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We present a model-independent global analysis of hadronic form factors for the semileptonic decays
b → clν that exploits lattice-QCD data, dispersion relations, and heavy-quark symmetries. The analysis
yields predictions for the relevant form factors, within quantifiable bounds. These form factors are used to
compute the semileptonic ratios RðHcÞ and various decay-product polarizations. In particular, we find
RðD�

sÞ ¼ 0.20ð3Þ and RðJ=ψÞ ¼ 0.25ð3Þ, predictions that can be compared to results of upcoming LHCb
measurements. In developing this treatment, we obtain leading-order nonrelativistic QCD results for the
nonzero-recoil relations between the Bþ

c → fJ=ψ ; ηcg form factors.
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I. INTRODUCTION

While the Higgs interaction is the only source of lepton
universality violations within the StandardModel (SM), the
observation of neutrino masses implies that at least one
form of beyond-SM modification exists, specifically in the
lepton sector. The factorization of QCD dynamics from
electroweak interactions in the SM allows amplitudes for
semileptonic decays to be expressed as the familiar product
of hadron (Hμν) and lepton (Lμν) tensors at leading order:

jMb̄→c̄lþνl j2 ¼
LμνHμν

q2 −M2
W
þOðα; GFÞ: ð1Þ

Heavy-hadron semileptonic decay rates (both full and
differential) producing distinct lepton flavors differ only
due to factors of lepton mass that arise from kinematic and
helicity-flip factors. Such dependences can be removed in a
variety of ways [1–9]. Measurements from BABAR, Belle,
and LHCb of the ratios RðDð�ÞÞ [10–19] of the heavy-light
meson decays B → Dð�Þlν, with l ¼ τ to l ¼ μ, exhibit a
combined 3.1σ discrepancy from the HFLAV-suggested
SM values [20], which averages the results of Refs. [6,
21–23]. Recently, the LHCb Collaboration has measured
RðJ=ψÞ [24], which is within 1.3σ [25] of the SM prediction.

These results, including lattice-determined and theoretically
computed values of RðHcÞ, are compiled in Table I.
In the future, it would be useful to consider other

semileptonic decays. Run III of LHCb may open the

opportunity to measure RðDð�Þ
s Þ [34]. A determination of

RðηcÞ would be exciting. However, RðηcÞ is substantially
harder to measure than RðJ=ψÞ for a few reasons, the
foremost of which is the absence of a clean ηc decay
process with a substantial branching fraction (analogous
to J=ψ → μþμ−) for reconstructing the ηc; this leads to
large backgrounds. Additionally, the transition from
excited charmonium states to ηc is poorly understood,
which further complicates the extraction of signals [35].
In order to fully leverage all of these experimental

results, it is necessary to have rigorous predictions from
the SM for all of these ratios. Even setting aside the very
interesting issue of lepton universality, determining
hadronic form factors is important in its own right, as
each such function represents a wealth of information about
nonperturbative QCD. Form factors are not completely
unconstrained, however. They must satisfy well-known
model-independent constraints that follow from bedrock

TABLE I. Existing results for RðHcÞ from experiment, pre-
dictions from lattice QCD alone, and theoretical values including
additional inputs.

Hc Rexp Rlat Rtheory

D 0.340(27)(13) [10–13] 0.300(8) [26–28] 0.299(3) [20]
D� 0.295(11)(8) [10–19] � � � 0.258(5) [20]
Ds � � � 0.2987(46) [29] � � �
Λc � � � 0.3328(74)(70) [30] 0.324(4)[31]
J=ψ 0.71(17)(18) [24] [0.20,0.39] [25] � � �
ηc � � � 0.30(4) [32,33] � � �
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principles of quantum field theory, specifically unitarity and
the complex analyticity of their Green’s functions as
functions of momentum variables at all values, except when
a resonance, particle-creation threshold or other special
kinematic configuration is realized. In the case of semi-
leptonic decays, the form factors can be parametrized as a
product of known functions representing resonant poles and
other nonanalytic structures in the corresponding Green’s
function, times a Taylor series in a conformal variable that
tracks the momentum transfer; the Taylor coefficients are
constrained in magnitude by unitarity. This is the Boyd,
Grinstein, and Lebed (BGL) parametrization [36,37] (see
Ref. [38] for a brief review of its historical antecedents).
The constraint of unitarity in model-independent appro-

aches such as the BGL parametrization has historically been
underutilized because fits to experiment typically consider
only a single exclusive process (e.g., B → D�lν). However,
each exclusive channel appearing in the two-point Green’s
function for b → c currents positively contributes to the
unitarity bound, and therefore a simultaneous fit including
multiple processes provides stronger constraints on each of
the individual processes [6,23,37].
The purpose of this work is to perform a global analysis

within the BGL parametrization of lattice-QCD data for
seven exclusive hadronic b → c processes: B → fD;D�g,
Bs → fDs;D�

sg, Bc → fJ=ψ ; ηcg, andΛb → Λc. We obtain
the corresponding transition form factors. These form factors
are computed directly from the SM and obtained within
quantifiable bounds. Thus, they can be used to make reliable
predictions fromtheSMthat candirectlyconfront experiment.
We use them to compute three types of observables: the
semileptonic decay ratios RðHcÞ, the τ polarization PτðHcÞ,
and the vector-meson longitudinal polarization fraction FHC

L .
The analysis presented here is essentially model indepen-

dent. We do not use ad hoc model assumptions about the
physical mechanisms dominating the form factor, beyond
accepting the SM to identify allowed functional forms of the
form factors. Rather, we use as input ab initio Monte Carlo
calculations of QCD from the lattice as our principal input.
Such data are quite limited; not all of the relevant form factors
have been computed, and those that have are computed at a
limited number of momentum-transfer values. The BGL
parametrization using the unitarity bound allows us to extend
our knowledge of the form factors to other momentum
transfers, and to do so in such a way that the errors can be
quantified. We can gain information about form factors that
have not been directly computed on the lattice from those
that have by exploiting emergent symmetries of QCD that
become valid as the quark masses become large.
There are, of course, errors associated with truncating the

series in BGL parametrization and truncating the expansion
in the inverse heavy-quark mass. Fortunately, one has
a priori estimates of their size, which allows for reliable
SM predictions without invoking additional model depend-
ence. However, some judgment is required in estimating
their sizes quantitatively. We have therefore made very

conservative estimates in order to ensure that our predicted
bounds are reliable enough so that the experimental
measurements provide meaningful tests of the SM.
The lattice data that provide the input for the analysis has

both statistical and systematic errors. The statistical errors
can be easily incorporated into our bounds. In some cases,
the major systematic errors have been well explored and
estimated reliably and can also be incorporated in a
straightforward way. However, in some cases, the only
available lattice calculations do not provide estimates for
some of the major systematic errors. In these cases, we add a
systematic error in by hand, and do so in a very conservative
manner, by assuming larger-than-realistic errors.
Thus, while the analysis is model independent, it does

involve some ad hoc judgment in the assignment of
systematic errors. As this was done quite conservatively,
the principal effect is to make the error bounds for our final
results larger than they otherwise would be. These effects
can, of course, be mitigated by the constant improvement in
the treatment of errors in lattice simulations.
We begin in Sec. II with a discussion of the V − A weak-

interaction structure of the SM responsible for semileptonic
decays and the form factors under investigation. In Sec. III,
we explain how heavy-quark symmetries can be used to
obtain relations between the form factors of heavy-light
systems and heavy-heavy meson systems. The lattice results
used in this work are discussed in Sec. IV. Section V presents
the dispersive-analysis framework utilized to constrain the
form factors as functions of momentum transfer. The results
of our analysis are presented in Sec. VI, and we conclude in
Sec. VII.

II. STRUCTURE OF hHcjðV −AÞμjHbi
Since the first-principles calculation of the leptonic

tensor Lμν in Eq. (1) is straightforward in the SM, the
computation of semileptonic decay rates reduces to para-
metrizing exclusive components hHcjðV − AÞμjHbi of the
hadronic tensor in terms of transition form factors. The
tensor structure is expressed in terms of the hadron
momenta, Pμ for Hb (with mass M≡MHb

) and pμ for
Hc (with massm≡MHc

), and additionally the polarization
ϵμ of the Hc if it is a vector meson, or heavy-quark spinors
ub;c if Hb;c are baryons. The only functional dependence of
the form factors arises through the squared momentum
transfer to the leptons, t ¼ q2 ≡ ðP − pÞ2. The various
cases of phenomenological interest are now outlined.

A. B → D, Bs → Ds, B+
c → ηc

If both Hb;c are pseudoscalar mesons, then only two
independent Lorentz structures, and hence two independent
form factors, are possible:

hHcðpÞjðV − AÞμjHbðPÞi
¼ fþðtÞðPþ pÞμ þ f−ðtÞðP − pÞμ: ð2Þ
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Indeed, the parity invariance of strong interactions pre-
cludes the current Aμ from providing a nonzero contribu-
tion to Eq. (2). In this work, we exchange f−ðtÞ for the
combination

f0ðtÞ≡ ðM2 −m2ÞfþðtÞ þ tf−ðtÞ: ð3Þ
With this definition, one sees that ðM2 −m2Þfþð0Þ ¼
f0ð0Þ, a constraint upon two otherwise independent form
factors that we will impose when fitting the functions. This
normalization of f0 differs by a mass-dependent prefactor
from that used in lattice-QCD calculations [26–29,39]:

f0ðtÞ ¼ ðM2 −m2Þflat0 ðtÞ: ð4Þ
The differential decay rate for this semileptonic decay

process is

dΓ
dt

¼ G2
FjVcbj2

192π3M3

k

t5=2
ðt −m2

lÞ2½4k2tð2tþm2
lÞjfþj2

þ 3m2
ljf0j2�; ð5Þ

where, in terms of the spatial momentum p of Hc in the Hb
rest frame,

k≡M

ffiffiffiffiffi
p2

t

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtþ − tÞðt− − tÞ

4t

r
; ð6Þ

in which we have, in turn, introduced two important
kinematic values, t� ≡ ðM �mÞ2.

B. B → D�, Bs → D�
s , B+

c → J=ψ

Transition form factors of a pseudoscalar meson Hb to a
vector meson Hc have been parametrized in a variety of
ways in the literature. Here, we begin with a set [40] of
vector [VðtÞ] and axial-vector [AiðtÞ] form factors fre-
quently used in lattice-QCD and model calculations,

hHcðp; ϵÞjðV − AÞμjHbðPÞi

¼ 2iϵμνρσ

M þm
ϵ�νpρPσVðtÞ − ðM þmÞϵ�μA1ðtÞ

þ ϵ� · q
M þm

ðPþ pÞμA2ðtÞ þ 2m
ϵ� · q
q2

qμA3ðtÞ

− 2m
ϵ� · q
q2

qμA0ðtÞ; ð7Þ

where qμ ≡ ðP − pÞμ. Only four of these five form factors
are independent; demanding that only A0ðtÞ couples to
timelike virtual W polarizations (∝ qμ) requires

A3ðtÞ ¼
M þm
2m

A1ðtÞ −
M −m
2m

A2ðtÞ: ð8Þ

Requiring the cancellation of 1=q2 terms in Eq. (7) as q2 ¼
t → 0 imposes the additional constraint A3ð0Þ ¼ A0ð0Þ.
A different decomposition, in which the virtual W and

vector mesonHc are described by their helicity states, turns
out to be more useful for the dispersive analysis. Here,
one exchanges the form factors V; A0; A1; A2 for the set
g; f;F 1;F 2. They are related by

g ¼ 2

M þm
V;

f ¼ ðM þmÞA1;

F 1 ¼
1

m

�
−

2k2t
M þm

A2 −
1

2
ðt −M2 þm2ÞðM þmÞA1

�
;

F 2 ¼ 2A0: ð9Þ
F 1;2, are proportional to the conventionally defined [41]
helicity amplitudes H0;t, respectively, while the other two
helicity amplitudes H� are linear combinations of V and A
form factors, H�ðtÞ ¼ fðtÞ ∓ k

ffiffi
t

p
gðtÞ, where k is defined

in Eq. (6).
At t ¼ t−, the middle two expressions of Eqs. (9) reduce

to an additional constraint, F 1ðt−Þ ¼ ðM −mÞfðt−Þ. In
this basis, the previously noted constraint A3ð0Þ ¼ A0ð0Þ
becomes F 1ð0Þ ¼ 1

2
ðM2 −m2ÞF 2ð0Þ. The differential

decay rate for the semileptonic decay in this basis reads

dΓ
dt

¼ G2
FjVcbj2

192π3M3

k

t5=2
ðt −m2

lÞ2fð2tþm2
lÞ½2tjfj2

þ jF 1j2 þ 2k2t2jgj2� þ 3m2
lk

2tjF 2j2g: ð10Þ

C. Λb → Λc

In the case of heavy-baryon transitions, the states of the
spin-1

2
baryons are represented by spinors ub;c. Here, there

are two form factors for both the vector and axial-vector
currents,

hΛcðpÞjVμjΛbðPÞi¼ ūcðpÞ½F1γ
μþF2vμþF3v0μ�ubðPÞ;

hΛcðpÞjAμjΛbðPÞi¼ ūcðpÞ½G1γ
μþG2vμþG3v0μ�γ5ubðPÞ;

ð11Þ

where the kinematical variables relevant to the heavy-quark
limit (see Sec. III) are the baryon 4-velocities, vμ ≡ Pμ=MΛb

and v0μ ≡ pμ=MΛc
. The differential decay rate is then

dΓ
dt

¼ G2
FjVcbj2

192π3M3

k

t5=2
ðt −m2

lÞ2fðt− − tÞð2tþm2
lÞ½2tjF1j2 þ jHV j2� þ 3m2

lðtþ − tÞjF0j2

þ ðtþ − tÞð2tþm2
lÞ½2tjG1j2 þ jHAj2� þ 3m2

lðt− − tÞjG0j2g; ð12Þ
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where the form factors in the helicity basis read

HV ¼ ðM þmÞF1 þ
1

2
ðtþ − tÞ

�
F2

M
þ F3

m

�
;

HA ¼ ðM −mÞG1 −
1

2
ðt− − tÞ

�
G2

M
þ G3

m

�
;

F0 ¼ ðM −mÞF1 þ
1

2M
ðtþM2 −m2ÞF2;

−
1

2m
ðt −M2 þm2ÞF3;

G0 ¼ ðM þmÞG1 −
1

2M
ðtþM2 −m2ÞG2;

þ 1

2m
ðt −M2 þm2ÞG3: ð13Þ

As in the meson case, these form factors satisfy exact con-
straints at special kinematic points. Specifically, HAðt−Þ ¼
ðM −mÞG1ðt−Þ, ðM þmÞF0ð0Þ ¼ ðM −mÞHVð0Þ, and
ðM −mÞG0ð0Þ ¼ ðM þmÞHAð0Þ. This basis differs from
that used in the lattice-QCD calculations of Ref. [30] only
by mass-dependent prefactors:

F0 ¼ ðM −mÞflat0 ;

HV ¼ ðM þmÞflatþ ;

F1 ¼ flat⊥ ;

G0 ¼ ðM þmÞglat0 ;

HA ¼ ðM −mÞglatþ ;

G1 ¼ glat⊥ : ð14Þ

III. HEAVY-QUARK SYMMETRIES

The physics of heavy-light hadrons (Qq̄ or Qq̄q̄0) is
simplified by the emergence of additional symmetries in
the limit mQ → ∞. Operators distinguishing between
heavy quarks of different spin orientation and flavor are
suppressed by 1=mQ and produce a vanishingly small effect
upon physical amplitudes in the heavy-quark limit. All
transition form factors between two hadrons with a single
heavy quark and the same light-quark content are propor-
tional to a single, universal Isgur-Wise function, ξðwÞ
[42,43] for mesons or ζðwÞ for baryons [44]. They are
naturally expressed as w, which is the dot product of the
initial and final heavy-light hadron 4-velocities, vμ ≡
Pμ=M and v0μ ≡ pμ=m, respectively, and fully contains
the information about t:

w≡ v · v0 ¼ γm ¼ Em

m
¼ M2 þm2 − t

2Mm
: ð15Þ

The zero-recoil point, where the final hadronm is created at
rest in the rest frame of the initial hadron M, satisfies
t ¼ t− ≡ ðM −mÞ2, corresponding to w ¼ 1. From the
middle expressions of Eq. (15), one notes that w is the

Lorentz factor γm of m in the M rest frame. The maximum
value of w in a given semileptonic process occurs when the
momentum transfer t through the virtual W to the lepton
pair—the total energy squared of the leptons in their rest
frame—assumes its smallest possible value, t ¼ m2

l.
Heavy-quark symmetry encodes a physical picture in

which a heavy-light hadron is described by a nearly static
color-fundamental source with spin-independent inter-
actions (the heavy quark Q), to which the matter associated
with light degrees of freedom (light-quarks and gluons) is
bound. In weak decays withQ → Q0, the zero-recoil (Isgur-
Wise) point corresponds to a situation in which Q sponta-
neously transforms to Q0 at rest, but the decay otherwise
leaves the light degrees of freedom undisturbed. The
overlap between the initial and final light-quark wave
functions is complete, so that ξð1Þ ¼ 1 or ζð1Þ ¼ 1 at
the zero-recoil (Isgur-Wise) point. Thus, in the heavy-quark
limit, one obtains an absolute normalization for the form
factors; in the meson case [37,42,43], all the form factors
are proportional to ξðwÞ,

fþ ¼ 1

2
F 2 ¼

1þ r
2

ffiffiffi
r

p ξ;

f0 ¼ F 1 ¼ M2
ffiffiffi
r

p ð1 − rÞð1þ wÞξ;

g ¼ 1

M
ffiffiffi
r

p ξ;

f ¼ M
ffiffiffi
r

p ð1þ wÞξ; ð16Þ
while in the baryon case [44], all the form factors are
proportional to ζðwÞ,

F0 ¼ HA ¼ Mð1 − rÞζ;
F1 ¼ G1 ¼ ζ;

HV ¼ G0 ¼ Mð1þ rÞζ; ð17Þ
where r≡m=M. All of these results are corrected by
effects of OðΛQCD=mQ0 Þ.
Due to the lack of lattice data for g, F 1, and F 2, we use

the relations of Eq. (16) for fþ; f0, and f to obtain ξðsÞðwÞ
for each of the BðsÞ → DðsÞ processes from the existing
lattice data. To establish a first approximation for an
allowed region, we parametrize ξðsÞðwÞ by

ξðsÞðwÞ ¼ ξðsÞð1Þ − ρ2ðw − 1Þ þ 1

2
σ2ðw − 1Þ2: ð18Þ

In our analysis, we have included an additional systematic
error of 20% to account for violations of Isgur-Wise
scaling. We sample three synthetic points from ξðsÞðwÞ
for each form factor. For B → D, the synthetic points are
restricted to the same range w < 1.16 for B → D as the
lattice data. For Bs → Ds, where lattice results have been
computed in the full w range, we restrict the synthetic
points to the near-zero-recoil range of w < 1.04.
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In decays of the types Bþ
c → J=ψðηcÞlþνl, the spectator

c quark can no longer be considered light (and indeed is the
same species as the final heavy quark). These cases are
more complicated; the heavy-quark limit differs from the
heavy-light case in two important ways [45]. First, the
heavy-quark kinetic-energy operators for b̄ and c̄ quarks,

while both scaling as 1=mð0Þ
Q , differ for the two flavors (thus

breaking the heavy-quark flavor symmetry) but still pro-
vide leading-order corrections to the dynamics of the state
due to the presence of the heavy spectator c; e.g., the Bohr
radii of Bc and J=ψðηcÞ are significantly different. Second,
the spectator c receives a momentum transfer due to the
transition b̄ → c̄ of the same order as the momentum
imparted to the c̄. Thus, the heavy-flavor symmetry due
to the replacement of b̄ with c̄ does not leave the spectator
degrees of freedom invariant, meaning that one cannot
obtain a normalization of the form factors at the zero-recoil
point based purely upon symmetry.
Even though the heavy-flavor symmetry obtained from

replacing b̄ with c̄ is lost, the b̄ and c̄ quarks retain separate
heavy-quark spin symmetries, as does the heavy spectator
c. In addition, since the valence quarks are heavy, these
systems are better described using nonrelativistic dynamics
than are heavy-light systems. Indeed, wmax ≈ 1.3 for
Bþ
c → J=ψðηcÞ, a sufficiently modest value that suggests

information obtained near the zero-recoil point remains
phenomenologically useful. The six meson form factors of
Eqs. (2) and (9) are related by the spin symmetries to a
single, universal function that Ref. [45] calls Δ and
Ref. [46] calls h. However, as emphasized in Ref. [45],
the form factors only approach ΔðwÞ near the zero-recoil
point, and its normalization there is not fixed by symmetry
to assume a special value, like ξð1Þ ¼ 1.
A central feature of Ref. [45] is the use of the trace

formalism of Ref. [47] to compute the relative normaliza-
tion between the six meson form factors (i.e., to obtain the
correct multiple of Δ for each tensor structure) near the
zero-recoil point. To be specific, “near” in this sense means
kinematic configurations in which the spatial momentum
transfer to the spectator q is no larger than its massmq. This
calculation was generalized in Refs. [46,48] using non-
relativistic QCD (NRQCD) to consider a small-recoil limit
(w → 1) in which the 4-velocities of b̄ and c̄ are never-
theless unequal (i.e., the spectator receives a momentum
transfer at leading order in NRQCD). These relations were
used in Refs. [25,32,33] to constrain the Bþ

c → J=ψðηcÞ
form factors at zero recoil.
In this work, we extend the relations of Refs. [46,48] by

deriving the leading-order NRQCD relations between the
form factors and Δ at nonzero recoil. While these relations
are expected to receive large corrections away from w ¼ 1,
we use them to construct ratios of derivatives of form
factors at w ¼ 1. To proceed, we start with the trace
formalism of Ref. [47],

hfJ=ψ ; ηcgjb̄ΓcjBþ
c i

¼ −
ffiffiffiffiffiffiffiffiffi
Mm

p
Tr

�
1þ =vcs

2
Bþ
c γ5

1 − =vb
2

Γ

×
1 − =vc

2
ðJ=ψ†μγμ þ η†cγ5Þ

�
Δ; ð19Þ

where vcs, vb, and vc are the velocities of the spectator c
quark, decaying b quark, and final-state c quark, respec-
tively. These velocities are related in the heavy-quark
limit to those of the mesons by vb → ṽ1, vc → ṽ2, and
vcs → −ṽ3 ¼ 1

2
ðv1 þ v2Þ, where

ṽμ1 ¼ vμ1 þ θ ðv1 − v2Þμ; ṽμ2 ¼ vμ2 þ ω ðv2 − v1Þμ; ð20Þ
with θ≡ m3

2m1
and ω≡ m3

2m2
. One can then use the trace

formalism to obtain the w-dependent generalizations of the
constants defined in Refs. [46,48]. Starting with the tensor
definitions

hηcðv2ÞjVμjBþ
c ðv1Þi≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mηcmBc

p ðcP1 vμ1 þ cP2 v
μ
2ÞΔ;

hJ=ψðv2ÞjVμjBcðv1Þi≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mJ=ψmBc

p
icVεμναβϵ�μv1αv2βΔ;

hJ=ψðv2ÞjAμjBcðv1Þi≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mJ=ψmBc

p ½cϵϵ�μ þ c1ðϵ� · v1Þvμ1
þc2ðϵ� · v2Þ�Δ; ð21Þ

where

cP1 ¼ 1þ θ − ω −
ω

2
ð1þ θÞðw − 1Þ;

cP2 ¼ 1 − θ þ ω −
θ

2
ð1þ ωÞðw − 1Þ;

cV ¼ −1 − θ − ω;

cϵ ¼ 2 −
ωþ θ þ 2θω − 2

2
ðw − 1Þ;

c1 ¼
ð3þ 2θÞω

2
;

c2 ¼ −1 −
ω

2
− θð1þ ωÞ; ð22Þ

we construct the Isgur-Wise-like relations for the heavy-
heavy systems:

fþ ¼ ffiffiffi
r

p cP1 þ cP2 r
−1

2
Δ;

f0 ¼ M2
ffiffiffi
r

p ½ð1 − wrÞcP1 þ ðw − rÞcP2 �Δ;
g ¼ −

cV
M

ffiffiffi
r

p Δ;

f ¼ M
ffiffiffi
r

p
cϵΔ;

F 1 ¼ M2
ffiffiffi
r

p ½ðw − rÞcϵ þ ðrc1 þ c2Þðw2 − 1Þ�Δ;

F 2 ¼
cϵ þ ð1 − wrÞc1 þ ðw − rÞc2ffiffiffi

r
p Δ: ð23Þ

These relations reproduce the standard Isgur-Wise
results [37,42,43] of Eq. (16) in the limit θ, ω → 0, and
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they reduce to the relations of Refs. [46,48] when w → 1.
Terms that break these relations should be Oðmc=mb;
ΛQCD=mcÞ ≈ 30%, and in our analysis, we conservatively
allow for up to 50% violations. We use these relations in
our analysis to fix both the relative normalization between
form factors and their slopes at zero recoil. These results are
obtained by constructing ratios from Eq. (23) after solving
for Δðw ¼ 1Þ and dΔ=dwjw¼1.

IV. LATTICE QCD RESULTS

This work uses the existing lattice-QCD results for
b → c form factors as input to our global analysis.
These results have been produced by a number of different
groups, and the determinations of the various form factors
have been performed at varying numbers of momentum-
transfer values t and with varying treatments of uncertain-
ties. In this section, we summarize the lattice results used in
our analysis.
The best current results are those for B → D form

factors. The form factors fþ and f0 have been computed
by two groups [27,28], including a complete treatment of
all sources of error. We use the results of Ref. [28] alone in
the final results, having found that the larger uncertainties
of Ref. [27] mean that they provide no significant addi-
tional constraint.
For the case of Bs → Ds, a single group has produced

results for fþ and f0 at nonzero recoil with a complete error
treatment [29]. The baryonic process Λb → Λc has been
computed in Ref. [30] on only one lattice volume, but their
results include a 1.5% systematic uncertainty for finite-
volume effects, and given a quantified error estimate, we
can include these lattice data in our analysis.
The heavy-heavy process Bþ

c → ηc has also only been
computed by one group [39], with an incomplete treatment
of errors. It was computed on a single lattice volume, so
finite-volume effects are potentially worrying. To account
for possible large finite-volume effects, in the analysis, we
included an additional 20% systematic error.
In the process Bþ

c → J=ψ , the two form factors g and f
have been reported at nonzero recoil by one group on one
lattice volume [39]. For these form factors, we also include
an additional 20% systematic error. For the other two form
factors, F 1 and F 2, no results have been presented.
For the final two processes B → D� and Bs → D�

s , only
the zero-recoil value of f [which is exactly related to F 1 at
zero recoil; see above Eq. (10)] has been computed. In the
case of B → D�, fðt−Þ has been computed by two groups
[49,50], and here we take the FLAG value [26]. For
Bs → D�

s , we include the recent result of Ref. [51]. In
addition to the lack of nonzero recoil data, no results for g
and F 2 at any points are available.
The presentation of these results in the literature is also

varied. For some, only a functional form is presented; in
such cases, we resample the form factors at a fixed number
of t values, using the full error estimates and correlation

matrices. Other form factors are presented at fixed values
of t; in such cases, we sample the form factors at the
given t values.

V. DISPERSIVE RELATIONS

This work employs the model-independent form-factor
parametrization of BGL [37,38], which rests on the twin
principles of analyticity and unitarity of particular two-
point Green’s functions. While originally applied to the
form factors of heavy-light semileptonic decays, this para-
metrization was extended to heavy-heavy systems in
Refs. [25,32] (using a slightly different set of free param-
eters to simplify the computation). The essential ingre-
dients are summarized here.
The two-point momentum-space Green’s functionΠμν

J of
a vectorlike quark current, Jμ ≡ Q̄ΓμQ0, can be expanded
in a variety of ways [36,37,52–54]. For our purpose, it is
convenient is to break Πμν

J into spin-1 (ΠT
J ) and spin-0 (ΠL

J )
pieces [37]. The functions ΠL;T

J are divergent in perturba-
tive QCD (pQCD) and require subtractions in order to be
rendered finite. After performing the minimum necessary
numbers of subtractions for each function, one obtains the
finite dispersion relations:

χLJ ðq2Þ≡ ∂ΠL
J

∂q2 ¼ 1

π

Z
∞

0

dt
ImΠL

J ðtÞ
ðt − q2Þ2 ;

χTJ ðq2Þ≡ 1

2

∂2ΠT
J

∂ðq2Þ2 ¼
1

π

Z
∞

0

dt
ImΠT

J ðtÞ
ðt − q2Þ3 : ð24Þ

Since q2 remains as a free parameter in these equations, one
may select its value in order to obtain the tightest possible
phenomenological constraints (which requires that q2 is as
close to the region of hadronic masses as possible) but still
require that χJðq2Þ can be computed to good accuracy using
pQCD (the asymptotic regime of which is the deep-
Euclidean limit, q2 → −∞). The parametric requirement
for the latter condition is ðmQþmQ0 ÞΛQCD≪ðmQþmQ0 Þ2−
q2, which is clearly satisfied by q2 ¼ 0 for any process in
which either or both of Q, Q0 is heavy compared to ΛQCD,
as is true for all cases considered here. χJðq2 ¼ 0Þ has been
computed to two-loop pQCD order, including leading
nonperturbative vacuum condensates [21,55–59].
Unitarity requires that each of the functions ImΠJ admits

an expansion over all hadronic states X that couple to the
vacuum through the current Jμ:

ImΠT;L
J ðq2Þ ¼ 1

2

X
X

ð2πÞ4δ4ðq − pXÞjh0jJjXij2: ð25Þ

Since every nontrivial term in Eq. (25) is positive, one may
truncate the sum on X after any number of states, insert
the sum into Eq. (24), and obtain a strict inequality based
upon unitarity. While typically these inequalities have been
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employed for single states X, they clearly become stronger
when more states X are included [6,23,37], which is a key
ingredient of our analysis here. Our set of X includes only

below-threshold Bð�Þ
c poles and the two-body channels

discussed above. Additional branch points corresponding
to the thresholds of processes such as Bcππ occur at lower t
values, but their contributions to the dispersive bounds are
expected to be small due to OZI suppression, closeness to
the Bð�ÞD thresholds that are already taken into account,
or both.
For the purposes of this work, the first physically

significant two-body production threshold occurs at
t ¼ tbd ≡ ðMBð�Þ þMDÞ2, depending upon which compo-
nent of the two-point function is being considered (see
Table II). tbd thereby represents the lowest significant
branch point in the two-point function.
Analyticity properties of the Green’s function are incor-

porated by a conformal mapping of the complex-t plane
with a cut beginning at the branch point t ¼ t� to the unit
disk in a complex variable z,

zðt; t0Þ≡
ffiffiffiffiffiffiffiffiffiffiffi
t� − t

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t� − t0

p
ffiffiffiffiffiffiffiffiffiffiffi
t� − t

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
t� − t0

p ; ð26Þ

the two edges of the branch cut in t are mapped to the unit
circle C in z. The parameter t0 is free at this stage; we later
optimize this choice [Eqs. (31)–(32)] to improve the
convergence of the Green’s function in the variable z.
The importance of allowing a branch point t� that does

not necessarily equal tþ becomes apparent in processes
for which tþ lies well above the lowest significant branch
point for the two-point function. Such an effect is especially
significant for baryon decays such as Λb → Λc and
Λb → p. Previous studies that automatically set t� ¼ tþ
[37,53] can introduce branch cuts [e.g., for Bð�ÞDð�Þ pairs]
inside the unit circle C defined by jzj ¼ 1. The purpose of
the BGL parametrization being to eliminate all significant
nonanalytic behavior below t�, there are two choices: either
model the strength of the branch cut (which requires both
knowledge of the branch point and the function along the
cut) and use this information to loosen the strength of the
bounds, or instead set t� ¼ tbd (as is done here). With this
latter choice, t� < tþ is no longer the threshold relevant to

the physical process, but it is the location of an important
branch cut in the two-point function to which the process
contributes. Nevertheless, for all heavy-quark systems, one
finds that the semileptonic decay region m2

l ≤ t ≤ t− lies
substantially below tbd, and therefore the BGL bounds are
not strongly affected.
With this choice, the bounds obtained by inserting

Eq. (25) into Eq. (24) amount to an integral over the unit
circle jzj ¼ 1 of an integrand containing the form factor Fi
of interest multiplied by the known outer functions
ϕiðt; t0Þ, which incorporate information about kinematics
and changes of variable. (These functions are tabulated for
the cases of interest in Refs. [25,32].) The only significant
nonanalytic features remaining within the unit circle

jzj ¼ 1 are simple poles corresponding to Bð�Þ
c states.

Each such pole at a known location t ¼ ts can effectively
be removed from the integrand through multiplication by
zðt; tsÞ (a Blaschke factor). In the b → c processes of

interest here, the masses corresponding to the Bð�Þ
c poles

that must be removed in this analysis are collected in
Table II, organized by the JP channel to which each one
contributes (1−ffþ; g; FV;HVg; 1þff;F 1; G1; HAg;
0þff0; F0g; 0−fF 2; G0g). These masses have either been
measured at the LHC [60,61] (boldface) or are derived from
very recent model calculations [62].
Denoting the product of Blaschke factors for all poles

with jzj < 1 as Pi, the unitarity bound for the form factor Fi
expressed entirely in terms of the conformal variable z
reads

1

2πi

X
i

I
C

dz
z
jϕiðzÞPiðzÞFiðzÞj2 ≤ 1: ð27Þ

Since the product ϕiðzÞPiðzÞFiðzÞ is an analytic function
inside the unit circle jzj ¼ 1, one may write

FiðtÞ ¼
1

jPiðtÞjϕiðt; t0Þ
X∞
n¼0

ainzðt; t0Þn: ð28Þ

Inserting Eq. (28) into Eq. (27), one finds that the unitarity
bound can be compactly written as a constraint on the
Taylor-series coefficients ain:

X∞
i;n¼0

ðainÞ2 ≤ 1: ð29Þ

Equations (28) and (29) are the essence of the BGL
parametrization. Every functional form for FiðtÞ that
respects analyticity and unitarity, as expressed by
Eqs. (24) and (25), can be expressed in terms of a set of
Taylor coefficients ain that satisfy the sum rule Eq. (29).
As in Ref. [25], the generalization of the location of

the branch point from tþ to tbd means that slightly more
complicated functions of the mass parameters appear in the
analysis. Reprising this previous notation, we define

TABLE II. All Bc-state masses lying below the thresholds t ¼
tbc (for which “Lowest pair” indicates the states of which the
masses enter into tbc) for the JP channels relevant to this study.
Numbers in bold are masses measured at the LHC.

Type JP Lowest pair M (GeV)

Vector 1− BD 6.3290, 6.8975, 7.0065
Axial 1þ B�D 6.7305, 6.7385, 7.1355, 7.1435
Scalar 0þ BD 6.6925, 7.1045
Pseudoscalar 0− B�D 6.2749ð8Þ, 6.8710ð16Þ
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r≡ m
M

; δ≡ml

M
;

β≡MBð�Þ

M
; Δ≡MD

M
;

κ ≡ ðβ þ ΔÞ2 − ð1 − rÞ2;
λ≡ ðβ þ ΔÞ2 − δ2; ð30Þ

and the free parameter t0 in Eq. (26) is replaced by a
parameter N:

N ≡ tbd − t0
tbd − t−

: ð31Þ

Computing the kinematical range for the semileptonic
process given in terms of z is then straightforward. The
minimal (optimized) truncation error is achieved when

zmin ¼ −zmax, which occurs when N ¼ Nopt ¼
ffiffi
λ
κ

q
. At this

point, one obtains

zmax ¼ −zmin ¼
λ1=4 − κ1=4

λ1=4 þ κ1=4
: ð32Þ

One finds that the semileptonic decay processes under
consideration do not exceed zmax ≈ 0.03. If instead tbd is set
equal to tþ, then Eq. (30) reduce to Δ → r, β → 1, and
κ → 4r, and all of the expressions reduce to those given
in Ref. [38].

VI. RESULTS

The global analysis of the b → c hadronic form factors
relies upon a number of constraints. They are summarized
here for the convenience of the reader:

(i) The n ≤ 2 coefficients ain in each channel are
constrained by

P
n;iðainÞ2 ≤ 1 [Eq. (29)].

(ii) The form factors satisfy the exact kinematic relations
below Eq. (3), above Eq. (10), and below Eq. (13)]:

F 1ðt−Þ ¼ Mð1 − rÞfðt−Þ;

F 1ð0Þ ¼
1

2
M2ð1 − r2ÞF 2ð0Þ;

fþð0Þ ¼ M2ð1 − r2Þf0ð0Þ;
HAðt−Þ ¼ Mð1 − rÞG1ðt−Þ;

Mð1þ rÞF0ð0Þ ¼ Mð1 − rÞHVð0Þ
Mð1 − rÞG0ð0Þ ¼ Mð1þ rÞHAð0Þ: ð33Þ

(iii) BðsÞ → D�
ðsÞ form factors are taken to be consistent

with the form factor ξðsÞðwÞ derived from
BðsÞ → DðsÞ, once an additional 20% systematic
error is included to account for violations of
Isgur-Wise scaling.

(iv) BðsÞ → D�
ðsÞ form factors are maximal at the zero-

recoil point t ¼ t−, since the universal form factor
ξðsÞ represents an overlap matrix element between
initial and final states. This condition is implemented
via the constraints Fiðt−Þ ≥ Fið0Þ and dFi

dt jt− ≥ 0,
where Fi represents any of the form factors.

(v) The normalizations and slopes of the Bþ
c →

fJ=ψ ; ηcg form factors fþ; gð∝ VÞ;F 1;F 2 are re-
quired to be consistent at zero recoil [via Eq. (23)]
to within 50% with the results for f0, fð∝ A1Þ
computed from lattice QCD.

We perform the constrained multivariable fit by first
randomly sampling q2 values of the form factors for which
lattice data are known. If correlations have been reported
by the lattice QCD groups, they are implemented in the
sampling. The preliminary HPQCD results for Bþ

c →
fJ=ψ ; ηcg report only statistical error. To account for the
unknown systematics like finite-volume and discretization
effects, we include in quadrature an additional systematic
error flat ¼ 20% (as a percentage of the form factor at each
point). Lines of best fit are then computed from the
collection of sampled points using a least-squares pro-
cedure. The resulting form factors, exhibited with 1σ bands,
are presented in Figs. 1–8. The ain for the form factors can
be found in Table III. Of particular note, our theoretical
values for the form factors are consistent with those of the
two processes B → Dð�Þ for which experimental data have
been obtained [63–65].
In interpreting these 1σ bands, it is important to recall

that this analysis includes statistical errors from the lattice
studies for which the notion of “1σ” is well defined.
However, the analysis also includes systematic errors for
which, strictly speaking, it is not. Moreover, in assigning
systematic error associated with limited lattice data for
which systematic errors had not been carefully studied, or
due to truncation errors in the theory, we have been quite

FIG. 1. B → D form factors: fþðq2Þ (red circles) and
f0ðq2Þ=M2ð1 − r2Þ (blue triangles) from Ref. [28]. The colored
bands are the one-standard-deviation (1σ) best-fit regions ob-
tained from our global dispersive analysis.
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conservative. Thus, one might reasonably expect the SM
result to fall within these bands with a higher probability
than had the bands been entirely due to statistical errors.
FromTable III, it is possible to investigate the convergence

of BGL expansion. All the a2 coefficients are consistent with
zero at 1.2σ, suggesting that each series is rapidly converging;
additional parameters are unnecessary at the present precision
of lattice data. This lack of precision also allows for the a2
parameters to fluctuate substantially, such that in a given fit
each one can typically be Oð0.1Þ, and therefore contribute
significantly to the dispersive bounds of Eq. (29).
With this observation, one would expect the dispersive

bounds to be saturated, similar to the results of Ref. [25] in
which the dispersive bound for the unknown form factor
F 2 was saturated. Fitting all seven processes together,
Eq. (29) is typically saturated for all four channels (T, L;
V, A). The saturation of the bounds is not due solely to the

ill-constraint of the a2 parameters. Surprisingly, Table III
shows that for the two Λb → Λc form factors F0 andG0 the
a1 coefficients are Oð0.5Þ. Each one of them saturates
about 25% of the dispersive bound. This result suggests
that the inclusion of baryonic channels into the dispersive
approach is particularly powerful.
In the case of G0, there are additional benefits beyond

providing such a large contribution toward saturation. In
the 0− channel, only theG0 and F 2 form factors contribute.
At present, no lattice results for anyF 2 exist. Given thatF 2

form factors contribute significantly only to τ decays, this
uncertainty is a sizeable fraction of the uncertainty in our
predictions of RðHcÞ. The large contribution of G0 to the
dispersive bound reduces this error. These dual benefits
from including Λb → Λc should motivate future efforts to
obtain lattice results for form factors of other baryonic
processes, i.e., Λb → Λ�

c.

FIG. 3. Bs → Ds form factors: fþðq2Þ (red circles) and
f0ðq2Þ=M2ð1 − r2Þ (blue triangles) from Ref. [29]. The colored
bands are the one-standard-deviation (1σ) best-fit regions ob-
tained from our global dispersive analysis.

FIG. 4. Bs → D�
s form factors: A1ðq2maxÞ (blue triangle) from

Ref. [51]. The colored bands are the one-standard-deviation (1σ)
best-fit regions obtained from our global dispersive analysis. F 1

has been divided by 1
2
M2ð1 − r2Þ.

FIG. 5. Λb → Λc form factors: HVðq2Þ=Mð1þ rÞ (red circles),
F1ðq2Þ (blue triangles), and F0ðq2Þ=Mð1 − rÞ (green squares)
from Ref. [30]. The colored bands are the one-standard-deviation
(1σ) best-fit regions obtained from our global dispersive analysis.

FIG. 2. B → D� form factors: A1ðq2maxÞ (blue triangle) from
Ref. [26]. The colored bands are the one-standard-deviation (1σ)
best-fit regions obtained from our global dispersive analysis. F 1

has been divided by 1
2
M2ð1 − r2Þ.
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In the case ofΛb → Λc, sufficient lattice data exist so that
the constraint of heavy-quark symmetries is not required to
fix the form factors. Therefore, we can use our results in that
process to investigate how well the heavy quark effective
theory (HQET) relations are satisfied. While higher-order
terms are known [31], we consider the leading-order
relations in which the six form factors are all proportional
to an Isgur-Wise function ζðwÞ, which is typically expanded
in powers of w − 1 as

ζðwÞ ¼ ζð1Þ − ρ2ðw − 1Þ þ 1

2
σ2ðw − 1Þ2: ð34Þ

In this expansion, our results for the coefficients of the
Taylor series are found in Table IV. One can see that our

FIG. 7. Bþ
c → ηc form factors: fþðq2Þ (red circles) and

f0ðq2Þ=M2ð1 − r2Þ (blue triangles) from the HPQCD Collabo-
ration [39]. The interior bars represent the statistical uncertainty
quoted by HPQCD. The exterior bars represent the result of
including our flat ¼ 20% systematic uncertainty. The colored
bands are the one-standard-deviation (1σ) best-fit regions ob-
tained from our global dispersive analysis.

FIG. 8. Bþ
c → J=ψ form factors: Vðq2Þ (red circles) and

A1ðq2Þ (blue triangles) from the HPQCD Collaboration [39].
The interior bars represent the statistical uncertainty quoted
by HPQCD. The exterior bars represent the result of including
our flat ¼ 20% systematic uncertainty. The colored bands
are the one-standard-deviation (1σ) best-fit regions obtained
from our global dispersive analysis. F 1 has been divided
by 1

2
M2ð1 − r2Þ.

TABLE III. The BGL coefficients ain of this N ¼ 2 analysis.
The full correlation matrix between the coefficients can be found
in the supplemental material [66].

b → c Fi ai0 [×102] ai1 [×102] ai2 [×102]

B → D f0 7.2(1.0) −17.ð4Þ 0.7(6)
fþ 0.25(4) −0.58ð9Þ 1(14)

B → D� g 0.67(17) −0.5ð14Þ 10(40)
f 0.42(3) −0.2ð13Þ 20(30)
F 1 0.07(4) −0.11ð17Þ 1(7)
F 2 5.4(1.0) −20ð30Þ −10ð60Þ

Bs → Ds f0 5.23(8) −16ð17Þ 1(4)
fþ 0.179(5) −0.47ð9Þ −1.6ð5Þ

Bs → D�
s g 0.46(11) 0(300) 16(16)

f 0.33(4) −0.4ð20Þ 18(19)
F 1 0.05(6) −0.2ð4Þ 2(11)
F 2 4(9) −20ð30Þ 0(300)

Λb → Λc HV 0.256(9) −2.7ð4Þ 2(7)
F1 0.85(4) −7.9ð1.7Þ 4(14)
F0 5.14(18) −46ð9Þ 1(3)
HA 0.0613(18) −0.49ð9Þ −1ð3Þ
G1 0.356(12) −2.7ð5Þ −3ð4Þ
G0 5.23(18) −53ð9Þ 1.3(1.2)

Bþ
c → ηc f0 6.1(6) −30ð30Þ 10(70)

fþ 0.18(3) −0.8ð7Þ −3ð15Þ
Bþ
c → J=ψ g 0.47(9) −2ð3Þ 20(60)

f 0.34(5) −2.6ð2.0Þ 40(60)
F 1 0.058(10) −0.3ð3Þ 9(8)
F 2 4(10) −21ð16Þ 0.8(9)

FIG. 6. Λb → Λc form factors: HAðq2Þ=Mð1 − rÞ (red circles),
G1ðq2Þ (blue triangles), and G0ðq2Þ=Mð1þ rÞ (green squares)
from Ref. [30]. The colored bands are the one-standard-deviation
(1σ) best-fit regions obtained from our global dispersive analysis.
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results, despite suggesting corrections to the HQET rela-
tions, are consistent with the sum-rule bounds: ρ2 ≥ 0 and
σ2 ≥ 3

5
½ρ2 þ ðρ2Þ2� [67].

In the final two rows of Table IV, we compute a pair of
averages of the coefficients. The first, ζAVG, is simply an
average of parameters from all six form factors together
and would represent a best-fit phenomenological value for
ζðwÞ. The last row (ζw→1) instead averages over only HA
and G1. This average is of interest because only these two
form factors contribute appreciably to the differential decay
rate of Λb → Λcμ

−ν̄μ, the process measured by the LHCb
Collaboration [68]. In that work, assuming the same
leading-order HQET relations and the static approximation,
LHCb extracted the values ρ2 ¼ 1.63ð11Þ and σ2 ¼
2.16ð34Þ from the decay Λb → Λcμ

−ν̄μ. Good agreement
is found between the LHCb results and those of ζAVG. But
if these results were used to make predictions far from
w → 1, or for Λb → Λcτ

−ν̄τ, then the other form factors
would begin to contribute appreciably, and a systematic
error would be introduced because their corresponding
coefficients differ dramatically from those of ζw→1.
Using the computed form factors, we extract three

observables of experimental interest and present the results
in Table V. The first is the semileptonic decay ratio:

RðHcÞ ¼
ΓðHb → HcτντÞ
ΓðHb → HcμνμÞ

: ð35Þ

For those RðHcÞ for which existing theoretical values exist,
we find good agreement, including predictions that make
further, model-dependent assumptions (e.g., Ref. [69]).
This result is to be expected, given that all the theoretical
values rely at least in part upon the same lattice-QCD
data used here. Beyond these checks, we have produced
two new SM predictions, those of RðJ=ψÞ ¼ 0.25ð3Þ and
RðD�

sÞ ¼ 0.20ð3Þ, which can be compared to the upcoming
LHCb results of runs II and III. We find that the RðJ=ψÞ
prediction is within 1.8σ of the current LHCb result of
0.71(17)(18) [24].
The second observable is the polarization of the τ lepton,

given by

PτðHcÞ≡ Γþ − Γ−

Γþ þ Γ− ; ð36Þ

where Γ� are the decay rates of a τ with fixed helicity
λ ¼ �. Only PτðD�Þ ¼ −0.38ð60Þ has been measured
[16,19], and our value −0.51ð15Þ agrees within uncertain-
ties. For the other processes, we present predictions for
comparison with future measurements.
The final observable we compute is the fractional

longitudinal polarization of the decaying vector meson,

FHc
L ≡ Γ0

Γ
; ð37Þ

where Γ0 is the decay rate of a vector Hc with helicity
λ ¼ 0. In the case of the D�, this quantity has been
measured to be FD�

L ¼ 0.60ð9Þ [70], which is within
1.6σ of our result and other existing SM values [7,71].

VII. DISCUSSION AND CONCLUSION

In this work, we have presented model-independent
predictions of the b → c hadronic transition form factors
for the processes B → fD;D�g, Bs → fDs;D�

sg, Bc →
fJ=ψ ; ηcg, and Λb → Λc using a coupled global analysis.
From these form factors, Standard Model values for RðHcÞ
(τ-μ ratio), PτðHcÞ (τ polarization), and FHc

L (Hc longi-
tudinal component) were computed. Also obtained, for the
first time using this approach, were RðD�

sÞ ¼ 0.20ð3Þ and
RðJ=ψÞ ¼ 0.25ð3Þ. The near-term outlook for higher-
statistics measurements from BELLE and LHCb, coupled
with new lattice results, promise to reduce the uncertainty
on the experimental and theoretical values dramatically,
allowing for a refinement of the investigation of the
beyond-SM contributions to charged currents (e.g.,
Refs. [72,73]). Additionally, new measurements like

RðDð�Þ
s Þ can be compared to our results to provide com-

plementary constraints.

TABLE IV. HQET expansion parameters for Λb → Λc obtained
from this analysis. ζAVG indicates the values of the Isgur-Wise
function obtained by averaging all of the form factors, while ζw→1

is obtained by averaging only over the form factors HA and G1

that contribute significantly at zero recoil.

Fiðq2Þ Fið1Þ ρ2 σ2

HV 1.12(4) 2.5(3) 5.6(1.8)
F1 1.51(7) 3.3(5) 8.0(1.8)
F0 0.97(4) 1.8(3) 3.6(6)
HA 0.90(3) 1.7(3) 3.4(1.8)
G1 0.90(3) 1.82(18) 4.0(8)
G0 1.02(4) 2.2(3) 4.8(6)

ζAVG 1.1(3) 2.2(7) 4(2)

ζw→1 0.90(3) 1.7(2) 3.6(1.4)

TABLE V. Results of our dispersive analysis for the semi-
leptonic decay ratio RðHcÞ, τ polarization PτðHcÞ, and the
(vector) Hc polarization fraction FHc

L .

b → c RðHcÞ PτðHcÞ FHc
L

B → D 0.298(6) 0.325(4) � � �
B → D� 0.252(14) −0.51ð5Þ 0.45(3)
Bs → Ds 0.300(5) 0.323(18) � � �
Bs → D�

s 0.20(3) −0.49ð5Þ 0.44(5)
Λb → Λc 0.332(10) −0.308ð15Þ � � �
Bþ
c → ηc 0.30(5) 0.33(11) � � �

Bþ
c → J=ψ 0.25(3) −0.47ð5Þ 0.46(4)
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We have also derived nonzero-recoil relations between
the heavy-heavy meson form factors Bc → fJ=ψ ; ηcg and
the Isgur-Wise-like form factor Δ at leading order in
NRQCD. These results allow constraints on the slopes
of unknown lattice form factors at w ¼ 1 to be obtained.
Furthermore, these relations can be used as the basis of
phenomenological models for the form factors.
The dominant sources of uncertainty in this analysis

arise from the form factors for which no lattice data
have been reported, all of which are in the P → V
processes. Upcoming results for B → D� [74] and Bþ

c →
J=ψ promise to provide insight into these form factors.
The global analysis could also benefit from the inclusion

of new processes. Given the large fractional saturation
of the unitarity bounds by Λb → Λc, the inclusion of
Λb → Λ�

c could be particularly fruitful once such data
are available.
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