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Basis tensor gauge theory is a vierbein analog reformulation of ordinary gauge theories in which the
difference of local field degrees of freedomhas the interpretation of an object similar to aWilson line.Herewe
present a non-Abelian basis tensor gauge theory formalism. Unlike in the Abelian case, the map between the
ordinary gauge field and the basis tensor gauge field is nonlinear. To test the formalism, we compute the beta
function and the two-point function at the one-loop level in non-Abelian basis tensor gauge theory and show
that it reproduces the well-known results from the usual formulation of non-Abelian gauge theory.
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I. INTRODUCTION

The Standard Model (SM) of particle physics [1–10] is
usually formulated with gauge fields that transform inho-
mogeneously under the gauge group; i.e., they are con-
nections on principal bundles (see e.g., [11,12]). This
mechanism is used to construct covariant derivatives acting
on matter fields, which allows a simple recipe for con-
structing kinetic terms for local field theories living on
principal bundles. Gauge theories of this sort have a long
history (see e.g., [6,13–20]) and are very economical in
describing the physics locally at the cost of introducing
redundancies into the system. Despite this long history,
rewriting gauge theories in novel formalisms continue to
offer insights into both computational techniques and ideas
for physics beyond the SM (see e.g., [21–28]).
The work of [29] gives a reformulation of Uð1Þ gauge

theories in analogy with the vierbein formalism of general
relativity. In that paper, it was shown that the vierbein
analog field Gα

β transforms homogeneously under the
Uð1Þ gauge group and satisfies certain constraints, in
contrast with the ordinary formulation in which the gauge
field transforms inhomogeneously. The nonlinear map
between the ordinary Aμ field and Gα

β can be changed
to a linear relationship using a set of N unconstrained scalar
fields θaðxÞ in N dimensions.1 The field theory of θaðxÞ is

called basis tensor gauge theory (BTGT), which can be
viewed as a theory of Wilson lines (e.g., [30–37] and
references therein) modeled by a particular symmetry that
is required to allow only couplings equivalent to ordinary
gauge theories. In [38], the Ward identities of the theory
were constructed and the theory was explicitly shown to be
one-loop stable.
In this work, we present a non-Abelian version of basis

tensor gauge theory. Just as in the Abelian case, the
interpretation of the basis tensor gauge field is similar to
a Wilson line. This means that the basis tensor field θAaðxÞ is
more nonlocal when expressed in terms of the ordinary
gauge potential AB

μ . Unlike in the Abelian case, the map
between θAaðxÞ and AB

μ is nonlinear. A perturbation theory
can be defined in powers of θAa that allows us to have a finite
power expansion map between θAa and AB

μ . Just as in the
Abelian case, we can impose a symmetry (BTGT sym-
metry) to eliminate charge violating couplings and enforce
positivity of the Hamiltonian.
As the map between θAa and AB

μ is nonlinear, unlike in the
Abelian case, the choice of θAa variables to parametrize the
gauge manifold target space is not motivated by simplicity.
On the other hand, this motivation still exists since the
number of functional degrees of freedom (d.o.f.) between AB

μ

theories and θBm theories naturally match without imposing
additional constraints on the vierbeinlike field that would
make it difficult to quantize. The basis choice is also a
natural generalization of the Abelian construction (i.e., both
are gauge group manifold target space fields), and it has the
same relationship with theWilson line as in the Abelian case.
Furthermore, the BTGT symmetry representation that sta-
bilizes the theory (e.g., enforces charge conservation and
bounds the Hamiltonian from below) naturally generalizes
the Abelian theory’s representation.
To test the formalism we perturbatively compute the

β-function and find that it matches the usual result non-
Abelian gauge theory at one loop. We also compute the

*ebasso@wisc.edu
†danielchung@wisc.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.
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θaðxÞ field. In this work, the analogous index will appear as a
lower index.
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one-loop divergent contribution to the hAμðxÞAνðyÞi cor-
relator, where Aμ½θ� is now treated as a local composite
operator. We find that before introducing the counterterms,
the divergence that is obtained using the θAa formalism is the
same as in the usual AA

μ ðxÞ formalism. This is an indication
that the UV structure of ordinary gauge theories are
faithfully reproduced by the non-Abelian BTGT theory.
The order of presentation is as follows. In Sec. II, we

present the definition of non-Abelian basis tensor gauge
theory. In Sec. III, we present the path integral formulation of
the BTGT theory. This includes the perturbative expansion
terms similar to what is done in nonlinear sigma models. To
check that the quantum formulation of BTGT is stable and
computable, in Sec. IV, we compute the β-function explicitly
by renormalizing the two-point functions of the BTGT field
θAa , the ghost fields cc̄, and the θcc̄ vertex functions. In
Sec. V, we compute the two-point function hAA

μ ðxÞAB
ν ðyÞi at

one loop using the BTGT formalism. We check the trans-
versality of the divergent contribution consistent with gauge
invariance and check that introducing the appropriate
composite operator counterterms allow both hθAaðxÞθBb ðyÞi
and hAA

μ ðxÞAB
ν ðyÞi to be finite. In Sec. VI, we make a

conjecture regarding what the relationship will be for the
infinite number of renormalization constants based on the
computations done in this paper. In Sec. VII, we present our
conclusions. In the Appendix A, we collect some of the less-
standard notations and conventions used in this paper. In
Appendix B, we derive the relationship between the non-
Abelian basis tensor field and the ordinary gauge field. In
Appendix C, we discuss the representations of gauge and
BTGT symmetry transformations. In Appendix D, we list
the Feynman rules for the theory.

II. NON-ABELIAN BTGT BASIS DEFINITION

In this section, we construct an explicit relationship
between the vierbein analog field G and ordinary non-
Abelian gauge field A. We will work with 4 spacetime
dimensions throughout this paper to maintain simplicity
and obvious physical relevance even though generaliza-
tions to different spacetime dimensions are straightforward.
All repeated indices will be summed unless specified
otherwise. For example, whenever one side of an equation
has indices specified, the other side of the equation may
have repeated indices that are not summed.
Given a field ϕ that is a complex scalar transforming

under gauge transformations as

ϕkðxÞ → ½gðxÞ�ksϕsðxÞ; ð1Þ

½gðxÞ�ks ≡ ðeiΓCðxÞTCÞks; ð2Þ

where ðTCÞab are Hermitian generators of the gauge group
in representation R, we define a Lorentz tensor Gα

ðfÞβ that

exhibits the gauge group transformation property

½Gα
ðfÞβðxÞ�i → ½Gα

ðfÞβðxÞ�j½g−1ðxÞ�ji; ð3Þ

such thatGα
ðfÞβϕ is gauge invariant, where f is a basis index

that specifies a fixed direction in the gauge group repre-
sentation space. The requirement of rank 2 comes from
having enough functional d.o.f. to match the gauge field
functional d.o.f. as explained in [29]. More formally,
Gα

ðfÞβðxÞ is a field that transforms as an R̄ from the right

under the non-Abelian gauge group representation and as a
rank 2 Lorentz projection tensor. The index (f) in Gα

ðfÞβ
spans the dimension of the representation. Hence, Gα

ðfÞβ
contains 2 × 16DðRÞ real functional d.o.f. (in 4-spacetime
dimensions), where DðRÞ is the dimension of the repre-
sentation. The analogy with gravitational vierbeins ðeaÞμ
can be identified as follows (similar to the Abelian case of
[29]): the indices ff; α; βg are the analogs of the fictitious
Minkowski space index a of ðeaÞμ, and the representation
of Eq. (3) is the analog of the diffeomorphism acting on the
μ index of ðeaÞμ.
To reproduce ordinary gauge theory with Gα

ðfÞβ, we must
be able to path integrate over unconstrained functions that
match the number of d.o.f. in Aμ. This means that we must
eliminate the number of field d.o.f. either by imposing a
constraint through an introduction of an auxiliary field or
explicitly solving such a matching constraint. Since the
gauge field real functional d.o.f. necessary for constructing
covariant derivatives on fundamental representation fields
is 4DðAÞ [where DðAÞ is the dimension of the adjoint
representation], we need to eliminate 32DðRÞ − 4DðAÞ
d.o.f. We can accomplish this by choosing the field
d.o.f. that represent Gα

ðfÞβ to live on the target space of

the gauge manifold, which will cause the DðAÞ dimension
matching condition to be satisfied. We can then construct 4
such sets with the help of a projection tensor (just as in the
Abelian BTGT) to match 4DðAÞ d.o.f. in Aμ: the gauge
manifold target space fields are θCa where a ∈ f0; 1; 2; 3g
and C ∈ f1; 2;…; DðAÞg.
To find a map between Gα

ðfÞβ and θCa , define an
orthonormal set of spacetime-independent vectors ξlðfÞ
for f ∈ f1;…; dimRg that span the group representation
vector space such that the following completeness relation-
ship is satisfied:

δkl ¼
X
f

ξkðfÞξ
�l
ðfÞ: ð4Þ

The ξðfÞ are defined to be invariant under gauge
transformations.
In the spirit of the Abelian case of [29], the vierbein

analog in the non-Abelian gauge theory can be defined as

ð½GðfÞðxÞ�γδÞj ¼ ξ�lðfÞ½ðexp½−iθMa ðxÞHaTM�Þγδ�lj: ð5Þ
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Here the objects Ha with a ∈ f0;…; 3g are 4 × 4 real
matrices that transform under Lorentz transformations as a
(1,1) tensor satisfying ½Ha;Hb� ¼ 0, which satisfies the
completeness relationship

X3
a¼0

ðHaÞμν ¼ δμν ð6Þ

and the orthonormality condition

TrðHaHbÞ ¼ δab ð7Þ

(just as in the Abelian case of [29]). These matrices can be
chosen to have the following orthonormal projection
property:

ðHaÞμνðHbÞνβ ¼ δabðHaÞμβ no sum on a ð8Þ

and symmetry property

ðHaÞμν ¼ ðHaÞνμ: ð9Þ

The fields θMa ðxÞ are real scalar fields which transform
under gauge transformations as

Ua → eiΓUa ð10Þ

where

Ua ≡ exp ½iθAaTA� ð11Þ

Γ≡ ΓBTB: ð12Þ

The reason why θAa is easier to work with than GðfÞðxÞ is
that it is unconstrained, similar to the π variable being easier
to work with compared to UðπÞ in sigma models [6].
There are several salient features to note regarding

Eq. (5). Given the representation identity

ψC → ðgadjÞCSψS; ð13Þ

if

ψCTC → g½ψCTC�g−1; ð14Þ

where gadj is the adjoint representation group element
(independent of the representation of g), we might naively
expect that θMa has its M index transforming as an adjoint.
However, this is not true because the transformation
property of θM is

ξ�ðfÞðexp½−iθMa ðxÞHaTM�Þγδ
→ ξ�ðfÞðexp½−iθMa ðxÞHaTM�Þγδg−1ðxÞ; ð15Þ

and not

ξ�ðfÞðexp ½−iθMa ðxÞHaTM�Þγδ
→ ξ�ðfÞgðxÞðexp ½−iθMa ðxÞHaTM�Þγδg−1ðxÞ ð16Þ

in Eq. (5). Another aspect is that the index f in Eq. (5) runs
from 1 to dimðRÞ components inGðfÞðxÞ, but the number of
independent scalar field d.o.f. of GðfÞðxÞ in terms of θAm is
the rank of the group times the spacetime dimension 4
(spanned bym ∈ f0;…; 3g). This is similar to the ordinary
gauge field having dimðRÞ components of the f index in
AM
μ ðTMÞfk but counting in terms of AM

μ , the index M runs
through the rank of the group.
Another interesting relationship is the map between the

ordinary non-Abelian gauge field and ½GðfÞðxÞ�γδ. As
shown in Appendix B, the relationship is

Aμ ¼ i½G−1αβ�½∂αGβμ� ð17Þ

where Gβμ are related to the basis tensor as

½Gβμ�qm ¼
XdimR

f

ξqðfÞ½GðfÞβμ�m: ð18Þ

We note that the relationship of Ua and Gα
β is

Gμ
λ ¼ ½Hb�μλU†

b ð19Þ

according to Eq. (8). Owing to the projection property of
Eq. (8) in a conveniently normalized basis, the ordinary
non-Abelian gauge field can also be rewritten as

Aμ ¼ iUa∂̃a
μU

†
a; ð20Þ

where

∂̃a
ν ≡ ðHaÞμν∂μ: ð21Þ

This can be seen simply by using Eqs. (8) and (19);

Aμ ¼ i
X
a

UaðHaÞαβ
X
b

∂αðHbÞβμU†
b ð22Þ

¼ i
X
a

X
b

δabðHaÞαμUa∂αU
†
b ð23Þ

¼ i
X
a

Ua∂̃a
μU

†
a: ð24Þ

As discussed in Appendix B, the relationship between the
θAa field and the ordinary non-Abelian gauge fields can be
written explicitly as
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AQ
μ ¼

X
c

ðð½θJcfJ�−1ÞQRðeθKc fK − 1ÞRB∂̃c
μθ

B
c Þ; ð25Þ

where fJ is a structure constant matrix having the compo-
nents ðfJÞAB ¼ fJAB. The non-Abelian Eq. (25) reduces to
the Abelian case of [29] in the limit that the structure
constant matrix f → 0. Note that the map between θBc and A
differ by a minus sign compared to the original Abelian
BTGT paper [29] because the sign convention for θ has
been flipped [see Eq. (23) of that paper and Eq. (5) above].2

As we see in this expression, one key difference between
the Abelian BTGT and the non-Abelian BTGT is that the
map between the ordinary gauge field A and the θ field is
linear in the Abelian case and nonlinear in the non-Abelian
case. On the other hand, since θBc represents a solution to a
first order differential equation, it still does have the
interpretation of a type of object similar to a Wilson line.
As noted in [29], because gauge invariance is insufficient

to impose global charge conservation (unlike in the usual
gauge theory formulation), we must impose a new sym-
metry introduced in [29] called a BTGT symmetry. The
BTGT transformation in the non-Abelian case is

Ua → UaeiZa ; ð26Þ

Za ≡ ZB
aTB; ð27Þ

where ZB
a satisfies

ðHaÞλμ∂λZB
a ¼ 0: ð28Þ

Because this transformation will not transform the gauge
field variable when written in terms of the ordinary AM

μ

basis, this transformation is independent of the usual gauge
transformations. Infinitesimally, Eqs. (3) and (26) can be
rewritten as

δθAa ¼
�

f · θa
exp ½f · θa�− 1

�
AB
ΓB þ

�
f · θa

1− exp ½−f · θa�
�

AB
ZB
a

ð29Þ

to linear order in ΓB and ZB
a , where ðf · θaÞMN ≡ fCMNθCa .

The derivation of this linearized transformation is presented
in Appendix C. Finally, note that we can also write the
combined gauge and BTGT transformations acting on
Gα

βðxÞ as

½Hf�ψμGμ
λ → e−iZ

B
f ðxÞTB ½Hf�ψμGμ

λe−iΓ
CðxÞTC ð30Þ

and

Gμ
λ½Hf�λν → e−iZ

B
f ðxÞTB

Gμ
λ½Hf�λνe−iΓCðxÞTC

: ð31Þ

This means that it is convenient to write gauge invariant and
BTGT invariant fields in terms of ðHaÞβαGα

βðxÞ because of
these simple transformation properties.

III. PATH INTEGRAL FORMULATION

We define the quantized theory of G in this section
using a path integral over the θAa variable in this section.
To this end, we begin by writing down the BTGT and
gauge invariant action in terms of Ua variable [defined in
Eq. (11)]. Next, we define a coupling constant expansion
that allows us to match perturbative gauge theory compu-
tations. Afterwards, we construct the path integral over θAa.

A. Nonperturbative action

In this section, we construct the action for the basis
tensor field θAa . Because of Eq. (25), any non-Abelian
gauge theory with finite powers of Aμ will map to a field
theory with an infinite power series in θKc . In this section,
we construct the action of the usual Yang-Mills theory in
terms of θAa .
Recall that Aμ is a BTGT transformation invariant (which

we will refer to as a BTGT invariant for short). Hence, we
can construct BTGT invariant objects involving just θAa
fields if we work with our knowledge of the usual gauge
kinetic terms. Using Eq. (20), we can write the action in the
usual way as

L ¼ −1
4g2TðRÞTrðF

μνFμνÞ; ð32Þ

where the field strength is

Fμν ¼ i½Dμ; Dν� ð33Þ

and the covariant derivative in terms of Ua is

Dμ ¼ ∂μ þ
X3
a¼0

Ua∂̃a
μU

†
a: ð34Þ

More explicitly, we can expand the field strength tensor as

Fμν ¼ i

�
∂μ

X3
a¼0

Ua∂̃a
νU

†
a − ∂ν

X3
a¼0

Ua∂̃a
μU

†
a

�

þ i
X3
a;b¼0

½Ua∂̃a
μU

†
a; Ub∂̃b

νU
†
b�: ð35Þ

When written in terms of components, we can identify
2Note that Ref. [29] uses the notation of having the basis tensor

index c of θc instead of θBc as in Eq. (5).

EDWARD E. BASSO and DANIEL J. H. CHUNG PHYS. REV. D 100, 085003 (2019)

085003-4



L¼ −1
2g2

ð∂μAA
ν ∂μAAν − ∂μAA

ν ∂νAAμÞ− 1

g2
fABC∂μAA

νABμACν

−
1

4g2
fABCfAB2C2AB

μAC
ν A

B2
μ AC2

ν ð36Þ

with

AA
μ ¼ i

TðRÞ
X3
a¼0

TrðTAUa∂̃a
μU

†
aÞ: ð37Þ

Just as in the Abelian BTGT theory, we see that the theory
has a 4-derivative kinetic term structure, which begs the
question of whether the Hamiltonian is bounded from
below [39–43]. Just as in the Abelian case [29], the
Hamiltonian is indeed bounded from below because
the BTGT symmetry gives rise to only field dependence
on AA

μ ½Ua�.
The matter coupling can be written down by noting that

under BTGT transformations, we have

∂ψ ½ðHfÞψαGα
βϕ� → e−iZ

B
f ðxÞTB∂ψ ½ðHfÞψαGα

βϕ�: ð38Þ

This means we can construct a gauge, Lorentz, and BTGT
invariant combination

X
f

ð∂ψ2
½ðHfÞψ2

α2
Gα2

β2ϕ�Þ†gβ2β∂ψ ½ðHfÞψαGα
βϕ�: ð39Þ

It is easy to check using Eqs. (19), (8), and (9) that this is
equivalent to the usual gauge coupling to matterDμϕ†Dμϕ:

Dμϕ†Dμϕ ¼
�
∂μϕþ

X3
a¼0

ðHaÞλ2μUa∂λ2U
†
aϕ

�†

×

�
∂μϕþ

X3
b¼0

ðHbÞλμUb∂λU
†
bϕ

�
: ð40Þ

We can of course write down a similar coupling for the
fermions charged under the non-Abelian gauge group:

LfK ¼ Ψ
�
i=∂ þ iγμ

X3
b¼0

ðHbÞλμUb∂λU
†
b

�
Ψ: ð41Þ

We note that because of BTGT invariance, couplings of
the form

X
f

½Gα
ðfÞβϕ�½Gβ

ðfÞαϕ� ð42Þ

cannot be written down because they violate BTGT
symmetry. There exists gauge and BTGT invariant terms
of the form

X
a

TrðUaU
†
aÞ ð43Þ

that we might worry about. However, owing to their group
representation structure, these are constants and will not
contribute nontrivially in flat spacetime.

B. Perturbative expansion

Written in terms of the θAa fields of Eq. (5), the
Lagrangian is a power series in θAa . For perturbative
computations, we only require a consistent truncation in
the coupling constant. The usual perturbation theory
proceeds through the identification

AA
μ → gAA

μ : ð44Þ

Motivated by this and a need to truncate the power series of
Eq. (5), we make the change of variables

θAa → gθAa ð45Þ

and expand perturbatively about g → 0. However, given
that Eqs. (44) and (45) match only to linear order in g, the
perturbative expansion of the Aμ theory with g → 0 will
match the perturbative expansion of θAa theory with g → 0
only if we deal with composite operators.
For example, if we want to match the AA

μ → gAA
μ

perturbation theory to θAa → gθAa perturbation theory to
quadratic order in g, we must make the identification

gAA
μ ¼ g

X
a

�
egf·θa − 1

gf · θa

�
AB

∂̃a
μθ

B
a ð46Þ

≈ g∂̃a
μθ

A
a þ g2

2
fABCð∂̃a

μθ
B
a ÞθCa þOðg3Þ ð47Þ

at least to quadratic order in g. We explicitly then see a
quadratic field identification with Aμ. In this case, a two-
point function in Aμ becomes

hAA
μ ðxÞAB

ν ðyÞi

¼
X
a;b

��
∂̃a
μθ

A
aðxÞ þ

g
2
fAC1D1θD1

a ðxÞ∂̃a
μθ

C1
a ðxÞ þ…

�

×

�
∂̃b
νθ

B
b ðyÞ þ

g
2
fBC2D2θD2

b ðyÞ∂̃b
νθ

C2

b ðyÞ þ…

��
: ð48Þ

Although this nonlinearity seems undesirable from the
perspective of matching to ordinary non-Abelian field
theory perturbative expansion in terms of AA

μ , there may
be an advantage since it allows us to map nontrivial
composite non-local operator correlators in the language
of AA

μ field in terms of correlators of the elementary θAa
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correlator. We will defer the exploration of this feature to a
future work.
The power series can be explicitly written as

AA
μ ¼

X
a

�
egf·θa − 1

gf · θa

�
AB

∂̃a
μθ

B
a ð49Þ

¼ ∂̃a
μθ

A
a þ g

2
fABCð∂̃a

μθ
B
a ÞθCa

þ g2

6
fABEfCDEθBaθ

C
a ð∂̃a

μθ
D
a Þ þOðg3Þ: ð50Þ

With the proper addition of the gauge fixing term,
Eq. (32) takes the form

Lgauge ¼ −
1

4
FA;μνFA

μν −
1

2ξ
∂μAA

μ∂νAA
ν : ð51Þ

With Eq. (46) the gauge boson sector becomes

Lgauge ¼ Lθ2 þ Lθ3 þ Lθ4 þ � � � ¼
X∞
n¼2

Lθn ð52Þ

where

Lθ2 ¼ −
1

2
ð∂μ∂̃ν

aθ
A
aÞδAB

�
∂μ∂̃b

νθ
B
b −

�
1 −

1

ξ

�
∂ν∂̃b

μθ
B
b

�
;

ð53Þ

Lθ3 ¼ −gfABCð∂μ∂̃ν
aθ

A
aÞð∂̃b

μθ
B
b Þð∂̃c

νθ
C
c Þ

−
g
2
fABC

�
∂μ∂̃ν

aθ
A
a −

�
1 −

1

ξ

�
∂ν∂̃μ

aθ
A
a

�

× ð∂μðð∂̃b
νθ

B
b ÞθCb ÞÞ ð54Þ

and

Lθ4 ¼ −
g2

4
fEABfECDð∂̃a

μθ
A
aÞð∂̃b

νθ
B
b Þð∂̃μ

cθ
C
c Þð∂̃ν

dθ
D
d Þ

−
g2

2
fEABfECDð∂̃a

μθ
A
aÞð∂̃b

νθ
B
b Þ∂μðð∂̃ν

cθ
C
c ÞθDc Þ

−
g2

2
fEABfECDð∂μ∂̃ν

aθ
A
a − ∂ν∂̃μ

aθ
A
aÞð∂̃b

μθ
B
b Þð∂̃c

νθ
C
c ÞθDc

−
g2

8
fEABfECD

�
∂μðð∂̃a

νθ
A
aÞθBa Þ −

�
1 −

1

ξ

�
∂νðð∂̃a

μθ
A
aÞθBa Þ

�
∂μðð∂̃ν

cθ
C
c ÞθDc Þ

−
g2

6
fEABfECD

�
∂μ∂̃ν

aθ
A
a −

�
1 −

1

ξ

�
∂ν∂̃μ

aθ
A
a

�
∂μðθBbθCb ð∂̃b

νθ
D
b ÞÞ: ð55Þ

If gauge fixing is accomplished using the Faddeev-Popov
procedure, we can write down the ghost Lagrangian coming
from the delta-function involving the AA

μ in the usual way:

Lgh1 ¼ −∂μc̄ADAB
μ cB ð56Þ

¼ −∂μc̄AδAB∂μcB þ gfABC∂μc̄AcBAC
μ ð57Þ

where AC
μ is given in terms of θAa explicitly in Eq. (46). To

second order in g, the explicit expansion is

Lgh1 ¼ −∂μc̄A∂μcA þ gfABC∂̃a
μθ

A
a∂μc̄BcC

þ g2

2
fABEfCDEð∂̃a

μθ
A
aÞθBa∂μc̄CcD þOðg3Þ: ð58Þ

The ghost field couples to the gauge sector with quartic
and higher power couplings unlike in the usual vector
potential formalism. If we formulate the path integral

measure in terms of Aμ and view the path integral in terms
of θAa as a change of variables, then there will be additional
ghost contributions from

DA ¼ Dθnz det

�
δAA

μ ðxÞ
δθBnz;bðyÞ

�
; ð59Þ

where θBnz;b stands for functions that are not annihilated by

ðHbÞαβ
∂
∂xα : ð60Þ

The functional determinant can be written as usual as a
Grassmannian integral yielding an additional ghost
Lagrangian:

Lgh2 ¼ d̄AaOAB
ab d

B
b ¼ d̄Aa ∂̃μ

aOAB
μb d

B
b ¼ −ð∂̃μ

ad̄AaÞOAB
μb d

B
b ð61Þ

where we define the operator
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OAB
μb ¼

�Z
1

0

dtetgθb·f
�
AB
ðHbÞλμ∂⃗λ

þ
�Z

1

0

dt
Z

1

0

dseð1−sÞtgθb·ftgfBestgθb·f
�
AD

ðHbÞλμð∂λθ
D
b Þ ð62Þ

¼
�
δAB þ g

2
fABCθCb þ g2

6
fAECθCb f

EBDθDb

�
∂̃b
μ

þ
�Z

1

0

dt
Z

1

0

dseð1−sÞtgθb·ftgfBestgθb·f
�
AD

ð∂̃μθ
D
b Þ þOðg3Þ: ð63Þ

We next work out the explicit Feynman rule factors.

1. Gauge propagator

The inverse of the propagator in momentum space can be
written as

−iVAB
ab ðkÞ ¼

∂2ðiLθ2Þ
∂θAaðkÞ∂θBb ð−kÞ ð64Þ

¼−iðkμk̃νaÞδAB
�
kμk̃

b
ν −

�
1−

1

ξ

�
−kνk̃

b
μ

�
ð65Þ

¼−iδAB
�
δabk2k⋆ak−

�
1−

1

ξ

�
ðk⋆akÞðk⋆bkÞ

�
;

ð66Þ

where we define the star product as

k1⋆ak2 ¼ ðHaÞμνkμ1kν2: ð67Þ
The gauge propagator ΔAB

ab ðkÞ is given implicitly by

X
c

VAC
ac ðkÞΔCB

cb ðkÞ ¼ δABδab; ð68Þ

the solution to which is

−iΔAB
ab ðkÞ ¼

−iδAB

k2k⋆ak − iε

�
δab − ð1 − ξÞ k⋆ak

k2

�
; ð69Þ

where the iε is the solution Feynman propagator
pole prescription. If we assume a diagonal basis for Ha

and a Wick rotation to Euclidean space, then this can be
written as

−iΔAB
ab ðkÞ ¼

−iδAB

k2kakb

�
δab − ð1 − ξÞ kakb

k2

�
: ð70Þ

In position space the propagator can be written as

ΔAB
ab ðx − yÞ ¼

Z
d4k
ð2πÞ4 e

ik·ðx−yÞΔAB
ab ðkÞ: ð71Þ

2. Cubic gauge self-coupling

For Feynman rules with momenta satisfying
k1þk2þk3¼0, the vertex function iVABC

abc ðk1; k2; k3Þ can
be written as

iVABC
abc ðk1; k2; k3Þ ¼

∂3ðiLθ3Þ
∂θAaðk1Þ∂θBb ðk2Þ∂θCc ðk3Þ ð72Þ

¼ igfABC
�
δbcðk2⋆bk3Þk1⋆aðk2 − k3Þ þ δacðk1⋆ck3Þk2⋆bðk3 − k1Þ

þ δabðk1⋆bk2Þk3⋆cðk1 − k2Þ þ
1

2
δabc½k21k1⋆aðk2 − k3Þ þ k22k2⋆aðk3 − k1Þ

þk23k3⋆aðk1 − k2Þ� −
1

2

�
1 −

1

ξ

�
½δbcðk1⋆ak1Þk1⋆bðk2 − k3Þ

þ δacðk2⋆bk2Þk2⋆cðk3 − k1Þ þ δabðk3⋆ck3Þk3⋆aðk1 − k2Þ�
	
: ð73Þ

If we assume a diagonal basis for Ha, then we get

iVABC
abc ðk1; k2; k3Þ ¼ igfABC

�X2
i¼1

VðiÞ
abcðk1; k2; k3Þ þ

�
1 −

1

ξ

�
Vð3Þ
abcðk1; k2; k3Þ

�
ð74Þ
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with

Vð1Þ
abcðk1; k2; k3Þ ¼ þk1ak2bk3cðδbcðk2a − k3aÞ þ δacðk3b − k1bÞ þ δabðk1c − k2cÞÞ ð75Þ

Vð2Þ
abcðk1; k2; k3Þ ¼ þ 1

2
δabcðk21k1aðk2a − k3aÞ þ k22k2aðk3a − k1aÞ þ k23k3aðk1a − k2aÞÞ ð76Þ

Vð3Þ
abcðk1; k2; k3Þ ¼ −

1

2
ðδbck21ak1bðk2b − k3bÞ þ δack22bk2aðk3a − k1aÞ þ δabk23ck3aðk1a − k2aÞÞ: ð77Þ

Setting ξ ¼ 1 with the Feynman gauge simplifies calcu-

lations because Vð3Þ
abc can be ignored. Tree level ξ-dependent

vertex terms are an interesting distinction from the usual
vector potential gauge theory. The numbering here is
organized according to powers of Aμ that contribute to
these θa vertices in the following way:

fABC∂μAAνAB
μAC

ν → Vð1Þ ð78Þ

∂μAA
ν ∂μAAν → Vð2Þ ð79Þ

�
1 −

1

ξ

�
∂μAA

μ∂νAA
ν →

�
1 −

1

ξ

�
Vð3Þ: ð80Þ

3. Quartic gauge self-coupling

The quartic vertex (or four θ vertex) can be written as

iVABCD
abcd ðk1; k2; k3; k4Þ

¼ ∂4ðiLθ4Þ
∂θAaðk1Þ∂θBb ðk2Þ∂θCc ðk3Þ∂θDd ðk3Þ ð81Þ

¼ ig2
�X6

i¼1

VABCD
ðiÞabcd þ

�
1 −

1

ξ

�X8
i¼7

VABCD
ðiÞabcd

�
ð82Þ

where we define 8 terms as

VABCD
ð1Þabcd ¼ −

1

4
fABE fCDE δacδbdðk1⋆ak3Þðk2⋆bk4Þ þ perms:

ð83Þ

VABCD
ð2Þabcd ¼ −

1

2
fABE fCDE δbcdðk1⋆aðk3 þ k4ÞÞðk2⋆bk3Þ

þ perms: ð84Þ

VABCD
ð3Þabcd ¼ −

1

2
fABE fCDE δacdðk1⋆bk2Þðk1⋆ck3Þ þ perms:

ð85Þ

VABCD
ð4Þabcd ¼ þ 1

2
fABE fCDE δabδcdðk1⋆bk2Þðk1⋆ck3Þ þ perms:

ð86Þ

VABCD
ð5Þabcd ¼ þ 1

8
fABE fCDE δabcdðk1 þ k2Þ2ðk1⋆ak3Þ þ perms:

ð87Þ

VABCD
ð6Þabcd ¼ þ 1

6
fABE fCDE δabcdk21ðk1⋆ak4Þ þ perms: ð88Þ

VABCD
ð7Þabcd¼−

1

8
fABE fCDE δabδcdðk1⋆aðk1þk2ÞÞðk3⋆cðk1þk2ÞÞ

þperms: ð89Þ

VABCD
ð8Þabcd ¼ −

1

6
fABE fCDE δbcdðk1⋆ak1Þðk1⋆bk4Þ þ perms:

ð90Þ

Here we are using the notation fABC ¼ fCAB ¼ fABC for
convenience. The numbering here is organized according to
powers of Aμ that contribute to these θa vertices in the
following way:

fABE fCDE AμAAνB
ν AC

μAD
ν → Vð1Þ ð91Þ

fABC∂μAAνAB
μAC

ν → Vð2Þ þ Vð3Þ þ Vð4Þ ð92Þ

∂μAA
ν ∂μAAν → Vð5Þ þ Vð6Þ ð93Þ

�
1 −

1

ξ

�
∂μAA

μ∂νAA
ν →

�
1 −

1

ξ

�
ðVð7Þ þ Vð8ÞÞ: ð94Þ

Let us consider the evaluation of the permutations in each
of these terms.
Consider first Vð1Þ. Note that since ABCD ¼

BADC ¼ CDAB ¼ DCBA, we get a symmetry factor of
4. This means we can write
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VABCD
ð1Þabcd ¼ −fABE fCDE ðδacδbdðk1⋆ak3Þðk2⋆bk4Þ − δadδbcðk1⋆ak4Þðk2⋆bk3ÞÞ

− fACE fBDE ðδabδcdðk1⋆ak2Þðk3⋆ck4Þ − δadδbcðk1⋆ak4Þðk2⋆bk3ÞÞ
− fADE fBCE ðδabδcdðk1⋆ak2Þðk3⋆ck4Þ − δacδbdðk1⋆ak3Þðk2⋆bk4ÞÞ: ð95Þ

If we assume a diagonal basis for Ha, this simplifies further to

VABCD
ð1Þabcd ¼ −k1ak2bk3ck4dðfABE fCDE ðδacδbd − δadδbcÞ þ fACE fBDE ðδabδcd − δadδbcÞ

þfADE fBCE ðδabδcd − δacδbdÞÞ; ð96Þ

which takes on a form proportional to the quartic Aμ vertex
in the usual formalism. Similarly, we obtain other seven
terms of the quartic BTGT vertex by writing the rest of the
permutations. The full results can be found in Appendix D.

C. Generating function for BTGT

The generating function for Aμ correlators in the usual
formalism is given by the path integral

Z½J� ¼
Z

DADc̄Dc exp

�
iS½A; c̄; c� þ i

Z
d4xJ · A

�
;

ð97Þ

where

S½A; c̄; c� ¼
Z

d4x

�
−
1

4
FA
μνFAμν

−
1

2ξ
ð∂ · AÞ2 − ∂μc̄ADAB

μ cB
�

ð98Þ

is the Yang-Mills action with gauge fixing and ghosts.
Now make AA

μ ðxÞ ¼ AA
μ ½θðxÞ� a composite operator as

specified by Eq. (25). This change affects both the action
and the path measure. The generating function is now

Z½J� ¼
Z

DθDc̄DcDd̄DdeiS½A½θ�;c̄;c�þiSgh2½θ;d̄;d�þi
R

d4xJ·A½θ�;

ð99Þ

where d̄, d are the additional ghosts defined in Eq. (61) and
the additional ghost action is Sgh2 ¼

R
d4xLgh2.

We will now construct a generating function for corre-
lators of Aμ and θa. We define KA

a as a source for θAa and
define the new generating function as

Z̄½J;K�

¼
Z

DθDc̄DcDd̄DdeiS½A½θ�;c̄;c�þiSgh2½θ;d̄;d�þi
R
d4xðJ·A½θ�þKA

aθ
A
a Þ:

ð100Þ

In this paper, Eq. (100) will be our definition of the
quantized theory and this will be used to calculate both
the θa and Aμ correlators. The difference from the gen-
erating function of the Aμ formalism shown in Eq. (99) is
that Aμ is now a composite operator in terms of θa fields
and the path integral is now over θa instead of Aμ. We will
find through explicit computations below that Sgh2½θ; d̄; d�
(the action describing the ghosts coming from the trans-
formation from AB

μ to θAa ) does not contribute to the
divergent structure (in dimensional regularization) in the
processes that we compute in this paper. It would be
interesting to elucidate this decoupling in a future work.
For perturbative computations, we split apart the Yang-

Mills action Eq. (98) in the following way:

S½A½θ�; c̄; c� ¼ Sint½A½θ�; c̄; c� þ
Z

d4xLθ2 ; ð101Þ

where Lθ2 is defined in Eq. (53). Then we can rewrite all
powers of θa higher than quadratic as functional derivatives
with respect to iKa. The generating function Eq. (100) can
then be written as

Z̄½J; K� ¼
Z

DθDc̄DcDd̄DdeiSint½A½θ�;c̄;c�þiSgh2½θ;d̄;d�þi
R

d4xJ·A½θ�ei
R

d4xðL
θ2
þKA

aθ
A
a Þ ð102Þ

¼
Z

Dc̄DcDd̄DdeiSint½A½
δ

iδK�;c̄;c�þiSgh2½ δ
iδK;d̄;d�þi

R
d4xJ·A½ δ

iδK�
Z

Dθei
R

d4xðLθ2þKA
aθ

A
a Þ ð103Þ

¼ N ei
R

d4xJ·A½ δ
iδK�

Z
Dc̄DcDd̄DdeiSint½A½ δ

iδK�;c̄;c�þiSgh2½ δ
iδK;d̄;d�ei

R
d4xd4yKA

a ðxÞΔAB
ab ðx−yÞKB

b ðyÞ ð104Þ
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where N is a normalization constant. Equation (104) is
what was used to derive the Feynman rules of non-Abelian
BTGT, which are presented in Appendix D.

IV. BETA FUNCTION COMPUTATION

In this section, we show that the beta function at one loop
for non-Abelian BTGT is

βðgÞ ¼ −
11

6
CðAÞ g3

8π2
ð105Þ

which is the same result as the usual Aμ formalism of Yang
Mills theory. This lends support to the quantum consistency
of the formalism and its faithful representation of the usual
non-Abelian gauge theory perturbative content. This result
is achieved by computing the renormalization constants of
the counterterms of the θa and ghost quadratic terms and
the θac̄c ghost-gauge vertex. The relevant terms in the
Lagrangian are

L ∋ −
1

2
Zθ2ð∂μ∂̃a

νθ
A
a − ∂ν∂̃a

μθ
A
aÞ∂μ∂̃ν

bθ
A
b

−
1

2ξ
Z1

ξθ
2∂ν∂̃a

μθ
A
a∂μ∂̃ν

bθ
A
b

− Zc̄c∂μc̄∂μcþ Zgc̄cθgfABC∂μc̄AcB∂̃μ
aθ

C
a : ð106Þ

These renormalization constants are computed in MS
with d ¼ 4 − ε dimensional regularization to be

Zθ2 ¼ 1þ 4CðAÞ g2

8π2ε
þOðg4Þ; ð107Þ

Zc̄c ¼ 1þ 1

2
CðAÞ g2

8π2ε
þOðg4Þ; ð108Þ

Zgθc̄c ¼ 1þ 2

3
CðAÞ g2

8π2ε
þOðg4Þ; ð109Þ

which implies Eq. (105) since

Zg ¼
Zgθc̄c

Z1=2
θ2

Zc̄c

¼ 1 −
11

6
CðAÞ g2

8π2ε
þOðg4Þ: ð110Þ

In the following subsections, we compute Eqs. (107)–
(109). We display a large amount of details since this BTGT
formalism is new and how the formalism works is one of the
main results of this paper. For convenience we choose the
Feynman gauge ξ ¼ 1 and we assume a diagonal basis for
ðHaÞμν: ðHaÞμν ¼ gμagνagaa (no sum over a). We will be
using the minimal subtraction scheme and dimensional
regularization with d ¼ 4 − ε to determine the renormaliza-
tion constants. We will also be using the shorthand

Z
l
≡
Z

ddl
ð2πÞd : ð111Þ

In the computation below, many zeros appear for the
following reasons. In dimensional regularization, we utilize
the identity Z

dnl
ð2πÞn

1

lnþk ∝ δk0; ð112Þ

where n > 1; k are integers and where as is customary, we
do not distinguish raised or lowered indices on Kronecker
delta functions whenever contextually the Lorentzian
metric information is irrelevant. Other diagrams are zero
due to the antisymmetric nature of fABC. Yet other diagrams
are zero due to the identity

δabð1 − δabÞ ¼ δab − δab ¼ 0: ð113Þ

A. Computation of Zθ2 and Z1
ξθ

2

The relevant diagrams are defined in Fig. 1. It is
understood that when we write symbols such as D1 without
indices, the implicit indices are understood be of the form
ðD1ÞABab ðkÞ. The θa self-energy can be written as

iΠAB
ab ðkÞ ¼

X4
i¼1

ðDiÞABab ðkÞ þ ðDc:t:ÞABab ðkÞ: ð114Þ

FIG. 1. Self-energy diagrams for θa.
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1. θ self-energy diagram 1

Diagram 1 in Fig. 1 is given by

ðD1ÞABab ¼ 1

2

Z
l

X
cdef

ðigVACD
acd ðk;lÞÞð−iδCEδceÞð−iδDFδceÞðigVBEF

bef ð−k;−lÞÞ
l2l2

cðlþ kÞ2ðld þ kdÞ2
ð115Þ

¼ g2

2
fACDfBCD

X2
i¼1

X2
j¼1

Z
d4l
ð2πÞ4

X
cd

VðiÞ
acdðk;lÞVðjÞ

bcdð−k;−lÞ
l2ðlþ kÞ2l2

cðld þ kdÞ2
ð116Þ

¼ g2CðAÞδAB
X2
i¼1

X2
j¼1

ðDði;jÞ
1 Þab ð117Þ

where in the last line we define the subdiagrams

ðDði;jÞ
1 Þab ¼

1

2

Z
d4l
ð2πÞ4

X
cd

VðiÞ
acdðk;lÞVðjÞ

bcdð−k;−lÞ
l2ðlþ kÞ2l2

cðld þ kdÞ2
:

ð118Þ
The sums over i and j in Eq. (117) only go from 1 to 2

because ð1 − 1
ξÞVð3Þ

abc ¼ 0 in the Feynman gauge. In the
general Rξ gauge, the sums in Eq. (117) would go from 1 to
3. Due to the symmetry of the diagram, we also know that

ðDðj;iÞ
1 ÞABab ðkÞ ¼ ðDði;jÞ

1 ÞBAba ð−kÞ ð119Þ

which means there are only three independent terms to
compute in Eq. (117).
We start with

ðDð1;1Þ
1 Þab ¼

1

2

Z
d4l
ð2πÞ4

X
cd

Vð1Þ
acdðk;lÞVð1Þ

bcdð−k;−lÞ
l2ðlþ kÞ2l2

cðld þ kdÞ2

ð120Þ

¼ 1

2

Z
d4l
ð2πÞ4

X
cd

kakbl2
cðld þ kdÞ2Nabcd

l2ðlþ kÞ2l2
cðld þ kdÞ2

ð121Þ

¼ 1

2
kakb

Z
d4l
ð2πÞ4

P
cdNabcd

l2ðlþ kÞ2 ð122Þ

where the numerator is

Nabcd ¼ ð−δcdð2la þ kaÞ þ δadðlc þ 2kcÞ
þ δacðld − kdÞÞð−δcdð2lb þ kbÞ
þ δbdðlc þ 2kcÞ þ δbcðld − kdÞÞ: ð123Þ

Summing over c and d yields

X
cd

Nabcd ¼ 10lalb þ 5lakb þ 5kalb − 2kakb

þ ððlþ 2kÞ2 þ ðl − kÞ2Þδab ð124Þ

and applying this to Eq. (122) gives

ðDð1;1Þ
1 Þab ¼

1

2
kakb

Z
l

10lalb þ 5lakb þ 5kalb − 2kakb þ ððlþ 2kÞ2 þ ðl − kÞ2Þδab
l2ðlþ kÞ2 ð125Þ

¼ 1

2
k̃μak̃νb

Z
l

10lμlν þ 5lμkν þ 5kμlν − 2kμkν þ ððlþ 2kÞ2 þ ðl − kÞ2Þgμν
l2ðlþ kÞ2 : ð126Þ

The momentum integral of Eq. (126) is identical to the one that appears the usual non-Abelian Aμ formalism. We can
evaluate it using the usual Feynman parametrization technique to obtain

ðDð1;1Þ
1 Þab ¼

1

2
k̃μak̃νb

Z
1

0

dx
Z

ddq
ð2πÞd

ð9
2
q2 þ ð5 − 2xþ 2x2Þk2Þgμν − ð2þ 10x − 10x2Þkμkν

½q2 þ xð1 − xÞk2�2 : ð127Þ

We are only interested in the divergent part, which in dimensional regularization with d ¼ 4 − ε is

divððDð1;1Þ
1 ÞabÞ ¼

�
19

12
k2k2aδab −

11

6
k2ak2b

�
i

8π2ε
ð128Þ
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which has the same form numerically as the usual non-
Abelian Aμ formalism.
We now compute

ðDð2;1Þ
1 Þab ¼

1

2

Z
ddl
ð2πÞd

X
cd

Vð2Þ
acdðk;lÞVð1Þ

bcdð−k;−lÞ
l2ðlþ kÞ2l2

cðld þ kdÞ2

ð129Þ

¼ 1

4

Z
ddl
ð2πÞd

Nab

l2ðlþ kÞ2l2
aðla þ kaÞ2

ð130Þ

where the numerator is

Nab ¼ ðδab − 1Þkblaðla þ kaÞð2lb þ kbÞ
× ðk2kað2la þ kaÞ − l2laðla þ 2kaÞ
þ ðlþ kÞ2ðl2

a − k2aÞÞ: ð131Þ

The divergent part of Eq. (130) is

divððDð2;1Þ
1 ÞabÞ ¼

1

4
ðδab − 1Þkb

�
4k2k2aδab

i
8π2ε

�
¼ 0:

ð132Þ

This is identically zero because of Eq. (113). Due to the
symmetry of the diagram we also know that

divððDð1;2Þ
1 ÞabÞ ¼ 0: ð133Þ

Finally, we compute

ðDð2;2Þ
1 Þab ¼

1

2

Z
ddl
ð2πÞd

X
cd

Vð2Þ
acdðk;lÞVð2Þ

bcdðk;lÞ
l2ðlþ kÞ2l2

cðld þ kdÞ2

ð134Þ

¼1

8

X
cd

δacdδbcd

Z
ddl
ð2πÞd

naðk;lÞnbðk;lÞ
l2ðlþkÞ2l2

cðldþkdÞ2

ð135Þ

¼1

8
δab

Z
ddl
ð2πÞd

naðk;lÞ2
l2ðlþkÞ2l2

aðlaþkaÞ2
ð136Þ

where

naðk;lÞ ¼ k2kað2la þ kaÞ − l2laðla þ 2kaÞ
þ ðlþ kÞ2ðl2

a − k2aÞ: ð137Þ

The divergent part of Eq. (136) is

divððDð2;2Þ
1 ÞabÞ ¼

i
8π2ε

�
5

2
k2k2aδab

�
: ð138Þ

After summing the contributions from the subdiagrams
given by Eqs. (128), (132), (133), and (138), we find that
the divergent part of the first diagram is

divððD1ÞABab Þ¼CðAÞ g2

8π2ε

�
49

12
iδABk2k2aδab−

11

6
iδABk2ak2b

�
:

ð139Þ
2. θ self-energy diagram 2

The second diagram is given by

ðD2ÞABab ¼ 1

2

Z
d4l
ð2πÞ4

X
cd

�
−iδcdδCD

l2l2
c

�
iVABCD

abcd ðk;−k;l;−lÞ

ð140Þ

¼g2

2

Z
d4l
ð2πÞ4

X
c

X6
i¼1

VABCC
ðiÞabccðk;−k;l;−lÞ

l2l2
c

; ð141Þ

the seventh and eighth terms of Eq. (141) do not contribute
because ξ ¼ 1. The following identity is useful in evalu-
ating the divergent part of Eq. (141):

div

�Z
d4l
ð2πÞ4

lNa
a lNb

b

l2l2
a

�
¼δNa0

δNb0
div

�Z
d4l
ð2πÞ4

1

l2l2
a

�

ð142Þ

¼ δNa0
δNb0

iΓðε
2
ÞΓð− 1

2
Þ

ð4πÞ2Γð1
2
Þ ð143Þ

¼ δNa0
δNb0

�
−

i
4π2ε

�
: ð144Þ

Since Eq. (144) is zero in dimensional regularization unless
Na ¼ Nb ¼ 0, we ignore any term in the numerator of
Eq. (141) that has any positive power of l to find the
divergence. We need to ignore any term that has k3 ¼ þl
or k4 ¼ −l since they are proportional to l.
The divergent part of the first four terms of Eq. (141)

vanishes due to either Lorentz invariance or Eq. (144). The
only nonzero divergent contributions come from the fifth
term, which is given by

VABCC
ð5Þabcc ¼ 0þ 1

4
fACE fBCE δabc½ðk1þ k3Þ2ðk1− k3Þ⋆aðk2 − k4Þ

þðk1þ k4Þ2ðk1 − k4Þ⋆aðk2− k3Þ� ð145Þ

→
1

4
fACE fBCE δabcððk1Þ2k1⋆ak2 þ ðk1Þ2ðk1Þ⋆aðk2ÞÞ

ð146Þ

→ −
1

2
fACE fBCE δabk2k2a; ð147Þ
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and the sixth term, given by

VABCC
ð6Þabcc ¼

1

6
fACE fBCE δabc½k21k1⋆aðk4 − k2Þ þ k23k3⋆aðk2 − k4Þ þ k22k2⋆aðk3 − k1Þ þ k24k4⋆aðk1 − k3Þ

þk21k1⋆aðk3 − k2Þ þ k24k4⋆aðk2 − k3Þ þ k22k2⋆aðk4 − k1Þ þ k23k3⋆aðk1 − k4Þ�

→
1

6
fACE fBCE δabðk21k1⋆að−k2Þ þ k22k2⋆að−k1Þ þ k21k1⋆að−k2Þ þ k22k2⋆að−k1ÞÞ ð148Þ

¼ þ 2

3
fACE fBCE δabk2k2a: ð149Þ

Applying the results from Eqs. (147) and (149) to
Eq. (141) yields the following divergent contribution:

divððD2ÞABab Þ ¼ −
1

6
CðAÞ g2

8π2ε
ðiδABk2k2aδabÞ: ð150Þ

3. θ self-energy diagram 3

The ghost-loop diagram 3 of Fig. 1 receives contribu-
tions from the ghosts of Eq. (57), which we label as Dðgh1Þ

3

and the ghosts of Eq. (61), which we label as Dðgh2Þ
3 :

ðD3ÞABab ¼ ðDðgh1Þ
3 ÞABab þ ðDðgh2Þ

3 ÞABab ð151Þ

where

ðDðgh1Þ
3 ÞABab ¼ð−1Þ

Z
p
igVA;CD

a ðk;pþk;pÞ1
i
ΔCFðpþkÞ

×
1

i
ΔDEðpÞigVB;EF

b ð−k;p;pþkÞ ð152Þ

¼ð−1Þg2
Z

d4p
ð2πÞ4

ðfACDk⋆aðpþkÞÞðfBDCð−kÞ⋆bpÞ
p2ðpþkÞ2

ð153Þ

¼g2fACDfBCDð−k̃μak̃νbÞ
Z

d4p
ð2πÞ4

ðpþkÞμpν

p2ðpþkÞ2
ð154Þ

and

ðDðgh2Þ
3 ÞABab ¼ ð−1Þg2

X
c;d

Z
p

fACDδacdðk − pÞ⋆aðpþ kÞfBDCδbdcð−k − p − kÞ⋆ap
ðpc þ kcÞ2p2

d

ð155Þ

¼ −
g2

4
CðAÞδABδab

Z
p

ðpa − kaÞðpa þ kaÞðpa þ 2kaÞpa

ðpa þ kaÞ2p2
a

: ð156Þ

Using the usual Feynman parametrization, the integral of Eq. (154) becomes

Z
ddp
ð2πÞd

ðpþ kÞμpν

p2ðpþ kÞ2 ¼
i

ð4πÞ2
2

ε

Z
1

0

dx

�
−
1

2
gμνxð1 − xÞk2 − xð1 − xÞkμkν

�
þ finite ð157Þ

¼ i
8π2ε

�
−

1

12
k2gμν −

1

6
kμkν

�
þ finite ð158Þ

and therefore

divððDðgh1Þ
3 ÞABab Þ ¼ iδABCðAÞ g2

8π2ε

�
1

12
k2k2aδab þ

1

6
k2ak2b

�
: ð159Þ

FIG. 2. Ghost self-energy diagrams.
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The divergent part of Dðgh2Þ
3 in dimensional regulariza-

tion is zero because of Eq. (112) for n ¼ 3:

divððDðgh2Þ
3 ÞABab Þ ¼ 0: ð160Þ

As noted before, it is interesting that the ghosts arising from
transforming AB

μ to θAc do not contribute to the divergent
structure here. Combining these results, we conclude that

divððD3ÞABab Þ ¼ iδABCðAÞ g2

8π2ε

�
1

12
k2k2aδab þ

1

6
k2ak2b

�
:

ð161Þ

This ghost contribution will be important for restoring the
transverse structure of the gauge boson propagator.

4. θ self-energy diagram 4

Similar to diagram 3, diagram 4 of Fig. 1 describes ghost
contributions to the propagator. These however do not have
any external momenta flowing through the ghost lines. Just
as in diagram 3, this has a contribution coming from the
usual gauge-fixing ghost and the ghost associated with
transforming the field coordinates from AB

μ to θAc :

ðD4ÞABab ¼ ðDðgh1Þ
4 ÞABab þ ðDðgh2Þ

4 ÞABab : ð162Þ
We find the first ghost contribution to be

ðDðgh1Þ
4 ÞABab ¼ð−1Þ

Z
d4p
ð2πÞ4 ig

2VAB;CD
ab ðk;−k;p;pÞ1

i
ΔCDðpÞ

ð163Þ

¼ ð−1Þ g
2

2

Z
d4p
ð2πÞ4

fABEfCCEδab2kapa

p2
ð164Þ

¼ 0 ð165Þ
and the second ghost contribution to be

ðDðgh2Þ
4 ÞABab ¼ ð−1Þ

X
c

Z
d4p
ð2πÞ4 ig

2VAB;CD
ab;cd ðk;−k; p; pÞ

×
1

i
ΔCD

cd ðpÞ ð166Þ

¼−ig2

6
δab

X
c

Z
d4p
ð2πÞ4

×
fACEfBCEδabcððpþkÞ⋆apþðp−kÞ⋆apÞ

p2
a

ð167Þ

¼ −ig2

6
fACEfBCEδab

Z
d4p
ð2πÞ4

2p2
a

p2
a
: ð168Þ

Using the identity Eq. (112), this also vanishes:

divððDðgh2Þ
4 ÞABab Þ ¼ 0: ð169Þ

Therefore, we conclude

divððD4ÞABab Þ ¼ 0 ð170Þ

and thus there are no external momentum independent
ghost contribution to the divergent structure of the θ
propagator in dimensional regularization.

5. θ self-energy counterterm

The counterterm diagram yields

ðDc:t:ÞABab ¼ −iδAB
�
ðZθ2 − 1ÞδABðk2k2aδab − k2ak2bÞ

þ 1

ξ

�
Z1

ξθ
2 − 1

�
k2ak2b

�
ð171Þ

¼−iδAB
�
ðZθ2−1Þk2k2aδabþ

�
Z1

ξθ
2−Zθ2

�
k2ak2b

�
:

ð172Þ

To have a finite self-energy, we require the divergent parts
of these diagrams to cancel out. The sum of Eqs. (139),
(150), (161), and (170) is

div

�X4
i¼1

ðDiÞABab
�

¼ iδABCðAÞ g2

8π2ε

�
4k2k2aδab −

5

3
k2ak2b

�

ð173Þ

and therefore the renormalization constants are

Zθ2 ¼ 1þ 4CðAÞ g2

8π2ε
ð174Þ

and

Z1
ξθ

2 ¼ 1þ 7

3
CðAÞ g2

8π2ε
: ð175Þ

It is interesting that despite the nontransversality of the
divergent part of the θ propagator seen here, the divergent
part of the usual gauge field propagator when computed in
the BTGT formalism will maintain transversality, as we
will demonstrate below.

6. Comment on Z1
ξθ

2

Note that

Zξ ¼
Zθ2

Z1
ξθ

2

¼ 1þ 5

3
CðAÞ g2

8π2ε
¼ ZA2 ¼ ZA2

Z1
ξA

2

ð176Þ
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where ZA2 is gauge kinetic renormalization constant in
the usual gauge theory formalism. This is a nontrivial
check of the theory. It shows that ξB ¼ ZξξR has the
same scaling behavior in BTGT as in the usual formal-
ism. It is interesting that while Z1

ξA
2 ¼ 1 to all orders in g,

Z1
ξθ

2 − 1 ≠ 0. This does not indicate a violation of gauge

invariance because the gauge fixing parameter ξ (para-
metrizing the coefficient of the gauge fixing chosen to be
of the same form as in ordinary gauge theories with
Aa
μ → Aa

μ½θ�) is still renormalized by the same renormal-
ization constant of Zξ as in the ordinary gauge theory
formalism and Zθ2 ≠ ZA2 .
Another nontrivial check of the formalism would be to

calculate Zgθ3 and Z1
ξgθ

3 and check that they satisfy

Zgθ3

Z1
ξgθ

3

¼ 1þ 5

3
CðAÞ g2

8π2ε
þOðg4Þ ¼ Zξ; ð177Þ

but we defer this to a future work.

B. Computation of Zc̄c

The renormalization constant Zc̄c is determined by the
ghost self-energy. The one loop diagrams that contribute to
the ghost self-energy are given in Fig. 2.
The first diagram in Fig. 2 is

ðD1ÞAB ¼ g2fCADfCDB
X
c

Z
l

ð−lcpcÞlcðlc þ pcÞ
l2
cl2ðlþ pÞ2 ð178Þ

¼ g2CðAÞδAB
Z
l

p2 þ p · l
l2ðlþ pÞ2 ð179Þ

¼g2CðAÞδABp2

Z
1

0

dxð1−xÞ
Z
q

1

½q2þxð1−xÞp2�2 :

ð180Þ

The divergent part of this is

divððD1ÞABÞ ¼ −
1

2
CðAÞ g2

8π2ε
ð−iδABp2Þ: ð181Þ

The second diagram in Fig. 2 vanishes identically
because of the antisymmetric property of fCDE:

ðD2ÞAB ¼ g2
X
c;d

Z
l
VCD;AB
cd ðl;−l; pÞΔCD

cd ðlÞ ð182Þ

¼g2
X
c;d

δcd

�
1

2
fCDE fABE ðlcþlcÞpc

�
δcdδ

CD

l2l2
c

ð183Þ

¼ 0: ð184Þ

The counterterm diagram is given by

ðDc:t:ÞAB ¼ −iðZc̄c − 1ÞδABp2: ð185Þ

In order to make the ghost self-energy finite, we find that

Zc̄c ¼ 1þ 1

2
CðAÞ g2

8π2ε
þOðg4Þ: ð186Þ

Note that Eq. (186) is the same result that is obtained in
the usual computation with Aa

μ fields. This is most likely
part of a general result discussed in more detail in
Sec. IV D.

C. Computation of Zgθc̄c

Let us now compute the θa-ghost interaction in our
continuing efforts to derive Eq. (105). The relevant dia-
grams are defined in Fig. 3.
One of the surprises in the computation below will be

that the first diagram D1 of Fig. 3 vanishes. This is in
contrast with the case in which θAa is replaced by AA

μ.
Another interesting aspect of the computation will be that
diagrams D3 and D4 each violate the BTGT symmetry in
the divergence, but their sum has a cancellation that thereby
preserves the BTGT symmetry.

1. Ghost-θ vertex diagrams 1 and 2

Diagram 1 in Fig. 3 is given by

ðD1ÞABCa ¼ g3fEBDfFDCfAEF
X
e;f

Z
l

ð−leqeÞðlf þ kfÞðlf þ qfÞðVð1Þ
aefðk;lÞ þ Vð2Þ

aefðk;lÞÞ
l2ðlþ kÞ2ðlþ qÞ2l2

eðlf þ kfÞ2
ð187Þ

¼ ðDð1Þ
1 ÞABCa þ ðDð2Þ

1 ÞABCa ð188Þ

where we have denoted the VðnÞ
aef contributions as DðnÞ

1 which we will evaluate separately. Through the identity

fAEFfEBDfFDC ¼ −fFEA fEDB fDF
C ¼ −

1

2
fABCCðAÞ; ð189Þ

the first contribution can be written as
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ðDð1Þ
1 ÞABCa ¼ −

g3

2
fABCCðAÞ

X
e;f

Z
l

ð−leqeÞðlf þ kfÞðlf þ qfÞVð1Þ
aefðk;lÞ

l2ðlþ kÞ2ðlþ qÞ2l2
eðlf þ kfÞ2

ð190Þ

¼ −
g3

2
fABCCðAÞka

Z
l

qaðlþ qÞ · ðk − lÞ − ðla þ qaÞq · ðlþ 2kÞ þ ð2la þ kaÞq · ðlþ qÞ
l2ðlþ kÞ2ðlþ qÞ2 : ð191Þ

A divergence only occurs when the numerator is at l2 or higher powers in l. There are no terms higher than l2 and therefore
the maximum degree of divergence is zero. This means that we can ignore the dependence on the external momenta in the
denominator:

divððDð1Þ
1 ÞABCa Þ ¼ −

g3

2
fABCCðAÞkadiv

�Z
l

ðl · qÞla − l2qa
l2ðlþ kÞ2ðlþ qÞ2

�
ð192Þ

¼ −
g3

2
fABCCðAÞka

�
−
3

4
qa

i
8π2ε

�
ð193Þ

¼ þ 3

8
CðAÞ g2

8π2ε
ðigfABCkaqaÞ: ð194Þ

The second contribution to this diagram is

ðDð2Þ
1 ÞABCa ¼ −

g3

2
fABCCðAÞ

X
e;f

Z
l

ð−leqeÞðlf þ kfÞðlf þ qfÞVð2Þ
aefðk;lÞ

l2ðlþ kÞ2ðlþ qÞ2l2
eðlf þ kfÞ2

ð195Þ

¼ 1

4
g3fABCCðAÞqa

Z
l
laðla þ kaÞðlaþ qaÞ

ðk2kað2la þ kaÞ−l2laðlaþ 2kaÞþ ðlþ kÞ2ðl2
a − k2aÞÞ

l2ðlþ kÞ2ðlþ qÞ2l2
aðlaþ kaÞ2

: ð196Þ

FIG. 3. Ghost-θ vertex one loop diagrams.
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The divergent part evaluates to

divððDð2Þ
1 ÞABCa Þ ¼ −

3

8
CðAÞ g2

8π2ε
ðigfABCkaqaÞ: ð197Þ

Summing these contributions together gives

divððD1ÞABCa Þ ¼
�
þ 3

8
−
3

8

�
CðAÞ g2

8π2ε
ðigfABCkaqaÞ ¼ 0: ð198Þ

The result of the diagram D1 calculation with θAa replaced with AA
μ is equivalent to Eq. (194) (see e.g., [44]). The

difference between this result and Eq. (198) is a manifestation of how θAa is different from AA
μ .

Diagram 2 is given by

ðD2ÞABCa ¼ g3
X
f

Z
l

VF;BD
f ð−lþ p; qÞVA;DE

a ðk;lþ kÞVF;EC
f ðl − p;lÞ

ðlþ kÞ2l2ðl − pÞ2ðlf − pfÞ2
ð199Þ

¼ g3fFBDfADEfFEC
X
f

Z
l

ð−lf þ pfÞqfkaðla þ kaÞðlf − pfÞlf

ðlþ kÞ2l2ðl − pÞ2ðlf − pfÞ2
ð200Þ

¼ g3

2
CðAÞfABCka

Z
l

ðla þ kaÞ
P

fqflf

ðlþ kÞ2l2ðl − pÞ2 ; ð201Þ

and the divergent part of this diagram is therefore

divððD2ÞABCa Þ ¼ þ 1

8
CðAÞ g2

8π2ε
ðifABCkaqaÞ: ð202Þ

The 1=8 coefficient here is obtained when we replace the θAa
with AA

μ in the usual gauge theory.

2. Ghost-θ vertex diagram 3 and 4

Diagram 3 evaluates to

ðD3ÞABCa

¼ g3
Z
l

X
d

VAD;BE
ad ðk;−l; q;lþ pÞVD;EC

d ðl;lþ p; pÞ
l2l2

dðlþ pÞ2

ð203Þ

¼ 1

2
g3fADF fBEF fDEC

X
d

Z
l

δadðkd þ ldÞqdldðld þ pdÞ
l2l2

dðlþ pÞ2

ð204Þ

¼ 1

4
g3CðAÞfABCqa

Z
l

ðla þ kaÞlaðla þ paÞ
l2ðlþ pÞ2l2

a
ð205Þ

and after integrating, we find the divergent part is

divððD3ÞABCa Þ ¼ 1

4
CðAÞ g2

8π2ε
ðigfABCÞ

�
1

2
qaka þ

1

2
q2a

�
:

ð206Þ

Diagram 4 evaluates to

ðD4ÞABCa

¼ g3
Z
l

X
d

VD;BE
d ð−l;q;lþ pÞVAD;EC

ad ðk;l;lþ q; pÞ
l2ldðlþ qÞ2

ð207Þ

¼1

2
g3fDBEfADF fECF

Z
l

X
d

ð−ldqdÞδadðka−laÞðlaþqaÞ
l2ðlþqÞ2l2

d

ð208Þ

¼ −
1

4
g3CðAÞfABCqa

Z
l

laðla − kaÞðla þ qaÞ
l2ðlþ qÞ2l2

a
; ð209Þ

and the divergent part is

divððD4ÞABCa Þ ¼ 1

4
CðAÞ g2

8π2ε
ðigfABCÞ

�
qaka −

1

2
q2a

�
:

ð210Þ

Even though the divergent parts of D3 and D4 separately
lead to new counterterms that would violate BTGT and
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gauge invariance, their sum does not. The BTGT violating
term proportional to q2a cancels and we are left with

divððD3ÞABCa þ ðD4ÞABCa Þ ¼ 3

8
CðAÞ g2

8π2ε
ðigfABCqakaÞ:

ð211Þ

This contribution does not have an analog in the ordinary
gauge theory formalism in which there is no quartic
coupling of the gauge sector to the ghosts.

3. Ghost-θ vertex diagram 5

Diagram 5 in Fig. 3 is given by

ðD5ÞABCa ¼ g3

2

X
d;e

Z
l

VADE
ade ðk;lÞVDE;BC

de ð−l;lþ k; q; pÞ
l2ðlþ kÞ2l2

dðle þ leÞ2

ð212Þ

¼g3

2

X
d;e

Z
l

fADEVadeðk;lÞ12δdefDEF fBCF qdð−2ld−kdÞ
l2ðlþkÞ2l2

dðleþleÞ2

ð213Þ

¼−
g3

4
CðAÞfABC

X
d

Z
l

Vaddðk;lÞqdð2ldþkdÞ
l2ðlþkÞ2l2

dðldþkdÞ2
ð214Þ

¼ ðDð1Þ
5 ÞABCa þ ðDð2Þ

5 ÞABCa : ð215Þ

We find that

divððDð1Þ
5 ÞABCa Þ ¼ 0; ð216Þ

divðDð2Þ
5 Þ ¼ −

3

2
CðAÞ g2

8π2ε
ðigfABCqakaÞ; ð217Þ

and Dð3Þ
5 ¼ 0 in the Feynman gauge. The total divergent

component of this diagram is thus

divððD5ÞABCa Þ ¼ −
3

2
CðAÞ g2

8π2ε
ðigfABCqakaÞ: ð218Þ

Diagram 6 in Fig. 3 is

ðD6ÞABCa ¼ 1

2
g3
X
d

Z
l

VADD;BC
add ðk;l;−l;p; qÞ

l2l2
d

ð219Þ

¼ 1

12
g3
X
d

Z
l

δaddqafBCF ð0þ fFDG fDA
G ðka þ laÞ þ fFDG fADG ðla − kaÞÞ

l2l2
d

ð220Þ

¼ 1

12
g3fBCF ð−CðAÞδAFÞqa

Z
l

2ka
l2l2

a
: ð221Þ

The divergent part turns out to be

divððD6ÞABCa Þ ¼ þ 1

3
CðAÞ g2

8π2ε
ðigfABCqakaÞ: ð222Þ

4. Counterterm and the conclusion of the explicit
computation of the beta function

The counterterm is

ðDc:t:ÞABCa ¼ ðZgθc̄c − 1ÞðigfABCqakaÞ: ð223Þ
After summing the contributions from Eqs. (198), (202),
(211), (218), and (222), we immediately find the renorm-
alization constant

Zgθc̄c ¼ 1þ 2

3
CðAÞ g2

8π2ε
þOðg4Þ: ð224Þ

Hence, we have finally accomplished our computation of
the Zg given by Eq. (110) using the non-Abelian BTGT

formalism. Thus, as mentioned at the beginning of this
section where we embarked on an explicit computation of
the beta function, it is gratifying to see that the θAa
formalism can be used to reproduce the perturbative results
of the AA

μ formalism. The true physics advantage of using
the non-Abelian BTGT formalism has yet to be discovered,
but its existence is expected since simple correlators in θAa
will map to nonlinear and nonlocal AB

μ correlators.

D. Callan-Symanzik equation and the beta function

Here we give another perspective on the beta function
computation which we have explicitly carried out in the
previous subsections. We expect the correlator hΨΨi to be
independent of the gauge formalism chosen for anymatter or
ghost fieldΨ because the change from theAμ formalism to θa
formalism does not depend on Ψ. In other words, assuming

hΨΨiðAÞ ¼ hΨΨiðθÞ; ð225Þ
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and using the Callan-Symanzik equation� ∂
∂ ln μþ βðgÞ ∂

∂g − ξ
∂ lnZξ

∂ ln μ
∂
∂ξþ

∂ lnZΨΨ

∂ ln μ
�
hΨΨi ¼ 0;

ð226Þ
we infer that

βðAÞðgÞ ¼ βðθÞðgÞ; ð227Þ

ZðAÞ
ξ ¼ ZðθÞ

ξ ; ð228Þ

and

ZðAÞ
ΨΨ ¼ ZðθÞ

ΨΨ: ð229Þ
Even more generally, the anomalous dimension of any
matter or ghost field should be independent of the gauge
formalism.

V. COMPOSITE OPERATOR CORRELATOR

One of the key differences of non-Abelian BTGT from
Abelian BTGT is the appearance of the nonlinearity in the
map between theθAa variable and the ordinary gauge field
AA
μ variable. Hence, any AA

μ ½θ� correlator computation in
ordinary field theory turns into a composite operator
correlation computation beyond the leading order in the
coupling constant expansion. To demonstrate explicitly that
we can recover the gauge dynamics of AA

μ at the quantum
level using the non-Abelian BTGT formalism, we give in
this section an example of the requisite composite operator
renormalization. We will find that the transverse divergent
structure of the two-point function is recovered only after
including the composite operator renormalization, indicat-
ing the self-consistency of the formalism and that ordinary
gauge invariance is not spoiled by the nonlinear field
redefinition and the BTGT symmetry. We will also show
in this section that there is a sufficient number of counter-
term coefficients to preserve finiteness of both θAa and AB

μ

correlators without spoiling the gauge and BTGT sym-
metries, lending further evidence that the θAa theory is a
consistent rewriting of the AA

μ theory.
More explicitly, define the two-point momentum space

Green’s function by

GAB
μν ðkÞ ¼

Z
d4xe−ik·xhAA

μ ðxÞAB
ν ð0Þi ð230Þ

¼
Z

d4xe−ik·x
δ

iδJμAðxÞ
δ

iδJνBð0ÞZ̄½J;K�





J¼0;K¼0

ð231Þ
where Z̄½J; K� is the generating function defined in
Eq. (100). The difference from the usual generating
function Eq. (99) is that Aμ is now a composite operator

in terms of θa fields and the path integral is now over θa
instead of Aμ. Using dimensional regularization with
d ¼ 4 − ε, we will demonstrate below that the divergent
part of the momentum space Green’s function for Aμ is
transverse and exactly the same as the typical formulation
before introducing counterterms,

divðGAB
μν ðkÞÞ ¼

5

3
CðAÞ g2

8π2ε

1

i
δAB

�
gμν
k2

−
kμkν
k4

�

þ divððDc:t:1ÞABμν þ ðDc:t:2ÞABμν þ ðDc:t:3ÞABμν Þ:
ð232Þ

Furthermore, after introducing counterterms, we will find
that both hθAaθBb i and hAA

μAB
ν i can be made finite without

changing the symmetries of the theory. The details of the
hAA

μAB
ν i computation are presented below.

This calculation simplifies significantly when using the
Feynman gauge. This is due to the gauge propagator
becoming diagonal in the BTGT indices, which greatly
simplifies the sums.

A. Tree level

The tree-level diagram for the two-point Aμ correlator in
the Feynman gauge is

ð233Þ

¼ −i
δAB

k2
X
a

k̃aμk̃
a
ν

k2a
ð234Þ

¼ −i
δAB

k2
X
a

ðHaÞμν ð235Þ

¼ −i
δAB

k2
gμν ð236Þ

as expected. The structure is essentially identical to Abelian
BTGT at this level of approximation.

B. Source operator terms

Next we consider the one-loop diagrams determining the
composite operator counterterms. The diagrams involved in
evaluating hAA

μAB
ν i at one loop are shown in Fig. 4.

The first diagram in Fig. 4 is given by

ðD1ÞABμν ¼
X2
i¼1

ðDðiÞ
1 ÞABμν ð237Þ

where i runs through the two possible terms of the θ3 vertex
and
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ðDðiÞ
1 ÞABμν ¼ g2

4
CðAÞδAB

X
a;b

Z
ddl
ð2πÞd

×
ð2l̃a

μ þ k̃aμÞVðiÞ
baaðk;lÞ

l2
al2ðla þ kaÞ2ðlþ kÞ2

k̃bν
k2bk

2
: ð238Þ

The θ3 vertex in Eq. (238) can be written as

Vð1Þ
baaðk;lÞ ¼ kblaðla þ kaÞðδab − 1Þð2lb þ kbÞ; ð239Þ

Vð2Þ
baaðk;lÞ ¼

1

2
δabðk2kað2la þ kaÞ − l2laðla þ 2kaÞ

þ ðlþ kÞ2ðl2
a − k2aÞÞ ð240Þ

where there is no sum over a or b. Using Eq. (239), we find

ðDð1Þ
1 ÞABμν ¼ g2

4
CðAÞδAB

X
a;b

kbk̃
b
ν

k2bk
2
ðδab − 1Þ

×
Z

ddl
ð2πÞd

ð2l̃a
μ þ k̃aμÞlaðlb þ kbÞðla − kaÞ
l2
al2ðla þ kaÞ2ðlþ kÞ2

ð241Þ

¼g2

4
CðAÞδAB

X
a;b

kbk̃
ν
b

k2bk
2
ðδab−1Þ

�
2δaμδab

i
8π2ε

þfinite

�

ð242Þ

¼ 0þ finite: ð243Þ

From Eq. (240), we find

ðDð2Þ
1 ÞABμν ¼ g2

8
CðAÞδAB

X
a

k̃νa
k2ak2

�
ð12k̃μaÞ i

8π2ε
þ finite

�

ð244Þ

¼ −
3

2
CðAÞ g2

8π2ε

�
1

i
δAB

gμν

k2

�
þ finite: ð245Þ

Adding up the contributions gives

divððD1ÞABμν Þ ¼ −
3

2
CðAÞ g2

8π2ε

�
1

i
δAB

gμν

k2

�
: ð246Þ

The symmetry between diagrams 1 and 2 of Fig. 4 is given
fA; kg ↔ fB;−kg, and we can therefore conclude without
computation

divððD2ÞABμν Þ ¼ −
3

2
CðAÞ g2

8π2ε

�
1

i
δAB

gμν

k2

�
: ð247Þ

The third diagram in Fig. 4 is given by

ðD3ÞABμν ¼ 1

2

X
b;b0;c;d

Z
l
ig2VA;B0CD

μ;b0cd ðk;−k;l;−lÞ 1
i
ΔB0B

b0b ðkÞ

×
1

i
ΔCD

cd ðlÞik̃bν ð248Þ

¼ g2

12

X
b;c

k̃bν
k2k2b

Z
l
δbcc

×
0þ fACE fBCE ð−l̃b

μ þ k̃bμÞ þ fACE fBCE ðl̃b
μ þ k̃bμÞ

l2l2
c

ð249Þ

¼ þ 1

3
CðAÞ g2

8π2ε

�
1

i
δAB

gμν
k2

�
þ finite: ð250Þ

FIG. 4. Diagram to compute the Aμ½θ� two-point correlator. The blob in D6 refers to all 1PI subdiagrams and is proportional to the θa
self-energy. A further breakdown is shown in Fig. 5.
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Since the fourth diagram in Fig. 4 must be the same as
D3 up to fA; kg ↔ fB;−kg, we can immediately write

divððD4ÞABμν Þ ¼ þ 1

3
CðAÞ g2

8π2ε

�
1

i
δAB

gμν
k2

�
: ð251Þ

Diagram 5 in Fig. 4 is

ðD5ÞABμν ¼ 1

2

X
a;b

�
g
2

�
2
Z

ddl
ð2πÞd

×
fACDð−2l̃a

μ − k̃aμÞfBCDð2l̃b
ν þ k̃bνÞ

l2l2
aðlþ kÞ2ðlb þ kbÞ2

: ð252Þ

Thismomentum integral does notUVdiverge ford ¼ 4: i. e.

divððD5ÞABμν Þ ¼ 0: ð253Þ

C. θ self-energy diagrams

Diagram 6 in Fig. 4 is the sum of all 1PI sub-diagrams as
shown in Fig. 5. Using the results of Sec. IVA, we have

divðΠAB
ab ðkÞÞ ¼ CðAÞ g2

8π2ε
δAB

�
4k2k2aδab −

5

3
k2ak2b

�
ð254Þ

where ΠAB
ab ðkÞ is the θa self-energy. The divergent part of

diagram 6 is given by

divððD6ÞABμν Þ ¼
X

a;b;a0;b0
ð−ik̃aμÞ

1

i
ΔAA0

aa0 ðkÞdivðiΠA0B0
a0b0 ðkÞÞ

×
1

i
ΔB0B

b0b ðkÞðik̃bνÞ ð255Þ

¼ −
X
a;b

k̃aμk̃
b
ν

k4k2ak2b
idivðΠAB

ab ðkÞÞ ð256Þ

¼ CðAÞ g2

8π2ε

1

i
δAB

�
4
gμν
k2

−
5

3

kμkν
k4

�
: ð257Þ

As expected, the divergences of Fig. 5 are completely
canceled out by the renormalization constants Zθ2 and Z1

ξθ
2

that arise from Dc:t:3 in Fig. 4.

D. Renormalization

Adding up the contributions from the six diagrams of
Fig. 4, given by Eqs. (246), (247), (250), (251), (253), and
(257) gives the divergent part of the two-point A correlator
before renormalization:

X6
i¼1

divððDiÞABμν Þ ¼ CðAÞ g2

8π2ε

1

i

× δAB
��

−3þ 2

3
þ 4

�
gμν
k2

−
5

3

kμkν
k4

�

ð258Þ

¼ 5

3
CðAÞ g2

8π2ε

1

i
δAB

�
gμν
k2

−
kμkν
k4

�
:

ð259Þ

It has the expected transverse property and the same
numerical value as in the usual Aμ formulation. While
the kμkν term receives a contribution from only diagram D6,
the gμν term receives contributions from six diagrams D1

through D6.
Now we need to renormalize both θa and the composite

operator Aμ½θ� and show that both correlators are finite
without introducing any counterterms that spoil gauge
invariance, BTGT invariance, or Lorentz invariance. The
composite operator counterterms in the Lagrangian are of
the form

Lc:t: ∋ ðZJθ − 1ÞJAμ∂̃a
μθ

A
a þ ðZgJθ2 − 1Þ g

2
fABCJAμ∂̃a

μθ
B
aθ

C

þ � � � ð260Þ

and to preserve BTGT invariance the counterterms have to
obey certain relations given by

ZJ ¼
ZJθ

Z1=2
θ2

¼ ZJgθ2

ZgZθ2
¼ ZJg2θ3

Z2
gZ

3=2
θ2

¼ � � � ð261Þ

where we have defined ZJ to be the ratio of the bare source
J0 to the renormalized source J: J0 ≡ ZJJ.

FIG. 5. Breakdown of ðD6ÞABμν from Fig. 4; they are equivalent to the θa self-energy diagrams of Fig. 1.
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The ZJθ counterterm occurs in diagrams Dc:t:1 and Dc:t:2
of Fig. 4, which evaluate to

ðDc:t:1ÞABμν ¼
X
a;b

ð−iðZJθ − 1Þk̃aμÞ
1

i
ΔAB

ab ðkÞðik̃bνÞ ð262Þ

¼ ðZJθ − 1Þ 1
i
δAB

k2
X
a

k̃aμk̃
a
ν

k2a
ð263Þ

¼ ðZJθ − 1Þ
�
−i

δAB

k2
gμν

�
; ð264Þ

and

ðDc:t:2ÞABμν ¼
X
a;b

ð−ik̃aμÞ
1

i
ΔAB

ab ðkÞðiðZJθ − 1Þk̃bνÞ ð265Þ

¼ ðZJθ − 1Þ
�
−i

δAB

k2
gμν

�
: ð266Þ

Using the results of Sec. IVA, we find

ðDc:t:3ÞABμν ¼
X

a;b;a0;b0
− ik̃aμ

1

i
ΔAA0

aa0 ðkÞ
1

i
δAB

�
ðZθ2 − 1Þk2k2aδab þ

�
Z1

ξθ
2 − Zθ2

�
k2ak2b

�
ð267Þ

×
1

i
ΔB0B

b0b ðkÞik̃bν

¼
X
a;b

k̃aμk̃
b
ν

k4k2ak2b
iδAB

�
4CðAÞ g2

8π2ε
k2k2aδab −

5

3
CðAÞ g2

8π2ε
k2ak2b

�
þOðg4Þ ð268Þ

¼ CðAÞ g2

8π2ε

δAB

i

�
−4

gμν
k2

þ 5

3

kμkν
k4

�
þOðg4Þ: ð269Þ

The divergence of all these diagrams cancel to make the two-point Aμ correlator finite:

divðGAB
μν ðkÞÞ ¼ div

�X6
i¼1

ðDiÞABμν þ ðDc:t:1ÞABμν þ ðDc:t:2ÞABμν þ ðDc:t:3ÞABμν
�

ð270Þ

¼
�
7

3
CðAÞ g2

8π2ε
þ 2divðZJθÞ

��
−i

δAB

k2
gμν

�
ð271Þ

¼ 0: ð272Þ

The renormalization constant ZJθ is therefore

ZJθ ¼ 1þ 7

6
CðAÞ g2

8π2ε
þOðg4Þ: ð273Þ

Using this, Eq. (107), and Eq. (261), we see that

Z−1
J ¼ Z1=2

θ2

ZJθ
¼ 1þ 5

6
CðAÞ g2

8π2ε
þOðg4Þ ¼ Z1=2

A2 : ð274Þ

The self-consistency of the renormalization, Z1=2
θ2

=ZJθ

equals Z1=2
A2 , is as expected from the external source

coupling in the usual AA
μ theory being of the form

LJ ∋ JμAAA
μ ð275Þ

where AA
μ are renormalized fields, while in the BTGT for-

mulation the source coupling is defined with a composite
operator renormalization constant ZJθ as seen in Eq. (260).

VI. COUNTERTERM PREDICTIONS AND
SLAVNOV-TAYLOR IDENTITIES

The Slavnov-Taylor identities have yet to be formally
derived or shown to exist for the BTGT formalism. This is
an interesting area for future study. The one-loop calcu-
lations done thus far show that g and ξ scale as expected,
and A scales as expected when written as a composite
operator of θ. Assuming that the symmetries in BTGT are
preserved in a way similar to the explicitly computed
processes in this paper, we state in this section a set of
concrete generalizations for the one loop counterterm
factors for the θn vertex.
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We expect the BTGT formulation of the Slavnov-Taylor
identities to show that the following holds:

Zgn−2θn ¼ Zn−2
g Zn=2

θ2
ðn ≥ 2Þ; ð276Þ

Zξ−1gn−2θn ¼ Z−1
ξ Zn−2

g Zn=2
θ2

ðn ≥ 2Þ; ð277Þ

Zgnθnc̄c ¼ Zc̄cZn
gZ

n=2
θ2

ðn ≥ 0Þ: ð278Þ

Based on calculated value in Eq. (174), the predictions are

Zgn−2θn ¼ 1þ 22þ n
6

CðAÞ g2

8π2ε
þOðg4Þ ðn ≥ 2Þ;

ð279Þ

Zξ−1gn−2θn ¼ 1þ 12þ n
6

CðAÞ g2

8π2ε
þOðg4Þ ðn ≥ 2Þ;

ð280Þ

Zgnθnc̄c ¼ 1þ 3þ n
6

CðAÞ g2

8π2ε
þOðg4Þ ðn ≥ 0Þ:

ð281Þ

We have explicitly computed the n ¼ 2 case of Eqs. (279)
and (280) and also the n ¼ 0 and n ¼ 1 cases of Eq. (281).
An interesting and nontrivial check of BTGT in the future is
the n ¼ 3 case of Eqs. (279) and (280), which is given by
the triple gauge θ3 vertex diagrams. Also of interest is the
n ¼ 2 case of Eq. (281), which corresponds to the θ2c̄c
vertex.
The factors Zg, Zξ and Zc̄c are unchanged by the choice

of using either the BTGT field θa or the vector potential Aμ

to describe the gauge boson sector. We could have started
by assuming that the following relations would hold:

ZðθÞ
g ¼ ZðAÞ

g ¼ 1 −
11

6
CðAÞ g2

8π2ε
þOðg4Þ; ð282Þ

ZðθÞ
ξ ¼ ZðAÞ

ξ ¼ 1þ 5

3
CðAÞ g2

8π2ε
þOðg4Þ; ð283Þ

ZðθÞ
c̄c ¼ ZðAÞ

c̄c ¼ 1þ 1

2
CðAÞ g2

8π2ε
þOðg4Þ; ð284Þ

where ZðθÞ is calculated in θa formalism and ZðAÞ in the Aμ

formalism. Therefore, Zθ2 is the only a priori undetermined
parameter in Eqs. (276), (277), and (281). Since we have
done four computations and there was only one a priori
undetermined parameter, we have done three independent
nontrivial checks of the gauge invariance of this theory at
one-loop level. This result gives us confidence that gauge
invariance in the BTGT formalism is preserved in pertur-
bation theory.

VII. CONCLUSIONS

We have constructed a non-Abelian basis tensor gauge
theory (BTGT) which gives an alternate formulation of
usual non-Abelian gauge theory in terms of the vierbein
analog for ordinary gauge bundles. For example, the basis
tensor that couples to matter transforming as N of SUðNÞ
has the representation N̄ and has the Lorentz transformation
properties of a rank 2 projection tensor. To match the usual
gauge theory formalism, the basis tensor must satisfy
Eq. (17) and the couplings must be symmetric under a
nongauge symmetry called BTGT symmetry that is iden-
tical to the BTGT transformation of the Abelian case. To
have a simple match in the number of d.o.f. between the
ordinary gauge theory formalism and the BTGT formalism,
we have decided to choose the scalar fields θAa that
parametrize the basis tensor to be in the target space of
the gauge manifold just as in Abelian BTGT. As in the
Abelian BTGT case, the map between θFc is a nonlocal
functional of AB

μ . More explicitly, θc is a type of path-
ordered line integral of Aμ, and hence is related to Wilson
lines. However, unlike in the Abelian case, the map
between AB

μ and θFc is nonlinear, where the nonlinearities
form a power series of the structure constants. This means
that any AB

μ correlator computation is a composite operator
correlator with respect to the θFc elementary field theory
requiring composite operator counterterms.
The Feynman rules for the one-loop order and Oðg2Þ

computations were explicitly presented. We have tested non-
Abelian BTGT to one-loop and Oðg2Þ (where g is the usual
gauge coupling), using θFc are the elementary field d.o.f., by
computing the beta function of the gauge coupling and
finding it to be identical to the usual formulation. We have
also computed the gauge field 2-point function to the same
one-loop accuracy and found identical results as in the usual
gauge theory formulation. In particular, we found that the
UV divergent part of the correlator is transverse just as in the
usual gauge theory formulation. Furthermore, the composite
operator counterterms are sufficient to make both the AB

μ

correlator and θFc correlators finite.
Through these explicit computations, we have also given

several nontrivial checks that the renormalization constants
in the minimal subtraction scheme are identical to those of
the usual gauge theory formalism. Although we defer a
formal BRST construction for this theory to a future work,
the nontrivial checks indicate that there will be no insur-
mountable obstacles to its formulation.
Although the nonlinearities in the map between AB

μ and
θCa might make this choice of formalism seem unnecessarily
complicated, it is a natural choice from several consid-
erations. First, it leads to a natural match in the number of
functional d.o.f. of a gauge theory. Second, it is a
continuous deformation (as a function of group structure
constants) of a simple linear map in the case of Abelian
theories. Third, its semblance with nonlinear sigma-model
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parametrizations may allow several extensions of this work
using the techniques that have been developed for sigma
models. Fourth, the BTGT symmetry which stabilizes the
Hamiltonian and the gauge symmetry have elegant repre-
sentations given by Eqs. (10) and (26). Note also that from
the perspective of having a nontrivial transformation that
may lead to new insights into the usual gauge theory
formulations, such nonlinear maps are more promising. On
the other hand, it is important to keep in mind, just as in the
usual sigma model parametrizations, this choice of using θCa
is far from unique even though there is uniqueness of the
map between the vierbein-like field ½GðfÞðxÞ�γδ (which θCa
parametrizes) and the gauge field Aμ if we stipulate that the
gauged matter kinetic term be locally gauge equivalent to
that without a gauge field.
Many extensions of this work on BTGT theory beyond

explicit constructions of BRST formalism are self-evident.
To complete the tests of this formalism’s equivalence with
the usual Standard Model formulation, BTGT should also be
tested in the contexts of spontaneous symmetry breaking and
curved spacetime. Since this is a formalism most naturally
suited for exploring Wilson lines, it would be interesting to
reformulate the Eikonal phase re-summing soft gluonic
effects [45–49] in this formalism and investigate whether
any new insights or simplifications can arise. The enhanced
local nature of BTGT for dealing with nonlocal quantities
such as Wilson lines also suggests exploring its applications
in lattice gauge theory [50,51]. The gauge field representa-
tion iUa∂̃a

μU
†
a also is reminiscent of the sigma model

representation used in [52] to explore topological aspects
of the theories with spontaneously broken global sym-
metries. This suggests there may be a way to more
conveniently explore the topological aspects of gauge
theories using the BTGT formalism. The precise connection
between the generalized global symmetries of [53] and the
symmetries of BTGT remains to be clarified. For physics
beyond the standard model, it would be interesting to see if
the gauge fields can be interpreted as Nambu-Goldstone
bosons of a spontaneously broken theory since Aμ ¼
iUa∂̃a

μU
†
a are suggestive of a sigma model.
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APPENDIX A: RELEVANT NOTATION

This section lists the various notations and conventions
used throughout this paper. The metric signature chosen
was

gμν ¼ diagð−;þ;þ;þÞ: ðA1Þ
If ψμ

ðaÞ for a ∈ f0; 1; 2; 3g are 4 orthonormal Lorentz
4-vectors, we can write an explicit representation of the
projection tensors ðHaÞμν as

ðHaÞμν ¼ ψμ
ðaÞψ ðaÞνgaa: ðA2Þ

The Ha matrices are commutative.
Using these projection tensors ðHaÞμν, we define the

following notation related to them. We define the tilde
notation as

Ãμ
a ≡ ðHaÞμνAν ðA3Þ

to denote the contraction between Ha and any 4-vector Aμ.
Note that Ãaμ ¼ Ãμ

a because there is no covariant/contra-
variant distinction for the BTGT index unlike a Lorentz
index μ. Also, we define the star product as

A⋆aB≡ ðHaÞμνAμBν ðA4Þ

for any two 4-vectors Aμ and Bμ. Using the tilde notation
defined above, we have the following identities:

A⋆aB ¼ Ãμ
aBμ ¼ AμB̃

μ
a ¼ gμνÃ

μ
aB̃ν

a: ðA5Þ

We define the product of two Kronecker deltas as

δabc ≡ δabδbc ¼ δacδbc ¼ δabδac no sum over a; b; c:

ðA6Þ

moving to Euclideanized space via Wick rotation, we can
unambiguously define for any 4-vector pμ

pa ≡ ψμ
ðaÞpμ ðA7Þ

that satisfies

p⋆ap ¼ p2
a and

X3
a¼0

p2
a ¼ p2: ðA8Þ

The group structure constant fABC is defined by the Lie
bracket

½TA; TB� ¼ ifABCTC ðA9Þ

where TA are basis elements of the Lie algebra such that
eiT

AΓA
are group elements for some function ΓAðxÞ. We take

the basis of generators such that fABC is completely
antisymmetric. Given this antisymmetry, we can define
without ambiguity the following:

fABC ¼ fCAB ¼ fABC: ðA10Þ

Note that fABC ¼ fCAB ¼ fBCA .
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Note that Ref. [29] uses the notation of having the basis
tensor index c of θc (with c ∈ f1; 2; 3; 4g) instead of θBc
(with c ∈ f0; 1; 2; 3g) as in Eq. (5). Also, the sign con-
vention for θ has been flipped between Eq. (23) of Ref. [29]
and Eq. (5).
In the Feynman diagrams, all momenta that flow into a

vertex are assigned a positive value.

APPENDIX B: THE RELATIONSHIP BETWEEN
NON-ABELIAN BASIS TENSOR AND

ORDINARY GAUGE FIELDS Aμ

Here we follow the equivalence-principlelike procedure
of [29] to construct the relationship of non-Abelian basis
tensor and the ordinary non-Abelian gauge field AμðxÞ.
Start with a gauge frame such that the Lagrangian at

spacetime point x1 looks like there is no gauge field (i.e.,
trivial Chern-Simons number vacuum):

Lϕðx1Þ ¼ ∂μϕ̃
a∂μϕ̃�aðx1Þ: ðB1Þ

We demand in this special gauge frame that the vierbeinlike
tensor field has the following value at point x1:

G̃αβðx1Þ ¼ Sαβðx1Þ: ðB2Þ
Upon making a gauge transformation to move to the
general frame, we have

ϕðxÞ ¼ eiθ
CðxÞTC

ϕ̃ðxÞ: ðB3Þ
The gauge field in the new frame is

D̃μϕ̃ ¼ g̃−1Dμg̃g̃−1ϕ ðB4Þ
where

g̃ ¼ eiθ
CðxÞTC

: ðB5Þ
Hence, we find

∂μϕ̃ ¼ g̃−1ð∂μ − iAμÞϕ ðB6Þ
where the right-hand side can be also be written in terms of
ϕ̃ as

∂μϕ̃ ¼ ½∂μ þ g̃−1∂μg̃ − ig̃−1Aμg̃�ϕ̃: ðB7Þ
This implies

0 ¼ ½g̃−1∂μg̃ − ig̃−1Aμg̃�ϕ̃ ðB8Þ
or equivalently

Aμðx1Þ ¼ −i½∂μg̃ðx1Þ�g̃−1ðx1Þ ðB9Þ
which is pure gauge only at a single point x1 and not for all
spacetime (just as in the Abelian construction).

We can use Eq. (B9) to find the map between Gαβ and
Aμ. Since Gαβ is defined to obey the transformation rule of
Eq. (3):

Gα
ðfÞβðx1Þϕðx1Þ ¼ G̃α

ðfÞβðx1Þϕ̃ðx1Þ ðB10Þ

where

ϕðx1Þ ¼ g̃ðx1Þϕ̃ðx1Þ: ðB11Þ
This means

Gα
ðfÞβðx1Þ ¼ G̃α

ðfÞβðx1Þg̃−1ðx1Þ: ðB12Þ

Similarly as in [29], choose ∂αG̃
α
ðfÞβðx1Þ ¼ 0. To solve for

the right-hand side of Eq. (B9), we take the derivative

½GðfÞβμ�m½∂αg̃�ml þ ½∂αGðfÞβμ�m½g̃�ml ¼ 0: ðB13Þ
Let

δks ¼
XdimR

f

ξkðfÞξ
�s
ðfÞ ðB14Þ

where the ξðfÞ are constant vectors in the group represen-
tation space. This allows us to rewrite Eq. (B13) as

ξ�sðfÞ½Gβμ�sm½∂αg̃�ml þ ξ�sðfÞ½∂αGβμ�sm½g̃�ml ¼ 0 ðB15Þ

where

ξ�sðfÞ½Gβμ�sm ≡ ½GðfÞβμ�m: ðB16Þ

Multiplying both sides by ξqðfÞ and summing, we find

X
f

ξqðfÞξ
�s
ðfÞ½Gβμ�sm½∂αg̃�ml ¼ −

X
f

ξqðfÞξ
�s
ðfÞ½∂αGβμ�sm½g̃�ml

ðB17Þ
to arrive at

½Gβμ�qm½∂αg̃�ml ¼ −½∂αGβμ�qm½g̃�ml: ðB18Þ
Require that the inverse of ½Gβμ�qm exists such that

½G−1λβ�bq½Gβμ�qm ¼ δλμδ
bm: ðB19Þ

Equation (B18) then becomes

δλμ½∂αg̃�bl½g̃−1�ls ¼ −½G−1λβ�bq½∂αGβμ�qs: ðB20Þ

After setting λ ¼ α, we sum over α to obtain

Aμ ¼ i½G−1αβ�½∂αGβμ� ðB21Þ
where Eq. (B16) gives the explicit relationship to the basis
tensor as
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½Gβμ�qm ¼
XdimR

f

ξqðfÞ½GðfÞβμ�m: ðB22Þ

Equation (B21) can also be expressed in terms of derivative
of the basis tensor GðfÞβμ as

Aμ ¼ i
XdimR

f

½G−1αβ�bqξqðfÞ½∂αGðfÞβμ�s ðB23Þ

where one notes ½G−1αβ�bqξqðfÞ is an object that satisfies the

identity

XdimR

f

½G−1αβ�bqξqðfÞ½GðfÞβμ�s ¼ δbsδαμ: ðB24Þ

One can check that the non-Abelian basis tensor of
Eq. (5) satisfies Eq. (B19). Using the identity

d
dx

exp ½OðxÞ� ¼
Z

1

0

dy exp ½ð1 − yÞOðxÞ�

×
dOðxÞ
dx

exp ½yOðxÞ� ðB25Þ

for a matrix O, we can evaluate Eq. (B21) as

AQ
μ ðxÞ ¼

X
c

ðð½θJcfJ�−1ÞQRðeθKc fK − 1ÞRB∂̃c
μθ

B
c Þ ðB26Þ

where fJ is a structure constant matrix having the compo-
nents ðfJÞAB ¼ fJAB.

APPENDIX C: GAUGE AND BTGT
TRANSFORMS

In this Appendix, we derive an explicit expression for the
finite and linearized gauge and BTGT transforms of the θAa
field. The key simplification occurs from the fact the θAa
parametrizes the group manifold. As a result Ua ≡ eiθa has
a relatively simple transformation law governed by a first
order differential equation. The result is

Ua → eiΓUaeiZa : ðC1Þ

The BTGT symmetry can then be seen as a result of the
constant of integration. The BTGT symmetry in Eq. (C1)
can also be viewed as the symmetry inherent in the
covariant derivative as defined by

Dμð·Þ ¼
X
a

Ua∂̃a
μðU†

a·Þ: ðC2Þ

Let us start with the vector potential given by

ðAμÞij ¼ i
X
a

ðeiθa ∂̃a
μe−iθaÞij ¼ i

X
a

ðUa∂̃a
μU

†
aÞij ðC3Þ

where θa ≡ θAaTA and Ua ≡ eiθa . From now on the group
indexes i, j will be dropped and implied by matrix multi-
plication. In this Appendix, repeated lower-case Latin
indices will not be implicitly summed. Under an infini-
tesimal gauge transformation parametrized by ΓA, we have

δÃa
μ ¼ ðHaÞνμδAν ¼ ½D̃a

μ;Γ� ¼ ∂̃a
μΓ − i½Ãa

μ;Γ� ðC4Þ

where Γ≡ TAΓA and Dμ ¼ ∂μ − iAμ. In terms of Ua this is

δðiUa∂̃a
μU

†
aÞ ¼ ∂̃a

μΓþ ½Ua∂̃a
μU

†
a;Γ� ðC5Þ

¼ Ua∂̃a
μðU†

aΓUaÞU†
a: ðC6Þ

To first order in variations, unitarity implies δU†
a ¼

−U†
aδUaU

†
a (which is equivalent to keeping all θAa real).

This can be used to reexpress the left-hand side of
Eq. (C6) as

δðUa∂̃a
μU

†
aÞ ¼ δUa∂̃a

μU
†
a þ Ua∂̃a

μðδU†
aÞ ðC7Þ

¼ −Ua∂̃a
μðU†

aδUaÞU†
a: ðC8Þ

Combining Eqs. (C6) and (C8), we arrive at the follow-
ing first order differential equation:

∂̃a
μð−iU†

aδUaÞ ¼ ∂̃a
μðU†

aΓUaÞ: ðC9Þ

The general solution to Eq. (C9) is

−iU†
aδUa ¼ U†

aΓUa þ Za ðno sum over aÞ; ðC10Þ

where Za is an infinitesimal zero mode that satisfies

∂̃a
μZa ¼ 0. ðno sum over aÞ: ðC11Þ

Inhomogeneously transforming θa by this zero mode is the
BTGT symmetry of Eq. (26).
Since −iU†

aδUa is an element of the Lie algebra spanned
by TA and Ua is unitary, we choose the boundary
conditions of Eq. (C9) such that Za ≡ ZA

aTA for some real
components ZA

a that each satisfy the zero mode equation.
Thus we have the result

−iδUaU
†
a ¼ Γþ UaZaU

†
a: ðC12Þ

To solve for the components δθAa

−iδUaU
†
a ¼ −iδðeiθaÞe−iθa ðC13Þ

¼
Z

1

0

dteitθaδθaeið1−tÞθae−iθa ðC14Þ

¼
Z

1

0

dteitθaδθae−itθa ðC15Þ
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¼
Z

1

0

dt
X∞
n¼0

ð−itÞn
n!

½½…½½δθa; θa�; θa�…�; θa� ðC16Þ

¼
Z

1

0

dt
X∞
n¼0

ð−itÞn
n!

½½…½½TB; TC1 �; TC2 �…�; TCn �θC1
a

� � � θCn
a δθBa ðC17Þ

where we made use of

e−CBeC ¼ 1þ ½B;C� þ 1

2
½½B;C�; C�

þ 1

6
½½½B;C�; C�; C� þ � � � : ðC18Þ

Note that

½TB; TC1 � ¼ iTDfDB
C1

¼ iTAðfC1ÞAB ðC19Þ

½½TB; TC1 �; TC2 � ¼ i½TD; TC2 �fDBC1 ¼ i2TAfADC2fDBC1

¼ i2TAðfC2fC1ÞAB: ðC20Þ

Using iteration it is straightforward to show that

½½…½TB; TC1 �…�; TCn � ¼ inTAðfCn � � � fC1ÞAB ðC21Þ

such that Eq. (C17) becomes

−iδUaU
†
a ¼ TA

Z
1

0

dt
X∞
n¼0

tn

n!
ðfCn � � � fC1ÞABθC1

a � � � θCn
a δθBa

¼ TA

�
ef·θa − 1

f · θa

�
AB

δθBa : ðC22Þ

Another useful identity in solving for δθAa is

UaZaU
†
a ¼ eiθaZae−iθa ðC23Þ

¼
X∞
n¼0

1

n!
½½…½½Za; θa�; θa�…�; θa� ðC24Þ

¼TA
X∞
n¼0

1

n!
ðfCn ���fC1ÞABθC1

a ���θCn
a ZB

a ðC25Þ

¼ TAðef·θaÞABZB
a : ðC26Þ

We can eliminate TA from both Eqs. (C22) and (C26) to
obtain �

ef·θa − 1

f · θa

�
AB

δθBa ¼ ΓA þ ðef·θaÞABZB
a : ðC27Þ

From here, we can immediately solve for δθAa as

δθAa ¼
�

f · θa
ef·θa − 1

�
AB
ΓB þ

�
f · θa

1 − e−f·θa

�
AB
ZB
a : ðC28Þ

Again, both ΓA and ZA
a are infinitesimal parameters

in Eq. (C28).
Next, we will express the finite gauge and BTGT trans-

formations as a left and right multiplication of a group
element representation. Start by writing the condition for
δUa as

δUa ¼ iðεΓUa þUaεZaÞ ¼ εðiΓUa þ iUaZaÞ ðC29Þ
where we added ε to Γ and Z to emphasize that the
transformation is infinitesimal. We can then rewrite the
infinitesimal transformation using the exponential map as

Ua → U0
a ¼ Ua þ iεΓUa þ iUaεZa ðC30Þ
¼ ð1þ iεΓÞUað1þ iεZaÞ þOðε2Þ ðC31Þ
¼ eiεΓUaeiεZa þOðε2Þ: ðC32Þ

Next, if we apply the infinitesimal transformation twice, we
see

U00
a ¼ eiεΓU0

aeiεZa ¼ eiεΓeiεΓUaeiεZaeiεZa ¼ e2iεΓUae2iεZa:

ðC33Þ
Thus, we can then iterate this for N ¼ 1

ε times to obtain the
finite gauge transformation

Ua → eiΓUaeiZa ðC34Þ
which gives an elegant finite gauge and BTGT trans-
formation expression. This can also be expressed as

eiθa → eiΓeiUaZaU
†
aeiθa : ðC35Þ

APPENDIX D: FEYNMAN RULES

The Feynman rules for non-Abelian BTGT are given in
the following figures. Figure 6 shows the propagators for
the gauge field θAa and ghost fields cA and dAa . Figure 7
shows the first three θn vertices that exist for all integer
n ≥ 3. There are an infinite number of such vertices,
but they are suppressed by higher powers of the gauge
coupling g. The explicit form of the θ5 vertex is not given in
this paper because it was lengthy to show and was not
necessary for the computations shown in this paper. It can
be derived by expanding the Yang-Mills actions written in
terms of A½θ� and keeping the θ5 terms.

FIG. 6. Propagators.
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Figure 8 shows the first three ghost gauge interaction
terms. Qualitatively, they are of the form Vθnc̄c ∼ gnθnc̄c for
alln ≥ 1. Like in the case ofVθn , there are an infinite number
of such vertices but are suppressed by higher power of g.
The composite operator AA

μ ½θ� defined in Eq. (49) can be
computedusing thevertices ofFig. 10.Renormalization leads
to the usual counter-term diagrams, given by Figs. 11 and 12.

1. Explicit vertex expressions

This section contains vertex expressions that were
defined in the Feynman rules figures. The θ3c̄c vertex
VABC;DE
abc ðk1; k2; k3; qÞ defined in Fig. 8 is

iVABC;DE
abc ¼ i

6
δabcq̃aμfDEF ðfFAG fBCG ðkμ3 − kμ2Þ

þ fFBG fCAG ðkμ1 − kμ3Þ þ fFCG fABG ðkμ1 − kμ2ÞÞ;
ðD1Þ

FIG. 7. Gauge interaction vertices up to quartic order in θ.

FIG. 8. Ghost gauge vertices up to third order in θ.

FIG. 9. Additional ghost gauge vertices up to second order in θ. FIG. 10. Composite operator vertices up to third order in θ.
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where the momenta are constrained to satisfy q ¼ k1þ
k2 þ k3 þ p. The θ2d̄d vertex VAB;CD

ab;cd ðk1; k2; q; pÞ defined
in Fig. 9 with q ¼ k1 þ k2 þ p is

iVAB;CD
ab;cd ¼ i

6
δabcdq̃aμðfABE fCDE ðkμ1 − kμ2Þ

þ fACE fBDE ðpμ − kμ2Þ þ fADE fBCE ðpμ − kμ1ÞÞ:
ðD2Þ

The Jθ3 vertex VA;BCD
μ;bcd ðk2; k3; k4Þ defined in Fig. 10 is

iVA;BCD
μ;bcd ¼ i

6
δbcdðfABE fCDE ðk̃b4μ − k̃b3μÞ þ fACE fBDE ðk̃b4μ − k̃b2μÞ

þ fADE fBCE ðk̃b3μ − k̃b2μÞÞ; ðD3Þ

where the composite operator momentum is k ¼ −k2−
k3 − k4.

2. Quartic vertex terms

Here, we are using the notation δbcd ¼ δbcδcd such as to
avoid confusion regarding summation. The quartic BTGT
gauge vertex in Fig. 7 is given by

iVABCD
abcd ¼ ig2

�X6
i¼1

VABCD
ðiÞabcdðk1; k2; k3; k4Þ

þ
�
1 −

1

ξ

�X8
i¼7

VABCD
ðiÞabcdðk1; k2; k3; k4Þ

�
ðD4Þ

where the momenta ki must sum to zero. In a diagonal basis
for Ha, the eight terms are given by

VABCD
ð1Þabcd ¼ − k1ak2bk3ck4dðfABE fCDE ðδacδbd − δadδbcÞ

þ fACE fBDE ðδabδcd − δadδbcÞ
þ fADE fBCE ðδabδcd − δacδbdÞÞ ðD5Þ

FIG. 11. Quadratic counterterms.

FIG. 12. Interaction vertex counterterms.

NON-ABELIAN BASIS TENSOR GAUGE THEORY PHYS. REV. D 100, 085003 (2019)

085003-29



VABCD
ð2Þabcd ¼ −

1

2
ffABE fCDE ½δbcdk1aðk3a þ k4aÞk2bðk3b − k4bÞ þ δacdk2bðk3b þ k4bÞk1aðk4a − k3aÞ

þδabdk3cðk1c þ k2cÞk4aðk1a − k2aÞ þ δabck4dðk1d þ k2dÞk3aðk2a − k1aÞ�
þ fACE fBDE ½δbcdk1aðk2a þ k4aÞk3bðk2b − k4bÞ þ δabdk3cðk2c þ k4cÞk1aðk4a − k2aÞ
þδacdk2bðk1b þ k3bÞk4dðk1d − k3dÞ þ δabck4⋆dðk1d þ k3dÞk2bðk3b − k1bÞ�
þ fADE fBCE ½δbcdk1aðk2a þ k3aÞk4dðk2d − k3dÞ þ δabck4cðk2c þ k3cÞk1aðk3a − k2aÞ
þδacdk2bðk1b þ k4bÞk3cðk1c − k4cÞ þ δabdk3cðk1c þ k4cÞk2bðk4b − k1bÞ�g ðD6Þ

VABCD
ð3Þabcd ¼ −

1

2
ffABE fCDE ½δacdk1bk2bk1aðk3a − k4aÞ þ δbcdk1ak2ak2bðk4b − k3bÞ

þ δabck3dk4dk3aðk1a − k2aÞ þ δabdk3ck4ck4aðk2a − k1aÞ�
þ fACE fBDE ½δabdk1ck3ck1aðk2a − k4aÞ þ δbcdk1ak3ak3bðk4b − k2bÞ
þδabck2dk4dk2aðk1a − k3aÞ þ δacdk2bk4bk4aðk3a − k1aÞ�
þ fADE fBCE ½δabck1dk4dk1aðk2a − k3aÞ þ δbcdk1ak4ak4bðk3b − k2bÞ
þδabdk2ck3ck2aðk1a − k4aÞ þ δacdk2bk3bk3aðk3a − k1aÞ�g ðD7Þ

VABCD
ð4Þabcd ¼

1

2
ffABE fCDE δabδcd½k1ak2aðk1c − k2cÞðk3c − k4cÞ

þk3ck4cðk1a − k2aÞðk3a − k4aÞ�
þ fACE fBDE δacδbd½k1ak3aðk1b − k3bÞðk2b − k4bÞ
þk2bk4bðk1a − k3aÞðk2a − k4aÞ�
þ fADE fCDE δadδbc½k1ak4aðk1b − k4bÞðk2b − k3bÞ
þk2bk3bðk1a − k4aÞðk2a − k3aÞ�g ðD8Þ

VABCD
ð5Þabcd ¼

1

4
δabcdffABE fCDE ðk1 þ k2Þ2ðk1a − k2aÞðk3a − k4aÞ

þ fACE fBDE ðk1 þ k3Þ2ðk1a − k3aÞðk2a − k4aÞ
þfADE fBCE ðk1 þ k4Þ2ðk1a − k4aÞðk2a − k3aÞg ðD9Þ

VABCD
ð6Þabcd ¼

1

6
δabcdffABE fCDE ½ðk21k1a − k22k2aÞðk4a − k3aÞ þ ðk23k3a − k24k4aÞðk2a − k1aÞ�

þ fACE fBDE ½ðk21k1a − k23k3aÞðk4a − k2aÞ þ ðk22k2a − k24k4aÞðk3a − k1aÞ�
þfADE fBCE ½ðk21k1a − k24k4aÞðk3a − k2aÞ þ ðk22k2a − k23k3aÞðk4a − k1aÞ�g ðD10Þ

VABCD
ð7Þabcd ¼ −

1

4
ffABE fCDE δabδcdðk1a − k2aÞðk1a þ k2aÞðk3c − k4cÞðk1c þ k2cÞ

þ fACE fBDE δacδbdðk1a − k3aÞðk1a þ k3aÞðk2b − k4bÞðk1b þ k3bÞ
þ fADE fBCE δadδbcðk1a − k4aÞðk1a þ k4aÞðk2b − k3bÞðk1b þ k4bÞg ðD11Þ
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VABCD
ð8Þabcd ¼ −

1

6
ffABE fCDE ½δbcdk21ak1bðk4b − k3bÞ þ δacdk22bk2aðk3a − k4aÞ

þδabdk23ck3aðk2a − k1aÞ þ δabck24dk4aðk1a − k2aÞ�
þ fACE fBDE ½δbcdk21ak1bðk4b − k2bÞ þ δabdk23ck3aðk2a − k4aÞ
þ δacdk22bk2aðk3a − k1aÞ þ δabck24dk4aðk1a − k3aÞ�
þ fADE fBCE ½δbcdk21ak1bðk3b − k2bÞ þ δabck24dk4aðk2a − k3aÞ
þδacdk22bk2aðk4a − k1aÞ þ δabdk23ck3aðk1a − k4aÞ�g: ðD12Þ
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