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In-medium valence-quark distributions of πþ and Kþ mesons in symmetric nuclear matter are studied
by combining the Nambu–Jona-Lasinio model and the quark-meson coupling model. The in-medium
properties of the current quarks, which are used as inputs for studying the in-medium pion and kaon
properties in the Nambu–Jona-Lasinio model, are calculated within the quark-meson coupling model. The
light-quark condensates, light-quark dynamical masses, pion and kaon decay constants, and pion- and
kaon-quark coupling constants are found to decrease as nuclear density increases. The obtained valence
quark distributions in vacuum for both the πþ and Kþ could reasonably describe the available experimental
data over a wide range of Bjorken-x. The in-medium valence u-quark distribution in the πþ at Q2 ¼
16 GeV2 is found to be almost unchanged compared to the in-vacuum case. However, the in-medium to in-
vacuum ratios of both the valence u-quark and valence s-quark distributions of the Kþ meson at Q2 ¼
16 GeV2 increase with nuclear matter density but show different x-dependence. Namely, the ratio for
the valence u-quark distribution increases with x, while that for the valence s quark decreases with x. These
features are enhanced at higher density regions.
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I. INTRODUCTION

Pions and kaons, which emerge as a consequence of
dynamical chiral symmetry breaking [1], play very impor-
tant and special roles in understanding the nonperturbative
features of low-energy quantum chromodynamics (QCD)
[2]. The nonperturbative aspects of QCD can be accessed
through the elastic electromagnetic form factors, and quark
distribution functions of these mesons [3–5] as well as
hadron distribution functions in the low-Q2 region, where
the latter quantities are used as inputs for Q2-evolution to
high-Q2 region that the perturbative QCD phenomena are
experimentally accessible. They can provide us with
important information on the internal structure of pions
and kaons as well as the quark and gluon dynamics.
However, it is highly nontrivial to calculate the quark

distribution functions of these mesons in vacuum at low-
energy scale. Several models [5–15], and lattice QCD
simulations [16–19] have been applied to study the internal
structure of pions and kaons in vacuum. Despite of these
efforts, theoretical understanding of quark distributions of
pions and kaons requires more efforts and the situation is
worsened by the scarce of experimental data [20–22], in
particular, for kaons. Attempts to understand quark dis-
tribution functions of mesons in a nuclear medium are
much more restricted.
However, some recent progress has been reported for

understanding the quark distributions of pions and kaons.
Several studies were made to uncover the internal structure
of pions in a nuclear medium, e.g., pion properties in
nuclei [23,24] and pion photoproduction off nuclei [25].
Furthermore, for the strange quark sector, investigations on
kaon photoproduction off nuclei [26] and kaon-nucleus
Drell-Yan processes [27] were reported. The first evidence
that triggered the interests for hadron properties in a nuclear
medium is the EMC effects reported by the EuropeanMuon
Collaboration (EMC) in Ref. [28], where the deep inelastic
scattering data revealed that parton distributions of bound
nucleons in nuclei are modified and quite different from
those of free nucleons [29]. It is, therefore, natural to expect
that the internal structure of mesons would also be modified
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in a nuclear medium and affect the meson production in
heavy ion collisions (HIC) [30], the reactions involving
finite nuclei, and the quark distributions ofmesons. A deeper
understanding of the in-medium modifications of the quark
distributions of mesons can provide us with useful informa-
tion on the hadronization phenomena in HIC [30], pion- and
kaon-nuclear Drell-Yan processes [27,31], as well as the
recently proposed experimental measurements of structure
functions of pions and kaons via the pion- and kaon-induced
Drell-Yan production on polarized and unpolarized proton,
deuteron, and nuclear targets at theM2 beam line of CERN
SPS [32].
Recently, the electromagnetic form factors of pions and

kaons [24,33] as well as meson distribution amplitudes [34]
in a nuclear medium were studied by combining the light-
front constituent quark model and the quark-meson cou-
pling (QMC) model. In these publications, the QMC model
was used to provide the in-medium light-quark properties,
which were then used as inputs for studying the medium
modifications of meson properties. However, quark dis-
tributions, or parton distribution functions (PDFs) of
mesons in a nuclear medium should be explored further
in more elaborated manner. For example, consistency with
the chiral limit of QCD is an important constraint for a
model study, which is not observed by the previous studies.
This is one of the main motivations of the present work. An
early attempt to investigate the pion structure in a nuclear
medium was made around two decades ago, by combining
the Nambu–Jona-Lasinio (NJL) model and the operator
product expansion [35] to incorporate the nuclear medium
effects in the calculations of twist-2 operators. It was found
that the in-medium structure function of the pion decreases
in the large-Bjorken-x region at the saturation density ρ0 ¼
0.17 fm−3. In the present work we study the valence-quark
distributions (or valence PDFs) of both the πþ and Kþ
mesons in symmetric nuclear matter based on the NJL
model with an improved treatment for the nuclear medium
effects. Namely, the in-medium quantities, which are
served as inputs in the present study, are consistently
constrained by the symmetric nuclear matter properties
at saturation density in the QMCmodel, and the NJL model
is used to satisfy the chiral limit.
One of the main focuses of the present work is on the in-

medium modifications of the valence u-quark distributions
in πþ and Kþ mesons in symmetric nuclear matter. Our
approach is based on the NJL model with the constrained
in-medium inputs calculated by the QMC model. The NJL
model is a powerful chiral effective quark theory of QCD
with numerous successes in the studies of meson properties
[36–40]. Recently, the NJL model was applied for studying
the kaon electromagnetic form factor and valence-quark
distributions in vacuum [5], as well as the in-medium
electroweak properties of pions [41]. By extending the
works of Refs. [5,41], we explore the valence-quark
distributions of the πþ and Kþ mesons, dynamical quark

masses, and pion/kaon properties in symmetric nuclear
matter.
This paper is organized as follows. In Sec. II we briefly

review the calculation of the meson properties in the NJL
model. The in-medium quark properties in the QMC model
are described in Sec. III, which will be used as inputs to
study the in-medium pion and kaon properties based on
the NJL model in Sec. IV. Presented in Sec. V are the in-
medium modifications of valence-parton distribution func-
tions of πþ and Kþ mesons calculated in the present work.
The implications of our numerical results are also discussed.
Section VI gives the summary.

II. PION AND KAON FREE-SPACE PROPERTIES
IN THE NJL MODEL

In this section we briefly review how we calculate the
pion and kaon free-space properties in the NJL model. (See
Refs. [5,40] for details.) The NJL model is an effective
theory of QCD in the low-energy region, which contains
important features of QCD such as chiral symmetry and its
breaking pattern. Thus it has been widely used for under-
standing various low-energy nonperturbative phenomena
of QCD [39].
To study kaon properties, one needs to extend the NJL

model to three-flavor case of which Lagrangian with four-
fermion contact interactions reads

LNJL ¼ ψ̄ði∂ − m̂Þψ þ Gπ½ðψ̄λaψÞ2 − ðψ̄λaγ5ψÞ2�
−Gρ½ðψ̄λaγμψÞ2 þ ðψ̄λaγμγ5ψÞ2�; ð1Þ

where a sum over a ¼ ð0;…; 8Þ is understood and λa are

the Gell-Mann matrices in flavor space with λ0 ≡
ffiffi
2
3

q
1.

The quark field ψ represents ψ ¼ ðu; d; sÞT and m̂ ¼
diagðmu;md;msÞ is the current-quark mass matrix. The
four-fermion coupling constants are represented by Gπ

andGρ.
1 Throughout this work, we assumeml ≡mu ¼ md,

where l ¼ ðu; dÞ stands for “light”, and thusml is the light-
quark mass.
The general solution to the standard NJL gap equation

has the form of

S−1q ðkÞ ¼ =k −Mq þ iϵ; ð2Þ

for a quark flavor q (¼ u, d, s), and the dynamically
generated constituent quark mass Mq is obtained as

1In principle, the two pieces in theGρ term of Eq. (1) may have
different coupling constants since they are individually chiral
invariant. Our choice of the common coupling avoids flavor
mixing and gives the flavor content of ω-meson as ðuūþ
dd̄Þ= ffiffiffi

2
p

and ϕ-meson as ss̄; that is, we assume the “ideal
mixing” for these mesons.
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Mq ¼ mq − 4Gπhq̄qi

¼ mq þ 12iGπ

Z
d4k
ð2πÞ4 TrD½SqðkÞ�: ð3Þ

Here, the quark condensate is denoted by hq̄qi and the trace
is only for the Dirac-space indices. Then the proper-time
regularization scheme leads to

Mq ¼ mq þ
3GπMq

π2

Z
1=Λ2

IR

1=Λ2
UV

dτ
τ2

exp ð−τM2
qÞ; ð4Þ

where ΛUV and ΛIR are, respectively, the ultraviolet and
infrared cutoff parameters.
Pions and kaons are described in the NJLmodel as quark-

antiquark bound states by solving the corresponding
Bethe-Saltpeter equations (BSEs). The solutions to the
BSEs are given by a two-body t-matrix that depends on
the interaction channel. For the pseudoscalar channel
α (¼ π, K), it is given by

ταðpÞ ¼
−2i Gπ

1þ 2GπΠαðp2Þ ; ð5Þ

where the bubble diagrams lead to

Ππðp2Þ ¼ 6i
Z

d4k
ð2πÞ4 TrD½γ5SlðkÞγ5Slðkþ pÞ�; ð6Þ

ΠKðp2Þ ¼ 6i
Z

d4k
ð2πÞ4 TrD½γ5SlðkÞγ5Ssðkþ pÞ�: ð7Þ

The meson masses are identified by the pole positions in
the corresponding t-matrices. Thus, the pion and kaon
masses are given, respectively, by the solutions of the
equations,

1þ 2GπΠπðp2 ¼ m2
πÞ ¼ 0;

1þ 2GπΠKðp2 ¼ m2
KÞ ¼ 0: ð8Þ

These equations can be rearranged to give the pion and
kaon masses as

m2
π ¼

ml

Ml

2

GπI llðm2
πÞ
;

m2
K ¼

�
ms

Ms
þ ml

Ml

�
1

GπI lsðm2
KÞ

þ ðMs −MlÞ2; ð9Þ

where

Iabðp2Þ ¼ 3

π2

Z
1

0

dz
Z

1=Λ2
IR

1=Λ2
UV

dτ
τ
e−τ½−zð1−zÞp

2þzM2
bþð1−zÞM2

a�;

ð10Þ

for quark flavors a and b. Equation (9) makes it evident that
chiral symmetry and its breaking pattern are embedded in
the NJL model. The model satisfies the chiral limit and the
pions and kaons become massless in the chiral limit being
realized as Goldstone bosons. The residue at a pole in the
q̄q t-matrix defines the meson (α)-quark coupling constant
gαqq as

g−2αqq ¼ −
∂Παðp2Þ
∂p2

����
p2¼m2

α

; ð11Þ

with α ¼ π, K.
The pion and kaon weak decay constants are determined

from the meson to vacuum transition matrix element
h0jJ 5μ

a ð0ÞjαðpÞi with J 5μ
a being the quark weak axial-

vector current operator for a flavor quantum number a.
Evaluating the corresponding matrix elements, pion and
kaon weak decay constants in the proper-time regulariza-
tion scheme are expressed as [42,43]

fπ ¼
3gπqqMq

4π2

Z
1

0

dz
Z

1=Λ2
IR

1=Λ2
UV

dτ
τ
e−τ½M2

q−zð1−zÞm2
π �;

fK ¼ 3gKqq
4π2

Z
1

0

dz
Z

1=Λ2
IR

1=Λ2
UV

dτ
τ
½Ms þ zðMl −MsÞ�

× e−τ½M
2
s−zðM2

s−M2
l Þ−zð1−zÞm2

K �: ð12Þ

This completes the formalism for meson masses, decay
constants, and meson-quark coupling constants in vacuum.
Following Refs. [5,40], we choose ΛIR ¼ 240 MeV

which is set based on ΛQCD associated with confinement,
and Ml ¼ 400 MeV. The model parameters are then fixed
to givemπ ¼ 140 MeV andmK ¼ 495 MeV, together with
the pion decay constant fπ ¼ 93 MeV. This procedure
gives ΛUV ¼ 645 MeV, Gπ ¼ 19.0 GeV−2, and Ms ¼
611 MeV. The corresponding current quark masses are
ml ¼ 16.4 MeV andms ¼ 356 MeV. The predicted values
for the kaon decay constant and u and s quark condensates
in vacuum are fK ¼ 91 MeV, hūui1=3 ¼ −171 MeV, and
hs̄si1=3 ¼ −151 MeV, respectively.

III. IN-MEDIUM QUARK PROPERTIES IN
THE QMC MODEL

In the present approach, the in-medium current-quark
properties are provided by the QMCmodel [44], which will
be used in the NJL model to explore the in-medium
dynamical quark and meson properties. The QMC model
has been successfully applied for studying many topics in
nuclear and hadron physics such as finite nuclei [45–49],
hypernuclei [50,51], superheavy nuclei [52], neutron star
properties [53], and nucleon/hadron properties in a nuclear
medium [54,55]. In the QMC model, medium effects are
incorporated by the self-consistent exchanges of the scalar
(σ), vector-isoscalar (ω), and vector-isovector (ρ) meson
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fields, which directly couple to the confined light quarks
inside the nucleon, rather than to a pointlike nucleon. In the
following, we consider symmetric nuclear matter in its rest
frame in the Hartree mean-field approximation. (See
Ref. [56] for detailed discussions on the Hartree-Fock
treatment.)
The effective Lagrangian for symmetric nuclear matter is

given by [51,54]

LQMC¼ ψ̄N ½iγ ·∂−M�
NðσÞ−gωωμγμ�ψN þLmeson; ð13Þ

where ψN , σ, and ω are the nucleon, σ-, and ω-meson
fields, respectively. The effective nucleon mass M�

N is
defined by

M�
NðσÞ ¼ MN − gσðσÞσ: ð14Þ

Here, gσðσÞ and gω are the σ-dependent nucleon-σ and
nucleon-ω coupling constants, respectively. We define the
nucleon-σ coupling constant as gNσ ≡ gσðσ ¼ 0Þ for later
convenience. Because symmetric nuclear matter is isospin
saturated, the isospin-dependent ρ-meson field vanishes in
the Hartree approximation and is not included in Eq. (13).
The free meson Lagrangian density in Eq. (13) is given by

Lmeson ¼
1

2
ð∂μσ∂μσ −m2

σσ
2Þ − 1

2
∂μωνð∂μων − ∂νωμÞ

þ 1

2
m2

ωω
μωμ: ð15Þ

In the Hartree mean-field approximation the nucleon
Fermi momentum kF is related to the baryon density (ρB)
and scalar density (ρs) defined as

ρB ¼ γ

ð2πÞ3
Z

dkΘðkF − jkjÞ ¼ γk3F
3π2

;

ρs ¼
γ

ð2πÞ3
Z

dkΘðkF − jkjÞ M�
NðσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M�2
N ðσÞ þ k2

p ; ð16Þ

where ΘðxÞ is the Heaviside step function and γ ¼ 4 for
symmetric nuclear matter. The baryon density ρB is given
by ρB ¼ ρp þ ρn, where ρp and ρn are proton and neutron
densities, respectively.
In the QMC model, nuclear matter is described as a

collection of nonoverlapping MIT bags of nucleons [57].
The Dirac equations for the quarks and antiquarks in the
bag are given by

�
iγ · ∂x − ðml −Vq

σÞ∓ γ0
�
Vq
ω þ 1

2
Vq
ρ

���
ψuðxÞ
ψ ūðxÞ

�
¼ 0;

�
iγ · ∂x − ðml −Vq

σÞ∓ γ0
�
Vq
ω −

1

2
Vq
ρ

���
ψdðxÞ
ψ d̄ðxÞ

�
¼ 0;

½iγ · ∂x −ms�
�
ψ sðxÞ
ψ s̄ðxÞ

�
¼ 0;

ð17Þ

and we can define the effective in-medium current quark
mass m�

l as

m�
l ≡ml − Vq

σ ; ð18Þ
with −Vq

σ being the scalar potential, while m�
s ¼ ms. The

scalar and vector mean-field potentials felt by the light
quarks in symmetric nuclear matter are, respectively,
defined by

Vq
σ ≡ gqσσ ¼ gqσhσi;

Vq
ω ≡ gqωω ¼ gqωδμ;0hωμi; ð19Þ

where gqσ and gqω are the coupling constants of the light
quarks to the mean-field σ and ω, respectively. Note that in
the present approach the strange quark is decoupled from
the scalar and vector mean-field potentials in nuclear
medium.
The bag radius of hadron h in a nuclear medium, R�

h, is
determined through the stability condition of the hadron
mass. The eigenenergies of the quarks, in units of 1=R�

h, in
the MIT bags are obtained as�

ϵu

ϵū

�
¼ Ω�

l � R�
h

�
Vq
ω þ 1

2
Vq
ρ

�
;

�
ϵd

ϵd̄

�
¼ Ω�

l � R�
h

�
Vq
ω −

1

2
Vq
ρ

�
;

�
ϵs

ϵs̄

�
¼ Ωs: ð20Þ

The effective mass of hadron h, m�
h, in nuclear medium is

calculated by

m�
h ¼

X
j¼l;l̄;s;s̄

njΩ�
j − zh
R�
h

þ 4

3
πR�3

h B; ð21Þ

which determines R�
h by the stability condition, i.e.,

dm�
h

dRh

����
Rh¼R�

h

¼ 0; ð22Þ

where Ω�
l ¼Ω�̄

l
¼½x2l þðR�

hm
�
l Þ2�1=2 and Ω�̄

s ¼ Ω�
s ¼ ½x2s þ

ðR�
hmsÞ2�1=2. The parameter zh accounts for the sum of the

center-of-mass and gluon fluctuation corrections and is
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assumed to be independent of density [48], and B is the bag
constant. For the quark in the bag of hadron h, the ground
state wave function satisfies the boundary condition at the
bag surface, j0ðxÞ ¼ βqj1ðxÞ, where

βq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω�

q −m�
qR�

h

Ω�
q þm�

qR�
h

s
; ð23Þ

and j0;1 are spherical Bessel functions. This determines the
values of xl and xs.
Except for the saturation density and the binding energy

at the saturation point that are used to fix the quark-meson
coupling constants, nuclear matter properties depend on
the light-quark current mass in vacuum. In Table I we list
two sets of the QMC model results corresponding to two
different current-quark mass values as well as the corre-
sponding calculated quantities. The first row shows the
quantities obtained with the standard QMC model values,
ml ¼ 5 MeV and ms ¼ 250 MeV. In the present work,
however, since we use the NJL model, we adopt ml ¼
16.4 MeV andms ¼ 356 MeV following Ref. [5]. The bag
radius of the nucleon in free space, RN ¼ 0.8 fm, is also
used as an input.
The scalar and vector meson mean fields at the hadron

level can be related with the baryon and scalar densities by

ω ¼ gωρB
m2

ω
;

σ ¼ 4gNσ CNðσÞ
ð2πÞ3m2

σ

Z
dkΘðkF − jkjÞ M�

NðσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M�2

N ðσÞ þ k2
p ;

¼ 4gNσ CNðσÞ
ð2πÞ3m2

σ
ρs; ð24Þ

where

CNðσÞ ¼
−1
gNσ

�∂M�
NðσÞ
∂σ

�
; ð25Þ

which yields CNðσÞ ¼ 1 for a pointlike nucleon [58,59].
This is the origin of the novel saturation properties in the

QMC model and contains the quark dynamics of nucleons
(hadrons). Solving the self-consistent equation for the
scalar mean field of Eq. (24), the total energy per nucleon
is calculated as

Etot=A ¼ 4

ð2πÞ3ρB

Z
dkΘðkF − jkjÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M�2

N ðσÞ þ k2
q

þm2
σσ

2

2ρB
þ g2ωρB

2m2
ω
: ð26Þ

The quark level coupling constants gqσ and gqω are fitted by
the binding energy of 15.7 MeV of symmetric nuclear
matter at the saturation density ρ0 with gNσ ¼ 3gqσSNðσ ¼ 0Þ
and gω ¼ 3gqω, where g

q
σ ≃ 5.6251 for ml ¼ 16.4 MeV and

SNðσÞ is given by [55]

∂M�
NðσÞ
∂σ ¼ −3gqσ

Z
bag

d3y ψ̄qðyÞψqðyÞ

≡ −3gqσSNðσÞ ¼ −
∂
∂σ ½gσðσÞσ�; ð27Þ

TABLE I. Current-quark masses of light quarks in vacuum and
the corresponding coupling constants, bag constant B, the
parameter zN, effective nucleon mass M�

N , and the nuclear
incompressibility K, at saturation density, ρ0 ¼ 0.15 fm−3 ob-
tained in the QMC model. The units of ml, M�

N , and B1=4 are
MeV. The standard QMC model quark masses are ml ¼ 5 MeV
and ms ¼ 250 MeV, while, in this work, we use ml ¼ 6.4 MeV
and ms ¼ 356 MeV to be consistent with the NJL model
calculations.

ml ðgNσ Þ2=4π g2ω=4π B1=4 zN M�
N K

5 5.393 5.304 170.0 3.295 754.55 279.30
16.4 5.438 5.412 169.2 3.334 751.95 281.50

FIG. 1. Negative of binding energy per nucleon (Etot=A −MN)
for symmetric nuclear matter obtained in the QMC model with
the free-space quark mass ml ¼ 16.4 MeV.

FIG. 2. Effective nucleon mass M�
N for symmetric nuclear

matter calculated by the QMC model with ml ¼ 16.4 MeV.
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which gives SNðσ ¼ 0Þ ≈ 0.4899 for ml ¼ 16.4 MeV.
Here, ψq is the lowest mode light-quark bag wave function
obtained by solving the Dirac equation self-consistently in
the scalar-σ and vector-ω mean fields.
Shown in Fig. 1 is the obtained negative of binding

energy per nucleon for symmetric nuclear matter. The
calculated effective nucleon massM�

N is illustrated in Fig. 2
as a function of baryon density. The corresponding effec-
tive light-quark current mass m�

l , scalar mean-field poten-
tial −Vq

σ , and vector mean-field potential Vq
ω are also

presented in Fig. 3.

IV. IN-MEDIUM PION AND KAON PROPERTIES

Based on the combined approach of the NJL-model
formalism equipped with in-medium quark properties in
the QMC model, we now explore the in-medium pion and
kaon properties in this section. The in-medium mean-field
potentials felt by the light quarks are computed in the QMC
model and are shown in Fig. 3. These in-medium properties
of current quarks are used to estimate the in-medium
dynamical quark masses in the NJL model, and they allow
us to study the pion and kaon properties in medium such as
the medium modifications of the valence-quark distribu-
tions of pions and kaons.
The gap equation for the dynamical quark massM�

q for a
quark q in medium can be straightforwardly read from
Eq. (3),

M�
q ¼ m�

q þ
3GπM�

q

π2

Z
∞

1=Λ2
UV

dτ
τ2

e−τM
�2
q ; ð28Þ

where m�
q and M�

q are, respectively, the corresponding
density-dependent in-medium current- and dynamical-
quark masses. We use the free space values for the coupling
constant Gπ and the ultraviolet cutoff ΛUV, while we use
ΛIR ≃ 0 or ð1=Λ2

IRÞ ¼ ∞, since we do not have information

on ΛIR (or ΛQCD) in medium and the results are not affected
much by the value of ΛIR when 1=Λ2

IR → ∞. In the present
approach, the above relation holds only for light quarks,
while the strange quark mass does not change in nuclear
matter. In addition, the extra density dependent term
introduced in Refs. [60,61], which is proportional to quark
chemical potentials to treat finite density systems, is not
included because the information of symmetric nuclear
matter saturation, and, thus, the medium effects, are self-
consistently included in the in-medium light-quark proper-
ties calculated in the QMC model.
The in-medium dressed quark propagators are

expressed by

S�l ðk�Þ ¼
=k� þM�

l

ðk�Þ2 − ðM�
l Þ2 þ iϵ

; ð29Þ

S�sðk�Þ ¼ SsðkÞ ¼
=kþMs

k2 −M2
s þ iϵ

; ð30Þ

where the in-medium modifications enter as the shift of the
light-quark momenta through kμ → k�μ ¼ kμ þ Vμ. Here,
Vμ ¼ ðV0; 0Þ is the vector mean-field potential defined in
the previous section [62–64]. An asterisk over a quantity
denotes an in-medium quantity as before.
As in the vacuum case, mesons are described as dressed

quark-antiquark bound states that appear as solutions of
the BSE in the random phase approximation. The solution
to the BSE in each meson channel is given by the t-matrix
of a two-body scattering that depends on the nature of the
interaction channel. The in-medium reduced t-matrices for
π and K mesons take the same form as in vacuum:

τ�πðp�Þ ¼ −2i Gπ

1þ 2GπΠ�
πðp�2Þ ; ð31Þ

τ�Kðp�Þ ¼ −2i Gπ

1þ 2GπΠ�
Kðp�2Þ ; ð32Þ

where the in-medium bubble diagrams lead to

Π�
πðp�2Þ ¼ 6i

Z
d4k
ð2πÞ4 TrD½γ5S

�
l ðk�Þγ5S�l ðk� þ p�Þ�; ð33Þ

Π�
Kðp�2Þ ¼ 6i

Z
d4k
ð2πÞ4 TrD½γ5S

�
l ðk�Þγ5S�sðk� þ p�Þ�: ð34Þ

These equations show that the medium-modified momen-
tum enters for the momenta of light quarks and the kaon
also feels the vector potential, which is in contrast to the
pion case where the vector potentials for the light quark and
light antiquark cancel out. Thus, although the vector
potential effect can be eliminated by the integral variable
shift for Π�

π, it should be explicitly included in the
calculation of Π�

K .

FIG. 3. Effective current quark mass m�
l of light quarks (solid

line), scalar mean-field potential −Vq
σ (dashed line), and vector

mean-field potential Vq
ω (dotted line) calculated by the QMC

model with ml ¼ 16.4 MeV.
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The meson masses are defined by the poles in the
corresponding t-matrices as in the vacuum case, and
Eqs. (31) and (32) lead to

1þ 2GπΠ�
πðp�2 ¼ m�2

π Þ ¼ 0; ð35Þ

1þ 2GπΠ�
Kðp�2 ¼ m�2

K Þ ¼ 0: ð36Þ

These relations can be rewritten as

m�2
π ¼ m�

l

M�
l

2

GπI llðm�2
π Þ ;

m�2
K ¼

�
m�

s

M�
s
þ m�

M�
l

�
1

GπI lsðm�2
K Þ þ ðM�

s −M�
l Þ2; ð37Þ

where

Iabðp�2Þ

¼ 3

π2

Z
1

0

dz
Z

dτ
τ

× e−τ½−zð1−zÞp
�2þ2p�V0zð1−zÞ−zð1−zÞðV0Þ2þzM�2

b þð1−zÞM�2
a �:

ð38Þ

As in the vacuum case, the residue at a pole in the q̄q
t-matrix defines the in-medium coupling constant g�αqq as

g�−2αqq ¼ −
∂Παðp�2Þ
∂p�2

����
p�2¼m�2

α

: ð39Þ

Results for the in-medium properties of dynamical
quarks, pions, and kaons are presented in Table II.
These results show that the considered in-medium quan-
tities of dynamical quarks and mesons decrease with
increasing density. At normal nuclear density ρ0, the
dynamical u-quark mass is found to decrease by about
30%, while the magnitude of the u-quark condensate
decreases by about 13%. These results indicate that chiral
symmetry is partially restored in the finite density system.

In the case of the pion, we find that its mass decreases
by about 7% at normal nuclear density. For the pion-
quark coupling constant and pion decay constant we find
g�πqq=gπqq ≈ 0.77 and f�π=fπ ¼ 0.87 at normal nuclear
density. Our result for f�π=fπ is in good agreement with
that of Refs. [65,66] but is about 10–20% larger than that of
Refs. [67,68]. In the kaon case, the tendency of medium
modifications is somehow different as the s-quark proper-
ties are not modified in the present approach because it
decouples from mean fields. As a result, the medium
modifications of kaon properties are realized only through
the light quark in the kaon. Our results show that the kaon
mass decreases by about 20% at normal nuclear matter
density, while both the kaon-quark coupling constant and
kaon decay constant decrease only a few percent.

V. IN-MEDIUM VALENCE-QUARK
DISTRIBUTIONS OF PIONS AND KAONS

As quark properties are modified in nuclear medium, it is
quite natural to expect that the quark distributions or parton
distribution functions (PDFs) of mesons are also modified
in medium. In this section, following the PDF calculations
of Ref. [5], we evaluate the in-medium valence PDFs (or
valence-quark distributions) of pions and kaons. We start
with the twist-2 quark distribution in a hadron α defined by

qαðxÞ ¼ pþ
Z

dξ−

2π
eixp

þξ−hαjψ̄qð0Þγþψqðξ−Þjαic; ð40Þ

where c denotes the connected-diagram matrix element and
x ¼ kþ=pþ is the Bjorken scaling variable with pþ (kþ)
being the plus-component of the hadron (struck quark)
momentum. In the NJL model, gluons are “integrated out”
and the gauge-link, which should appear in Eq. (40), is unity.
The valence-quark distribution functions (or valence

PDFs) given by Eq. (40) are calculated based on the two
Feynman diagrams depicted in Fig. 4, where the operator
insertion is given by γþδðpþx − kþÞP̂q, with P̂q being the
projection operator for a quark q defined as

P̂u=d ¼
1

2

�
2

3
1� λ3 þ

1ffiffiffi
3

p λ8

�
; P̂s ¼

1

3
1 −

1ffiffiffi
3

p λ8:

ð41Þ

TABLE II. Results for the in-medium properties of dynamical
quarks and mesons in the NJL model calculated with the in-
medium quark masses m�

l and m�
s ¼ ms for the vacuum values

ml ¼ 16.4 MeV and ms ¼ 356 MeV. The quantities are in units
of GeV, except for the meson-quark coupling constant that is
dimensionless. Here, we have M�

s ¼ Ms ¼ 0.611 GeV.

ρB=ρ0 M�
u m�

K f�K g�Kqq m�
π f�π g�πqq −hūui�1=3

0.0 0.400 0.495 0.091 4.570 0.140 0.093 4.255 0.171
0.25 0.370 0.465 0.091 4.536 0.136 0.092 3.964 0.167
0.50 0.339 0.437 0.090 4.495 0.134 0.089 3.720 0.162
0.75 0.307 0.411 0.089 4.455 0.132 0.086 3.494 0.156
1.00 0.270 0.386 0.088 4.408 0.131 0.081 3.265 0.149
1.25 0.207 0.359 0.084 4.332 0.136 0.069 2.948 0.136

FIG. 4. Feynman diagrams for the valence-quark distributions
in a meson. The operator insertion γþδðpþx − kþÞP̂q, where P̂q
is the projection operator for a quark q, is represented by the
red cross.
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Using the relation q̄ðxÞ ¼ −qð−xÞ, the valence-quark
and valence-antiquark distributions in a meson α are
calculated as

qαðxÞ ¼ ig�2αqq

Z
d4k
ð2πÞ4 δðp

�þx − k�þÞ

× Tr½γ5λ†αS�ðk�ÞγþP̂qS�ðk�Þγ5λαS�ðk� − p�Þ�;
ð42Þ

q̄αðxÞ ¼ −ig�2αqq
Z

d4k
ð2πÞ4 δðp

�þxþ k�þÞ

× Tr½γ5λαS�ðk�ÞγþP̂qS�ðk�Þγ5λ†αS�ðk� þ p�Þ�:
ð43Þ

It should be noted that the Bjorken-x variable appearing in
the above equations is defined in nuclear medium.
To evaluate these quantities we first take the moments

defined by

An ¼
Z

1

0

dx xn−1qðxÞ; ð44Þ

where n ¼ 1; 2;… is an integer. Using the Ward-like
identity, SðkÞγþSðkÞ ¼ −∂SðkÞ=∂kþ, and the Feynman
parametrization, the quark and antiquark distributions for
the Kþ-meson (us̄) are obtained as

uKþðxÞ ¼ 3g�2Kqq
4π2

Z
dτ e−τ½xðx−1Þm

�2
K þxM�2

s þð1−xÞM�2
l �

×

�
1

τ
þ xð1 − xÞ½m�2

K − ðM�
l −M�

sÞ2�
�
; ð45Þ

s̄KþðxÞ ¼ 3g�2Kqq
4π2

Z
dτ e−τ½xðx−1Þm

�2
K þxM�2

l þð1−xÞM�2
s �

×

�
1

τ
þ xð1 − xÞ½m�2

K − ðM�
l −M�

sÞ2�
�
: ð46Þ

Valence-quark distributions of the πþ can be obtained
by replacing M�

s → M�
l and g�Kqq → g�πqq, which leads to

uπþðxÞ ¼ d̄πþðxÞ. The in-medium valence-quark distribu-
tions of other pseudoscalar mesons can be related by flavor
symmetry. The expressions given by Eqs. (45) and (46) are
consistent with those given in Ref. [5] for zero baryon
density.
The valence-quark distributions in medium and in

vacuum, with the corresponding Bjorken variables x̃a
and xa, respectively, are related by [69]

qKþðxaÞ ¼
ϵF
EF

q�Kþðx̃aÞ; ð47Þ

with

x̃a ¼
ϵF
EF

xa −
V0

EF
; ð48Þ

where ϵF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkqFÞ2 þ ðM�

qÞ2
q

þ V0 ≡ EF þ V0, with V0

being the vector potential, is the in-medium quark energy
(ϵF ¼ EF − V0 for an antiquark), and kqF is the quark Fermi
momentum which is related to the nuclear matter density
as ρB ¼ 2ðkqFÞ3=3π2. The above formulas are valid only for
light (u, d) quarks in the present approach. The values
obtained by the QMC model for these quantities for the
light quark are given in Table III.
The in-medium valence-quark distributions satisfy the

baryon number and momentum sum rules as

Z
1

0

dx½uKþðxÞ − ūKþðxÞ� ¼ 1;Z
1

0

dx½s̄KþðxÞ − sKþðxÞ� ¼ 1;Z
1

0

dx x½uKþðxÞ þ ūKþðxÞ þ sKþðxÞ þ s̄KþðxÞ� ¼ 1; ð49Þ

for the Kþ. Analogous relations hold for the πþ as well.
The results for the valence PDFs of the πþ andKþ mesons

in symmetric nuclear matter are presented in Figs. 5–7
together with those in vacuum. The valence-quark distribu-
tions have been evolved using the next-to-leading order
(NLO)Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
evolution equations [70–73] from the model scale of
Q2

0 ¼ 0.16 GeV2, which was determined in Ref. [74] as a
typical of valence-dominated models for studying nucleon
valence-quark distributions, to Q2 ¼ 16 GeV2. The Q2

evolution is carried out in order to compare with the
experimental data available at Q2 ¼ 16 GeV2.
Shown in Fig. 5 are the results for the valence u-quark

distributions of the πþ and Kþ and the valence s-quark
distribution of the Kþ at Q2 ¼ 16 GeV2. The results are
shown in vacuum and for symmetric nuclear matter at
ρB=ρ0 ¼ 0.25, 0.5, 0.75, 1.0, and 1.25. In Fig. 5(a) the
obtained valence u-quark distributions of the πþ are

TABLE III. Fermi momentum kqF and the time component of
the vector potential (V0) for the light quark obtained in the QMC
model for various values of (ρB=ρ0) with the quantities given in
Table I for ml ¼ 16.4 MeV. kF and V0 are given in units of MeV.

ρB=ρ0 kqF V0

0.00 0 0
0.25 162.18 11
0.50 204.33 21
0.75 233.90 32
1.00 257.44 43
1.25 277.32 53
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compared with the empirical data of Ref. [75]. Although
our results underestimate the available experimental data
by up to 20%, the general behavior of the valence PDF is
in reasonable agreement with the data. Comparison of the
valence PDFs for several nuclear matter densities shows
that the density dependence of the light-quark PDFs of

the πþ is rather mild, which is consistent with the
conclusion of Ref. [35]. This can also be verified in
Fig. 6 which shows the in-medium to in-vacuum ratios of
the valence PDFs.
However, the valence PDFs of the Kþ show a different

density dependence as shown by the dashed and dotted

(a) (b) (c)

(d) (e) (f)

FIG. 5. Valence-parton distribution functions of πþ and Kþ mesons in vacuum and in symmetric nuclear matter, evolved from the
model scale of Q2

0 ¼ 0.16 GeV2 to Q2 ¼ 16 GeV2 using the NLO DGLAP evolution equations. (a) ρB=ρ0 ¼ 0.0, (b) 0.25, (c) 0.5,
(d) 0.75, (e) 1.0, and (f) 1.25. The solid lines represent the light (u or d̄) quark distributions of the πþ, and the dotted and dashed lines are
those for the s̄ and u quarks of the Kþ meson. The experimental data for the u-quark distribution of the πþ are from Ref. [75].

(a) (b) (c)

(d) (e)

FIG. 6. Same as in Fig. 5 but for the ratios of the valence quark distributions of the πþ and Kþ to the vacuum valence quark
distributions. The solid, dashed, and dotted lines are for u�πðxÞ=uπðxÞ, u�KðxÞ=uKðxÞ, and s̄�KðxÞ=s̄KðxÞ, respectively. (a) ρB=ρ0 ¼ 0.25,
(b) 0.50, (c) 0.75, (d) 1.00, and (e) 1.25. In all cases the results have been evolved.
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lines in Fig. 5. Not only the magnitude but the shape of
the valence PDFs of the Kþ change with densities. In
particular, the peak position of xs̄ðxÞ in Fig. 5 changes
from x ≈ 0.37 in vacuum to x ≈ 0.45 at ρB ¼ ρ0. The
change can easily be verified in Fig. 6, which shows that
the valence u-quark distribution of the Kþ changes
noticeably, in particular, in the small-x region. This
feature becomes remarkable at higher densities. The
enhancement is almost 50% in the small-x region at
normal nuclear density. In contrast to the enhancement
of the valence u-quark distribution of the Kþ in the small-
x region, the valence s̄-quark distribution of the Kþ is
mostly enhanced in the large-x region as density increases.
This enhancement is even larger than that of the valence-
u-quark distribution in the small-x region, and experi-
mental measurements are highly required to verify this
prediction.
Finally, in Fig. 7 we present relative strength of the u-

quark distribution of the Kþ with respect to the other
quark distributions, i.e., uKðxÞ=uπðxÞ by the solid lines
and uKðxÞ=s̄KðxÞ by the dashed lines. Note that all the
distributions in Fig. 7 are those of quarks (or partons),
but not the valence ones. Our results for uKðxÞ=uπðxÞ in
vacuum is compared with the available experimental
data of Ref. [31] in Fig. 7(a). One can find that this ratio
is enhanced at higher densities and, in particular, in the
small-x region. In the large-x region, the ratio uKðxÞ=
s̄KðxÞ is suppressed when nuclear density increases.
This behavior is opposite to the case of uKðxÞ=uπðxÞ.
The deviations of these ratios from unity show the pattern
of the flavor symmetry breaking. Our results demonstrate
that the flavor symmetry breaking effects become larger
as density increases.

VI. SUMMARY

To summarize, we have studied the current-quark proper-
ties in symmetric nuclear matter in the QMC model. Then,
using the in-medium quark properties obtained in the QMC
model as inputs, we have studied the in-mediumproperties of
dynamical quarks, pions, and kaons in symmetric nuclear
matter in the NJL model. In particular, the valence-parton
(valence-quark) distribution functions of πþ andKþ mesons
in symmetric nuclear matter in the NJL model were inves-
tigated with the proper-time regularization scheme.
In the present study, we estimated the quark condensates,

dynamical quark masses, meson decay constants, and
meson-quark coupling constants for pions and kaons in
symmetric nuclear matter in the NJL model. The valence
parton distribution functions of πþ and Kþ mesons in
vacuum as well as in symmetric nuclear matter at Q2 ¼
16 GeV2 were calculated and compared with the available
data. We found that the effects of nuclear medium on the
valence u-quark distribution of the πþ is rather weak, which
supports the observation of Ref. [35]. However, the valence
quark distributions of the Kþ show appreciable medium
effects, namely, the valence u-quark distribution of the Kþ
shows enhancement in the small-x region, while that of the
s̄ shows enhancement in the large-x region. The ratios,
uKðxÞ=uπðxÞ and uKðxÞ=s̄KðxÞ, were found to indicate the
flavor symmetry breaking pattern. This implies that the
quark distributions would depend on the surrounding quarks
and on the hadron species they reside. The flavor symmetry
breaking effects become larger at higher densities, and the
two ratios show the opposite density-dependence in the large-
x region, although they show a similar density-dependence in
the small-x region. Experimental confirmation is, therefore,
highly desired.

(a) (b) (c)

(d) (e) (f)

FIG. 7. Ratios of the quark distributions for several densities. The solid lines are ratios of the u-quark distribution of the Kþ to that of
the u-quark distribution of the πþ, after the NLO evolution toQ2 ¼ 16 GeV2, while those of the u to s quark distributions of the Kþ are
represented by the dashed lines. The experimental data are from Ref. [31].
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For future prospects, a few comments are in order. First,
in the present work, we estimated the in-medium dynamical
quark mass. This feature can be improved by including
momentum-dependent dynamical quark masses generated
in nuclear medium, e.g., based on the Schwinger-Dyson
equations. Second, it would be interesting to extend the
present approach to heavy mesons with charm or bottom
flavor. These studies would give us further hints on the
dynamical chiral symmetry breaking and the realization of
heavy quark spin symmetry through the evolution of heavy
systems in nuclear matter. Moreover, for an alternative
elaborated study in the future, it would be interesting to
apply a bosonized version of the NJL model or the NJL
model proposed in Ref. [76] to describe the nuclear matter
properties, in particular, the quark distributions of hadrons
in a nuclear medium.
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