by three Majorana
neutrinos. The model provides a successful fit of the
physical observables of both quark and lepton sectors.
Our model is predictive in the SM quark sector, since it
only has 9 effective parameters that allow a successful fit of
its 10 observables, i.e., the 6 SM quark masses, the 3 quark
mixing parameters and the CP violating phase. In addition,
we have found that the SM quark sector of our model has a
particular scenario, which is inspired by naturalness argu-
ments and has only 6 effective parameters that allows to
successfully reproduce the experimental values of the ten
SM quark sector observables. Furthermore, we have also
shown that the proposed model successfully accommodates
the current Higgs diphoton decay rate constraints provided
that the charged Higgs bosons are a bit heavier than the CP
odd neutral Higgs boson A°. In addition, we have found
that it favors a Higgs diphoton decay rate larger than the
SM expectation. Finally, we have also discussed the single
production

of the heavy scalar H; associated with the spontaneous
breaking of the SU(3). x U(1)y symmetry, at a proton-
proton collider, via gluon fusion mechanism. We have
considered the cases where the center of mass energy
takes the values of /S = 13 TeV, /S = 28 TeV, and

V/S = 100 TeV. For the first two cases corresponding to
|

the current LHC center of mass energy and the proposed
energy upgrade of the LHC, respectively, we have found
that the H; production cross sections are small to give rise
to a signal for the relevant region of parameter space.
However, in a future /S = 100 TeV proton-proton col-
lider, the H,; production cross section is significantly
enhanced reaching values between 51 fb and 10 fb, for
the mass range 1.3 TeV Smy, < 1.9 TeV.
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APPENDIX A: THE S, DISCRETE GROUP

The S, is the smallest non-Abelian group having
doublet, triplet, and singlet irreducible representations.
S, is the group of permutations of four objects, which
includes five irreducible representations, i.e., 1,1,2,3,3
fulfilling the following tensor product rules [141]:

IR3I=102036073, I¥=10203073, 3IRI=1d203073, (A1)
2@2=101 &2, 2@3=3073, 23 =303, (A2)
IRl =3, I®1 =3, 21 =2. (A3)
Explicitly, the basis used in this paper corresponds to Ref. [141] and results in
e [@ABIY (4B
(s x By =a-my+ (0L | amy | | s | (a9
2 {AxBy} 3 [AxBy] 3
s (A,8.) A,B]
Wy =m0 5 sy || sl | (a9
Po\{asy ), \AB]),
fem o [(ABF) (B
Wsx By =8y (0N | sy || sl | (0
-A-3*-B/,
{AxBy} 3 [AxBy] 3
A,B,
(A)Z X (B)Z = {AxBy}l + [AxBy]l/ + A’ B > (A7)
xPx /2
A Bx (Ax + Ay)Bx (Ax - Ay)Bx
(Ax> x| B, | =| (@A +wA,)B, | + | (0?A,—wA,)B, | | (AB)
72 \B./, (0A, + @*A,)B. (A, —@?A,)B. |
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B, (Ax + Ay)Bx

(0*A, + wA,)B,

(Cl)Ax + a)sz)Bz 3
(Ax - Ay)Bx

+ | (@A, —wA,)B, | , (A9)
(wA, — *A,)B, / ,
with
A-B=AB,+AB, +AB,
{AB,} = A.B, + A,B,.
A,B,] = A.B, — AB,.
A T B=AB, +0AB, +vAB,

A3 B =AB, +wAB, +wA.B.. (A10)

27i/3

where w = ¢ is a complex square root of unity.

APPENDIX B: THE SCALAR POTENTIAL
FOR A S, DOUBLET

The scalar potential for a S, doublet A is given by:

V= —uz (AA"); + k1 (AA) (AA%); + ko (AA")y (AAY)
+ K3(AA*)2(AA*)2 + H.C. (Bl)

This expression has four free parameters: one bilinear and
three quartic couplings. The 1, parameter can be written as
a function of the other three parameters by using the scalar
potential minimization condition:

9V (4))

5o, (B2)

= 16x,v} + 8k3v} — vpuz = 0.

Solving the leading equation for % yields the following
relation:

Ui = 8(2k; + K3)3. (B3)
This result indicates that the VEV pattern of the S,
doublet A given in Eq. (2.7), is consistent with a global
minimum of the scalar potential of Eq. (B1) for a large
region of parameter space. The previously described
procedure can be used to show that the VEV patterns of
the remaining S, doublets of the model are also consistent
with the minimization conditions of the scalar potential.

APPENDIX C: THE SCALAR POTENTIAL
FOR A S; TRIPLET

The scalar potential for a S, triplet S has six free
parameters: one bilinear and four quartic couplings, as
indicated by the relation:

V = —3(55%)1 + K1 (55%)1(S5%)y + K2(55%)3(55%)3

+K3(8857)3/(88")y +x4(857)2(887), + Hee. (C1)

Its minimization equation allows us to express the pg
parameter as follows:
oV (S))
81)3

=360k, 03 448K, 03+ 4K, (26 T Vg + 2T vg+205)

x (512 +e 5 v} +0v}) —6pdug

=0. (C2)
Here we consider the phase @ = ¢>*/3 arising in the tensor
product of Sy scalar triplets. Then, we find the following

relation for the ,u% parameter:
u3: = 2(3k; + 4y v (C3)
This shows that the VEV configuration of the S, triplet S
given in Eq. (2.7), is in accordance with the scalar potential
minimization condition of Eq. (C2). The remaining S,
triplets of the model are also consistent with the minimi-

zation conditions of the scalar potential and this can be
proved by using the same procedure described before.
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