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Two-form gauge theory dual to scalar-tensor theory
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We generalize the electromagnetic duality between a massless free scalar field and a two-form gauge
field in a four-dimensional spacetime to scalar-tensor theories. We derive the action of a two-form gauge
field that is dual to two kinds of scalar-tensor theories: the shift symmetric K-essence theory and the shift
symmetric Horndeski theory up to quadratic in a scalar field. The former case, the dual two-form, has a
nonlinear kinetic term. The latter case, the dual two-form, has nontrivial interactions with gravity through
the Einstein tensor. In both cases, the duality relation is modified from the usual case, that is, the dual two-
form field is not simply given by the Hodge dual of the gradient of the scalar field.
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I. INTRODUCTION

A scalar field interacting with gravity through nontrivial
couplings enables us to construct divergent scenarios of
both the early- and late-time Universe. As the first guideline
to look for possible forms of interactions, it is important to
classify interactions based on the presence/absence of
Ostrogradsky’s ghost instability (see [1] for a review).
An understanding of ghost-free scalar interactions has been
deepened, especially after the refinding of Horndeski
theory [2] as a generalized Galileon theory [3,4] (see also
Ref. [5] for a recent review), which is the most general
scalar-tensor theory with second-order derivatives in the
Euler-Lagrange equations. It was found that Horndeski
theory is not the most general theory avoiding
Ostrogradsky’s ghost [6,7]. It is possible to construct a
theory which has higher derivative terms in the Euler-
Lagrange equations apparently but these equations can be
rewritten as a set of the equations up to second-order time
derivatives. At quadratic order in V,V,¢, where ¢ is a
scalar field and V), is the covariant derivative, the general
scalar tensor theory is found in Refs. [8—11], which is
called extended scalar-tensor theory [10] or degenerate
higher order derivative scalar tensor (DHOST) theory [11].
A cubic order version of DHOST theory is investigated
in Ref. [12].

Not only interactions with a scalar field, but also those
with other types of fields have been actively investigated.
For a U(1) gauge field, Horndeski also found the most
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general theory with second-order Euler-Lagrange equations
called vector-Horndeski theory [13]. If one relaxes U(1)
gauge symmetry and considers a massive vector field, a
study of nontrivial interactions with gravity has been
developed by an analogy of the Horndeski theory for a
scalar field. This is called generalized Proca theory [14].
As is similar to scalar-tensor theories, the generalized
Proca theory has its further generalization without exciting
extra degrees of freedom. The most general theory up to
quadratic in VﬂA,/, where A, is a vector field, is called
extended vector-tensor theory [15], which is an analogy of
the extended scalar-tensor (or DHOST) theory. Even
though a structure of the extended vector-tensor theory
is much similar to the extended scalar-tensor theory, the
vector theory has an important property: It has been shown
that a nontrivial branch of the extended vector-tensor
theory, which does not include the generalized Proca
theory, has stable cosmological solutions [16], though a
similar branch of the DHOST theory does not [17].

Our interest here is interactions between gravity and a
two-form gauge field because a two-form gauge field is an
essential ingredient of a low energy limit of the string
theory as well as scalar and one-form vector fields.
Especially, in type-I and heterotic string theory, a two-
form field has interactions through the Chern-Simons term
of gravity. Then it was shown that, in a four-dimensional
spacetime, such a two-form can be regarded as a canonical
scalar field with Chern-Simons coupling, which is axion,
through the electromagnetic duality [18-20]: As is well
known, there is a duality between p and the D — p — 2
form field in the D dimension at least when there is no
interaction. See Ref. [21] for a review of the Chern-Simons
coupling of a scalar field. The electromagnetic duality
between a scalar and a two-form field is useful even in the
context of a black hole hair. It was discussed that a trivial
black hole solution with a vanishing scalar field has an
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https://orcid.org/0000-0001-8424-8828
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.100.084047&domain=pdf&date_stamp=2019-10-22
https://doi.org/10.1103/PhysRevD.100.084047
https://doi.org/10.1103/PhysRevD.100.084047
https://doi.org/10.1103/PhysRevD.100.084047
https://doi.org/10.1103/PhysRevD.100.084047
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

DAISUKE YOSHIDA

PHYS. REV. D 100, 084047 (2019)

“axionic charge” in the two-form description [22]. In the
context of cosmology, the two-form and higher form fields
also have been studied because they enable us to construct a
nontrivial anisotropic universe and are expected to produce
statistical anisotropy [23-27]. See also [28] for an appli-
cation to dark energy.

The purpose of this paper is to develop the way to extend
such duality of a canonical scalar field to a subclass of
Horndeski theory. As well as the resultant two-form, dual
theory will provide a new example of healthy interactions
between a two-form field and gravity in four-dimensional
spacetime, and it might be a good candidate for healthy
theory even in the higher dimension as in the Chern-Simons
case. Note that the two-form and scalar field duality in
mimetic theory was discussed in [29].

This paper is organized as follows. In the next section,
we review the derivation of the electromagnetic duality
between a canonical scalar field and a two-form field
including the Chern-Simons coupling. After that, we
generalize this procedure to the K-essence theory and
the shift symmetric Horndeski theory up to quadratic in
¢ in Secs. III and IV, respectively. In Sec. V, we briefly see
that our method cannot be applied directly to a more
general class of the Horndeski theory. The final section is
devoted to summary and discussions.

II. DUALITY BETWEEN CANONICAL SCALAR
FIELD AND TWO-FORM FIELD

Let us begin with reviewing the well-known duality
between a massless scalar field with the Chern-Simons
coupling and a two-form field [18-20]. Let us consider the
following action [30]:

wz/ﬁ%J—[”%——¢®¢@¢+mﬂs (1)

where IS is the Chern-Simons term for gravity given by

1
ICS 4R;w D_Rm//m— (2)
Here RM,U are components of the Hodge dual of the
Riemann two-form,
o 1 aff
R;wpzr = Ee/w Raﬂpn' (3)

€77 is the Levi-Civita tensor associated with g,,,

1
e = _7/’_—5 [/ll/pd], Cuvps = v —g[ﬂDpG}, (4)
where [uvpo] is the complete antisymmetric tensor with
[0123] = 1. Here a is a dimensionless constant. Note that
our analysis can be applied even when a is a function of

other fields; @ = a(y’) with some fields y’. « is a constant
of mass dimension —1. The simplest example of a duality,
that is, a duality between a free scalar and a free two-form
field, can be obtained by setting x = 0 in the following
analysis. To treat a two-form field, it would be useful to
write the action by the differential form language. However,
since our purpose is to extend the duality relation to a more
general scalar-tensor theory and a scalar-tensor theory is
usually written in terms of component notations, we will
examine the electromagnetic duality in the component
notation.

As is well known, the Chern-Simons term can be written
as a total derivative form,

= —Vﬂj’és, (5)

where J’(‘:S is the Chern-Simons current.
Then, after integrating by parts, the action can be
written as

‘/dﬂwr_[ R——¢%9¢8¢+K8¢QE (6)

A technically important step to derive the dual action is
to introduce the intermediate action S4% which is defined as
follows:

/d4xw/_[ R—EAA + kA, S

1
) e””ﬂ"BﬂDV,,A{,] . (7)

The first line is the original action S where 0,¢ is replaced
with A,,. $48 is equivalent with the original scalar action S?
because the equation

1 8848 1
=V, A, =0

/—goéB* 2

guarantees the presence of a scalar potential for A,. Thus,
the Euler-Lagrange equation (8) ensures that A, can be

written as A, = 0,¢ at least locally and, by plugging this
SAB

(©dA=0) (8)

relation into , one can recover the original action S?.

1 . . . .
A concrete expression for Jg# can be written in terms of spin
connection @,

2 :
J,(,;de” = *(w“b A daob, +§w“b NN R

Note that the vierbein which defines this spin connection has
nothing to do with our coordinate basis dx* and one can freely
choose the basis to represent the Chern-Simons current.
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The dual rwo-form action can be obtained by eliminating
A, from the intermediate action $*#. A, can be eliminated
by using the equation,

1 5SAB o CS 1 HUPO
——géA” = —qA +K'J” —56 Vme,:Q (9)
which means
1
A=—((*H) +xJ), (10)
a

where we introduced the field strength three-form H of the
two-form field B which is given by H = dB and x
represents the Hodge dual. In component notation, it can
be expressed as

1
Hup =3B, (sH), = 567 H,yp. (1)

By plugging the above expressions into SA2, we obtain the
action of a two-form field which is dual to a canonical free
scalar field,

B 4 Mil 1 Fruvp

where

H p = H,y, + k(xJ)

o (13)
The action (12) is nothing but a four-dimensional analogy
of the interaction between gravity and a two-form gauge
field in the type I or heterotic supergravity. To summarize,
we have examined the well-known equivalence between a
scalar action S? (1) and a two-form gauge theory S (12).
The important step of the derivation is to introduce the
intermediate action S8. We will apply this method to more
general scalar-tensor theories in the following sections.
Note that remembering the relation of A to ¢, Eq. (10), can
be regarded as the duality relation between the original
scalar field and the two-form gauge field,

xdgp = l (14)

a

III. DUAL OF SHIFT SYMMETRIC
K-ESSENCE THEORY

A. Two-form dual action of K-essence theory

Here we would like to extend the above analysis to the
shift symmetric subclass of K-essence theory [31-33]
given by

S"’—/d“x\/_“{ p1R+K(X)} (15)

where X = ¢?0,¢0,¢. We note that a dual description
of the K-essence system without gravity is studied in
Refs. [34,35] in the context of an effective field theory of
superfluid.

We would like to introduce an intermediate action S48 by

1
/ d*x\/=g [ R+K(Y)+§e””f"’BWVpAU, (16)

where Y = ¢*’A,A,. The original action is recovered by
plugging A, = 0,¢. This replacement is guaranteed by
dA =0, which can be derived from the B,, variation
of S48,

Similar to the analysis in the previous section, the duality
relation can be obtained from the A, variation of the
intermediate action,

1 86848 1
= = 2KI(DAT 4 e, =0 (17)

By using the relation A = d¢, the duality relation
between the original scalar and the two-form field can
be understood as

—2K'(X)d¢ = *H, (18)

which now includes a nonlinear dependence of X;

In order to obtain a two-form action, we need to solve
Eq. (17) for A,. We can obtain the equation written by Y
and |H|* := H,,,H"" by squaring Eq. (17),

1
4K'(YPY = =2 [HP. (19)

By solving this equation for Y, Y can be written as a
function of |H|? implicitly; ¥ = Y(|H|?).?
Now (17) can be regarded as

PR N

T T

and one can safely eliminate A* from the intermediate
action SA8. Finally, we obtain

"Here we assume
2K"(Y)Y+ K'(Y))K'(Y) #0,

so that (19) has inverse at least locally. Our assumption is not
valid for cuscuton theory [36], K(X) o v £X.
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S8 = §48] o) /d‘*x\/“[ 'R+ F(|HJ? )} (21)

with

F(|HP?) = K(Y)

where Y = Y(|H|?) is a function of |H|* defined by (19).
Thus, the dual of K-essence theory is described by a two-
form field with a nonlinear kinetic term. We would like to
emphasize that our analysis holds even if K depends on
other fields y’, namely, K = K(y/, X).

—2K'(Y)Y, (22)

B. Derivation of the original equations of motion

For a complementary check, let us see the equivalence at
the level of equations of motion. First, the full set of
equations of motion in the original system S? is given by

M2 55t
08 G 2 TS, =0, (23a)
\/— 5g;¢b H M2
LS wk(x)a,e) =0, (23b)
N=xY) =

where the energy-momentum tensor Tf?y is given by
1
Tiw = =K' (X)0,00,0 + 59, K(X).  (24)

We will check if we can derive the same equations from the
dual action SB. The equations of motion from the two-form
action S? can be derived as

WIS e s
\/%_9553 — —6VP(F'H ™) =0, (25b)
v
where T4, is now given by
— 3F'H,, H + % g F. (26)

First, let us focus on Eq. (25b). By introducing the three-form

1
F'H = 3 F/(HP)H

awpdX A dx? A dxP, (27)

it can be written as

1
wdx (F'H) = VP (F'H,*)dx" A dx = 0. (28)

Thus, Eq. (25b) ensures that we can introduce the scalar
potential ¢ for xF'H,

1
FH=-—d 2
* 54 (29)

where a coefficient is determined so that the above relation
reproduces H = *dq for a free two-form field F =—|H|?*/12.
Let us define a function K (Y) and Y(|H|?) by (22) and (19).
Then we can show the relation,

dy

F'(|HP) = =(K'(Y) + 2YK"(Y)) dHP

_ 4K,1( )d|;i1|2 (4K (YY)
- ﬁ (30)

Thus, we can rewrite the duality relation (29) as

H=- ; * dep
12F (|HP)
= —2K'(Y(|HP?)) = dob. (31)
or in the component notation, by

H,, =-2K'e,,,’0,¢. (32)

By squaring Eq. (32), we obtain

%\le = —4(K'(Y(|H?))* 9" 0,hp0u0p.  (33)

By comparing it with Eq. (19), we obtain
Y(|HP?) = ¢*0,40,¢=:X. (34)
Hence, the duality relation can be written as
H = -2K'(X) * d¢, (35)

which is equivalent with (18). The equations of motion
for ¢ (23b) can be obtained from the Bianchi identity
dH =0 as

0 = *dH = *d(-2K'(X) = d¢)
— VMK (X), ). (36)
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Finally, the equivalence of the energy-momentum tensor can
be confirmed just by substituting (18) into (26) as follows:

1
Tﬁu = —3F'H,,,H,/ + Eg;wF

3 1
ﬁ8a¢aﬁ¢ + 5 g/wF

— _ € aeypzf

122F/ Hpo
1
- K/(g;wX - 8}4¢81/¢) + Eg;wF

= _K'aﬂd;ayqs + % gw(2K’X + F)

1
= _K/8ﬂ¢ay¢ + EgﬂuK = qu:l/ (37)

IV. DUAL OF A SUBCLASS OF SHIFT
SYMMETRIC HORNDESKI THEORY

A. Two-form dual action of Horndeski theory

Next let us include a nontrivial interaction through the
Einstein tensor,

S¢‘/ d'xy/=g [ (R~ 2A>——9ﬂ”6 po,0|.  (38)

where the effective metric G, is defined by

g/,w = ag;w +ﬂG/,w' (39)

Here a is a dimension less constant and f has mass
dimension —2. We note that the following analysis can
apply even when a and f depend on other fields. This
action is free of ghost instability due to higher derivatives
because it is included by the Horndeski theory. The action
of Horndeski theory is given by

5
ghom — / dixy/=gy  Liem, (40)
n=2

where £, are defined by

£Hom — Gy (. X), (41a)
£1om — G (. X) T, (41b)
L™ = Gy(h. X)R = 2G4 x(X)(O¢? = (VV4)?),  (41¢)
L3 =Gs(¢.X)G"V, V¢

+3Gsx(08 =30(VVAR +2(VV4Y). (410

Then our action S? corresponds to the following choice of
the arbitrary functions,

Go(h. X) = M2 A =2 Z ‘I, (42a)

G (¢X) =19, (42b)
2

Gy, X) = % - ﬂ—; “x, (42¢)

Gs(¢, X) = c2¢. (42d)

Here c; and ¢, describe redundancy of arbitrary functions
and we can set ¢; = ¢, = 0 without loss of generality. Note
also that (38) is the most general subclass of Horndeski
theory that contains terms up to quadratic in ¢ and has the
shift symmetry.

The intermediate action SA2 can be obtained as

/d4x./—[ v (R - 2A)——QWA A,
1
+ Ee"”f"’BMVﬂAG] . (43)

To remove auxiliary field A,,, we vary $4# by A, and obtain
an equation

1 5548

V -9 5An’ B

I
= ~GVA, + 5 €M H,, = 0. (44)

1
~GHA, = 57V, B

Contrary to the case of K-essence theory, this can be easily
solved for A,, provided that G" has the inverse matrix,

Ay = gl

N — G GH),(49)

Since A can be understood as d¢, Eq. (45) means the
duality relation between a scalar field and a two-form field
depends on the Einstein tensor G,

dp = G ,°(xH) dx. (46)

The dual two-form action $® can be obtained by elimi-
nating A, from the intermediate action S by using Eq. (45):

SB = SAB|
/ d‘*x,/—[ v (R=2A)
1 —1 HPOT ¢ vapfy H H 47
+2.3!2gm/€ pottiapy |+ ( )

Thus, the two-form fields interact with gravity through not
only metric but also the Einstein tensor G, which is similar
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to the original scalar-tensor theory. Though we assumed that
g,,” has the inverse matrix G! "> this condition generally
depends on the spacetime metric. For example, if we consider
the theory with @ = 0, then a two-form description can be
defined only for a spacetime with R, # 0.

It is useful to derive an expression without inverse matrix
G~!. It can be achieved by using a relation,

_ o _ 1
g 1 yg 1 z 1 Kg lrieypar — €1/nd’

det(G.")

where det G." represents the determinant of the matrix Qﬂ”.
Actually, a term in the two-form action can be evaluated as

H _H*r

-1 v oT
g u e"te pot

vafy

- mgggﬂﬂ

— oo T 17
g 9O

Finally we obtain the two-form action which is dual
to (38) as
/ d4x,/—[ "’(R 2A)

1
T 12de t(g )

gpago‘ﬁ g/ly o-lHa/}y . (49)

This is the main result of this paper. Since the original
scalar theory is free of ghost instabilities, this result can also
mean that we found a new ghost-free nontrivial interaction
between a two-form field and a curvature of spacetime
through the duality.

B. Derivation of the original equations of motion

As a complementary check of the duality, let us confirm
the equivalence between (38) and (49) at the level of
equations of motion. First, the original equations of motion
from the scalar-tensor theory can be evaluated as

2M,} 55¢ 2 4

\/_’ 57 =G, + Agy, — W, 79, =0, (50)
1 657

i op V,.(G"V,¢) = 0. (51)

Here Tffy is given by

1 1
Tftszz = Eoﬂym’a ¢aa¢ + g/w (__ e p¢60‘¢> (52)

where the differential operator O is defined as

po X) = ! - 5g/m(y)
(O fpe) (%) N d*y/ I 0o ) Sy 00
(53)

and we do not need the concrete expression for O);.
The equations of motion of the two-form field are given
by

2M‘l 5SB 2

T 5 O+ M= Th =0 (54)
1 &SB 1

_\/—_géBﬂ — —;Va(g—lﬂveﬂpargmﬁprM) =0, (55)
Y !

B - .
where T, is now given by

1

T’Z - 2.312 OMKW gz:’;]tg/?zlzeﬂpm mﬁprszH afy
1 1
+ ngI 5 3'2 ;,,l eMPoTe IJ(I/}YHPMH“/W . (56)
Let us define a one-form
—1 1 —1v,. poi !
g * H = agﬂ € Hpmldx . (57)

Then from Eq. (55), we obtain

1

(xd(G'x H))y, = —EV“(g“ﬂ”ef‘”‘”emﬁ},Hp,,,) =0. (58)

That guarantees the presence of a scalar potential,
G '« H = dg. (59)
This relation is equivalent with (46).

Now it is clear that the Bianchi identity for H reduces to
the equations of motion (51),

1
0==xdH = 3 #roN H,,e = V,(G*V, ), (60)

and the energy-momentum tensor of B,, coincides with

that of ¢,
B __ 1 KA - HPOT 1 vafy
T]d —zo,d g gﬂ/ —€ H 56 Haﬁy

1 1_ 1 o lm
+59M[ 1(5 " ”"ﬂy) (56 "H, )]

1 Lo 1
=3 O 0 pdyp + Eg’d {— 5 g’way‘f’au(ﬁ]

= T:fw (61)
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This result provides a complementary check of the local
number of degrees of freedom in the two-form theory. It
matches with that of the scalar theory because, for given g,
and ¢, the configuration of the two-form field B, can be
determined, up to gauge choice, by the duality relation (59)
without introducing additional integration constants.

V. ON FURTHER GENERALIZATION

We have derived two-form theories dual to the K-essence
theory and the shift symmetric Horndeski theory up to
quadratic order in ¢. Before closing our discussion, let us
investigate a more general class of the shift symmetric
Horndeski theory,

Gu(h. X) = G,(X). (62)

Even for this class of theory, we can construct an intermediate
action S48 by the analogy of the previous discussion,

5
1
S4B — / d4x\/—_g[§ LMy g+ 5BV ,A, .
n=2

(63)

In the two examples that we have investigated in this paper,
it was possible to eliminate A, from the intermediate action
S48 by using the equation from the A, variation. This fact
enabled us to construct the dual two-form action in these
cases. However, this property does not hold for the general
class of the shift symmetric Horndeski theory because the
equation of A, generally includes V,A,. Actually we can
derive the equation

! 5SAB*2G A" 4+2G y(A*V ,AY —A VFAY)
\/_—g 5A/4 - 2,Y 3Y 1% v
+2G4 yA*R—4G, yyA*((V,AY)* = (V,A,)?)
+--4+2GsyV,A (A*G"* —A*GP¥) +---. (64)
Thus, V,A, terms can be avoided when
Gy =0, Guyyr=0, Gsy=0. (65)

Since, when G5 or G5 is constant, the corresponding £Hom
term becomes total derivative, we can set G; = G5 = 0.
Then our discussion can be applied only for the subclass of
the Horndeski theory with

G, (X) = K(X), (66a)

G4(X) =0, (66b)
2

Ga(X) % - gx, (66¢)

Gs(X) =0, (66d)

where we introduce arbitrary function K and two integra-
tion constants of differential equations (65), which are Mgl
and f. This results shows that two-form dual action can be
obtained only for the theory we have addressed in the
previous two sections or combinations of these theories.
Note that when both K(X) and G*0,¢$0,¢ exist at the
same time, it is generally difficult to solve the equation

2K'(Y)A, — BG,*A, + (+H), =0, (67)

for A, explicitly.

We would like to emphasize that this result does not
mean there is no two-form dual of a scalar-tensor theory
beyond (66). Actually we can consider a coupling through
the Gauss-Bonnet term,

SCB = /d“x\/—giqblGB, (68)
where 198 is the Gauss-Bonnet invariant given by
1. -
198 = =1 R R = R®*—4R,,R*" +R,,,,R*".  (69)

Since the integration of /B becomes a surface term in four-
dimensional spacetime, this coupling respects the shift
symmetry ¢ — ¢ + c. It was shown that the Gauss-Bonnet
coupling corresponds to a shift symmetric Horndeski
theory with the choice of a function [4,37]

Gs = —41log |X]|. (70)
Clearly this is not included by (66). Nonetheless, we can

construct a two-form dual because there is the Gauss-
Bonnet current

GB _ H

%% = -V, Jig, (71)
where a concrete expression can be written by connection
one-form w,” with respect to some vierbein as [38]

2
JGBdxt = <w“” A do? +§a)“h A A coﬂ) €apea-  (72)

Since the derivation of two-form dual action with the
Chern-Simons coupling does not need the detail of J$5, one
can also derive a two-form dual action with the Gauss-
Bonnet coupling by the same manner.

To summarize, our method can directly apply to, in
principle, the following action of the scalar-tensor theory:
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2
S = / d*x\/=g [@R +K(X) - gcﬂvaﬂwy(p

+ kIS + M)IGB} , (73)

though it might be difficult to write down a dual two-form
action analytically because of the nonlinear dependence of
the kinetic term K (X). Note that here we include the Chern-
Simons interaction though it is not included by the Horndeski
theory. In the presence of other fields y/, our analysis can
directly apply even when K = K(x!, X) and g = B(x').

VI. SUMMARY AND DISCUSSION

We derived two-form theories which are dual to shift
symmetric scalar-tensor theories included by the Horndeski
theory. We explicitly showed the equivalence between (15)
and (21), and between (38) and (49) at the level of both an
action and equations of motion. A two-form field has a
nonlinear kinetic term in (21) and has couplings through the
Einstein tensor in (49). In both cases, duality relations are
modified from the standard relation d¢p = xdB, as obtained
in (18) and (46). These actions provide nontrivial examples
of interaction between a two-form field and gravity. We
found that a direct application of our method to the general
shift symmetric scalar-tensor theory beyond (73) does not
work well.

Since our new two-form theory with interactions through
the Einstein tensor is equivalent to the Horndeski theory,
it is definitely free of the Ostrogradsky’s instability in
four-dimensional spacetime. Though we found that it is
difficult to generalize our analysis to a more general class of
the shift symmetric Horndeski theory, it might be possible
to construct a dual two-form theory in the framework
of the DHOST theory. Contrary, it is also interesting to
explore the most general ghost-free interaction between

the two-form and gravity, which might include two-form
theories which do not have the dual scalar description.
Our duality holds only in a four-dimensional spacetime.
Then it is also interesting to study whether the ghost
freeness holds in an arbitrary dimension.

Our new two-form interaction would be interesting
for applications to inflation and black hole physics.
For inflation, the two-form field, which is coupled with
inflaton, helps to construct nontrivial anisotropic back-
ground solutions and it possibly produces a statistical
anisotropy [23,24,24,25,27]. It is not clear how much
our new interaction affects it. For black hole physics, we
would like to emphasize that the axionic charge [22] of the
black hole can be defined only in the two-form view point.
This is because the axionic charge depends on the global
topology of spacetime while the electromagnetic duality
holds locally. Then, it is interesting to clarify the relation
of this axionic scalar hair to that of the shift symmetric
Horndeski theory studied in Ref. [39]. As another appli-
cation, we can expect that a quantum effect in the scalar
frame and two-form frame can be different because our
duality holds only on shell. In the case of the free field, it is
known that the two-form theory contains an instanton
solution which describes a tunneling process which creates
a closed universe from the Minkowski space. We address
this application in a subsequent work [40].
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