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Gravitational waves as a probe of the extra dimension
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We consider the Einstein-Hilbert action without a cosmological constant in five dimensions and
implement the Kaluza-Klein (KK) reduction by compactifying the fifth direction on a circle of small but
finite radius. For a nonzero compactification radius, the four-dimensional spectrum contains massless and
massive KK modes. For the massive KK modes, we retain four KK tensor modes and one KK scalar mode
after gauge fixing. We treat those massive KK modes as stochastic sources of gravitational waves (GWs)
with characteristic dependence of the frequencies on the size of the extra dimension. Using the
observational bounds on the size of the extra dimension and on the characteristic strain, we make an
order estimation on the frequencies and amplitudes of the massive KK modes that can contribute to

the GWs.
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I. INTRODUCTION

The detection of gravitational waves (GWs) by the LIGO
and Virgo Collaborations [1-9] from the merging of a pair
of heavy black holes seems to be consistent with the
prediction of Einstein’s general relativity. The GW due to
the merging of a neutron star pair has also been observed
subsequently [10,11], opening new possibilities for astro-
nomical observation and cosmological research. Shortly
after general relativity was established, the idea to unify
gravity and the electromagnetic force, known as the
Kaluza-Klein (KK) reduction [12-16], was born. This
was an innovative attempt based on the idea of the existence
of extra dimensions, and later the presence of extra
dimensions became an essential element in the study of
unified theories, such as string or M-theories. For this
reason, if one finds a way to test the existence of extra
dimensions in nature, a new horizon of understanding of
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physics will be opened. Despite many attempts, such a test
has not been successful so far.

The current theoretical prediction of the GW is based on
general relativity in four dimensions with no reference to
the extra dimensions. However, if we are living in a
universe with extra dimensions, there can be some rem-
nants of the extra dimensions in the detection of the GW.
The remnants may encode some information of the extra
dimensions, such as the size of the extra dimension and the
dynamics of fluctuation modes. Earlier attempts to explain
the effect of extra dimensions on GW can be found in
Refs. [17-27].

In this paper, we consider the KK reduction of the
Einstein-Hilbert action in five dimensions without a cos-
mological constant, which has one compactified spatial
dimension of small but finite size L [28]. For nonzero L, the
momenta of massive KK modes contain the information of
the size of the extra dimension. We explicitly show that
these massive modes contribute to metric fluctuations,
which can have effects on the GW detections. To see the
leading contribution in the small L limit, we analyze the
five-dimensional Einstein equation up to quadratic order
in the metric fluctuations. We briefly summarize the
procedure below.

The background manifold in our setting is given by
M, x S', where M, is the four-dimensional Minkowski
space [29]. Then, the five-dimensional metric is expressed
as [30]

Published by the American Physical Society
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Ipg (5, ¥) = Gpa (x.9) + By (x, ¥), (1.1)

where g;,oq) represents the background metric, h,, is the
metric fluctuation, and x, y are the coordinates for the
fourth and fifth dimensions, respectively. In order to
investigate the effect of the extra dimension on the
four-dimensional GW, we insert Eq. (1.1) into the five-
dimensional Einstein equation and keep terms up to
quadratic order in h,,. We expand the fluctuations in
terms of the spherical harmonics Y (y) on S" as /,,,(x,y) =
>0 by (x)Y!(y) and then project the Einstein equations
on those spherical harmonics in order to obtain the
equations of motion for each KK mode hf,q [31]. With
an appropriate gauge choice, we show that the set of
dynamical fields is composed of the massless graviton zero

mode hgy, two massless vector zero modes vg, one massless

scalar zero mode s°, the massive KK scalar modes A/, and

the massive KK graviton modes l%,’,l,, with/ =1,2,.... The

massive KK modes, 4! and fsz, behave as matter fields and

play the role of the source for metric fluctuations in the
equation of motion for the massless graviton hg,,. This is
given by

167TG4

4

i = -

T,

(1.2)

where G, is the four-dimensional Newton constant, and }_12,,
denotes the trace-reversed graviton mode defined as 1_12,, =
h, =19, h” , satisfying the Lorenz gauge V#7), = 0. The
energy-momentum tensor 7', is built from the massive KK
modes and their derivatives.

The form of the 7,, in Eq. (1.2) is complicated and
noncanonical in the sense that it includes higher deriva-
tives. This makes the task of understanding the effect of the
massive KK modes on the four-dimensional GW highly
nontrivial. In order to simplify the problem, we assume that
the sources of GWs from the extra dimension are stochas-
tic. This assumption is realized by the ergodic average of
T,, denoted by (T,,) [32,33]. The equation of motion for
the massive KK tensor modes implies that it is traceless and
transverse. Because of these properties, the ergodic average
of the energy-momentum tensor (7,,) is fully simplified.
The resulting energy density pgw = (Tqo) of the GW is
given by

paw«/dlnf[1—< ol )2]f3sh<f>, (1.3)

2rfL

where I = 0, 1, ... denotes the index of spherical harmon-
ics, f is the frequency of the massive KK modes (but can be
identified with the frequency of GWs), and S, (f) is the
spectral density of the massive KK tensor modes. This
result contains a characteristic factor

C(f)=1- (2;;%)2, (1.4)

which determines the contributions of massive modes to the
energy density of the GW only at the specific frequencies.
From the positiveness of C;(f) in Eq. (1.4), we see that
there exists a minimum value of the frequency in the GW
detection. For instance, the minimum frequency is given by

Funin > 4.8 x 10! (Hz), (1.5)

for the upper bound on L < 10™* m. The smaller the size of
the extra dimension, the higher the minimum frequency.
The frequency ranges for the current GW detectors are far
below the minimum frequency of our model. Therefore, in
order to see the effect of extra dimensions on GWs, a new
generation of detectors with higher frequency ranges is
required. From the various stochastic background GW
observational limits [34—40], one can also estimate the
amplitude of the massive KK modes that corresponds to
this minimum frequency. We present such order estimation
in Sec. III B.

This paper is organized as follows. In Sec. II, we
investigate the formalism of the effective four-dimensional
gravitational waves from the KK reduction of the five-
dimensional theory to the effective four-dimensional grav-
ity theory. The four-dimensional massless graviton obtains
the source from the massive modes. We show how to
calculate this source term in the stochastic method in
Sec. III. We conclude in Sec. IV.

II. DIMENSIONAL REDUCTION
WITH MASSIVE KK MODES

We consider the KK reduction of the five-dimensional
Einstein-Hilbert action without a cosmological constant to
obtain the four-dimensional gravity theory. The KK reduc-
tion involves compactification of one spatial coordinate on
a circle of radius L. For a finite L, the compactification
results in four-dimensional KK towers, which are the tensor
modes h/,,, the vector modes v}, and scalar modes s/, with
I =0,1,2,.... The masses of these KK modes are propor-
tional to (£). In the L — 0 limit, all massive KK modes
(I # 0) are decoupled from the zero modes (h9,, v), s°).
However, if L is small but not zero, there exist nontrivial
couplings among the massless and a few lower massive KK
modes. In this paper, with an appropriate gauge choice, we
get rid of the KK massive vector modes and investigate the
couplings of the massless KK modes to the remaining
massive KK modes. The result is the four-dimensional
linearized Einstein equation without a cosmological con-
stant, but with the energy-momentum tensor determined by
the massive KK modes. In this section, we present the
detailed procedures.
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In this paper, we consider the five-dimensional Einstein-
Hilbert action without a cosmological constant,

4
V=R,
16;:(; /d’“ly

where y denotes the coordinate of the extra dimension with
S geometry. The five-dimensional Einstein equation is

(2.1)

(2.2)

In order to implement the KK reduction including massive
KK modes, we introduce a metric fluctuation 6g,,, = h,,, as

Ipq = Ipg T+ Npg: (2.3)

where g, is the background metric. We plug Eq. (2.3) into
Eq. (2.2) and expand the latter up to quadratic order in the
fluctuations. Since the background metric g, is flat, the
perturbed Einstein equation becomes

A 1 PPN rs 5 AFS S
OR g — 2 (9pq9" ORrs + G hpgORys + 9pg656R ) = 0.
(2.4)

Inserting 6¢P¢ = —h?9 + hP"h] with h?4 = gP"g?%h, into
Eq. (2.4), we obtain the equations for the fluctuations up to

quadratic order in h,,,

VI by + VIV by = VP, — Y,V
= Gy (V'R = V2R) 4 0, =0, (2.5)
with
qu = _vr(h

1
+ 5Vl Vg + WV g

”(Vphsq + vqhsp - vshpq))

(2.6)

1
3 VBV phyy + Y ghyy = V) + VIV

1
-V'h' Vh,, + =

2 gpqu(hrs (zvthst - vshtt))

, 1
gpqvth”vthrs + Egpquh”vshtr - _gpqh”vzhrs

1
~ 4 9V 2V By = V)
1
+ Egpths (vtvrhts + vtvshtr - vzhrs
— hy Y,V b

— Vb)) + VR, (2.7)

where O, stands for terms that are quadratic in the
fluctuations. Our goal in this section is to implement the

KK reduction and obtain the four-dimensional linearized
Einstein equation with a source from the five-dimensional
equation in Eq. (2.5). The resulting equations contain
information on the size of extra dimensions only if we
take into account the massive KK modes.

The line element of the flat background metric with the
compactified fifth direction has the form

ds* = §,,dxPdx? = n,,dx"dx* + dy?, (2.8)

where y = Ly with 0 <y < 2z. The following procedure
is identical to the Scherk-Schwarz formalism, which
reduces d-dimensional gravity to d = d — 1-dimensional
effective theory [41]. Using the metric in Eq. (2.8), we split
Eq. (2.5) into (p, v), (4, 5), and (5,5) components to obtain
the equations of motion for the tensor, vector, and scalar
fields. See the Appendix A. Since the fifth direction is
compactified, one can expand the fluctuations as

Ry (x, ) = Ry, (x)Y! (),

R, (xwr) = ()Y (),

hys(x,w) = vp(x) Y0 + v}, (x)VsY (),
) =

hss(x,w (X>YI( )
where Y"’s with I = 0, 1, ... are the spherical harmonics on
_ Pyl _
ay? Y=

S', which satisfy the eigenequation VZY’ =
ﬁdil//z YI = AIYI with AI =
sistent gauge transformations for the four-dimensional

fields, we use VsY’ instead of Y/, in the expansion of
h,s. We normalize the spherical harmonics as

(2.9)

2 .
—ﬁ. In order to obtain con-

Y!(y) = V2 cos(Iy) (2.10)
so that they obey the orthonormal condition
1 [2= 2 (I=J=0)
— dyY! (y)Y’ =
73 W)Y (y) {5,, (1.7>0).
A. Gauge fixing
Under an infinitesimal coordinate transformation
X'P = xP — £P, the metric fluctuation transforms as
Sehyy =V 6, + V&, (2.11)

Expanding the gauge function in terms of the spherical
harmonics as

E(x.y) =E(x)Y(y).
Es(x,y) = E(x)Y0 + & (x)VsY! (),

and using Eq. (2.9) in Eq. (2.11), we obtain

(2.12)
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By (x) =V, (%) + V.8 (%),
S0 =V, 5:0h(x) =V, & (x)+&(x),
Ses!(x) =2A1E (x).

(I#£0),
(2.13)

Combining the tensor, the vector, and the scalar
KK modes in Eq. (2.13), we obtain the gauge-invariant
massive KK tensor modes for 7 # 0,

() = By () = (V00 0) + V() + 1V, V! ().
(2.14)

In this paper, we fix the 5 gauge degrees of freedom (d.o.f.)
for the nonzero modes as follows:

(2.15)

where  # 0. Then, the gauge-invariant massive KK tensor
modes are reduced to

. 1
h,(x) = hl,(x) + N V,V,h!(x). (2.16)

In the next subsection, we see that the massive KK scalar
modes A and tensor modes flfw play the role of the matter
fields in the linearized Einstein equations of the massless
four-dimensional graviton mode.

In addition to the five gauge conditions in Eq. (2.15), we
have five more constraints, which follow from the equa-
tions of motion for the nonzero modes. As a result, we get
5 physical d.o.f. of the massive KK modes for every
I =1,2,.... See the discussion after Eq. (2.26).

For the zero modes, we use a different set of constraints
to remove unphysical d.o.f. From the gauge transforma-
tions for the zero modes in Eq. (2.13), namely, 551121, =
V& +V,E8, 5.0 =V,& and 5:5° = 0, we obtain five
constraints. We combine some of these gauge constraints
with some of the five additional constraints, which are
obtained from the equations of motion for the zero modes,
to impose the transverse-traceless (TT) conditions on the
four-dimensional graviton mode. In the next subsection, we
introduce the four-dimensional graviton mode ﬁgb and

impose the TT gauge V”}Alg,, =0, ¢" ”fzﬁy =0.

B. Linearized Einstein equations

In order to obtain the equations of motion for various KK
modes, we split Eq. (2.5) into (u,v), (1, 5), (5,5) compo-
nents and use the expansions in terms of the spherical
harmonics given in Eq. (2.9). Then, the equations of motion
for the /th KK modes are obtained by projecting on Y/ or
V3Y! [42]. In particular, the equations of motion for the
zero modes (I = 0) are given by

VPV, 0, 4+ VPV, A, — OhY, — V, 9, (0 + §)

u'tpy

- 9 (VPVeRS, —O(h° + 5%)) + 09, =0, (2.17)
Vv, Vi) — 009 + 09 =0, (2.18)
Or° = VPVehd, + QY =0, (2.19)

where 09,, 09, and QY are the projections of the quadratic
terms in Eq. (2.5) on Y?, and they are composed of the
massive KK modes £/, h' (I # 0). The explicit forms of
QY, and Q) are given in Egs. (A3) and (A9), The explicit
form of Qg is omitted because the equation of motion for
the vector zero mode in Eq. (2.18) is decoupled from the
scalar and the tensor zero modes, which means QB is
irrelevant to obtain the equation of motion for the four-
dimensional graviton. The equation of motion for the scalar
zero mode s” is obtained by combining the trace of
Eq. (2.17) with Eq. (2.19), which results in
Os° + QY =0, (2.20)
where QU is given in Eq. (All). Now we can plug
Egs. (2.19) and (2.20) into Eq. (2.17) to obtain
VPV ), + VPV, b, — Ok, =V, Y, (h° + 5°)

u'tpy v

Before we proceed further, we would like to comment on
the fact that the massless KK zero modes cannot contribute
to the quadratic terms in the above equations. Naively, the
projection of Eq. (2.5) on Y° produces quadratic terms that
are composed of both the massless and the massive KK
modes. For instance, the equation for the massless KK
tensor mode can be rewritten as

VPV, 0, 4+ VPV, K, — OhY, — V9, (h° + §)

= O (. ') + Op (. 5. o). (2.22)

where Q9 (h!,, h') contains only the massive KK modes
whereas 00, (h9,.s°, 1)) comes from the massless modes.
Now, if we introduce an order parameter of small fluctua-
tions and write the zero mode as 9, = 1a)), + O(4?), then
in order for Q9,(h!,,h') to be of the same order as the
linear terms in Eq. (2.22), the nonzero modes must be

hl, =/a!, + O(). Thus, 09, (hY,, s°, v0) will be second
order in 4 and can be dropped from the linearized equations
for zero modes. For this reason, the quadratic terms in the
equations of motion for the massless KK modes can contain
only the massive KK modes.

We can simplify the quadratic terms in the above
equations by using the equations of motion for the massive
modes. As those quadratic terms are already second order
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in the fluctuations, the linear order of the massive modes is
sufficient for the purpose of such simplification. After
fixing the gauge as in Eq. (2.15), the linear order equations
of motion for the massive modes, which are obtained by
projecting Eq. (2.5) on Y/ or V°Y/, are given by

V,VPhL, + V, VPR, — (O + AL, —2V,9, k!

— g [VPVoRL, — AR = 2004!] = 0, (2.23)
On! = —AlR!, (2.24)
VPhi, = V,h. (2.25)

Combining Egs. (2.24) and (2.25), we obtain one more
constraint, which is

W= — %wvv;z;w. (2.26)
The five constraints from Egs. (2.25) and (2.26) will
eliminate 5 d.o.f. among the 15 d.o.f. in hf,q. An additional
5 d.o.f. are removed by the gauge fixing in Eq. (2.15). This
will leave us with 5 physical d.o.f. for the nonzero modes at
each/=1,2,....

For the zero modes, the TT gauge, which was introduced
in the previous subsection, removes 5 unphysical d.o.f.
from fzgy. We then use the remaining five constraints to
remove 3 more unphysical d.o.f. from fzgy and 2 unphysical

d.o.f. from 1)2. As aresult, we have 5 physical d.o.f. for the
|

LEilgy
—lh’/"’[V V,hl +V V hl }—ﬁhiph’ +
4 p ¥ u'tov pYuitou 4 Hp

A[

9|16

where we have defined the four-dimensional massless

graviton 49, = h, +1g,,s°. Here, we introduced the

Einstein operator

LgA,, == (-0A, +V’V,A, +V’V,A,, -V, V,AD).

PH

N =

(2.29)

The result in Eq. (2.28) is the linearized Einstein equation
with the source for the four-dimensional graviton. One can
see that the massive KK modes become the source of the
four-dimensional massless graviton. Compared to the usual

1 1 N
Wby + g h7V N G VPR b =B =0,

TABLE 1. The physical d.o.f. of five-dimensional fields and

four-dimensional fields. Instead of 2 physical d.o.f. of &, we

choose 4 physical d.o.f. for fz,’w by removing 2 d.o.f. of ”;Ir

Five-dimensional Four-dimensional

Modes fields d.o.f. fields d.o.f. Mass
20
hy, 2 0
I=0 h(I),q 5 1;2 2 0
59 1 0
1#0 nh, 5 i, 4 I/L
n! 1 I/L

zero modes as well. For clarity, we summarize the physical
d.o.f. for the massless and massive modes in Table 1.

Now inserting Egs. (2.24) and (2.25) into Eq. (2.23), we
obtain the linearized equation for the massive KK tensor
mode,

Dh,lw = —A’h;’w. (2.27)
The mass of these KK modes is inversely proportional to
the size of the compactified fifth dimension. Thus, we can
constrain this size if we can measure the mass of the KK
modes. We will discuss this in Sec. III.

Finally, we can use Eqs. (2.24), (2.25), and (2.27) to
simplify the quadratic terms in Egs. (2.20) and (2.21). After
the simplification, we combine Egs. (2.20) and (2.21) to
obtain the equation of motion for the four-dimensional
massless graviton mode,

u'po

1 o 1 o I 1 o 1 o 1 c
-7V ), VP hl, + 7V hSN ,hy, + gVﬂhfﬂ Vv, h, + Zh[p V.V, + Zh’f’ \AXH

1 1
ZA’h’h,’,,, + gVﬂh’vyh’ +7 h'V N, h!

(2.28)

|
four-dimensional graviton which does not contain the
source for the linear order perturbation, the effective
four-dimensional massless graviton obtains the source from
the massive KK modes in the compactified five-dimen-
sional universe.

We can write Eq. (2.28) more formally as

. 1
Liphj), = 8zGy (Tﬂy [hly. ] — 3 9, T[h, h’]) . (2.30)

where the energy-momentum tensor is given by

084050-5
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1

T,k -
wl 327Gy

po> hl] =

1
{V”hf,”vah,’w = Vohp, VP by + 5 V1N g

+ h°N N b, + hP°N N b, — B[V NV R+ YV VAL

1
1
— N b/ hy, + N'h'h, + Evﬂhl V,h' + n'V, NV, k!

4

9w (3 leoN bl — 2V IEN B — 3N WO RD -+ 3VPRIN T — AR ) }

(2.31)

We note that even though A’ appears in the energy-momentum tensor, it is not an independent d.o.f. since it is expressed in

terms of Ay, as in Eq. (2.26).

For later convenience, we rewrite Eq. (2.31) in terms of the gauge-invariant massive KK tensor mode defined in
Eq. (2.16). From Eq. (2.24), we obtain V%), = 0 and ¢"hj, = 0. Thus,

po

n 1 14 ~ 14 ~ 14 ~ 1. ~
T, h'] = {— h'*°N NV, h, — 3 h'*°v N b}, — 3 h'*°N N, b, + 3 h'*°N N 1),

T 162Gy |2

1 v I 1 ol I 1 7Ipc I AI Tippl
5 VORI oy, = S VoGNPl + 2 0V, T, — =R,

atup

1 . 1 ~ 1 .
—mvﬂwv h'V, i, —mvbvpv AV —mwv W'V, hy,

1 Avid 7 1 Avid 7
A AA NI LA AN

1
2A!

u'po

I .
TN

v'tuo

N 1 R T
1 1 1
+ AV, Vil b, + AT AV ,PR R, + zA"h’hw

1 1 1
TR A AN EE A A AN N AN

4(/\1)2 H

1 3 AI)O' TAI 1 {;AI

- Egyu |:4 vrh Y h/)()’ - Ev hpr
1

it
Vit

3AT ., . 1 .
———hlrep! — —_ VPRIV i,
4 2A! ’

po po

3 ol ] T 4 3 c
AL A A A AN

4(AT)

3 Al
=V, WP R — —nlpl| b
+qu o =

Even though it is redundant to rewrite the T, in Eq. (2.32),
this form will further simplify our calculations in the
subsequent sections. For comparison, we shortly review
how to obtain the effective energy-momentum tensor of the
four-dimensional gravitational waves on the flat universe in
Appendix B. It is important to notice that the effective
energy-momentum tensor obtained there is different from
the above energy-momentum tensor of our model.

III. EFFECT OF THE EXTRA DIMENSION
IN GW DETECTION

In this section, we show the effect of massive KK modes
on the dynamics of the four-dimensional graviton. In order
to compare with the observation, we derive the analytic
form of the stochastic average of the energy-momentum

(2.32)

I
tensor obtained in the previous section. We perform the
order estimation to put a new constraint on the size of the
extra dimension. It is expected that there will be more
accurate GW data available in the future, and we believe
our results provide a tangible formalism on how to use the
GW data to get some information about the extra
dimension.

A. Stochastic average of the energy-momentum tensor

The energy in GW is described by averaging the energy-
momentum tensor over several wavelengths or periods.
Thus, we need to average the energy-momentum tensor in
our model given in Eq. (2.32), which is built from the
nonzero modes A/ and fzfu,. Inserting the plane wave

solution i, = Al e”*" into Eq. (2.27), we obtain

084050-6
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Ohl, + A, = (=p,p* + AR, =0 — m}

An? Ih\2
c cL
where we have used the dispersion relation
2 2.2
a), , mjc
- P =" (32)
and the definition A = — i—i We can regard both 4’ and i,

as random variables, which can be identified with a
stochastic background. Thus, using the dispersion
relations, we calculate the ensemble average of the energy-
momentum tensor. In order to perform the time average, we
use the plane wave expansion of h/(X,t) in terms of the
Fourier transformation [32,33],

W (%,1) = / (d"—k[Bl(k)elkM" + BI*(k)e~ "], (3.3)

27)3

where the four-vectors in the exponent are k* = (w/c, l_c')
x* = (ct,X), and we have suppressed the index [ in (@, l:,)
for simplicity. Using the dispersion relation in Eq. (3.2), we
can write d*k as

2
a) A
3 da)dzn
c

[ T

2
Bk = |k]2d|k|d*h = (1 +C—2A’>
w

cl \?2rn .
1= (i) (2) raren

(3.4)

where d*ii = —d(cos 0)d¢ denotes the integration over the
solid angle and in the last step we have replaced w by 2z f.
Similarly

- cl \?h-X
kux":—wfﬂkln'x:—z’ff(’— 1_<2ﬂfL> T)

(3.5)

Using Egs. (3.4) and (3.5), Eq. (3.3) becomes

df/d” 1—

|:C3 Bl(f, ,\) —2rif (t—

E/oodf/dzﬁ 1—<
27X

X ill<f ﬁ)e_sz(t_\/ 1_(2;:;L) )

h'(X, 1) 271'fL

nT(
Z”fL o (c.c)]

Ic \2
2z fL

(3.6)

where € = mc?/(2zxh) and in the second line we used
B™(f.7) = B'(—f.n). Here, (c.c) means the complex
conjugate, and we also introduced A!(f,7n) = J;E’(f, ).
We emphasize that the integral range in Eq. (3.6) is not well
defined for |f| < e because it will produce tachyonic
modes as shown in Eq. (3.2). The real integral ranges in
the second equality of Eq. (3.6) are [—o0, —¢| and e, o0].
However, this detail is not important because, as we will see
later, the quantities we need to compare with the data are
the integrands of Egs. (3.8), (3.14), and (3.15).

From the above plane wave solution and assumption on
the stochastic properties of the nonzero modes, we can
replace the ensemble average of the energy-momentum
tensor with the temporal average. This is given by

(W™ (X, t)h! (X, 1))
= df d*n 1—
27z'fL
x df’ a*n’ 1—
Zﬂf’

c|-’
=1
=

x (R (11 )0

o o~ = 1-GES) (3.7)

Note that since h!(X, 1) is a real mode, we could write
(h™ (X, t)h! (X, 1)) instead of (h!(X,t)h!(X,t)) because the
former way of writing is commonly used in the literature.
Now, we use the definition of the stochastic property

(h*(f, AYR(f', 7)) = L6(f — /) 222 g, (). The function
Su(f) is called the spectral density of the stochastic
background h!(X, ). Then, we obtain

o :_/ df/d2 [l_<2 fL) ]SZ(,{)
_[ df{1_<2,5;14>15h(f), (3.8)

where we have used S, (—f) = S,(f) in the second line.
One can repeat the same process for lel,,, to obtain

(W' (%, 1)k

r - dg N ik x* ¥ (T ,—ik, X"
W) = / AL Ry AT (R)e ]

(27)*

[ Car [ e V' (2;;L>2

~ i f(t— ol \2h-X
x B (f ) UV,

(3.9)

where we have defined h’ -(f, 1) _-; o (fo ). I we
adopt the stochastic background of the GW generated

I
from h e then
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L(f.h) = (3.10)

ZhA ;wv

where 6ﬁy are the polarization tensors and A labels the
polarization modes (A = 1,2, ...,4) as shown in Table I. If
one assumes that the stochastic backgrounds of GWs are

stationary, then the ergodic average becomes

used (AL (f, a)hL (f, 7'))=
5(f — )2 5, 18,(f). Now using Egs. (3.9) and
(3.11), the average for the tensor modes becomes

where we have

(oo (X, 1)1 (X, 1))
) 1
_ eAgeAp”/ df[l—( ¢ )]S;(f)
EA: , ; 2rxfL) |
=Y et eAw/w a1 = (=L fsu ()
A " f=e 2zfL "
A G 0
= L [ ampz) (3.12)
where the definition of characteristic strain is

he = +/2(1 = (cI/2zfL)*)fS). For I =0, we recover
the usual four-dimensional characteristic strain /2fS),.
The dimension of S, is [ Hz™'], and A, is dimensionless.

Finally, we can calculate (T,,) using the above stochas-
tic properties of A/ and fsz The energy-momentum tensor
for our model is given in Eq. (2.32), and it looks very
complicated. However, once we substitute the above
plane wave solutions for the massive scalar and tensor
modes, most of the terms are either vanishing because
of the transverse condition V”}Azllw — k"fz/’w =0 or they
cancel each other because any two contracted covariant

derivatives of the form (V/(V..-h)V,(V---hl,))
become A/((V---h')(V---hl,)), where the ellipses

denote multiple covariant derivatives. As a result, we get
a very remarkable simplification, and only two terms in
Eq. (2.32) survive,

4

e CLA AT

T =
(T 162G

+3 vﬂiz’ﬂ'f (x*)V, b, (x"‘)>

Saehoe [
= A Z /‘dlnfkﬂk,,

1= ) oo

Thus, the energy density of the GW (pgy, = (T¢o)) is
given by

A dp W C ﬂZA APG
= dl £
Paw / Nmro G 4

x/idlnf[l— (2:;L)2]f3shl(f), (3.14)

where the first step amounts to expressing the energy
density of the GW as an integral over d In f of some spectral
density and the second step is substituting (7o) from
Eq. (3.13). One can also define the logarithmic derivative of
the energy density contrast of the GW as

(3.13)

1 dpy, _ 27° Do a€pa€”
paedInf  3H} 4

(s

27° 25 ()2 = 8° 4 2
= 3t P = 3 PP

ng(f) =

(3.15)

where p,, = ;;G H3 is the critical energy density, H,, is the

present value of the Hubble constant, and |i(f)| =
h.(f)/(2f) is the so-called frequency -domain strain. We
have also used the fact that >~ , €5, = 8 in the second

equality because the four massive tensor modes h,w
contribute to the sources of the stochastic background GW.

B. Order estimations

In this section, we elaborate on the observational
applications of our model by using both GW experiments
and particle physics ones.

1. Gravitational wave application

One of the main properties of our model is the existence
of the lower limit of the frequency which can contribute as a
source of the four-dimensional GWs. From Eq (3.15) we
notice that we first need to make sure 1 — 5 fL is positive.
This means that the KK modes below a specific frequency
cannot contribute as the source of the effective four-
dimensional massless gravitational waves. Thus, we obtain
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TABLEIL.  Various observational upper limits on €, of the stochastic GWs. The LIGO and Virgo results at different frequencies give

different values of Qy(f), and thus the & ’s are different.

Qi (f) f (Hz) Experiments he h Reference
0.044 3 x 10~* Cassini 2x 1071 8.32 x 107! [34]
3.88 x 107 0.035-0.830 TOBA 7.71 x 107° 7.71 x 1078 [35]
1.2 x 108 0.05-0.1 Seismic 1.29 x 10713 8.61 x 10713 [36]
0.035-0.15 0.005-0.3 Earth’s ring 5.51 x 1071? 9.19 x 1071° [37]
5.6 x 107° 41.5-169 . 1.91 x 10723 9.08 x 10-26 [38]
1.8 x 107 170-600 LIGO and Virgo 2.95 x 1023 3.83 x 10-26

1.2 x 10° 0.1-1 Apollo Seismic 2.93 x 10716 1.47 x 10710 [39]
1071 0.1-1 Planck 2.68 x 10720 1.34 x 10726 [40]

the lower limit on the frequency f,,;, for the first massive
mode (I = 1) for a given upper bound on the size of the
extra dimension Ly,

c

Snin 2 L (3.16)
There have been various upper limits on the size of the extra
dimension depending on the methods of measurements
[43]. One way to put the limit on the L, is to use the
deviations of the Newtonian gravitational law, and this
gives a value of around 100 um [43]. In this case, we can
put the lower limit on the frequency as O(10'') Hz.
Another method is based on the Randall-Sundrum (RS)
model which proposes the 1/TeV (i.e., 107'® m) scale
warped extra dimension in order to explain the hierarchy of
the electroweak scale [44]. Thus, the RS model estimates
the lowest value of the frequency to be O(10*°) Hz. The
smaller the size of the extra dimension, the higher the
frequency of the modes that can contribute as the source of
the massless four-dimensional GWs. Therefore, we pro-
pose high-frequency detectors in order to measure the very
small extra dimension by using the GWs.

Next, we use the observational limit on the magnitude of
the dimensionless energy density in GWs, Qg (f), to
constrain the magnitude of the characteristic strain /. by
using Eq. (3.15). There are various limits on the Q,,,(f) at
fixed frequencies from various observations [34—40]. We
show these in Table II. If we adopt the Planck result [40]

and use the fact that M = M
fPl fKK

the magnitude of 7 as

, then we can estimate

o he 9 Hy (P
2f 8 72 2f(KK)
3.78 x 10°25
28X Y T 10736 (Hz ). 1
2 % 10" 0= (Hz™) (3.17)

2. Particle physics application

Due to our detailed calculation for the KK reduction with
the finite size of the extra dimension, one can also estimate

the size of the extra dimension by using the results of
particle physics observations. From the definition of masses
of KK modes, one obtains L = nﬁ—f’c We can find L from the

stable radion mass bound. In our model, A’ in Eq. (2.15)
corresponds to this radion. Given a stabilization mecha-
nism, the radion mass can, in principle, be calculated. The
required ansatz is that the radion fluctuation about the RS
background solves the linearized Einstein equations. Then,
we incorporate the backreaction of the bulk scalar vacuum
expectation value into the metric. Treating the backreaction
as a perturbation about the RS solution, the mass bound is
given by [45-47]

O(10 GeV) < m; < O(1 TeV). (3.18)

Thus, if we adopt this constraint to the mass-length relation
in Eq. (3.2), then we obtain

107" m<L <1077 m. (3.19)

IV. CONCLUSIONS

In order to examine the effect of the extra dimension in
our observational four-dimensional phenomena, one needs
to consider the small but finite size of the extra dimensions.
The conventional KK reduction, where only the massless
KK zero modes are kept to obtain four-dimensional gravity
theory, fails to provide evidence on higher-dimensional
gravity models. In the limit of vanishing size of extra
dimensions, neglecting the massive KK modes is feasible,
whereas, for the small but finite size of the extra dimen-
sions, the massive KK modes can have measurable effects
on the four-dimensional gravity theory. In this paper, we
investigate the effective four-dimensional gravity theory
obtained from the KK reduction of the Einstein-Hilbert
action without the cosmological constant in a compactified
five-dimensional manifold.

In our model, the KK reduction produces sets of both
massless and massive dynamical fields. The massless fields
are composed of a tensor mode and a vector mode, each
with 2 dynamical d.o.f., and a scalar mode with 1
dynamical d.o.f. The massive fields also have 5 d.o.f.,
and we choose four massive tensor modes and one massive
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scalar mode. The massive modes act as the matter field and
become the sources of the massless fields in the GW
equation. In particular, the energy-momentum tensor in the
equation of motion of the effective four-dimensional
massless graviton is composed of the massive tensor and
scalar KK modes.

In Ref. [23], the authors claim that there exists one
longitudinal massive graviton mode in the KK reduction of
five-dimensional gravity theory. Their model is quite
similar to ours; however, we treat all the massive KK
modes as the stochastic background of the massless
graviton modes. Thus, the four-dimensional effective grav-
iton is massless, as we have shown in Sec. II. Our result is
also consistent with the previous works [41,48-50].

From the observational upper limit on the size of the
extra dimension, we will be able to obtain a lower limit on
the frequency of the GW. A higher minimum frequency is
required to probe the very small size of the extra dimension.
Also, from the various stochastic background GW obser-
vations, we estimate the amplitude of the massive KK
modes /1, ~ 103! Hz!. Therefore, we propose that high
frequency and very sensitive experiments of GWs are
required in order to investigate the information on the
five-dimensional compactified extra dimension. However,
this high sensitivity might be improved if one considers
higher extra dimensional models. As a side remark, we also
obtain a bound on the size of the extra dimension as
107m < L < 10~m, from the mass bounds on the KK

VPV, h,, + VPV, h

utpy vipp

modes. If the observations of the particle physics provide
more stringent bounds on the mass of the KK modes, this
can narrow the frequency searching window.
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APPENDIX A: DECOMPOSITION OF
QUADRATIC ORDER EQUATIONS
AND HARMONIC EXPANSIONS

We decompose Egs. (2.5) into the (u,v), (4, 5), and (5,5)
components. As a result, we obtain the following set of
equations.

(i) (u,v) components:

Choosing the free indices (p, g) in Eq. (2.5) to be
(u,v), we obtain

+ VeV, b, + ViV, by, — (V) + V)b, =V, V, () + hd)
= 9w (VPNOh,, +2VPNh,, + VNP by, — (VPV, + VOV, (hG + b)) + Q,, = 0,

(A1)

where Q,, is the quadratic part in Eq. (2.6). Since we are considering a flat background metric, we note that

V,V, =V,V,,.In order to obtain the equation of motion for the tensor zero mode /

0

s We expand the fluctuation 7,

in Eq. (A1) in terms of the spherical harmonic in Eq. (2.9) and project the resulting equations on Y°. Using the gauge

fixing (2.15), we obtain

VPN, K, 4+ VPV RS, — OhS, = V,V,(h° + 5°) — g,,(VPVeh), — O(h° + 5°)) + 09, = 0,

u'tpy

where

(A2)

1 1 1 1
Qf = =5V 07 (Ul + Y, hly) + 3V, by 4 2N W Gl — 2 VY,V R,

1

|
+5V h/V,hi,

u'tpy

A 1
-—n/h +1Vﬂh’(v hl, +V,h!

D) Hp

1 1 1
= S VIHIN e+ VPR (U, VG,) 2 O

Pt

1
~v
*

u

1 1
=S W by = W7,V 42 W,V

vipu

u'*po

1 1 o\/O 1 o\/O
WV + 2V, V045 1,07 b, == VPVehL b,

1 1 3A!
) — ZV”h’Vph,’w + Eh,’w[lh’ + Th’h{w
AI
2 o !
1 A

1 3 1
G | VoIV = VRN g L NORV B = 2 1Dl = = bR,

8
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(i)

(iii)

+ hlPoN Vhl — %Vph’f"’vl,h’ - %h’/’”vpvah’ + %V”hlvph’ - %I hh!

1 1 1 Al
— =V, 100N b =~ 1o N bt~ VPRI b — = R
2 2 4 4
1 1
~ VNV =S WO (A3)

For later convenience, we take the trace of the above equation,

3 1 3 1
OO0+ S080 = VIV h, + 2V hiro Vel = = VW7 il + 2 VR bl

1 3 1 1
R o A R N L e P
3 1 1 1 1 3
e (AR VA Lol v/ 2T ST R v/ A v R [ L R\ i v v
4 4 8 4 8 4
0 T+ 20 gt + e =3 it Z 3oyt~ 3 o = o A4
oVl g My 8 8 g ‘ (A4)

(u,5) components:
The (4, a’ = 5) components of Eq. (2.5) are given by

VN by + VPN g by, 4+ VN e + VOV g by, — (V) 4+ V9w — VY,V (B + hG)

u!pa apy

= 9ua (VPN R,y + 2VPN R, + VO By, — (VPV, + VOV, (G + 1)) + Qus = 0. (AS)

Projecting on Y and V3Y’, we obtain the equation of motion for the vector zero mode and some constraint equations
for h!
%

V.V -0 +09=0, V¥, —V,i! + QL =0, (A6)

where we have used the gauge fixing in Eq. (2.15), and (Qg, Qfl) are quadratic terms, whose explicit forms are not
needed for what we want to accomplish in this paper.
(5,5) components:

The (' = 5,b' = 5) components of Eq. (2.5) are

vl)va’hpb' + VPV, h/m’ + VOV hyy +ViVyh,y - (vz + VZ)ha’b’ - va’vb’(hz + hZ)
— 9y (VPN D, 4+ 2VPNh,, + VNP by, — (VPV, 4+ VOV, ) (hg + h))) + Quy = 0. (A7)

po pa

Again, we expand Eq. (A7) in terms of the spherical harmonic (2.9) and project the resulting equation on Y°. With
our gauge fixing condition (2.15), we obtain

0K — VI)Vth(; + Qg =0, (AB)
where

1 3 NG 1 o T
Q) = 5V W7V iy = VRN b+ VIRV

AI

1
Wl = WO, 4

hieopl, %Vph’/"’vah’ - %h’”"vpvt,hl

1 Al 1 1
+ g VIV, b~ W =2 1INV b, 45 WO (A9)
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Combining Eqgs. (A4) and (A8), we obtain the equation of motion for zero modes s°,

Os° 4+ Q% =0, (A10)

where

1

1 5A!
Q)= - <— 3 h'PoN NThL, + 6 h'Pe R, + —

1 1 1 1
0 v/ A vig TRy A v/ Vo Ry L v v iy
R LA po TV g
Yttt 4 2oy 9t = L wrvegent, - Lgopy pt — Lo A g
6 37 T3 ! " 76 4

1 1 1
+Zvﬂhlvph’+§hlmh’+§h’Dh’>. (A11)
Inserting Egs. (A8) and (A10) into Eq. (A2), we obtain

1 1 1
Ond, = VPV, K, + VPV, S, -V, V,(h° + %) — EV,,hI’”’(V”hfw +V,hk,) + EV,,hI/”’V,,h,ﬂD + 1 V, 1"V hl,

1 c 1 o ] 1 c 1 o 1 [} 1 c
=5 VR Rl VTR bl S W G = 5 R By = S 7Y,V = W, B,

oltuy
AI
2

1 1 3A!
h'hl, — 3 VOIS g+ S DRt 4+ == i,

1 1
+§h1p vyvﬂh£6+zvphl<v hl +v hl ) Pty 2 HU 4

u'py v'pu
1 p 11 I I 1 I 7p1 1 I I A
+ZV (v, h,, +V,h,,) —vah”yv h +§hWDh +—

1 1
R A AN
Uoocint, — Yooy wont, 4 N poont - Lprgogont, o+ Loy g = Lot~ g
+g/,w 6 /)n'_g P rn'_’_g /m+g /)o'+€ pYo _6 _F
1

1 1 1
+ —h’p"VpV,,h’ + —h’V/’V"h;(7 ——h'On" == K'0On"). (A12)
6 6 6 6
Combining Egs. (AS8), (A10), and (A12), we have the relation

1 1 1 1 1 1
Lght, - i V, 11V hl, — i V, 1PN, hL, + i V117N il + 3 V, 1oV bl — i Venl,VPhL, + i VehV,h,

1 2 o 1 o 1 en 1 NG 1 NG AI 1
AR VG A T AR Y L A e LA el

1 1 1 3A!
-3 V,hl, VP! + 3 (V ity + V0, )VPh! + 1 hl,Oh" + e hl,h!

1 o o A 1 1
5 (Tl + Vb VPR = 2V, Ph 2 B O+ Wy b 4 2V, BV, WY,V

1 3A! 1
3 h'PeChl, +——h'*ohl, + g

1
+ gﬂ,, <_ Z h[paVrvphia + T

A

1 1 Al 1 1

+-VrVent n' — —hI'On! —— h'h! + -V hP°N h! + — h1reN NV h!
8 A 8 8 g 4 F

- Lvphfv h — lhIDhI + A—Ih’hI + iwhlv h' 4+ lh’Dhl =0 (A13)
16 ] 16 16 ’ 8 '

where }Azg,, = hg,, + %gﬂyso is the effective four-dimensional graviton.
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APPENDIX B: EFFECTIVE ENERGY-
MOMENTUM TENSOR FROM GW
PERTURBATION

In this Appendix, we briefly review the four-dimensional
energy-momentum tensor from GW perturbation, in order
to show the analogy with what we did in Sec. III. In Sec. II,
starting from the flat five-dimensional gravity theory and
applying the KK reduction including terms that are of
quadratic order in the metric perturbation, we have obtained
the four-dimensional effective gravity theory with matter. A
similar situation has been considered in four-dimensional
gravity when a source of the GW is far from the observer. In
this case, the energy carried by a wave as it leaves a source
can be written as an effective stress-energy tensor for the
wave by including the second-order perturbation. This is
the so-called Isaacson energy-momentum tensor [S1].

We assume that the amount of energy associated with the
GW in a region of spacetime is large enough to contain
several wavelengths of gravitational radiation but is smaller
than any background curvature scale. In this case, one
needs to find an integral average of an effective energy-
momentum tensor over a volume large enough that bulk
contributions are greater than the boundary contributions.
Einstein field equations in a vacuum are written as

1 2

0
G;w = G/u/ + G/w [ha[f] + G;w [haﬁ] +--=0. (Bl)

One can write the metric in the flat spacetime with its

fluctuation as

1 2
gaﬁ:”aﬂ+haﬂ:naﬂ+/1haﬁ+/12haﬂ+"'a |htxﬂ| <1

(B2)
where 4 is a formal order parameter denoting the first-order

1 2
correction (h) and the second-order correction (%), respec-
tively. Then, one can rewrite Eq. (B1) by using Eq. (B2) as

0 1 1 1 2 2
G/w = Gﬂb + /IG/w [haﬂ] + ’Iz(Gﬂu[haﬁ} + G;w [haﬁ])

+ O} + -
=0.

(B3)

The above equation should hold order by order in 4; then
the first-order and second-order corrections to the back-
ground metric are given by [52]

0
G, =0, (B4)
11

G;w[haﬂ] =0, (BS)

12 21 872G _Gw
Guulhap) = ~Gpulhog) = =5 T (B)

(GW) o4 21 . .
where Ty, = —55G,lhyg is the effective energy-

momentum tensor created by the first-order GW perturba-
tion. In order to make ngw) gauge invariant, one must
perform an integral average over a region of spacetime

large enough to contain several GW oscillations,

aw ¢t o2 1 2
T3 = ~5ag (B = 3R

where () represents the integral average. To perform the
above calculation, one uses the definition of the Ricci

ory, _ org, v Y, .
w = aut — g + Ui Ts — T, Dia, and retains the

terms quadratic in /1, while applying the following tricks:
(i) adopt the TT gauge so that hg, = 0, §*0h}!/dx* =0,
and &6 hf]-T = 0; (ii) assume that under an integral average,
all terms of the form (97T),..,/0x") can be neglected since
such terms contribute only to the boundary of the region
and can be made arbitrarily small compared to the bulk by
expanding the region in which the integral average is

performed; and (iii) use th]-T =0.

(B7)
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