PHYSICAL REVIEW D 100, 085013 (2019)

Probing geometric information using the Unruh effect in the vacuum
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We present a new method by which, in principle, it is possible to “see in absolute darkness,” i.e.,
without exchanging any real quanta through quantum fields. This is possible because objects modify
the mode structure of the vacuum in their vicinity. The new method probes the mode structure of
the vacuum through the Unruh effect, i.e., by recording the excitation rates of quantum systems that

are accelerated.
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Any quantum system that can act as a detector of field
quanta must couple to the field; i.e., it must contain a
charge. The Unruh effect then arises because, as the
detector is accelerated, so does its charge and this generally
excites the quantum field. Crucially, at the same time,
through the same interaction Hamiltonian, the quantum
field can then also excite the detector. For example, a
uniformly accelerated detector coupled to a quantum field
in its Minkowski vacuum gets excited in this way as if
exposed to a thermal bath of temperature T = «/2x, where
a is the magnitude of the detector’s proper acceleration
[1-6]. The Unruh effect has been predicted and derived in a
broad variety of contexts, and it has been extended to fields
confined within cavities [7,8] and to nonuniformly accel-
erated trajectories [9—11]. In particular, it has been shown in
[12] that the Unruh effect is highly sensitive to nonun-
iformity of the acceleration.

Here, we explore the possibility that the sensitivity of the
Unruh effect can be further exploited, namely to see neutral
objects in complete darkness, i.e., without the use of real
photons. Seeing in complete darkness should be possible
because objects influence the structure of the vacuum
around them by effectively setting boundary conditions
on field modes or, more generally, by leading to a dressing
of the vacuum around the objects though virtual photons.
The dressing is known to arise because the ground state of a
composite system consisting of a localized system of first
quantized matter and a quantum field is generally not the
tensor product of the respective ground states, due to the
presence of their interaction Hamiltonian. In principle, any
method for detecting the dressing could be used to see in
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the dark, i.e., to see without real photons, for example, by
using the Casimir effect, or perhaps by using the dark port
of a quantum homodyne detector to register modulations of
the statistics of vacuum fluctuations.

Here we show that, in principle, seeing in complete
darkness can be realized elegantly by using just a single
nonuniformly accelerated qubit, i.e., by using the Unruh
effect.

The general detector model we employ is an Unruh-
DeWitt detector (UDW) [4,13,14], an idealized model of a
real particle detector that encompasses all fundamental
features of the light-matter interaction when there is no
angular momentum exchange involved [15]. It consists of a
localized two-level quantum system (a qubit) that linearly
couples to a scalar field. For examples of studies of the
response of UDW detectors in Minkowski and curved
spacetimes, see, e.g., [16-22].

Our goal is to determine the response of such detectors
undergoing various nonuniform acceleration regimes
inside an optical cavity of proper length L with reflecting
boundary conditions. As we show, the detector’s response
can be used to infer the location of the boundary of the
cavity. In other words, the presence and structure of the
cavity can be inferred without any exchange of real quanta,
and so can be seen, in this sense, in complete darkness. For
the trajectories of the detector, there are of course many
choices. The literature on UDW detectors, apart from the
standard uniformly accelerated and asymptotically null
cases [23], considers for example trajectories for which
a constant energy flux is emitted [24]. There are also
several asymptotically inertial trajectories [25] that have
been considered, and yet other trajectories possess the
virtue that their cases are exactly solvable and exhibit
interesting physical features [26].

© 2019 American Physical Society
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I. SETTINGS

We adopt these various trajectories to address the
problem of interest, analyzing the excitation probability
of a UDW detector along a given nonuniformly accel-
erating trajectory while inside a cavity. Though we work
in (1 + 1) dimensions, our results can be straightfor-
wardly extended to higher dimensions. We compare the
result of each case with the excitation probability of a
detector moving on the Rindler trajectory. We further
classify the motions into two broad categories: trajecto-
ries with vanishing asymptotic flux and trajectories with a
finite asymptotic flux; we depict the respective velocity
profiles of these trajectories in Figs. 1(a) and 1(b). For
each case we analyze the motion of the detector from the
cavity frame as it travels through the cavity. Throughout
Minkowski coordinates in the cavity’s rest frame are
denoted as (x,¢), and 7 denotes the proper time of the
detector; we follow the convention of setting ¢ = 7 = 1.
For any trajectory x = x(¢), it is straightforward to define
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FIG. 1. Velocities for the various trajectories of (a) vanishing
flux, Rinder, Costa-Villalba (CV), Darcx, and Proex, and
(b) finite flux, Davies-Fulling (DF), Arcx, Omex, Logex,
and Carlitz-Willey (CW). Initial velocities of all trajectories
in (a) and (b) are chosen to be vy, =0.54 and v, = 0.71,
respectively, so that all trajectories and their parameters stay
positive and physical. The acceleration in the Rindler case has
been normalized to @, = 1. Initial accelerations of the other
trajectories are normalized to this value.

the following quantities associated with the motion of
the detector,
dx
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We are particularly interested in comparing detector
responses between various trajectories, each of which
has the detector entering the optical cavity at (fy, x(ty)).
Therefore, we must calibrate the motions of the detectors
as they enter the cavity so that they all begin with the
same initial velocity (so as to remove spurious Doppler
effects) and the same initial acceleration (so as to properly
compare to the uniformly accelerated case). Imposing
these constraints fixes the initial time parameter f, and
the acceleration parameter for each of the motions under
consideration. For each trajectory, the ratio of its accel-
eration a(r) relative to the uniform Rindler case is a
monotonically increasing function of z. Further description
of all the trajectories is given in the appendix.

Our comparisons of the detector responses are within
each category of trajectories, since each produces qualita-
tively distinct responses at late times. For each trajectory,
we measure the excitation probability P of the detector for a
period of time T as it traverses the full proper length L of
the optical cavity. They are all calibrated to have the same
initial velocities and accelerations as the Rindler case.
The time evolution of the system follows the atom-field
Hamiltonian that generates evolution for the entire system
with respect to the time coordinate ¢ of the cavity’s proper
frame [8] given by

coordinate velocity

detector proper time

detector 2 -velocity

‘ o

7; detector 2 -acceleration

(=%

T A

(1) = A1) + B0 + 5 Bl 0], (1)

where H[z(t)] = Ay ()p(1)$[x(1)] models the detector-
field interaction [1,3,13,16,27]. The constant A is the
coupling strength, y(¢) > 0 is the window function, switch-
ing the interaction on and off, /i(¢) is the monopole moment
of the detector, and ¢[x()] is the massless scalar field
that the detector is interacting with along its trajectory.
The monopole moment operator takes the usual form of
i(t) = (676 4+ 67e7 () in which Q is the proper
energy gap between the ground state, |g), and the excited
state, |e), of the detector and o* are ladder operators
(6" |g) = |e), o7]e) =|g)). Working in this frame and
expanding the field in terms of an orthonormal set of
solutions to the Schrodinger equation inside the cavity
yields the following Hamiltonian,
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(2)

in the interaction picture. We consider Dirichlet (reflective)
boundary conditions ¢[0, t] = ¢[L, 1] = 0, and so the field
modes take the form of the stationary waves u,[x(7), f] =
e/ sin[k,x(t)]. Here, w? = k2 + m? where k,, = nz/L. In
our study, we work with scalar fields; therefore, m = 0.
To characterize the vacuum response of a particle
detector undergoing different trajectories, we initially
prepare the detector in its ground state and the cavity in
the vacuum state, so that its initial density matrix is
o = 19) (9| ® |0){(0|. The time evolution of the system is
governed by the interaction Hamiltonian (2) in the time
interval 0 <7<T7T and is given by U= U(T,0) =

Te S0 We consider the coupling constant, 4, to
be a small parameter1 so we can work within the validity of
perturbation theory. Therefore, using the Dyson perturba-
tive expansion up to second order in 4, we can write [28]

pr=[1+0Y+0% +0)
x poll + U + 0@ + O3], (3)

where

. Ie
o0 = ;Z[GJ“aj,IJnn +o"a,ly, + o-apl_, +ota,l*,],

n=1

Tdr .
I, = A e sin [k, (x(0) - x(rg)}dr. (4)

We compute the density matrix pr,g) for the detector by
taking the partial trace over the field degrees of freedom
[28]. The first order contribution to the transition proba-
bility vanishes, so the leading contribution comes from
second order in the coupling strength. Therefore, the
excitation probability of the detector is

P=22Y |1, (5)
n=1

We work with this quantity rather than the transition rate as
there is no formal or computational advantage in the latter
given the absence of time translation invariance in our
setting; both quantities contain the same information.

'Note that in (1 + 1) dimensions, the coupling constant has
units of inverse length in natural units. Here, small coupling
strength means the dimensionless quantity, A¢ is small, where
o = 1 is the fiducial unit length of the cavity; all length scales are
in units of o.

II. RESULTS

In obtaining our results, there are a few factors that
determine the response of the detector inside the cavity. We
keep the coupling constant small (4 = 0.01) and choose the
gap of the detector to be in resonance with one of the field
modes inside the cavity. By changing the resonance mode
(choosing a different gap for the cavity) the behavior of the
excitation probability P changes. For example, in Fig. 2, P
for a detector moving on the Omex trajectory is given as a
function of the cavity length for three different values of
resonance mode. As we can see, the excitation probability
of a detector in resonance with lower modes of the field
shows more sensitivity to the change in length of the optical
cavity, and so is a preferred choice for inferring the location
of its boundary.

In the following plots we depict the ratio of excitation
probabilities of a UDW detector moving on different
nonuniform trajectories relative to the uniformly acceler-
ated Rindler case. We find that varying choices of accel-
erated trajectories are differently suited for the task of
seeing in the dark. In Fig. 4 we plot as a function of the
cavity’s proper length L (in units of inverse gap frequency)
the excitation probability ratio (P ratio) of a detector
moving on CV, Darcx, and Proex trajectories relative to
the excitation probability of a detector moving on a Rindler
trajectory, with initial velocity » = 0.54 and two different
initial proper accelerations a(t = ) = a over the range
0.01 < L < 5. Similarly, Fig. 5 presents the P ratio of a
detector moving on Omex, Logex, CW, DF, and Arcx
trajectories relative to the Rindler trajectory, with initial
velocity v = 0.71. For each trajectory we calibrate the
detector so that it enters the cavity at ¢, with the same initial
acceleration and velocity as that of the Rindler trajectory;
for each case the gap of the detector is in resonance with the
sixth mode of the field. For small initial acceleration, there
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FIG. 2. Plots of the excitation probability of the detector
moving on the Omex trajectory with initial acceleration ratio
ag = 1. The detector gap is chosen such that it resonates with the
third mode of the field (empty circle), with the sixth mode of the
field (square), and with the tenth mode of the field (full circle).
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FIG. 3. The three acceleration ratios are CV (pink square),
Darcx (blue circle), and Proex (green star) to Rindler. Each plot
depicts the behavior of these ratios as a function of the cavity
length for initial accelerations: (a) ag = 0.01 and (b) ay = 1.

is a correlation between the acceleration ratio as shown in
Fig. 3(a) and detector response ratio illustrated in Fig. 4(a).

However, as the initial acceleration increases, interest-
ing structure emerges in the detector response ratio as a
function of cavity length, indicated in Fig. 4(b). The
monotonic behavior of a(¢) in Fig. 4(b) does not yield
monotonicity of the detector response ratio—indeed, we
see that it oscillates, decreasing over certain ranges of L
despite the increase in a(t). This behavior is the result of
choosing the energy gap of the detector to resonate with a
specific field mode for all trajectories. Similar behavior in
the finite flux case is illustrated in Figs. 5(a) and 5(b).
More examples with different initial accelerations are
given in the appendix. In general, a detector goes out of
resonance with the field mode at a different time (position
along the cavity) than for the Rindler trajectory, leading
to a distinct signature for a given trajectory with given
boundary conditions. Furthermore, one can see the sensi-
tivity to the nonuniformity of acceleration [12], with the
Omex trajectory indicating the greatest sensitivity for the
mode in question. Given a specific nonuniform trajectory,
its value of P is sensitive to the length of the cavity and
thus sensitive to the location of each of its boundaries.
This sensitivity can be exploited to detect the cavity
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FIG. 4. The three transition probability ratios are CV (pink
square), Darcx (blue circle), and Proex (green star) to Rindler.
Each plot represents the behavior of these ratios as a function of
the cavity length that they are traveling through with different
initial accelerations: (a) ag = 0.01 and (b) @y = 1.

boundaries, without any exchange of real quanta, by only
measuring the relative response rate (the P ratio) of the
detector. In other words, we can “see in absolute dark-
ness” by only probing the vacuum field, without sending
any signal or radiation.

III. OUTLOOK

Our results point towards generalization to sharp vision
in all directions in complete darkness, leading to an
intriguing close relationship to the field of spectral
geometry. One branch of spectral geometry asks, for
example, to what extent the geometry of a Riemannian
manifold can be inferred from the spectrum of differential
operators on the manifold [29,30]. A related but different
branch of spectral geometry asks, for example, to which
extent the shape of a drum is encoded in the spectra of the
sound it makes [31].

In our context here, let us consider an optical cavity of
arbitrary (e.g., convex) shape. This cavity then possesses a
corresponding normal mode decomposition of standing
waves of the quantum field, with the shape of the cavity
determining the pattern of these standing waves. By
sending in multiple detectors with different energy gaps
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FIG.5. The five transition probability ratios are Omex (in green
flake), Logex (in pink square), CW (in blue circle), DF (in red
circle), and Arcx (in yellow star) to Rindler. Each plot represents
the behavior of these ratios as a function of the cavity length that
they are traveling through with different initial accelerations:
(@) ap = 0.01 and (b) ay = 1.

moving on varying accelerated trajectories, their excita-
tion rates will provide information about the cavity
boundaries in various directions, and could therefore
allow the detection, in complete darkness, of the full
geometry of the cavity. In this way, an equivalence could
be established between the geometry of the cavity and the
quantum fluctuations of a quantum system. The establish-
ment of any equivalence between curved shapes or
geometries as they occur in general relativity on one
hand, and quantum phenomena, such as excitation rates,
on the other hand, could ultimately be useful for quantum
gravity.

Finally we note that our work may have longer-term
applications for short-range sensing. Indeed, in the absence
of a cavity the P ratio of trajectories is sensitive to the
proximity of objects in free space. This is because each
object furnishes a boundary condition for the field, or more
generally, it creates a dressed quantum vacuum around it.
We showed that this change of the dressing of the vacuum
can be sensed by accelerated detectors. It is very interesting
to determine the type of trajectories that possess the
optimally suited P ratios for such sensing tasks, also in
higher dimensions and for massive fields.
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APPENDIX A: VANISHING FLUX MIRROR
TRAJECTORIES

We begin with a description of the trajectories given
in Fig. 6 that have vanishing flux. Their velocities are
presented in the main text in Fig. 1(a). In all the following
trajectories, T is measured in the frame of the cavity (x, ).

1. Rindler trajectory

This is the most commonly studied detector trajectory,

x(t) =4/ +%, (1) = %arcsin(at), (A1)

where a = a is the proper acceleration. It is known that the
response rate corresponds to that of a detector in a thermal
bath of scalar radiation with temperature T = a/2z. The
detector enters the cavity with an initial velocity »,. Given
its initial velocity and acceleration, the time 7 that it takes
for the detector to travel the whole length of the cavity L is

- \/2L\/1 + a5+ L* + 13
a

(A2)

obtained by setting x(7) = x(#y) + L in (Al).

2. Costa-Villalba trajectory

This trajectory is one for which the detector has inertial
motion in the distant past and increasingly accelerates to

8 L 4
= ocv
® Darcx
= Proex
61 Rindler )
=
5 41 1
2 L 4
0L . . . . . . L
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t

FIG. 6. Various trajectories of vanishing flux, Rinder, CV,
Darcx, and Proex, are shown. Initial position of all trajectories is
chosen to be xy = 1 so that all trajectories and their parameters
stay positive and physical. The acceleration in the Rindler case
has been normalized to ay = 1. Initial accelerations of the other
trajectories are normalized to this value.
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attain uniform acceleration in the distant future along an
asymptotically null trajectory [32]. The parametrization of
the CV trajectory is given by

tw+ V2 + w?
x(t)=—F——,
2w
. 5 2 14+—1
o) = arcsmh(tw + V24 Pw ) _ * (tw/2+2w?)?
w w ’

(A3)

where w is a positive constant in CV trajectory whose value
is proportional to the uniform acceleration asymptotically
attained at late times. Choosing the same initial acceleration
and velocity as for the Rindler case, we obtain

I
T 2027 4 2Ligw? — 1 (V2w + Ligw)

2L + 3L2gw? + L2w? — 2L — zo)

(A4)

for the time that it takes for the detector to travel the length
L of the cavity.
The proper acceleration for this trajectory is

w

0{(2‘) = 3/2° (AS)
(tw+/2+Pw?)?
and as t — oo it is straightforward to show that a — w.

3. Proex

The Proex trajectory

where W is the product log or Lambert-W function, is a
trajectory for which there is a finite number of particles
occupying each mode. Its mirror trajectory has a finite,
nonzero energy flux that vanishes at late times. Both its
proper acceleration and acceleration vanish in the distant
past and future and in the future the magnitude of the
velocity approaches the speed of light.
The proper acceleration for this trajectory is given by

oW(e™)
H)=—F—— A7
(X( ) (2W(e“’) + 1)3/2 ( )
and it takes time
1 Lo+W(e0) L W (ef
p g Lo e W) o

o

to travel the full length of the cavity. Both ¢ and ¢, are
fixed by choosing the initial acceleration and velocity
of the Proex detector to be equal to that of the Rindler
detector.

4. Darcx

The Darcx trajectory, given below, is asymptotically
inertial in the past and future, but is not necessarily
asymptotically static in the future. A finite amount of
particles and energy is produced by this mirror trajectory,
but with vanishing asymptotic flux,

W ol
karcsinh(e’)
2/ T+ Vo] €)= T (A9)
s ] ]
(1) = VAT (ae)
(o2
|
V1-xIn [2(1 —k2)eX +2v1 —i2\/ (1 + (1 = 2)eX®) (1 + e¥) +2 - K'z}
t) =1t
(1) + 2
In [2(1+e2’¢) 202 12 /(1+ (1= &) 2’4)(1+e:2fé“)}
- Al10
S (A10)
|
The detector enters the cavity at and the setting of the parameters differs from the previous
two cases. We fix t, and { by choosing the initial
. karcsinh(1) (A1) acceleration and initial velocity to be equal to that of the
0= ¢ Rindler case. However, « is a free parameter 0 < « < 1 that
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determines the limiting final speed of the detector; we
choose it to be 0.65 for our study. The detector takes time

K

In [sinh (M) }

T = Al2
R (A12)
to travel the full length of the cavity, and
gt
at) ke (A13)

= (1- (2 - 1)62@)3/2

is its proper acceleration. We see that this quantity vanishes
at late times.

APPENDIX B: FINITE FLUX MIRROR
TRAJECTORIES

These trajectories have the common feature that at late
times the energy flux from the mirror trajectory asymptotes
to a constant value. This value can be calibrated to be equal
for all such trajectories, and we do so here. We begin with a
description of these trajectories shown in Fig. 7. The
velocities of these trajectories are illustrated in Fig. 1(b)
in the main text.

1. Davies-Fulling

This is one of the earliest mirror trajectories studied, and
was used to demonstrate that a Planck spectrum from a
moving mirror can be obtained that is analogous to that
found for black hole evaporation. The Davies-Fulling
mirror trajectory has a time-dependent acceleration that

FIG. 7. Various trajectories of finite flux: DF, Arcx, Omex,
Logex, and CW are shown. Initial position of all trajectories is
chosen to be x, = 1 so that all trajectories and their parameters
stay positive and physical. The acceleration in the Rindler case
has been normalized to ay = 1. Initial accelerations of the other
trajectories are normalized to this value.

is asymptotically null. The parametrization of this trajec-
tory is given by [26]

x(t) = w (1) = 2arCtan§:tanh(%)) |

(B1)

where &£ is a positive constant whose relationship to the
proper acceleration is

a(t) = _ (B2)

\/sech(ér)

Setting the initial acceleration and velocity of the detector
to be that of the corresponding Rindler detector, we fix both
& and ¢(, obtaining

14?80
B arccosh 265([0,”)

T (B3)

for time this detector spends in the cavity.

2. Carlitz-Willey

This trajectory, the CW trajectory, is of physical interest
insofar as it simulates an eternal black hole that evaporates
thermally at fixed temperature. The mirror trajectory has
constant energy flux (and thus a divergent amount of
total energy). There is a thermal spectrum at all times
and the Bogoliubov coefficients can be computed exactly
and analytically. It does not make use of any late time
approximations.

The CW trajectory is parametrized as

x() = 14+ W),

- (B4)

and as t — —oo is asymptotically null with O proper
acceleration [26]. The quantities k and 7, are fixed as
before by requiring equality of the initial acceleration and
velocity with the Rindler case, and

W(_e—Zk(L—tO) W(e—ZktO )2) 4 W(e—2kto)
k

T=(L+1)+

(B5)
is time that it takes for the detector to traverse the cavity and
(B6)

is its proper acceleration.
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3. Arcx

This trajectory is analogous to the Davies-Fulling
trajectory, with the advantage that it has a static start but
with velocity and acceleration continuous at all times,
allowing for a solution that is valid globally [26]. The
mirror trajectory has thermal late time emission and infinite
acceleration, and an energy flux that also asymptotes to a
constant value in the distant future. It is given by

arctanh <+)

x(1) = arcsinkh(ek’)’ o) = — . )
(B7)
where
alt) = ke, (BS)
and
- log[sinh(kL + arcsinh(e"'))] (B9)

k

are the respective proper acceleration and time spent by the
detector in the cavity, with k and £, calibrated to the Rindler
case as before.

4. Logex

Unlike the other mirror trajectories, Logex emits a pulse
of energy flux before asymptoting to the CW value [26].
This trajectory starts off asymptotically static, is always
accelerating, and is given by

In(1 + &)

x(t) = T ,
(1) = % (2 arctan(\/m) +1n [%z:;j ),
(B10)
where
- ln(e2k(L+to) + e 1) (B11)

2k

is the time spent in the cavity and

2kek(1 + e?k1)
(1 +262kt)3/2

a(r) = (B12)

is the proper acceleration, which diverges at late times. As
before, calibration with the Rindler trajectory fixes k and ¢.

5. Omex

The last trajectory we study is the Omex mirror trajec-
tory. This one is of considerable interest since its
Bogoliubov coefficients are identical to those of a
Schwarzschild black hole truncated to two spacetime
dimensions [26]. Its energy flux asymptotes to a constant
value in the distant future.

The Omex trajectory is of similar form to that of the
Carlitz-Willey trajectory, but is asymptotically static in the

distant past, and is given by
W(e—th)
t)=t+—7—,

o) = - 5 (Ve r W wie)

Fin 1w + e wiewe ) ).
(B13)

where k and ¢, are determined from calibration with the
Rindler trajectory as before. The detector spends a time

2k(L + ty) + W(e ko) (1 — e=2kE)

T= B14
% (B14)
traveling the proper length L of the cavity and
2k
a(t) = (B15)

\/W<e—2kt)(2 + W<e—2kt))3

is its proper acceleration.

APPENDIX C: DETECTOR RESPONSES:
VANISHING AND NONVANISHING RESPONSES

In Figs. 8 and 9 we plot the responses of detectors
traveling along each of the trajectories listed above for
increasing acceleration parameters, alongside plots show-
ing how the acceleration increases as a function of time.
The Omex trajectory provides the greatest contrast with the
Rindler case.
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FIG. 8. A comparison of the excitation probability (left column) and proper acceleration (right column) of detectors traveling on
nonuniformly accelerated trajectories with vanishing flux with the excitation probability of a uniformly accelerated detector. The three
ratios are Costa-Villalba to Rindler (pink square), Darcx to Rindler (blue circle), and Proex to Rindler (green star). Each plot represents
the behavior of these ratios as a function of the length of the cavity that they are traveling through for different initial accelerations:
(@) ay = 0.0, (c) g = 0.1, and (e) oy = 1.
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FIG. 9. Comparing the excitation probability of detectors traveling on nonuniformly accelerated trajectories with nonvanishing flux
with the excitation probability of a uniformly accelerated detector. The five ratios are Omex to Rindler (in green flake), Logex to Rindler
(in pink square), CW to Rindler (in blue circle), DF to Rindler (in red circle), and Arcx to Rindler (in yellow star). Each plot represents
the behavior of these ratios as a function of the length of the cavity that they are traveling through for different initial accelerations:
(@) ay =0.01, (¢c) ay = 0.1, and (e) oy = 1.
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