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We investigate catalysis induced by a dyonic impurity in the metastable vacuum studied by Kachru,
Pearson, and Verlinde, which can be relevant to vacuum decay in the Kachru-Kallosh-Linde-Trivedi
scenario. The impurity is a D3-brane wrapping on S3 in the Klebanov-Strassler geometry. The effect of the
D3-brane can be encoded in the world-volume theory of an NS5-brane as an electromagnetic field on it. As
the field strength becomes large, the instability of the vacuum increases. As a result, the lifetime of the
metastable vacuum becomes drastically shorter.
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I. INTRODUCTION

Recent progress in string theories has revealed that there
are a large number of metastable vacua. This involved
vacuum structure of string theories is called the string
landscape [1]. Among such metastable vacua, if there is a
vacuum corresponding to our Universe, it has to have a
small positive cosmological constant. In their celebrated
work [2], Kachru, Kallosh, Linde, and Trivedi (KKLT)
proposed a scenario realizing de Sitter vacua in string
theories.1 Since the KKLT vacuum is metastable, it decays
within a finite amount of time. There are two kinds of
instabilities in the KKLT vacuum: the destabilization of the
volume moduli, and the annihilation of anti-D3-branes with
background fluxes. To uplift the anti–de Sitter vacuum,
KKLT added anti-D3-branes at the tip of the deformed
conifold [2], and such antibranes can decay with the
background fluxes [7]. In this paper, we discuss a catalytic
effect in this latter decay process due to an impurity in the
KKLT setup. Since the decay process occurs near the tip of
the conifold, we can treat the total geometry as the
noncompact Klebanov-Strassler (KS) geometry [8] without
losing control. This allows us to neglect gravitational

effects in the four-dimensional spacetime and thus drasti-
cally simplify the analysis of the vacuum lifetime. In this
noncompact limit, the system is essentially the same as the
model studied by Kachru, Pearson, and Verlinde (KPV) [7].
See Ref. [9] for an early work on the decay process of the
KPV vacuum. Our goal is to examine the consequence of
the D3-brane impurity and its catalytic effect in the KKLT
scenario, for which we need to take into account nontrivial
electromagnetic fields on the brane in the setup of Ref. [7],
as we explain below.
In our setup, the D3-brane impurity is introduced into the

KKLT scenario as follows. Near the tip of the deformed
conifold, there is a nonvanishing S3, and the anti-D3-
branes puff up and form an NS5-brane via the Myers effect
[10]. Wrapping a D3-brane on the S3, one can introduce a
point-like object which can be seen as a dyonic particle
from the point of view of the NS5-brane. Since the 3-form
Ramond-Ramond (RR) flux is threading S3, charges of
fundamental strings are induced on the wrapped D3-brane
[11]. The fundamental strings emanating from the D3-
brane can end on the NS5-brane. Because of the charges
induced by these strings, the object looks like a dyon in the
four-dimensional spacetime spanned by the NS5-brane.
This dyon is a soliton that has a purely stringy origin and
has nothing to do with symmetry breaking. This kind of
metastable soliton was first discussed in Ref. [12] and later
studied in various setups of string theories [13]. In this
paper, we further investigate stringy metastable solitons and
show that their existence makes the lifetime of the
metastable vacuum drastically shorter. The impurity enhan-
ces the bubble nucleation rate and causes a spatially
inhomogeneous decay of the vacuum.
The idea of catalysis induced by solitons was first

pointed out in Ref. [14] and later applied to phenomeno-
logical model building [15,16]. Also, it was discussed in
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1The stability of the KKLT vacuum is still controversial. See
Refs. [3,4] and references therein, and also, e.g., Ref. [5] for
recent discussions. In particular, according to the recent swamp-
land conjecture shown in Ref. [6], a de Sitter vacuum is forbidden
in string theories. In this paper, since we take the Planck mass to
infinity and study the noncompact limit of the internal space, the
swampland criterion can be trivially satisfied.
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the context of string theory in Ref. [13]. In this paper, we
would like to go a step further to a more involved but quite
interesting setup in string theory such as the KKLT model.
As long as we focus on the tip of the deformed conifold, the
analysis of Ref. [7] works as is even in the KKLT model. A
difference from Ref. [7] is that we need to take into account
the nontrivial electric and magnetic fields induced on the
NS5-brane due to the D3-brane impurity. We will study
how these fields affect the tunneling rate of the metastable
vacuum by employing the thin-wall approximation and
numerical analysis.
The plan of the paper is as follows. In Sec. II, we briefly

review the Klebanov-Strassler geometry [8], especially
near the tip of the deformed conifold, and the KPV
metastable vacuum by introducing anti-D3-branes. In
Sec. III, we numerically show dyonic solutions in the
KPV metastable vacuum, which corresponds to the field
configuration before the bubble nucleation. In Sec. IV,
we study the catalytic effect induced by such dyonic
objects. By using the thin-wall approximation of the
solutions, we show that the lifetime of the vacuum becomes
drastically shorter. Section V is devoted to discussions and
conclusions.

II. REVIEW OF THE KLEBANOV-STRASSLER
GEOMETRY

In this section, we briefly review the Klebanov-Strassler
geometry. The authors of Ref. [8] studied type IIB string
theory compactified on the deformed conifold which is a
gravity dual description of the SUðNÞ × SUðN þMÞ
gauge theory. The ranks M and N correspond to the
numbers of fractional D3- and D3-brane charges, which
are described by the fluxes on the deformed conifold,

M ¼ 1

4πα0

Z
S3

F3; N ¼ 1

ð4πα0Þ2
Z
S2×S3

F5; ð2:1Þ

where α0 is the square of the string length. Since we focus
on the S3 near the origin of the radial direction r of the
deformed conifold [8], let us review the metric around the
origin. The radial direction has a minimum value defined
by r3min ∝ ϵ2, at which the conifold rounds off. ϵ is the
deformation parameter. As in Refs. [8,17], it is useful to
introduce another parametrization τ defined by

r2 ¼ 3

25=3
ϵ4=3e2τ=3: ð2:2Þ

At τ ¼ 0, there exists a nonvanishing S3 whose metric is
given by

dΩ2
S3 ¼ ϵ4=3ð2=3Þ1=3dΩ2

3; ð2:3Þ

where dΩ2
3 is the round metric of the three-dimensional

sphere with unit radius. On the other hand, the remaining

submanifold S2 vanishes in the limit τ → 0 as dΩ2
S2 ∝ τ2.

Thus, the metric for the nonvanishing submanifold at τ ¼ 0
becomes [8,17]

ds24þ3 ¼
ϵ4=3

21=3c1=20 gsMα0
dxμdxμ þ

2

61=3
gsMα0c1=20 dΩ2

3;

ð2:4Þ

where c0 ≃ 0.7180 and gs is the string coupling constant.
μ ¼ 0, 1, 2, 3 denotes Minkowski spacetime. The metric
can be represented as

ds24þ3 ¼ a20dxμdx
μ þ b20gsMα0ðdΨ2 þ sin2ΨdΩ2

2Þ; ð2:5Þ

where dΩ2
2 is the round metric of the two-dimensional

sphere with unit radius. We have also defined the dimen-
sionless quantities

a20 ≡ ϵ4=3

21=3c1=20 gsMα0
≃ 0.9366

ϵ4=3

gsMα0
;

b20 ≡ 2

61=3
c1=20 ≃ 0.9327: ð2:6Þ

To facilitate the numerical analysis in this work, let us
introduce a dimensionless coordinate of the Minkowski
spacetime,

x̃μ ≡ a0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b20gsMα0

p xμ: ð2:7Þ

With this new coordinate, the metric is simply written as

ds24þ3 ¼ b20gsMα0½ημνdx̃μdx̃ν þ dΨ2 þ sin2ΨdΩ2
2�: ð2:8Þ

III. A DYONIC SOLUTION IN THE KPV
METASTABLE VACUUM

As was discussed in Ref. [7], the anti-D3-branes added to
the KS geometry can puff up via the Myers effect [10] and
make an NS5-brane wrapping on S2 inside the nonvanish-
ing S3 at τ ¼ 0. In the KS background, the C0 field is zero.
Also, the B2 and C4 fields go to zero in the limit τ → 0.
Thus, according to Ref. [18], the total action of the NS5-
brane is given by2

2In the small-τ region, B2 ∝ τ and F5 ∝ τ, so both fields vanish
at the origin. It is worth noting that the Chern-Simons term F2 ∧
F2 ∧ C2 does not contribute in the present background because
this term is proportional to the C0 field, which is vanishing. On
the other hand, the term F2 ∧ F2 ∧ B2 is allowed. However, in
the limit τ → 0, the field B2 goes to zero and does not contribute
either.
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S ¼ −
TNS

g2s

Z
d6ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det ðgab þ 2πgsα0F̃ Þ

q
− TNS

Z
B6;

ð3:1Þ

where TNS is the tension of the NS5-brane and
2πα0F̃ ¼ 2πα0F2 − C2.
Now, we introduce an impurity by wrapping a D3-brane

on S3 at τ ¼ 0. Since the RR 3-form flux threads S3, a
charge of the fundamental string is induced on the wrapped
D3-brane [11]. To reconcile the charge conservation for the
induced charge, we have to introduce the fundamental
string ending on the D3-brane and the NS5-brane. This
object can be seen as a dyonic particle from the viewpoint
of Minkowski spacetime spanned by the NS5-brane. When
the metastable vacuum decays in this setup, the D3-brane
forms a bound state with the domain wall created by the
decay as follows. At the domain wall, the NS5-brane

sweeps a portion of S3 between the loci corresponding
to the metastable vacuum and the true vacuum. Thus, the
domain wall NS5-brane and the dyonic D3-brane are on top
of each other on S3. In this case, the D3-brane dissolves
into the NS5-brane to form a bound state [19], and the
effect of the D3-brane manifests in the Lagrangian as the
electromagnetic field on the NS5-brane.
Now we are ready to consider the Lagrangian describing

the NS5-brane. Let us discuss the electromagnetic field in
the dimensionless coordinate,

Fμνdxμ ∧ dxν ¼
�
α0b20gsM

a20

�
Fμνdx̃μ ∧ dx̃ν

¼ F̃μνdx̃μ ∧ dx̃ν: ð3:2Þ
The diagonal block corresponding to Minkowski spacetime
of the matrix g̃ab þ 2πgsα0F̃ab can be represented as

b20gsMα0 ×

0
BBBBBB@

ð−1þ _Ψ2Þ _ΨΨ0 þ ð2πgsα0a2
0

ÞE 0 0

_ΨΨ0 − ð2πgsα0a2
0

ÞE ð1þΨ02Þ 0 0

0 0 r̃2 ð2πgsα0a2
0

ÞB sin θ

0 0 −ð2πgsα0a2
0

ÞB sin θ r̃2sin2θ

1
CCCCCCA
;

where r̃ is the radial coordinate in the dimensionless coordinates (2.7), and the NS5-brane is wrapping S2 at Ψ ¼ Ψðt̃; r̃Þ.
The dot and prime denote t̃ and r̃ derivatives, respectively. B stands for the magnetic field multiplied by r̃2, which is a
constant and proportional to the number of D3-branes added as the impurity. E is the electric field induced on the brane.
The diagonal block of the matrix g̃ab þ 2πgsα0F̃ab corresponding to the internal space dΩ2

2 in Eq. (2.8) spanned by θI, ϕI
is given by

�
b20gsMα0sin2Ψ α0ðπgsp − gsMðΨ − 1

2
sin 2ΨÞÞ sin θI

−α0ðπgsp − gsMðΨ − 1
2
sin 2ΨÞÞ sin θI b20gsMα0sin2Ψsin2θI

�
;

where p is the number of the anti-D3-branes. Thus, the Dirac-Born-Infeld (DBI) action for the NS5-brane becomes

SDBI ¼ −
TNS

g2s

Z
d6ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgab þ 2πgsα0F̃ Þ

q

¼ −
μ5ðb20gsMα0Þ2

g2sα03
ð4πÞ2gsMα0

Z
dt̃dr̃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − _Ψ2 þ Ψ02 − E2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ B2

p

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b40sin

4Ψþ
�
πp
M

−
�
Ψ −

1

2
sin 2Ψ

��
2

s
; ð3:3Þ

where we defined μ5 ¼ TNSα
03. In the second line, the integrals over angular coordinates ðθI;ϕIÞ and ðθ;ϕÞ are performed.

Here, we defined the dimensionless fields

E ≡ 2πgsα0

a20
E; B≡ 2πgsα0

a20
B: ð3:4Þ

Finally, we define the dimensionless action SDBI ¼ −16π3gsM3b40μ5S̃DBI,
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S̃DBI ¼
Z

dt̃dr̃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − _Ψ2 þ Ψ02 − E2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ B2

p

×
1

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b40sin

4Ψþ
�
πp
M

−
�
Ψ −

1

2
sin 2Ψ

��
2

s
:

Next, we move on to the Chern-Simons term in Eq. (3.1).
By using the KS solution [8], it can be written as

SCS ¼ −TNS

Z
B6 ¼

μ5
gsα03

Z
ðdVÞ4

Z
S2
C2: ð3:5Þ

In the dimensionless coordinate, the volume form is
represented as

ðdVÞ4 ¼ a40d
4x ¼ a40

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b20gsMα0

p
a0

!
4

r̃2 sin θ dθ dϕ dr̃ dt̃:

ð3:6Þ
Plugging this back into the action, we obtain

SCS ¼ −TNS

Z
B6 ¼

μ5
gsα03

4πa40

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b20gsMα0

p
a0

!
4

α0

×
Z

dt̃dr̃r̃2ð4πMÞ
�
Ψ −

1

2
sin 2Ψ

�

¼ 16π2gsM3b40μ5

Z
dr̃dt̃r̃2

�
Ψ −

1

2
sin 2Ψ

�
:

In total, the action is3

S ¼ SDBI þ SCS

¼
Z

dt̃dr̃

�
−16π3gsM3b40μ5

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − _Ψ2 þΨ02 − E2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ B2

p
V2ðΨÞ

þ 16π2gsM3b40μ5r̃
2

�
Ψ −

1

2
sin 2Ψ

��
; ð3:7Þ

where we defined V2ðΨÞ as

V2ðΨÞ ¼
1

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b40sin

4Ψþ
�
πp
M

−
�
Ψ −

1

2
sin 2Ψ

��
2

s
:

ð3:8Þ
With this function, the total action can be written as

S ¼ 16π3gsM3b40μ5S̃ ¼ 16π3gsM3b40μ5

Z
dt̃dr̃ L̃ : ð3:9Þ

Here, we defined the dimensionless Lagrangian

L̃ ¼ −V2ðΨÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − _Ψ2 þ Ψ02 − E2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ B2

p
þ r̃2

π

�
Ψ −

1

2
sin 2Ψ

�
:

E depends on r̃, and hence it is convenient to change the
variable that is independent of r̃. This can be accomplished
by a Legendre transformation in terms of the electric
displacement D≡ ∂L̃

∂E [20,21]. D is proportional to the
number of 3-form fluxes M and D3-branes added as the
impurity. The explicit form of the electric displacement is
given by

D≡ ∂L̃
∂E ¼ V2ðΨÞE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ B2

1 − _Ψ2 þ Ψ02 − E2

s
: ð3:10Þ

By solving the equation, the electric field can be written as

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D2ð1 − _Ψ2 þΨ02Þ
V2ðΨÞ2ðr̃4 þ B2Þ þD2

s
: ð3:11Þ

Then the new Lagrangian, which is a function of B and D,
is given by

L̃D ¼ L̃−DE ¼−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2ðΨÞ2ðr̃4þB2ÞþD2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− _Ψ2þΨ02

q

þ r̃2

π

�
Ψ−

1

2
sin2Ψ

�
: ð3:12Þ

As a consistency check, let us consider the action with
B ¼ D ¼ 0. In this case, we can rewrite the action as

S̃ ¼ 1

4π

Z
dr̃dt̃dθdϕr̃2 sin θ

�
−V2ðΨÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − _Ψ2 þ Ψ02

q

þ 1

π

�
Ψ −

1

2
sin 2Ψ

��
: ð3:13Þ

Once we put Ψ0 ¼ 0, this action coincides with that for the
homogeneous configuration shown in Ref. [7]. From this
action, the potential energy for a static configuration is
given by

ṼðB ¼ D ¼ 0Þ ∝ V2ðΨÞ −
1

π

�
Ψ −

1

2
sin 2Ψ

�
: ð3:14Þ

As shown in Fig. 1, this potential has a true vacuum at
Ψ ¼ π and a metastable point at Ψ ∼ 2πp=b40M [7]. Also,
by taking _Ψ ¼ D ¼ 0 and B ≠ 0, we can reproduce the
action shown in Ref. [12].
In this work we study the tunneling from this metastable

vacuum toward the true vacuum. Once B or D is turned on,
the potential energy becomes r̃ dependent but it still has a
structure similar to Eq. (3.14). The metastable vacuum of

3Using Eq. (2.7), it can be checked that Eq. (3.8) with B ¼
E ¼ 0 coincides with Eq. (4.9) of Ref. [7] up to a factor of 1=α02,
which was set to unity therein.
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this r̃-dependent potential corresponds to the field con-
figuration before the tunneling studied in Sec. IV.
Now let us study inhomogeneous (Ψ0 ≠ 0) static sol-

utions by imposing regularity at the center, Ψ0ðr̃ ¼ 0Þ ¼ 0,
following Ref. [21]. These solutions correspond to the
metastable configuration before the tunneling process
occurs. In Fig. 2, we show numerical solutions of such
static configurations obtained using the relaxation method.
At large r̃, the contributions of D and B become effectively
negligible, and then the NS5-brane resides at the KPV
metastable vacuum. As the radius becomes small, the NS5-
brane position Ψ becomes closer to Ψ ¼ π for purely
electric solutions, while it becomes closer to Ψ ¼ 0 for
purely magnetic solutions. This behavior can be understood
as follows. Expanding the Lagrangian of the brane to the
leading order in D and B, we find

S̃ ⊃ 2π

Z
d4x̃

�
V2ðΨÞ

�
B

4πr̃2

�
2

þ 1

V2ðΨÞ
�

D2

4πr̃2

�
2
�
;

ð3:15Þ

where we recovered the angular integrals. Let us focus on
the purely magnetic case first, for which only the first
term is present in the above equation. We see that the
energy density due to a nonzero B becomes larger as r̃
becomes smaller. To compensate this energy increase, Ψ
is forced to take smaller values since V2ðΨÞ [defined by
Eq. (3.8)] is an increasing function of Ψ. On the other
hand, in the purely electric case, V2ðΨÞ appears as the
denominator of the second term, and hence Ψ becomes
larger as r̃ becomes smaller to make the total energy
smaller.
From the four-dimensional point of view, this phenome-

non occurs because the electric permittivity and the
magnetic permeability depend on the value of Ψ in a
particular way. Comparing Eq. (3.15) with the energy
density of classical electromagnetism,

1

2ε
D · Dþ 1

2μ
B · B; ð3:16Þ

we find the relations ε ∝ V2ðΨÞ and μ ∝ V2ðΨÞ−1.
It is worth noting that in the present setup, the 3-form

flux M is a large number because the curvature of the
conifold should be large enough to make the supergravity
approximation reliable. When we wrap the D3-brane on the
S3, M units of the fundamental charge are induced on it,
which means that D is proportional toM. Therefore, in our
assumption, D is larger than B. In this case, from Fig. 2 we
expect that the profile functions of the dyonic particles
should be similar to those in the left panel of the figure. For
this type of dyonic solutions, Ψ is shifted to larger values
around the center. This feature would enhance the phase
transition from the metastable vacuum since the configu-
ration of the NS5-brane is pushed toward that of the true
vacuumΨ ¼ π. In the next section, we will confirm that the
tunneling rate to the true vacuum is indeed enhanced when
nonzero B and D are present.

FIG. 2. Plots of static solutions for p=M ¼ 0.03. The left panel shows the purely electric solutions with B ¼ 0 where the red, green,
and blue lines correspond to D ¼ 1, 0.3, and 0.001. The right panel shows purely magnetic solutions with D ¼ 0, where the red, green,
and blue lines correspond to B ¼ 1.4, 0.3, and 0.001.

FIG. 1. Potential energy for a static NS5-brane with B¼D¼0.
Besides the global potential minimum at Ψ ¼ π, there is a
local minimum at Ψ ¼ 0.220, which is approximately given by
Ψ ¼ 2πp=b40M when p=M ≪ 1 [7].
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IV. NUMERICAL STUDY OF
THE DECAY RATE

In the previous section, we discussed that the NS5-
branes are bent near the origin of Ψ when a dyonic particle
exists at the origin. In this section, by assuming the
existence of a stable solution for an appropriate choice
of the parameters B and D, we estimate the decay rate by
applying the thin-wall approximation to the bubble.

A. Thin-wall approximation

The goal of this section is to construct solutions
describing the phase transition from the metastable KPV
vacuum to the true vacuum. An obstacle to this is that the
Lagrangian (3.12) depends on both t̃ and r̃, and hence one
would need to solve two-dimensional partial differential
equations to obtain solutions corresponding to the phase
transition. To simplify this problem, we employ the thin-
shell approximation for the domain wall, with which the
problem is reduced to solving an ordinary differential
equation. In the thin-wall limit, the profile of a domain-
wall solution is given by

Ψ ¼ ðΨmax −ΨminÞ½1 − θðr̃ − Rðt̃ÞÞ� þ Ψmin; ð4:1Þ

where θ is the step function.4 The NS5-brane annihilates
with the background flux at the bubble wall, and hence the
electromagnetic field on the NS5-brane should be zero
inside the bubble. Namely, we set B ¼ D ¼ 0 for r̃ < R.
For this ansatz, the differentials of Ψðt̃; r̃Þ are written using
the delta function,

∂Ψ
∂r̃ ¼ −ðΨmax −ΨminÞδðr̃ − Rðt̃ÞÞ;
∂Ψ
∂ t̃ ¼ ðΨmax −ΨminÞ _Rðt̃Þδðr̃ − Rðt̃ÞÞ; ð4:2Þ

and then the kinetic part of the Lagrangian (3.12) is
approximated asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − _Ψ2 þΨ02

q
≃ ðΨmax −ΨminÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − _R2

p
δðr̃ − Rðt̃ÞÞ:

ð4:3Þ
For this ansatz, it is useful to divide the radial direction r̃
into three intervals ½0; R�, ½R;Rþ Δr̃�, and ½R;R∞�, which
correspond to the bubble interior, the bubble wall region,
and the bubble exterior, respectively. Applying the above
approximation to Eq. (3.12), the action for each interval is
given by

S̃1st ¼
Z

dt̃

�
−V2ðΨmaxÞ

Z
R

0

dr̃ r̃2 þ R3

3π

�
Ψmax −

1

2
sin 2Ψmax

��
;

S̃2nd ¼
Z

dt̃

�Z
Ψmin

Ψmax

dΨ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2ðΨÞ2ðR4 þ B2Þ þD2

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − _R2

p �
;

S̃3rd ¼
Z

dt̃

�
−V2ðΨminÞ

Z
R∞

R
dr̃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ B2 þ D2

V2
2ðΨminÞ

s
þR3

∞ − R3

3π

�
Ψmin −

1

2
sin 2Ψmin

��
: ð4:4Þ

To make the total action finite, it is convenient to subtract the action for the static solution Rðτ̃Þ ¼ 0,

S̃∞ ¼
Z

dt̃

"
−V2ðΨminÞ

Z
R∞

0

dr̃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ B2 þ D2

V2
2ðΨminÞ

s
þR3

∞

3π

�
Ψmin −

1

2
sin 2Ψmin

�
þ
Z

Ψmin

Ψmax

dΨ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2ðΨÞ2B2 þD2

q #
:

ð4:5Þ

The total action becomes

S̃tot ≡ S̃1st þ S̃2nd þ S̃3rd − S̃∞

¼
Z

dt̃

�
−V2ðΨmaxÞ

Z
R

0

dr̃ r̃2 þ R3

3π

�
Ψmax −

1

2
sin 2Ψmax

�
þ V2ðΨminÞ

Z
R

0

dr̃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ B2 þ D2

V2
2ðΨminÞ

s

−
R3

3π

�
Ψmin −

1

2
sin 2Ψmin

�
þ
Z

Ψmin

Ψmax

dΨ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2ðΨÞ2ðR4 þ B2Þ þD2

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − _R2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2ðΨÞ2B2 þD2

q ��
: ð4:6Þ

4To be precise, the value Ψmax is not constant. The profile function before tunneling should be something like the functions shown in
Fig. 2. Clearly, we see Ψmax < π for the initial profile. On the other hand, well after the tunneling Ψ should converge to Ψ ¼ π, which
corresponds to the true vacuum. Hence, we have to treat Ψmax as a time-dependent function. However, for the sake of simplicity, we
assume Ψmax ¼ π. When D is large and Ψmax is close to π in the initial profile function, our calculation becomes reliable.
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To see the physical meaning, let us consider the potential energy of a static configuration,

4πṼ tot ¼ −ΔV
4πR3

3
− 4πV2ðΨminÞ

Z
R

0

dr̃

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ B2 þ D2

V2
2ðΨminÞ

s
− r̃2

!

þ 4π

Z
Ψmax

Ψmin

dΨ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2ðΨÞ2ðR4 þ B2Þ þD2

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2ðΨÞ2B2 þD2

q �
; ð4:7Þ

where we definedΔV ¼ VðΨminÞ − VðΨmaxÞwith VðΨÞ ¼ 1
4π ½V2ðΨÞ − 1

π ðΨ − 1
2
sin 2ΨÞ�. The first term is the energy deficit

due to the true vacuum inside the bubble. The second term is the energy deficit due to the disappearance of the
electromagnetic fields inside the bubble. The third term corresponds to the surface energy of the bubble originating from the
tension and electromagnetic fields on it.

B. Bounce action

Now we are ready to study the catalytic decay of the KPV metastable vacuum. To estimate the decay rate, we use
Coleman’s method [22] and proceed basically along the lines of Ref. [20]. Let us first introduce the functions

TðR;B;DÞ≡ −
Z

Ψmin

Ψmax

dΨ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2ðΨÞ2ðR4 þ B2Þ þD2

q
;

HðR;B;DÞ≡ R3

3π

�
Ψmax −Ψmin −

1

2
sin 2Ψmax þ

1

2
sin 2Ψmin

�
þ TðR ¼ 0;B;DÞ

− V2ðΨmaxÞ
Z

R

0

dr̃ r̃2 þ V2ðΨminÞ
Z

R

0

dr̃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ B2 þ D2

V2ðΨminÞ2

s
: ð4:8Þ

With these functions, the Euclidean action can be written as

S̃totE ¼
Z

dτ̃½−HðR;B;DÞ þ TðR;B;DÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ _R2

p
�: ð4:9Þ

When p=M is small (which is necessary in order to neglect
the backreaction of the anti-D3-branes), the angular coor-
dinate at the metastable vacuum is approximately given by
Ψmin ¼ 2πp=b40M [7]. As for the maximum value of Ψ, we
simply assume the value for the supersymmetric vacuum,
namely, Ψmax ¼ π. Below, we show the dimensionless
effective potential defined by

Ṽ ¼ −HðR;B;DÞ þ TðR;B;DÞ ð4:10Þ

for several values of B and D. In Figs. 3 and 4, we choose
D ¼ 0, p=M ¼ 0.03. The blue, green, and red lines
correspond to B ¼ 0.01, 0.3, and 1, respectively. From
Fig. 4, one sees that there exists a metastable point at
nonzero R. We denote this minimum as Rini, and hence
∂RṼðRiniÞ ¼ 0. We consider a tunneling process from R ¼
Rini to R ¼ R�, where R� is defined by ṼðR�Þ ¼ ṼðRiniÞ.
Figure 5 shows the plots for B ¼ 0 and p=M ¼ 0.03. The
blue, green, and red lines correspond to D ¼ 0.01, 0.3,
and 1.

FIG. 3. Plots of the dimensionless potential Ṽ defined in Eq. (4.10) with p=M ¼ 0.03. We choose D ¼ 0 and the blue, green, and red
lines correspond to B ¼ 0.01, 0.3, and 1, respectively. In the right panel, we magnify the functions around R ¼ 83.8.
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By using the initial condition given by R¼Rini and _R¼0
at τ̃ ¼ 0, the conserved Hamiltonian can be written as

TðR;B;DÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ _R2

p ¼ HðR;B;DÞ −HðRini;B;DÞ þ TðRini;B;DÞ:

ð4:11Þ

Solving for _R, we obtain

_R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TðR;B;DÞ2 − ðHðR;B;DÞ þ K0Þ2

ðHðR;B;DÞ þ K0Þ2

s
; ð4:12Þ

where we defined

K0 ¼ −HðRini;B;DÞ þ TðRini;B;DÞ: ð4:13Þ

Also, to obtain the bounce action we subtract the action for
the static solution R ¼ Rini,

1

2
B̃b ¼ S̃E − S̃EðRiniÞ

¼
Z

dτ̃
h
−HðR;B;DÞ þ TðR;B;DÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ _R2

p
− K0

i

¼
Z

R�

Rini

dR
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TðR;B;DÞ2 − ðHðR;B;DÞ þ K0Þ2

q
:

ð4:14Þ

In Fig. 6, we show numerical values of the bounce action
(4.14) and its dependence on B and D for p=M ¼ 0.08.
The left panel shows the B dependence of the bounce action
for D ¼ 0, and the right panel shows the D dependence
when B ¼ 0.4. In both cases, the bounce action decreases
monotonically as B or D increases. The bounce action
decreases linearly with respect to B when D ¼ 0 (left
panel), while it shows a more complicated behavior when
both B andD are turned on (right panel). To understand this
behavior it is useful to expand the bounce action for small
B, D, which results in (see the Appendix for details)

1

2
B̃bðB;DÞ

¼ 27π

128

ðRΨmax
Ψmin

V2ðΨÞdΨÞ4
ðp=MÞ3

×

0
B@1 −

64

9π

�
p
M

�
2

RΨmax
Ψmin

V2ðΨÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ D2

V2
2
ðΨÞ

q
dΨ

ðRΨmax
Ψmin

V2ðΨÞdΨÞ3
þ � � �

1
CA:

ð4:15Þ

This expression implies that the bounce action decreases

linearly with respect to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ D2

V2
2
ðΨÞ

q
when B, D are small,

and this is the origin of the B, D dependence of the bounce
action mentioned above. This expression also implies that
the bounce action is more sensitive to D rather than B,
because the former is multiplied by a factor of 1=V2ðΨÞ,

FIG. 4. Plots of the dimensionless potential Ṽ defined in
Eq. (4.10) with p=M ¼ 0.03. We choose D ¼ 0 and the blue,
green, and red lines correspond to B ¼ 0.01, 0.3, and 1,
respectively. We magnify the functions around R ¼ 0.15. Each
curve has a local minimum at R ¼ Rini > 0, at which the domain
wall before the vacuum decay resides.

FIG. 5. Plots of the dimensionless potential Ṽ defined in Eq. (4.10) with p=M ¼ 0.03. We choose B ¼ 0 and the blue, green, and red
lines correspond to D ¼ 0.01, 0.3, and 1, respectively. In the right panel, we magnify the functions around R ¼ 83.8.
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which varies from Oð1Þ (when Ψ ∼ π) to OðM=pÞ ≫ 1
(when Ψ ∼ 0).
The tunneling probability is an exponential of the bounce

action, and hence we may conclude that nonzero B and D
enhances the tunneling probability significantly. The B and
D fields are nothing but the manifestation of the D3-brane
impurities we introduced, and in this sense one concludes
that the KPV vacuum is efficiently catalyzed by such
impurities to decay to the true vacua.

V. DISCUSSIONS AND CONCLUSIONS

In this paper we focused on the decay of metastable
vacua in type IIB string theory and investigated the
catalytic effect induced by D3-branes wrapped on S3 at
the tip of the deformed conifold. We first studied the bound
state of the D3-brane and domain-wall NS5-brane which
connects the metastable vacuum to the true vacuum. We
found that a dyonic particle induces instability of the
metastable state near the particle. Then, we estimated the
decay rate by employing Coleman’s method and the thin-
wall approximation. We showed that the lifetime of the
metastable vacuum decreases when a nonvanishing electro-
magnetic field is present. We also pointed out that this type
of vacuum decay may occur even in the de Sitter vacuum in
the KKLT scenario if D3-brane impurities are present. Here
we stress that our result is independent of the KKLT model
and applies to any other models associated with conifolds
with flux.
Once the decay occurs, the cosmological constant

becomes negative and hence such a process must be
suppressed within our observed Universe. For an expand-
ing universe with Hubble constant H with decay rate Γ,
the decay probability within the Hubble time is roughly
estimated as H−4Γ and it must be much smaller than

unity [23]. The decay rate is roughly estimated as
Γ ∼ l−4s expð−BbÞ, where ls is the string length scale.
When B ¼ D ¼ 0, Γ is given by

Γ ∼ l−4s exp

�
−
27π4

4
gsM3b40μ5

ðRΨmax
Ψmin

V2ðΨÞÞ4
ðp=MÞ3

�
: ð5:1Þ

Then the upper bound on the decay probability H−4Γ≡
ϵ ≪ 1 is translated to a constraint on p=M as

p
M

¼ 1

ðlog ϵ−1Þ1=3
�27π4

4
gsM3b40μ5ð

RΨmax
Ψmin

V2ðΨÞÞ4
log ðH−4l−4s Þ

�1=3

:

ð5:2Þ

When B, D are nonzero, p=M must be decreased further
since B̃b is a decreasing function with respect to B,D, as we
showed in Sec. IV. To make this constraint more precise,
we would need to evaluate the prefactor of Γ (see, e.g.,
Ref. [24]) by specifying the cosmological scenario and the
value of H [24]. It would be interesting to pursue this issue
based on some stringy inflation models.
In this work we neglected the gravitational effects in the

four-dimensional spacetime by taking the decoupling limit
and focusing on the tip of the deformed conifold. It is
desirable to improve our analysis by taking the gravita-
tional effect into account, so that we can study the
influences of the vacuum decay discussed in this work
on the de Sitter universe realized in the KKLT scenario. For
example, the catalysis of the phase transition due to black
holes and compact objects was discussed in Ref. [25]
taking the gravitational effect into account. Though the
“catalyst” in our setup is a stringy particle and qualitatively
different from theirs, it would be fruitful to make a

FIG. 6. Numerical values of the bounce action for p=M ¼ 0.08 normalized by B̃0, which is the bounce action for B ¼ D ¼ 0. The blue
dots show the numerical results, and the red curves show the analytic results based on Eq. (A26) that is valid for B;D ≪ 1.
Equation (A26) reduces to Eq. (4.15) in the limit B;D; p=M → 0. In the left panel, we show the B dependence of the bounce action for
D ¼ 0. In the right panel, we show the D dependence when B ¼ 0.4. In both cases, as B or D increases, the bounce action becomes
smaller.
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connection between these catalytic processes to gain deeper
insight into the phenomenology in the early Universe and to
find observational evidence of the background theory
governing it.
This decay process is associated with a dyonically

charged spherical domain wall, and it might be interesting
to examine its observational signature in our Universe. In
some cases, such spherical domain walls collapse to form
black holes. Studying the dynamics and observational
consequences of such spherical domain walls by employing
techniques of, e.g., Ref. [26] would be one possible future
direction of our study.
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APPENDIX: ANALYTIC ESTIMATE OF THE B,
D DEPENDENCE OF THE BOUNCE ACTION

We derive an analytic expression for the bounce action
when B, D are small.

1. Definitions

As mentioned in Sec. IV, we assume p=M ≪ 1, and then
Ψmin, Ψmax are approximated as

Ψmin ¼
2πp
b40M

; Ψmax ¼ π: ðA1Þ

Then the bounce action B̃b is given by Eq. (4.14).
TðR;B;DÞ and HðR;B;DÞ, defined by Eq. (4.8), may
be expressed as

TðR;B;DÞ ¼
Z

Ψmax

Ψmin

V2ðΨÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R4 þ ρ4ðΨÞ

q
dΨ; ðA2Þ

HðR;B;DÞ ¼ R3

3

�
ΔΨ
π

− V2ðΨmaxÞ
�

þ V2ðΨminÞ
Z

R

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ ρ4ðΨminÞ

q
dr̃

þ
Z

Ψmax

Ψmin

V2ðΨÞρ2ðΨÞdΨ: ðA3Þ

In the above expressions, we introduced ΔΨ and ρðΨÞ
defined by

ΔΨ≡ Ψmax −Ψmin −
1

2
sin 2Ψmax þ

1

2
sin 2Ψmin

¼ π þO
��

p
M

�
3
�
; ðA4Þ

ρ4ðΨÞ≡ B2 þ D2

V2ðΨÞ2
: ðA5Þ

The values of V2ðΨÞ atΨ ¼ Ψmin andΨmax are estimated as

V2ðΨminÞ ¼
p
M

þO
��

p
M

�
3
�
; V2ðΨmaxÞ ¼ 1 −

p
M

:

ðA6Þ

2. B=D= 0

Before studying the general case, we summarize the
expressions for B ¼ D ¼ 0. In this case ρðΨÞ vanishes, and
then T, H, and B̃b are given by

TðR; 0; 0Þ ¼
�Z

Ψmax

Ψmin

V2ðΨÞdΨ
�
R2; ðA7Þ

HðR;0;0Þ ¼ 1

3

�
ΔΨ
π

−V2ðΨmaxÞ þV2ðΨminÞ
�
R3 ≃

2p
3M

R3;

ðA8Þ

K0 ¼ 0; ðA9Þ

ṼðRÞ ¼ −HðR; 0; 0Þ þ TðR; 0; 0Þ

¼ −
2p
3M

R3 þ
�Z

Ψmax

Ψmin

V2ðΨÞdΨ
�
R2; ðA10Þ

where the last expression for HðR; 0; 0Þ [Eq. (A8)}follows
in the limit p=M → 0. From ṼðRÞ we find

RiniðB ¼ 0;D ¼ 0Þ ¼ 0;

R�ðB ¼ 0;D ¼ 0Þ ¼ 3

2ðp=MÞ
Z

Ψmax

Ψmin

V2ðΨÞdΨ: ðA11Þ

Using these expressions, the bounce action is calculated as

1

2
B̃b ¼

Z
R�

Rini

dR
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TðR;B;DÞ2 − ðHðR;B;DÞ þ K0Þ2

q

¼
Z

R�

0

dR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�Z
Ψmax

Ψmin

V2ðΨÞdΨ
�

2

R4 −
�
2p
3M

R3

�
2

s

¼ 27π

128

ðRΨmax
Ψmin

V2ðΨÞdΨÞ4
ðp=MÞ3 : ðA12Þ

Also, the integral of V2ðΨÞ can be evaluated for small p=M
as, setting b20 ≃ 0.9327,
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Z
Ψmax

Ψmin

V2ðΨÞdΨ ¼ 1.71 − 2.29 ×
p
M

þO
��

p
M

�
2
�
:

ðA13Þ

3. Small B, D

In this section we estimate how the bounce action is
modified when small B and D are turned on. We assume
that ρðΨÞ and ρðΨminÞ are of the same order at anyΨ. Then,

the integrand appearing in T and H is roughly approxi-
mated as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ ρ4ðΨÞ

q
≃
	
ρ2ðΨÞ ðr̃ ≪ ρðΨÞÞ;
r̃2 ðr̃ ≫ ρðΨÞÞ: ðA14Þ

Using this approximation, T,H, andK0 at the leading order
are estimated as

TðR;B;DÞ ¼
Z

Ψmax

Ψmin

V2ðΨÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R4 þ ρ4ðΨÞ

q
dΨ ≃

(RΨmax
Ψmin

V2ðΨÞρ2ðΨÞdΨ ðR ≪ ρðΨÞÞ;
ðRΨmax

Ψmin
V2ðΨÞdΨÞR2 ðR ≫ ρðΨÞÞ;

ðA15Þ

HðR;B;DÞ ¼ R3

3

�
ΔΨ
π

− V2ðΨmaxÞ
�
þ
Z

Ψmax

Ψmin

V2ðΨÞρ2ðΨÞdΨþ V2ðΨminÞ
Z

R

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ ρ4ðΨminÞ

q
dr̃; ðA16Þ

K0ðB;DÞ ¼ −
�
1

3

�
ΔΨ
π

− V2ðΨmaxÞ
�
R3
ini þ V2ðΨminÞRiniρ

2ðΨminÞ
�
; ðA17Þ

where

Z
R

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4 þ ρ4ðΨminÞ

q
dr̃ ≃

	 ρ2ðΨminÞR ðR ≪ ρðΨminÞÞ;
ρ3ðΨminÞ þ 1

3
½r̃3�RρðΨminÞ ¼ 1

3
ðR3 þ 2ρ3ðΨminÞÞ ðR ≫ ρðΨminÞÞ:

ðA18Þ

In the above expression Rini is shifted from the value for B ¼ D ¼ 0. Solving ∂RṼðRiniÞ ¼ 0 and ṼðRiniÞ ¼ ṼðR�Þ and
assuming Rini ≪ ρðΨÞ ≪ 1, we find

RiniðB;DÞ ¼
�Z

Ψmax

Ψmin

2V2ðΨÞ=V2ðΨminÞ
ρ2ðΨÞρ2ðΨminÞ

dΨ
�
−1=3

¼ Oðρ4=3Þ; ðA19Þ

R�ðB;DÞ ¼ 3

2ðp=MÞ
Z

Ψmax

Ψmin

V2ðΨÞdΨ −
2p
3M

RΨmax
Ψmin

V2ðΨÞρ2ðΨÞdΨ
ðRΨmax

Ψmin
V2ðΨÞdΨÞ2

: ðA20Þ

Using the above expressions, the differences ΔT ≡ TðR;B;DÞ − TðR; 0; 0Þ and ΔH ≡HðR;B;DÞ −HðR; 0; 0Þ are
found to be

ΔT ≃
	RΨmax

Ψmin
V2ðΨÞρ2ðΨÞdΨ − ðRΨmax

Ψmin
V2ðΨÞdΨÞR2 ðR ≪ ρðΨÞÞ;

Oðρ4ðΨÞÞ ðR ≫ ρðΨÞÞ;
ðA21Þ

ΔH ≃
Z

Ψmax

Ψmin

V2ðΨÞρ2ðΨÞdΨþ V2ðΨminÞ ×
	
ρ2ðΨminÞR ðR ≪ ρðΨminÞÞ;
Cρ3ðΨminÞ ðR ≫ ρðΨminÞÞ;

ðA22Þ

where C≡ 2
3
ð−1Þ1=4½Kð−1Þ − iKð2Þ� ≃ 1.236 and KðxÞ is the complete elliptic integral of the first kind. Among these

terms, it turns out that the first term and the Cρ3ðΨminÞ term in Eq. (A22) give the leading and subleading contributions to
the bounce action. Hence, the bounce action with small ρðΨÞ may be approximated as

1

2
B̃bðB;DÞ ≃

Z
R�ðδÞ

RiniðδÞ
dR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2ðR; 0; 0Þ − ðHðR; 0; 0Þ þ δÞ2

q
¼
Z

R�ðδÞ

RiniðδÞ
dR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2R4 − ðβR3 þ δÞ2

q
; ðA23Þ

where
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α≡
Z

Ψmax

Ψmin

V2ðΨÞdΨ; β≡ R3

3

�
ΔΨ
π

− V2ðΨmaxÞ
�
;

δ≡
Z

Ψmax

Ψmin

V2ðΨÞρ2ðΨÞdΨþ CV2ðΨminÞρ3ðΨminÞ;

ðA24Þ
and RiniðδÞ and R�ðδÞ are redefined as the radii at which the
integrand of Eq. (A23) vanishes.
Below, we evaluate the integral on the right-hand side of

Eq. (A23) for small δ. RiniðδÞ and R�ðδÞ are roots offfiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2R4 − ðβR3 þ δÞ2

p
¼ 0, and they are given by5

RiniðδÞ ∼
δ1=2

α1=2
; R�ðδÞ ∼

α

β
−

β

α2
δ: ðA25Þ

Then, Eq. (A23) is estimated as

1

2
B̃bðB;DÞ ≃

Z α
β−

β

α2
δ

δ1=2

α1=2

dR
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2R4 − ðβR3 þ δÞ2

q

¼ πα4

16β3

�
1 −

16

π

β2

α3
δ

�
þOðδ3=2Þ: ðA26Þ

The approximate expression for the bounce action
B̃bðB;DÞ can be obtained by plugging these parameters
into Eq. (A26). In the limit p=M → 0 and ρ → 0, Eq. (A26)
reduces to Eq. (4.15).
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