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In this work, we calculate the nonrelativistic asymptotic behavior of the amplitudes of qq̄ → 2g → qq̄ in
the leading order of αs with qq̄ in the 3PJ channels. In the practical calculation we take the momenta of
quarks and antiquarks on shell and expand the amplitudes on the three-momentum of the quarks and
antiquarks to order 6 and get three nonzero terms. The imaginary parts of the results are comparable with
the known nonrelativistic QCD results. The real parts of the results have IR divergence. When applying the
results to the heavy quarkonia, the corresponding amplitude of qq̄ → 1g → qq̄ with qq̄ in the color octet
3S1 channel is considered to absorb the IR divergence in a unitary way in the leading order of v. The final
results can be used to estimate the mass shifts of the 3PJ heavy quarkonia due to the effect of two-gluon
annihilation. The numerical estimation shows that the contributions to the mass shifts of χc0;c1;c2 are about
1.23 ∼ 1.58 MeV, 1.57 ∼ 1.86 MeV, and 5.92 ∼ 5.45 MeV when taking αs ≈ 0.25 ∼ 0.35.

DOI: 10.1103/PhysRevD.100.094004

I. INTRODUCTION

The energy spectrum of an elemental system is a basic
question after the breakthrough of quantum mechanism.
Currently, the energy spectrum of hadrons is still an
unsolved problem in QCD due to the complex non-
perturbative property. Many phenomenological models
have been used to study the energy spectrum of hadrons in
the quark level such as the quark model [1], QCD sum
rules [2], Dyson-Schwinger equation and Bethe-Salpeter
equation [3], etc. In these calculations, the annihilation
effect whose imaginary and real parts correspond to
the decay width and the mass shift is usually neglected.
For heavy quarkonia, their inclusive decays can be
well described by the effective theory nonrelativistic
QCD (NRQCD) [4]. In NRQCD, the imaginary part of
the coefficients of four fermions interactions are matched
from the imaginary parts of the on-shell scattering
amplitudes qq̄ → 1g; 2g; 3g → qq̄ or the decay widths
of qq̄ → 1g; 2g; 3g in perturbative QCD order by order.
In a previous paper [5], we calculated the real parts of
these coefficients in the leading order of αs (LO-αs) in the
1S0 channel with the momenta of quarks and antiquarks off
shell and find the results are gauge invariant, while the
similar calculation cannot be directly extended to the 3PJ

channels due to the gauge invariance. In principle, the
corresponding four-point Green’s function of qq̄ → qq̄
with quarks and antiquarks off shell provides the inter-
action kernel of the Bethe-Salpeter and then determines
the mass shifts. Usually the Green’s function with the
off-shell quarks and antiquarks is not gauge invariant. To
avoid this problem, the most simple way is to do an
approximation by taking the quarks and antiquarks on
shell. After using such an approximation, the results are
gauge invariant and the calculation is similar with what
was done in NRQCD. In this work, we calculate the
amplitudes of qq̄ → 2g → qq̄ in the 3PJ channels and
qq̄ → 1g → qq̄ in the 3S1 channel with qq̄ in color single
and color octet states, respectively.
We organize the paper as follows. In Sec. II we give an

introduction on the basic formula, in Sec. III we describe
our calculation and present the analytic results for the
coefficients to order 6 after the nonrelativistic expansion, in
Sec. IV we compare the above results with the correspond-
ing NRQCD coefficients and from this comparison the real
parts of the corresponding NRQCD coefficients can be read
directly, in Sec. V we apply the above results to discuss
the mass shift of 3PJ states, and in Sec. VI we estimate the
effects to the mass shifts numerically and discuss the
interesting properties of the results.

II. BASIC FORMULA

Following the idea of NRQCD, for a heavy quarkonium
Hð3PJÞ in the Jþþ state there are two contributions in the
amplitudes of Hð3PJÞ → Hð3PJÞ in the leading order of v
(LO-v) which can be expressed as
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MðHð3PJÞ→Hð3PJÞÞ ¼Mðqq̄ð3PJÞ1 → qq̄ð3PJÞ1ÞH1

þMðqq̄ð3S1Þ8 → qq̄ð3S1Þ8ÞH8;

ð1Þ

where H1 and H8 are some nonperturbative matrix
elements, Mðqq̄ð3PJÞ1 → qq̄ð3PJÞ1Þ and Mðqq̄ð3S1Þ8 →
qq̄ð3S1Þ8Þ are the amplitudes with the momenta of the
quarks and antiquarks on shell, and the indexes 1 and 8
refer to the color signal and color octet states, respec-
tively. The amplitudes at quark level can be calculated
perturbatively. In the perturbation theory, the corresponding
Feynman diagrams for the amplitudes of qq̄ð3PJÞ1 →
2g → qq̄ð3PJÞ1 are shown in Fig. 1, and the transition
qq̄ð3S1Þ8 → g → qq̄ð3S1Þ8 is shown in Fig. 2.
In the center of mass frame, we choose the momenta as

follows:

p1¼▵
1

2
Pþ pi; p2¼▵

1

2
P − pi;

p3¼▵
1

2
Pþ pf; p4¼▵

1

2
P − pf; ð2Þ

with p2
1 ¼ p2

2 ¼ p2
3 ¼ p2

4 ¼ m2 and m the mass of the

heavy quark. We can define P¼▵ ðE; 0; 0; 0Þ, pi¼▵ ð0;piÞ,
and pf¼▵ ð0;pfÞ. For the heavy quark and antiquark pairs
we can take jpi;fj=m as small variables, and then can
expand the expressions on these small variables. In the

on-shell case, we have the relations jpij ¼ jpfj¼▵p and

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p
. This relation means we cannot distinguish

jpij from jpfj and a nonuniqueness may happen when

applying the final expressions to the bound states. There is
no such nonuniqueness in the direct calculation of the
imaginary parts since the momenta pi and pf appear
independently after cutting the gluon lines. Fortunately,
we can see the first two nonzero orders can be gotten
uniquely due to the symmetry which will be discussed in
the following.
To project the quark and antiquark pairs to the 3PJ state

and the 3S1 state, we use the project matrix in the on-shell
case [6,7] and have the following:

X
v̄ðp2; s2ÞTuðp1; s1Þ

�
1

2
s1;

1

2
s2j1si

�
¼▵Tr½T:ΠiðsiÞ�;

X
ūðp3; s3ÞTvðp4; s4Þ

�
1

2
s3;

1

2
s4j1sf

�
¼▵Tr½T:ΠfðsfÞ�;

ð3Þ

where the Clebsch-Gordan coefficients are the standard
ones as in Ref. [7] and the Dirac spinors are normalized as
uþu ¼ vþv ¼ 1, whose expressions are written as

uðp1; s1Þ¼▵
=p1 þmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1ðE1 þmÞp

�
ξs1

0

�
;

vðp2; s2Þ¼▵
−=p2 þmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ðE2 þmÞp

�
0

ηs2

�
; ð4Þ

with E1;2¼▵
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1;2þm2

q
¼E, ξ1=2¼ð1;0ÞT , ξ−1=2 ¼ ð0; 1ÞT ,

η1=2 ¼ ð0; 1ÞT , and η−1=2 ¼ ð−1; 0ÞT . The combination of
the above expressions results in the following:

ΠiðsiÞ ¼ −
1

8
ffiffiffi
2

p
E2
i ðEi þmÞ ð=p1 þmÞð2Ei þ =PÞ

× =ϵðsiÞð−=p2 þmÞ;

ΠfðsfÞ ¼ −
1

8
ffiffiffi
2

p
E2
fðEf þmÞ ð−=p4 þmÞ

× =ϵ�ðsfÞð2Ef þ =PÞð=p3 þmÞ; ð5Þ

where Ei ¼ Ef¼▵
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
i;f þm2

q
and

(a) (b)

FIG. 1. The Feynman diagrams for qq̄ → 2g → qq̄ in the 3PJ channels in the leading order of αs.

FIG. 2. The Feynman diagrams for qq̄ → 1g → qq̄ in the 3S1
channel in the leading order of αs.
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ϵμð0Þ¼▵ ð0; 0; 0; 1Þ;
ϵμð�1Þ¼▵ ð0;∓ 1;−i; 0Þ=

ffiffiffi
2

p
: ð6Þ

Here the relative sign ofΠiðsiÞ andΠfðsiÞ is positive which
is different from the 1S0 case.
To discuss the mass shifts of 3PJ heavy quarkonia due

to the effect of two-gluon annihilation, in principle,
one can go to calculate the full four-point Green’s
function with quarks and antiquarks of shell and then
take the four-points Green’s function as the interaction

kernel of the Bethe-Salper equation to discuss the mass
shifts. In our calculation, similarly with NRQCD we
take the on-shell approximation to the four-point
Green’s functions. Since we take the approximated
four-point Green’s function as the interaction kernel
of the Bethe-Salpeter equation, we only calculate it in
the perturbative QCD and do not go to match them
with the corresponding amplitudes in NRQCD. In the
practical calculation, we directly include the structure of
the heavy quarkonia and assume the following structure
for the Hð3PJÞ:

jHð3PJÞi ∼ ϕ1ðjpjÞ
δijffiffiffiffiffiffi
Nc

p jðqiq̄jÞ1ð3PJÞi þ ϕ0ðjpjÞ
Tij
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðN2
c − 1Þ=2

p jðqiq̄jÞ8ð3S1Þgai ð7Þ

where the color factors 1=
ffiffiffiffiffiffi
Nc

p
and 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN2

c − 1Þ=2
p

are used to normalized the color parts to 1, and ϕ0;1ðjpjÞ refer to the
wave functions of the Hð3PJÞ in the momentum space in the color single and color octet states, respectively. The relations
between the wave functions ϕ0;1 with the wave functions in the coordinate space are defined as

ϕlðjpjÞYlmðΩpÞ¼▵
Z

d3r
1

ð2πÞ3 e
−ip·rRlðjrjÞYlmðΩrÞ: ð8Þ

Using the structure of the Hð3PJÞ and the above project matrices, the amplitudes can be expressed as follows:

Mð3PJÞ¼▵ Mðqq̄ð3PJÞ1 → qq̄ð3PJÞ1ÞH1

¼
Z

djpijdjpfjjpij2jpfj2ϕ1ðjpfjÞϕ�
1ðjpijÞḠðaþbÞð3PJÞ;

Mð3S1Þ¼▵ Mðqq̄ð3S1Þ8 → qq̄ð3S1Þ8ÞH8

¼
Z

djpijdjpfjjpij2jpfj2ϕ0ðjpfjÞϕ�
0ðjpijÞḠðcÞð3S1Þ; ð9Þ

where Ḡða;bÞð3PJÞ and ḠðcÞð3S1Þ are expressed as

Ḡða;bÞð3PJÞ ¼
X
si;sf

hJJzj1sf; 1mfihJJzj1si; 1mii
Z

dΩpi
dΩpf

Y1mi
ðΩiÞY�

1mf
ðΩfÞGða;bÞðsi; sfÞ;

ḠðcÞð3S1Þ ¼ h1Jz1sfjih1sij1Jzi
Z

dΩpi
dΩpf

Y00ðΩiÞY�
00ðΩfÞGðcÞðsi; sfÞ; ð10Þ

and

GðaÞðsi; sfÞ ¼ −icð2gÞf

Z
dDk
ð2πÞD Tr½T1ΠiðsiÞ�Tr½T2ΠfðsfÞ�DμρðkÞDνλðp1 þ p2 − kÞ;

GðbÞðsi; sfÞ ¼ −icð2gÞf

Z
dDk
ð2πÞD Tr½T1ΠiðsiÞ�Tr½T3ΠfðsfÞ�DμλðkÞDνρðp1 þ p2 − kÞ;

GðcÞðsi; sfÞ ¼ −icð1gÞf Tr½ð−igsγμΠiðsiÞ�Tr½ð−igsγνΠfðsfÞ�Dμνðp1 þ p2Þ; ð11Þ

with D ¼ 4 − 2ϵ and the color factor cð2gÞf

MASS SHIFTS OF 3PJ HEAVY QUARKONIA DUE TO THE … PHYS. REV. D 100, 094004 (2019)

094004-3



cð2gÞf ¼
�

δijffiffiffiffiffiffi
Nc

p Tjm
a Tmi

b

��
δi0j0ffiffiffiffiffiffi
Nc

p Tj0m0
c Tm0i0

d

�
δadδbc

¼ CACF

2Nc
¼ N2

c − 1

4Nc
¼ 2

3
;

cð1gÞf ¼
�

Tij
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðN2
c − 1Þ=2

p Tij
b

��
Ti0j0
cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðN2
c − 1Þ=2

p Ti0j0
d

�
δbc ¼

1

2
;

ð12Þ

the hard kernel Ti

T1 ¼ ð−igsγνÞ · SFðp1 − kÞ · ð−igsγμÞ;
T2 ¼ ð−igsγρÞ · SFðp3 − kÞ · ð−igsγλÞ;
T3 ¼ ð−igsγρÞ · SFðk − p4Þ · ð−igsγλÞ; ð13Þ

and

SFðqÞ ¼
ið=qþmÞ

q2 −m2 þ iε
;

DμρðqÞ ¼
−i

q2 þ iε

�
gμρ − ξ

qμqρ
q2

�
: ð14Þ

In the real bound states, the values of jpij and jpfj are
independent which is different from the on-shell case, so
we label jpij and jpfj independently in the above original
expressions.
To calculateGða;b;cÞðsi; sfÞ, we use the package Feyncalc

[8] to do the trace of Dirac matrices in theD dimension and

then expand the expressions on the variable p to a special
order. After the expansion, we use the tensor decomposi-
tion to reexpress the loop integrations and finally use the
package FIESTA [9] to do the sector decomposition and
then use Mathematica to do the analytic integration.
After the loop integrations, the form of Gðaþb;cÞðsi; sfÞ

can be expressed as follows:

Gðaþb;cÞðsi; sfÞ ¼ Cðaþb;cÞ
1 ϵðsiÞ · ϵ�ðsfÞ

þ Cðaþb;cÞ
2 ϵðsiÞ · piϵ

�ðsfÞ · pf

þ Cðaþb;cÞ
3 ϵðsiÞ · pfϵ

�ðsfÞ · pi

þ Cðaþb;cÞ
4 ϵðsiÞ · piϵ

�ðsfÞ · pi

þ Cðaþb;cÞ
5 ϵðsiÞ · pfϵ

�ðsfÞ · pf; ð15Þ

with

Cðaþb;cÞ
i ¼

X3
n¼0

Cðaþb;cÞ
in ðp2

i ; p
2
fÞðpi · pfÞn: ð16Þ

After getting the coefficientsCðaþb;cÞ
in , usually the properties

of the integrations of the angle and the sums of the spins
are independently used to simplify the expressions as in
Ref. [6]. In our calculation, for simplification we directly
calculate the sums of the spins and the integrations of
angles together. We define

PðJ; X; nÞ¼▵
X
si;sf

hJJzj1sf; 1mfihJJzj1si; 1mii
Z

dΩpi
dΩpf

Y1mi
ðΩiÞY�

1mf
ðΩfÞðp̂i · p̂fÞnX;

QðX; nÞ¼▵ h1Jzj1sfih1sij1Jzi
Z

dΩpi
dΩpf

Y00ðΩiÞY�
00ðΩfÞðp̂i · p̂fÞnX; ð17Þ

where X are some functions dependent on p̂i, p̂f, ϵðsiÞ, and ϵ�ðsfÞwith p̂i;f¼▵ pi;f=jpi;fj, n ¼ 0, 1, 2, and 3, J ¼ 0, 1, and 2,
PðX; nÞ and QðJ; X; nÞ are not dependent on Jz whose manifest forms are directly listed in the Appendix. Using the
expressions of PðJ; X; nÞ and QðX; nÞ, Mð3PJÞ and Mð3S1Þ can be calculated easily.

III. THE ANALYTIC RESULTS FOR THE ASYMPTOTIC BEHAVIOR

In the practical calculation, we expand the expressions on p to order 6. Since the calculation is taken with the momenta on
shell, the gauge invariance is manifest. The final result can be expressed as

ḠðaþbÞð3PJÞjp ¼ cð2gÞf α2sπ

�
p2

m4
cJ;2 þ

p4

m6
cJ;4 þ

p6

m8
cJ;6 þ higher order

�
;

ḠðcÞð3S1Þjp ¼ cð1gÞf αsπ

�
1

m2
d0 þ

p2

m4
d2 þ

p4

m6
d4 þ higher order

�
; ð18Þ
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where the subindexes p mean to expand the expressions
on p. For the real bound states, the terms p2 and p4

only receive contributions from the terms jpijjpfj and
1
2
ðjpijjpfj3 þ jpij3jpfjÞ, respectively, since only they are

nonzero. The term p6 receives the contributions both
from the terms 1

2
ðjpijjpfj5 þ jpij5jpfjÞ and jpij3jpfj3,

which results in that one cannot distinguish them in a
unitary from.
The imaginary parts of cJ;i and di are expressed as

follows:

Im½c0;2� ¼ 8π; Im½c0;4� ¼ −
56

3
π;

Im½c0;6� ¼
1384

45
π; Im½c1;i� ¼ 0;

Im½c2;2� ¼
32

15
π; Im½c2;4� ¼ −

64

15
π;

Im½c2;6� ¼
51088

7875
π; Im½di� ¼ 0: ð19Þ

The real parts of cJ;i and di are expressed as follows:

Re½c0;2� ¼ −
8

3
− 16 log 2 −

64

9
CIR;

Re½c0;4� ¼
32

45
þ 112

3
log 2þ 832

45
CIR;

Re½c0;6� ¼
9452

1575
−
2786

45
log 2 −

17216

525
CIR; ð20Þ

Re½c1;2� ¼ −
16

9
−
64

9
CIR;

Re½c1;4� ¼
16

45
þ 512

45
CIR;

Re½c1;6� ¼
464

315
−
22528

1575
CIR; ð21Þ

Re½c2;2� ¼
32

15
−
64

15
log 2 −

64

9
CIR;

Re½c2;4� ¼ −
1568

225
þ 128

15
log 2þ 128

9
CIR;

Re½c2;6� ¼
14656

1125
−
102176

7875
log 2 −

11168

525
CIR: ð22Þ

Re½d0� ¼ −8π;

Re½d2� ¼ 8π;

Re½d4� ¼ −
74

9
π: ð23Þ

with

CIR ¼ −
1

2

�
1

ϵ
− log

m2

4πμ2IR
− γE

�
: ð24Þ

In the following discussion, we define Re½cfinJ;i � as the finite
part of Re½cJ;i� with the CIR related parts being subtracted.

IV. COMPARE THE RESULTS
WITH NRQCD

The asymptotic behavior of the amplitude in pQCD
can be used to get the coefficients of the NRQCD by
matching. Comparing our Eq. (19) with the expressions in
Appendix B of Ref. [10], one can find the following
relations:

Im½f1ð3PJÞ� ¼
1

8
cð2gÞf α2sIm½cJ;2�;

Im½g1ð3PJÞ� ¼
1

8
cð2gÞf α2sIm½cJ;4� ð25Þ

where f1ð3PJÞ and g1ð3PJÞ are the coefficients of the four-
fermion couplings O1ð3PJÞ and P1ð3PJÞ in the NRQCD
effective Lagrangian [10], respectively. This relation is
natural since the two calculations should give the same
expressions for the decay width except for the global factor
difference between the wave functions and the matrix
elements.
It is sure that the real parts of the coefficients obey the

same relations as follows:

Re½f1ð3PJÞ� ¼
1

8
cð2gÞf α2sRe½cfinJ;2 �;

Re½g1ð3PJÞ� ¼
1

8
cð2gÞf α2sRe½cfinJ;4 �: ð26Þ

Furthermore, the coefficients cJ;6 are corresponding to the
sum of the coefficients of next order in NRQCD which
means

Im½h1ð3PJÞ þ h01ð3PJÞ� ¼
1

8
cð2gÞf α2sIm½cJ;6�;

Re½h1ð3PJÞ þ h01ð3PJÞ� ¼
1

8
cð2gÞf α2sRe½cfinJ;6 �; ð27Þ

where the coefficients h1ð3PJÞ and h01ð3PJÞ are defined as

LNRQCD
4f ⊃

h1ð3PJÞ
m8

Q1ð3PJÞ þ
h01ð3PJÞ
m8

Q0
1ð3PJÞ; ð28Þ

with
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Q1ð3P0Þ ¼
1

12
ψ†

�
−
i
2
D
↔
· σ⃗

��
−
i
2
D
↔
�

4

χχ†
�
−
i
2
D
↔
· σ⃗

�
ψ þ H:c:;

Q1ð3P1Þ ¼
1

8
ψ†

�
−
i
2
D
↔
× σ⃗

��
−
i
2
D
↔
�

4

χ · χ†
�
−
i
2
D
↔
× σ⃗

�
ψ þ H:c:;

Q1ð3P2Þ ¼
1

4
ψ†

�
−
i
2
D
↔ði

σjÞ
��

−
i
2
D
↔
�

4

χχ†
�
−
i
4
D
↔ði

σjÞ
�
ψ þ H:c:;

Q0
1ð3P0Þ ¼

1

12
ψ†

�
−
i
2
D
↔
· σ⃗
��

−
i
2
D
↔
�

4

χχ†
�
−
i
2
D
↔
· σ⃗

��
−
i
2
D
↔
�

2

ψ þ H:c:;

Q0
1ð3P1Þ ¼

1

8
ψ†

�
−
i
2
D
↔
× σ⃗

��
−
i
2
D
↔
�

4

χ · χ†
�
−
i
2
D
↔
× σ⃗

��
−
i
2
D
↔
�

2

ψ þ H:c:;

Q0
1ð3P2Þ ¼

1

4
ψ†

�
−
i
2
D
↔ði

σjÞ
��

−
i
2
D
↔
�

2

χχ†
�
−
i
4
D
↔ði

σjÞ
��

−
i
2
D
↔
�

2

ψ þ H:c:; ð29Þ

similarly with the operators O1ð3PJÞ and P1ð3PJÞ [10].

V. THE MASS SHIFTS OF
Hð3PJÞ STATES

To discuss the mass shifts of the Hð3PJÞ states, in
principle, one can take the Green’s function as a part of the
interaction kernel of the Bethe-Salpeter equation, then
solve the Bethe-Salpeter equation to get the corrected
energy spectrum and the mass shifts. Since such an
approach is unconquerable at present, usually the pertur-
bative form is used. One can do this order by order by
matching NRQCD into pNRQCD [11] under the frame of
effective theory. In this work for simplicity we directly
match the amplitude in pQCD with that in the quantum
mechanism order by order to extract the effective potential
in the quantum mechanism. In the LO-αs one has the
following simple relation for the corresponding effective
potential:

hVeff;Ji¼▵ hHð3PJÞjVeff jHð3PJÞi ¼ −ðMð3PJÞ þMð3S1ÞÞ:
ð30Þ

In the LO-v, the corresponding decay widths of Hð3PJÞ
to the light hadrons (l:h) from the above diagrams, which
are labeled as Γð3PJ → l:hÞ, are expressed as

Γð3PJ → l:hÞ ¼ −2Im½hVeff;Ji� ¼
3

4π
α2sIm½cJ;2�

jRð1Þ
1 ð0Þj2
m4

;

ð31Þ

and the corresponding mass shifts labeled as ΔMð3PJÞ are
expressed as

ΔMð3PJÞ ¼ Re½hVeff;Ji�

¼ −
3

8π
α2sRe½cfinJ;2 �

jRð1Þ
1 ð0Þj2
m4

þ παs

�
8

3

αs
π2

CIR
jRð1Þ

1 ð0Þj2
m4

þ 1

4π

jR0ð0Þj2
m2

�
;

ð32Þ

where we have used the relation
Z

ϕ1ðpÞp2nþ3dp ¼ ð−1Þn 2nþ 3

4π
Rð2nþ1Þ
1 ðjrjÞ

			
jrj¼0

;
Z

ϕ0ðpÞp2nþ2dp ¼ ð−1Þn 1

4π
Rð2nÞ
0 ðjrjÞ

			
jrj¼0

: ð33Þ

Equation (32) shows when one goes to discuss the mass
shifts of the Hð3PJÞ states due to the two-gluon annihi-
lation effects in the LO-αs, the color octet contribution
should also be considered. The IR divergence in Mð3PJÞ
can be absorbed in a unitary way by Mð3S1Þ in the
LO-v. The absorbed form is unique and is same as the
case of the one-loop radiative corrections to the decay
width Γð3PJ → l:hÞ. This is natural if one goes to match the
above results with the corresponding NRQCD coefficients.
In the literature, the decay widths Γð3PJ → l:hÞ in the

LO-v and the NLO-αs can be expressed as follows [12]:

Γðχ0 → LHÞ ¼ 4

3
πα2sH1

�
1þ αsC0

π

�

þ nf
π

3
α2s

�
16

27

αs
π
H1 log

m
E
þH8

�

Γðχ2 → LHÞ ¼ 16

45
πα2sH1

�
1þ αs

π
C2

�

þ nf
π

3
α2s

�
16

27

αs
π
H1 log

m
E
þH8

�
; ð34Þ
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where nf is the number of light quarks, nf ¼ 3 for
charmonium and nf ¼ 4 for bottomonium states, C0 and
C2 are expressed as

C0 ¼
4

3

�
π2

4
−
7

3

�
þ 3

�
454

81
−

π2

144
−
11 log 2

3

�

þ 3

�
2 log 2

3
−
16

27

�
;

C2 ¼ −
16

3
þ 3

�
2239

216
−
337π2

384
− 2 log 2

�

þ 3

�
2 log 2

3
−
11

8

�
; ð35Þ

and H1 is related to the derivative of the wave function
through the relation:

H1 ¼
9

2π

jRð1Þ
1 j2
m4

½1þOðv2Þ�: ð36Þ

Using the following replacement, which is similar with that
in [13],

log
m
E
∼

1

−2ϵ
∼ CIR; ð37Þ

we can see that the IR divergences in Eq. (32) and Eq. (34)
are absorbed in the same form.
The property of the color octet matrix element H8 has

been discussed in the literature such as in Ref. [11] where
how H8 reabsorbs the IR divergence coming from the
singlet sector are shown. In our case, we can get the
following relation from the comparison between Eq. (32)
and Eq. (34):

H8 ¼
1

4π

jR0ð0Þj2
m2

: ð38Þ

Combing Eq. (32) with Eq. (34), finally one can get

ΔMð3PJÞ ¼ −
1

12
Re½cJ;2�α2sH1 þ παsH̄8; ð39Þ

with

H̄8¼▵
8

3

αs
π2

CIR
jRð1Þ

1 ð0Þj2
m4

þ 1

4π

jR0ð0Þj2
m2

∼
16

27

αs
π
H1 log

m
E
þH8: ð40Þ

Finally, Eq. (39) can be used to estimate the mass shifts of
Hð3PJÞ in the LO-αs and the LO-v due to the two-gluon
annihilation effect.

VI. NUMERICAL RESULT AND CONCLUSION

The main results of our calculation are the expressions
of the coefficients cJ;i and the mass shifts ΔMð3PJÞ. In
the LO-v and the LO-αs, if one assumes that the contri-
bution from the H̄8 related term is small, then the ratios
between the mass shifts and the decay widths can be
expressed as

ΔMð3P0Þ
Γð3P0Þ

¼ 1þ 6 log 2
6π

≈ 0.27;

ΔMð3P2Þ
Γð3P2Þ

¼ 2 log 2 − 1

2π
≈ 0.06;

ΔMð1S0Þ
Γð1S0Þ

¼ log 2 − 1

π
≈ −0.098; ð41Þ

where the similar result for the 1S0 state is also presented.
We can see that the ratio for the 3P0 state is much larger
than the ratios for the 3P2 and 1S0 states and the ratios are
positive for the 3PJ states and negative for the 1S0 state.
Furthermore one can extract the parameters H1 and H̄8

from the experimental data by Eq. (34) in the NLO-αs and
the LO-v, and then one can use the extracted parameters
to estimate the mass shifts ΔMð3PJÞ using Eq. (39) in
the LO-αs and the LO-v. The corresponding numerical
results of ΔMð3PJÞ for χcJ are listed in Table I where the
experimental data are taken from Ref. [14]. The similar
estimation can be applied to the bottomonium. Comparing
these numerical results with the corresponding results of ηc
[5], we can find that the mass shifts of χcJ are very different.
These properties mean the corrections to different states
cannot be subtracted or hidden in a unified way. Combing
the numerical results, one can get ΔMð3P0Þ − ΔMð1S0Þ ≈
9.0 ∼ 8.6 MeV with αs ≈ 0.25 ∼ 0.35, correspondingly.
This numerical result suggests that the annihilation
effects should be considered seriously when we try to
understand the spectrum of heavy quarkonia precisely,
especially when some decay channels with large decay
widths are opened.
Another interesting property is that although the decay

width of the 3P1 states to the two-gluon intermediated state
is zero, the corresponding mass shift is nonzero.

TABLE I. The numerical results for ΔMð3PJÞ which refer to
the mass shifts of χcJ in the leading order. The experimental
decay widths are taken from Ref. [14]; the values of H1 and H̄8

are extracted by using Eq. (34) with αs taking as 0.25 ∼ 0.35,
correspondingly.

ΓEx
l:h (MeV) H1 (MeV) H̄8 (MeV) ΔMð3PJÞ (MeV)

χc0ð1PÞ 10.8
69.8 ∼ 29.3 1.18 ∼ 1.21

5.92 ∼ 5.45
χc1ð1PÞ � � � 1.57 ∼ 1.86
χc1ð2PÞ 1.6 1.23 ∼ 1.58
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In summary, the real part of the nonrelativistic asymp-
totic behavior of the amplitudes of qq̄ → 2g → qq̄ in the
3PJ channels is discussed in the LO-αs. By expanding the
expressions on the three-momentum of quarks and anti-
quarks, the expressions are calculated to order 6. The
imaginary part of the first two terms of our results are the
same as those given in the references. The real part of our
results can be used to estimate the mass shifts of the 3PJ
heavy quarkonia due to the two-gluon annihilation effect.
In the LO-αs and the LO-v, we get the following properties:
(1) the mass shifts of the 3PJ states are positive which are
different from the 1S0 case where the mass shifts are
negative; (2) the mass shifts of the 3P1 states are nonzero
although their decay widths are zero; (3) the numerical
estimation shows the contributions to the mass shifts of

χc0;c1;c2 are about 1.23 ∼ 1.58 MeV, 1.57 ∼ 1.86 MeV, and
5.92 ∼ 5.45 MeV when taking αs ≈ 0.25 ∼ 0.35.
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APPENDIX

In this appendix, the manifest expressions for PðJ; X; nÞ
and QðX; nÞ are listed. From the definition of PðJ; X; nÞ
and QðX; nÞ which are expressed as

PðJ; X; nÞ¼▵
X
si;sf

h1si; 1mijJJzih1sf; 1mfjJJzi
Z

dΩpi
dΩpf

Y1mi
ðΩiÞY�

1mf
ðΩfÞðpi · pfÞnX;

QðX; nÞ¼▵ h1Jzj1sfih1sij1Jzi
Z

dΩpi
dΩpf

Y00ðΩiÞY�
00ðΩfÞðp̂i · p̂fÞnX; ðA1Þ

with 0 ≤ n ≤ 3, we have

PðJ; ϵðsiÞ · ϵ�ðsfÞ; 1Þ ¼
4π

3
; PðJ; ϵðsiÞ · ϵ�ðsfÞ; 3Þ ¼

4π

5
; ðA2Þ

Pð0; ϵðsiÞ · p̂iϵ
�ðsfÞ · p̂f; 0Þ ¼ 4π; Pð0; ϵðsiÞ · piϵ

�ðsfÞ · pf; 2Þ ¼
4π

3
;

Pð2; ϵðsiÞ · p̂iϵ
�ðsfÞ · p̂f; 2Þ ¼

16π

75
; ðA3Þ

Pð0; ϵðsiÞ · p̂fϵ
�ðsfÞ · p̂i; 0Þ ¼

4π

3
; Pð0; ϵðsiÞ · p̂fϵ

�ðsfÞ · p̂i; 2Þ ¼
4π

5
;

Pð1; ϵðsiÞ · p̂fϵ
�ðsfÞ · p̂i; 0Þ ¼ −

4π

3
; Pð1; ϵðsiÞ · p̂fϵ

�ðsfÞ · p̂i; 2Þ ¼ −
4π

15
;

Pð2; ϵðsiÞ · p̂fϵ
�ðsfÞ · p̂i; 0Þ ¼

4π

3
; Pð0; ϵðsiÞ · p̂fϵ

�ðsfÞ · p̂i; 2Þ ¼
12π

25
; ðA4Þ

Pð0; ϵðsiÞ · p̂iϵ
�ðsfÞ · p̂i; 1Þ ¼ −

4π

3
; Pð0; ϵðsiÞ · p̂iϵ

�ðsfÞ · p̂i; 3Þ ¼ −
4π

5
;

Pð2; ϵðsiÞ · p̂iϵ
�ðsfÞ · p̂i; 1Þ ¼ −

8π

15
; Pð2; ϵðsiÞ · p̂iϵ

�ðsfÞ · p̂i; 3Þ ¼ −
8π

25
; ðA5Þ

Pð0; ϵðsiÞ · p̂fϵ
�ðsfÞ · p̂f; 1Þ ¼ −

4π

3
; Pð0; ϵðsiÞ · p̂fϵ

�ðsfÞ · p̂f; 3Þ ¼ −
4π

5
;

Pð2; ϵðsiÞ · p̂fϵ
�ðsfÞ · p̂f; 1Þ ¼ −

8π

15
; Pð2; ϵðsiÞ · p̂fϵ

�ðsfÞ · p̂f; 3Þ ¼ −
8π

25
; ðA6Þ

and the results for the other (J; n) are zero,
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QðϵðsiÞ · ϵ�ðsfÞ; 0Þ ¼ −4π; QðϵðsiÞ · ϵ�ðsfÞ; 2Þ ¼ −
4π

3

QðϵðsiÞ · p̂iϵ
�ðsfÞ · p̂f; 1Þ ¼ −

4π

9
QðϵðsiÞ · p̂iϵ

�ðsfÞ · p̂f; 3Þ ¼ −
4π

15
;

QðϵðsiÞ · p̂fϵ
�ðsfÞ · p̂i; 1Þ ¼ −

4π

9
; QðϵðsiÞ · p̂fϵ

�ðsfÞ · p̂i; 3Þ ¼ −
4π

15

QðϵðsiÞ · p̂iϵ
�ðsfÞ · p̂i; 1Þ ¼ −

4π

9
; QðϵðsiÞ · p̂iϵ

�ðsfÞ · p̂i; 3Þ ¼ −
4π

15

QðϵðsiÞ · p̂fϵ
�ðsfÞ · p̂f; 1Þ ¼ −

4π

9
; QðϵðsiÞ · p̂fϵ

�ðsfÞ · p̂f; 3Þ ¼ −
4π

15
ðA7Þ

and the results for other n are zero.

[1] D. P. Stanley and D. Robson, Phys. Rev. D 21, 3180 (1980);
S. Ono and F. Schoberl, Phys. Lett. 118B, 419 (1982);
S. Godfrey and N. Isgur, Phys. Rev. D 32, 189 (1985).

[2] M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Nucl.
Phys. B147, 385 (1979); B147, 448 (1979); E. V. Shuryak,
Phys. Rep. 115, 151 (1984); L. J. Reinders, H. Rubinstein,
and S. Yazaki, Phys. Rep. 127, 1 (1985); M. Nielsen, F. S.
Navarra, and S. H. Lee, Phys. Rep. 497, 41 (2010).

[3] P. Jain and H. J. Munczek, Phys. Rev. D 44, 1873 (1991);
H. J. Munczek and P. Jain, Phys. Rev. D 46, 438 (1992); P.
Jain and H. J. Munczek, Phys. Rev. D 48, 5403 (1993);
Y.-B. Dai, C.-S. Huang, and H.-Y. Jin, Z. Phys. C 60, 527
(1993); K. Kusaka and A. G. Williams, Phys. Rev. D 51,
7026 (1995); K. I. Aoki, T. Kugo, and M. G. Mitchard,
Phys. Lett. B 266, 467 (1991); C. R. Munz, J. Resag, B. C.
Metsch, and H. R. Petry, Nucl. Phys. A578, 418 (1994); P.
Maris and C. D. Roberts, Phys. Rev. C 56, 3369 (1997); P.
Maris and P. C. Tandy, Phys. Rev. C 60, 055214 (1999); R.
Alkofer, P. Watson, and H. Weigel, Phys. Rev. D 65, 094026
(2002); A. Krassnigg, Phys. Rev. D 80, 114010 (2009); T.
Hilger, M. Gmez-Rocha, and A. Krassnigg, Phys. Rev. D
91, 114004 (2015); C. S. Fischer, S. Stanislav, and R.
Williams, Eur. Phys. J. A 51, 10 (2015); C. Popovici, T.
Hilger, M. Gomez-Rocha, and A. Krassnigg, Few-Body
Syst. 56, 481 (2015).

[4] G. T. Bodwin, E. Braaten, and G. P. Lepage, Phys. Rev. D
46, R1914 (1992); 51, 1125 (1995); 55, 5853(E) (1997).

[5] H.-Y. Cao and H.-Q. Zhou, Phys. Rev. D 99, 074007 (2019).
[6] J. H. Kuhn, J. Kaplan, and E. G. O. Safiani, Nucl. Phys.

B157, 125 (1979).
[7] G. T. Bodwin and A. Petrelli, Phys. Rev. D 66, 094011

(2002); 87, 039902(E) (2013).
[8] V. Shtabovenko, R. Mertig, and F. Orellana, Comput. Phys.

Commun. 207, 432 (2016); R. Mertig, M. Bohm, and A.
Denner, Comput. Phys. Commun. 64, 345 (1991).

[9] A. V. Smirnov, Comput. Phys. Commun. 204, 189 (2016);
185, 2090 (2014).

[10] N. Brambilla, E. Mereghetti, and A. Vairo, Phys. Rev. D 79,
074002 (2009); 83, 079904(E) (2011).

[11] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Nucl. Phys.
B566, 275 (2000); N. Brambilla, D. Eiras, A. Pineda, J.
Soto, and A. Vairo, Phys. Rev. Lett. 88, 012003 (2001);
B. A. Kniehl, A. A. Penin, and V. A. Smirnov, Nucl. Phys.
B635, 357 (2002); N. Brambilla, A. Pineda, J. Soto, and A.
Vairo, Rev. Mod. Phys. 77, 1423 (2005).

[12] A. Petrelli, Phys. Lett. B 380, 159 (1996).
[13] H.-W. Huang and K.-T. Chao, Phys. Rev. D 54, 6850

(1996).
[14] M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98,

030001 (2018).

MASS SHIFTS OF 3PJ HEAVY QUARKONIA DUE TO THE … PHYS. REV. D 100, 094004 (2019)

094004-9

https://doi.org/10.1103/PhysRevD.21.3180
https://doi.org/10.1016/0370-2693(82)90216-7
https://doi.org/10.1103/PhysRevD.32.189
https://doi.org/10.1016/0550-3213(79)90022-1
https://doi.org/10.1016/0550-3213(79)90022-1
https://doi.org/10.1016/0550-3213(79)90023-3
https://doi.org/10.1016/0370-1573(84)90037-1
https://doi.org/10.1016/0370-1573(85)90065-1
https://doi.org/10.1016/j.physrep.2010.07.005
https://doi.org/10.1103/PhysRevD.44.1873
https://doi.org/10.1103/PhysRevD.46.438
https://doi.org/10.1103/PhysRevD.48.5403
https://doi.org/10.1007/BF01560051
https://doi.org/10.1007/BF01560051
https://doi.org/10.1103/PhysRevD.51.7026
https://doi.org/10.1103/PhysRevD.51.7026
https://doi.org/10.1016/0370-2693(91)91071-3
https://doi.org/10.1016/0375-9474(94)90754-4
https://doi.org/10.1103/PhysRevC.56.3369
https://doi.org/10.1103/PhysRevC.60.055214
https://doi.org/10.1103/PhysRevD.65.094026
https://doi.org/10.1103/PhysRevD.65.094026
https://doi.org/10.1103/PhysRevD.80.114010
https://doi.org/10.1103/PhysRevD.91.114004
https://doi.org/10.1103/PhysRevD.91.114004
https://doi.org/10.1140/epja/i2015-15010-7
https://doi.org/10.1007/s00601-014-0934-z
https://doi.org/10.1007/s00601-014-0934-z
https://doi.org/10.1103/PhysRevD.46.R1914
https://doi.org/10.1103/PhysRevD.46.R1914
https://doi.org/10.1103/PhysRevD.51.1125
https://doi.org/10.1103/PhysRevD.55.5853
https://doi.org/10.1103/PhysRevD.99.074007
https://doi.org/10.1016/0550-3213(79)90055-5
https://doi.org/10.1016/0550-3213(79)90055-5
https://doi.org/10.1103/PhysRevD.66.094011
https://doi.org/10.1103/PhysRevD.66.094011
https://doi.org/10.1103/PhysRevD.87.039902
https://doi.org/10.1016/j.cpc.2016.06.008
https://doi.org/10.1016/j.cpc.2016.06.008
https://doi.org/10.1016/0010-4655(91)90130-D
https://doi.org/10.1016/j.cpc.2016.03.013
https://doi.org/10.1016/j.cpc.2014.03.015
https://doi.org/10.1103/PhysRevD.79.074002
https://doi.org/10.1103/PhysRevD.79.074002
https://doi.org/10.1103/PhysRevD.83.079904
https://doi.org/10.1016/S0550-3213(99)00693-8
https://doi.org/10.1016/S0550-3213(99)00693-8
https://doi.org/10.1103/PhysRevLett.88.012003
https://doi.org/10.1016/S0550-3213(02)00403-0
https://doi.org/10.1016/S0550-3213(02)00403-0
https://doi.org/10.1103/RevModPhys.77.1423
https://doi.org/10.1016/0370-2693(96)00459-5
https://doi.org/10.1103/PhysRevD.54.6850
https://doi.org/10.1103/PhysRevD.54.6850
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001

