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We generalize the electromagnetic duality between a massless free scalar field and a two-form gauge
field in a four-dimensional spacetime to scalar-tensor theories. We derive the action of a two-form gauge
field that is dual to two kinds of scalar-tensor theories: the shift symmetric K-essence theory and the shift
symmetric Horndeski theory up to quadratic in a scalar field. The former case, the dual two-form, has a
nonlinear kinetic term. The latter case, the dual two-form, has nontrivial interactions with gravity through
the Einstein tensor. In both cases, the duality relation is modified from the usual case, that is, the dual two-
form field is not simply given by the Hodge dual of the gradient of the scalar field.
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I. INTRODUCTION

A scalar field interacting with gravity through nontrivial
couplings enables us to construct divergent scenarios of
both the early- and late-time Universe. As the first guideline
to look for possible forms of interactions, it is important to
classify interactions based on the presence/absence of
Ostrogradsky’s ghost instability (see [1] for a review).
An understanding of ghost-free scalar interactions has been
deepened, especially after the refinding of Horndeski
theory [2] as a generalized Galileon theory [3,4] (see also
Ref. [5] for a recent review), which is the most general
scalar-tensor theory with second-order derivatives in the
Euler-Lagrange equations. It was found that Horndeski
theory is not the most general theory avoiding
Ostrogradsky’s ghost [6,7]. It is possible to construct a
theory which has higher derivative terms in the Euler-
Lagrange equations apparently but these equations can be
rewritten as a set of the equations up to second-order time
derivatives. At quadratic order in ∇μ∇νϕ, where ϕ is a
scalar field and ∇μ is the covariant derivative, the general
scalar tensor theory is found in Refs. [8–11], which is
called extended scalar-tensor theory [10] or degenerate
higher order derivative scalar tensor (DHOST) theory [11].
A cubic order version of DHOST theory is investigated
in Ref. [12].
Not only interactions with a scalar field, but also those

with other types of fields have been actively investigated.
For a Uð1Þ gauge field, Horndeski also found the most

general theory with second-order Euler-Lagrange equations
called vector-Horndeski theory [13]. If one relaxes Uð1Þ
gauge symmetry and considers a massive vector field, a
study of nontrivial interactions with gravity has been
developed by an analogy of the Horndeski theory for a
scalar field. This is called generalized Proca theory [14].
As is similar to scalar-tensor theories, the generalized
Proca theory has its further generalization without exciting
extra degrees of freedom. The most general theory up to
quadratic in ∇μAν, where Aμ is a vector field, is called
extended vector-tensor theory [15], which is an analogy of
the extended scalar-tensor (or DHOST) theory. Even
though a structure of the extended vector-tensor theory
is much similar to the extended scalar-tensor theory, the
vector theory has an important property: It has been shown
that a nontrivial branch of the extended vector-tensor
theory, which does not include the generalized Proca
theory, has stable cosmological solutions [16], though a
similar branch of the DHOST theory does not [17].
Our interest here is interactions between gravity and a

two-form gauge field because a two-form gauge field is an
essential ingredient of a low energy limit of the string
theory as well as scalar and one-form vector fields.
Especially, in type-I and heterotic string theory, a two-
form field has interactions through the Chern-Simons term
of gravity. Then it was shown that, in a four-dimensional
spacetime, such a two-form can be regarded as a canonical
scalar field with Chern-Simons coupling, which is axion,
through the electromagnetic duality [18–20]: As is well
known, there is a duality between p and the D − p − 2
form field in the D dimension at least when there is no
interaction. See Ref. [21] for a review of the Chern-Simons
coupling of a scalar field. The electromagnetic duality
between a scalar and a two-form field is useful even in the
context of a black hole hair. It was discussed that a trivial
black hole solution with a vanishing scalar field has an

*dyoshida@hawk.kobe-u.ac.jp

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 100, 084047 (2019)

2470-0010=2019=100(8)=084047(9) 084047-1 Published by the American Physical Society

https://orcid.org/0000-0001-8424-8828
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.100.084047&domain=pdf&date_stamp=2019-10-22
https://doi.org/10.1103/PhysRevD.100.084047
https://doi.org/10.1103/PhysRevD.100.084047
https://doi.org/10.1103/PhysRevD.100.084047
https://doi.org/10.1103/PhysRevD.100.084047
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


“axionic charge” in the two-form description [22]. In the
context of cosmology, the two-form and higher form fields
also have been studied because they enable us to construct a
nontrivial anisotropic universe and are expected to produce
statistical anisotropy [23–27]. See also [28] for an appli-
cation to dark energy.
The purpose of this paper is to develop the way to extend

such duality of a canonical scalar field to a subclass of
Horndeski theory. As well as the resultant two-form, dual
theory will provide a new example of healthy interactions
between a two-form field and gravity in four-dimensional
spacetime, and it might be a good candidate for healthy
theory even in the higher dimension as in the Chern-Simons
case. Note that the two-form and scalar field duality in
mimetic theory was discussed in [29].
This paper is organized as follows. In the next section,

we review the derivation of the electromagnetic duality
between a canonical scalar field and a two-form field
including the Chern-Simons coupling. After that, we
generalize this procedure to the K-essence theory and
the shift symmetric Horndeski theory up to quadratic in
ϕ in Secs. III and IV, respectively. In Sec. V, we briefly see
that our method cannot be applied directly to a more
general class of the Horndeski theory. The final section is
devoted to summary and discussions.

II. DUALITY BETWEEN CANONICAL SCALAR
FIELD AND TWO-FORM FIELD

Let us begin with reviewing the well-known duality
between a massless scalar field with the Chern-Simons
coupling and a two-form field [18–20]. Let us consider the
following action [30]:

Sϕ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
R −

α

2
gμν∂μϕ∂νϕþ κϕICS

�
; ð1Þ

where ICS is the Chern-Simons term for gravity given by

ICS ¼ 1

4
RμνρσR̃μνρσ: ð2Þ

Here R̃μνρσ are components of the Hodge dual of the
Riemann two-form,

R̃μνρσ ≔
1

2
ϵμν

αβRαβρσ: ð3Þ

ϵμνρσ is the Levi-Civita tensor associated with gμν,

ϵμνρσ ¼ −
1ffiffiffiffiffiffi−gp ½μνρσ�; ϵμνρσ ¼

ffiffiffiffiffiffi
−g

p ½μνρσ�; ð4Þ

where ½μνρσ� is the complete antisymmetric tensor with
½0123� ¼ 1. Here α is a dimensionless constant. Note that
our analysis can be applied even when α is a function of

other fields; α ¼ αð χIÞ with some fields χI. κ is a constant
of mass dimension −1. The simplest example of a duality,
that is, a duality between a free scalar and a free two-form
field, can be obtained by setting κ ¼ 0 in the following
analysis. To treat a two-form field, it would be useful to
write the action by the differential form language. However,
since our purpose is to extend the duality relation to a more
general scalar-tensor theory and a scalar-tensor theory is
usually written in terms of component notations, we will
examine the electromagnetic duality in the component
notation.
As is well known, the Chern-Simons term can be written

as a total derivative form,

ICS ¼ −∇μJ
μ
CS; ð5Þ

where JμCS is the Chern-Simons current.1

Then, after integrating by parts, the action can be
written as

Sϕ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
R−

α

2
gμν∂μϕ∂νϕþ κ∂μϕJ

μ
CS

�
: ð6Þ

A technically important step to derive the dual action is
to introduce the intermediate action SAB which is defined as
follows:

SAB ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
R −

α

2
AμAμ þ κAμJ

μ
CS

þ 1

2
ϵμνρσBμν∇ρAσ

�
: ð7Þ

The first line is the original action Sϕ where ∂μϕ is replaced
with Aμ. SAB is equivalent with the original scalar action Sϕ

because the equation

1ffiffiffiffiffiffi−gp δSAB

δBμν ¼
1

2
ϵμνρσ∇ρAσ ¼ 0 ð⇔ dA ¼ 0Þ ð8Þ

guarantees the presence of a scalar potential for Aμ. Thus,
the Euler-Lagrange equation (8) ensures that Aμ can be
written as Aμ ¼ ∂μϕ at least locally and, by plugging this
relation into SAB, one can recover the original action Sϕ.

1A concrete expression for JCSμ can be written in terms of spin
connection ωa

b,

JCSμ dxμ ¼ �
�
ωa

b ∧ dωb
a þ

2

3
ωa

b ∧ ωb
c ∧ ωc

a

�
:

Note that the vierbein which defines this spin connection has
nothing to do with our coordinate basis dxμ and one can freely
choose the basis to represent the Chern-Simons current.
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The dual two-form action can be obtained by eliminating
Aμ from the intermediate action SAB. Aμ can be eliminated
by using the equation,

1ffiffiffiffiffiffi−gp δSAB

δAσ
¼ −αAσ þ κJCSμ −

1

2
ϵμνρσ∇ρBμν ¼ 0; ð9Þ

which means

A ¼ 1

α
ðð�HÞ þ κJCSÞ; ð10Þ

where we introduced the field strength three-form H of the
two-form field B which is given by H ¼ dB and �
represents the Hodge dual. In component notation, it can
be expressed as

Hμνρ ¼ 3∇½μBνρ�; ð�HÞμ ¼
1

3!
ϵμ

νρσHνρσ: ð11Þ

By plugging the above expressions into SAB, we obtain the
action of a two-form field which is dual to a canonical free
scalar field,

SB ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
R −

1

12α
ĤμνρĤ

μνρ

�
; ð12Þ

where

Ĥμνρ ¼ Hμνρ þ κð�JCSÞμνρ: ð13Þ

The action (12) is nothing but a four-dimensional analogy
of the interaction between gravity and a two-form gauge
field in the type I or heterotic supergravity. To summarize,
we have examined the well-known equivalence between a
scalar action Sϕ (1) and a two-form gauge theory SB (12).
The important step of the derivation is to introduce the
intermediate action SAB. We will apply this method to more
general scalar-tensor theories in the following sections.
Note that remembering the relation of A to ϕ, Eq. (10), can
be regarded as the duality relation between the original
scalar field and the two-form gauge field,

�dϕ ¼ 1

α
Ĥ: ð14Þ

III. DUAL OF SHIFT SYMMETRIC
K-ESSENCE THEORY

A. Two-form dual action of K-essence theory

Here we would like to extend the above analysis to the
shift symmetric subclass of K-essence theory [31–33]
given by

Sϕ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
Rþ KðXÞ

�
; ð15Þ

where X ¼ gμν∂μϕ∂νϕ. We note that a dual description
of the K-essence system without gravity is studied in
Refs. [34,35] in the context of an effective field theory of
superfluid.
Wewould like to introduce an intermediate action SAB by

SAB¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
RþKðYÞþ1

2
ϵμνρσBμν∇ρAσ

�
; ð16Þ

where Y ¼ gμνAμAν. The original action is recovered by
plugging Aμ ¼ ∂μϕ. This replacement is guaranteed by
dA ¼ 0, which can be derived from the Bμν variation
of SAB.
Similar to the analysis in the previous section, the duality

relation can be obtained from the Aμ variation of the
intermediate action,

1ffiffiffiffiffiffi−gp δSAB

δAσ
¼ 2K0ðYÞAσ þ 1

3!
ϵσμνρHμνρ ¼ 0: ð17Þ

By using the relation A ¼ dϕ, the duality relation
between the original scalar and the two-form field can
be understood as

−2K0ðXÞdϕ ¼ �H; ð18Þ

which now includes a nonlinear dependence of X;
In order to obtain a two-form action, we need to solve

Eq. (17) for Aμ. We can obtain the equation written by Y
and jHj2 ≔ HμνρHμνρ by squaring Eq. (17),

4K0ðYÞ2Y ¼ −
1

3!
jHj2: ð19Þ

By solving this equation for Y, Y can be written as a
function of jHj2 implicitly; Y ¼ YðjHj2Þ.2
Now (17) can be regarded as

Aσ ¼ −
1

2K0ðYðjHj2ÞÞ
1

3!
ϵσ

μνρHμνρ; ð20Þ

and one can safely eliminate Aμ from the intermediate
action SAB. Finally, we obtain

2Here we assume

ð2K00ðYÞY þ K0ðYÞÞK0ðYÞ ≠ 0;

so that (19) has inverse at least locally. Our assumption is not
valid for cuscuton theory [36], KðXÞ ∝ ffiffiffiffiffiffiffi�X

p
.
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SB ≔ SABjð20Þ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
Rþ FðjHj2Þ

�
; ð21Þ

with

FðjHj2Þ ¼ KðYÞ − 2K0ðYÞY; ð22Þ

where Y ¼ YðjHj2Þ is a function of jHj2 defined by (19).
Thus, the dual of K-essence theory is described by a two-
form field with a nonlinear kinetic term. We would like to
emphasize that our analysis holds even if K depends on
other fields χI , namely, K ¼ Kð χI; XÞ.

B. Derivation of the original equations of motion

For a complementary check, let us see the equivalence at
the level of equations of motion. First, the full set of
equations of motion in the original system Sϕ is given by

2M−2
plffiffiffiffiffiffi−gp δSϕ

δgμν
¼ Gμν −

2

M2
pl

Tϕ
μν ¼ 0; ð23aÞ

1ffiffiffiffiffiffi−gp δSϕ

δϕ
¼ −2∇μðK0ðXÞ∂μϕÞ ¼ 0; ð23bÞ

where the energy-momentum tensor Tϕ
μν is given by

Tϕ
μν ¼ −K0ðXÞ∂μϕ∂νϕþ 1

2
gμνKðXÞ: ð24Þ

Wewill check if we can derive the same equations from the
dual action SB. The equations of motion from the two-form
action SB can be derived as

2M−2
plffiffiffiffiffiffi−gp δSB

δgμν
¼ Gμν −

2

M2
pl

TB
μν ¼ 0; ð25aÞ

1ffiffiffiffiffiffi−gp δSB

δBμν
¼ −6∇ρðF0Hρ

μνÞ ¼ 0; ð25bÞ

where TB
μν is now given by

TB
μν ¼ −3F0HμρσHν

ρσ þ 1

2
gμνF: ð26Þ

First, let us focus onEq. (25b). By introducing the three-form

F0H ≔
1

3!
F0ðjHj2ÞHμνρdxμ ∧ dxν ∧ dxρ; ð27Þ

it can be written as

�d � ðF0HÞ ¼ 1

2
∇ρðF0Hρ

μνÞdxμ ∧ dxν ¼ 0: ð28Þ

Thus, Eq. (25b) ensures that we can introduce the scalar
potential ϕ for �F0H,

�F0H ¼ −
1

12
dϕ; ð29Þ

where a coefficient is determined so that the above relation
reproducesH ¼ �dϕ for a free two-form fieldF¼−jHj2=12.
Let us define a function KðYÞ and YðjHj2Þ by (22) and (19).
Then we can show the relation,

F0ðjHj2Þ ¼ −ðK0ðYÞ þ 2YK00ðYÞÞ dY
djHj2

¼ −
1

4K0ðYÞ
d

djHj2 ð4K
0ðYÞ2YÞ

¼ 1

4!K0ðYÞ : ð30Þ

Thus, we can rewrite the duality relation (29) as

H ¼ −
1

12F0ðjHj2Þ � dϕ

¼ −2K0ðYðjHj2ÞÞ � dϕ; ð31Þ

or in the component notation, by

Hμνρ ¼ −2K0ϵμνρσ∂σϕ: ð32Þ

By squaring Eq. (32), we obtain

1

3!
jHj2 ¼ −4ðK0ðYðjHj2ÞÞÞ2gμν∂μϕ∂νϕ: ð33Þ

By comparing it with Eq. (19), we obtain

YðjHj2Þ ¼ gμν∂μϕ∂νϕ≕X: ð34Þ

Hence, the duality relation can be written as

H ¼ −2K0ðXÞ � dϕ; ð35Þ

which is equivalent with (18). The equations of motion
for ϕ (23b) can be obtained from the Bianchi identity
dH ¼ 0 as

0 ¼ �dH ¼ �dð−2K0ðXÞ � dϕÞ
¼ −2∇μðK0ðXÞ∇μϕÞ: ð36Þ

DAISUKE YOSHIDA PHYS. REV. D 100, 084047 (2019)

084047-4



Finally, the equivalence of the energy-momentum tensor can
be confirmed just by substituting (18) into (26) as follows:

TB
μν ¼ −3F0HμρσHν

ρσ þ 1

2
gμνF

¼ −
3

122F0 ϵμρσ
αϵν

ρσβ∂αϕ∂βϕþ 1

2
gμνF

¼ K0ðgμνX − ∂μϕ∂νϕÞ þ
1

2
gμνF

¼ −K0∂μϕ∂νϕþ 1

2
gμνð2K0X þ FÞ

¼ −K0∂μϕ∂νϕþ 1

2
gμνK ¼ Tϕ

μν: ð37Þ

IV. DUAL OF A SUBCLASS OF SHIFT
SYMMETRIC HORNDESKI THEORY

A. Two-form dual action of Horndeski theory

Next let us include a nontrivial interaction through the
Einstein tensor,

Sϕ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
ðR − 2ΛÞ − 1

2
Gμν∂μϕ∂νϕ

�
; ð38Þ

where the effective metric Gμν is defined by

Gμν ≔ αgμν þ βGμν: ð39Þ

Here α is a dimension less constant and β has mass
dimension −2. We note that the following analysis can
apply even when α and β depend on other fields. This
action is free of ghost instability due to higher derivatives
because it is included by the Horndeski theory. The action
of Horndeski theory is given by

SHorn ¼
Z

d4x
ffiffiffiffiffiffi
−g

p X5
n¼2

LHorn
n ; ð40Þ

where Ln are defined by

LHorn
2 ¼ G2ðϕ; XÞ; ð41aÞ

LHorn
3 ¼ G3ðϕ; XÞ□ϕ; ð41bÞ

LHorn
4 ¼ G4ðϕ; XÞR − 2G4;XðXÞð□ϕ2 − ð∇∇ϕÞ2Þ; ð41cÞ

LHorn
5 ¼G5ðϕ;XÞGμν∇μ∇νϕ

þ1

3
G5;Xð□ϕ3−3□ϕð∇∇ϕÞ2þ2ð∇∇ϕÞ3Þ: ð41dÞ

Then our action Sϕ corresponds to the following choice of
the arbitrary functions,

G2ðϕ; XÞ ¼ M2
plΛ −

αþ c1
2

X; ð42aÞ

G3ðϕ; XÞ ¼ c1ϕ; ð42bÞ

G4ðϕ; XÞ ¼
M2

pl

2
−
β þ c2

2
X; ð42cÞ

G5ðϕ; XÞ ¼ c2ϕ: ð42dÞ

Here c1 and c2 describe redundancy of arbitrary functions
and we can set c1 ¼ c2 ¼ 0without loss of generality. Note
also that (38) is the most general subclass of Horndeski
theory that contains terms up to quadratic in ϕ and has the
shift symmetry.
The intermediate action SAB can be obtained as

SAB ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
ðR − 2ΛÞ − 1

2
GμνAμAν

þ 1

2
ϵμνρσBμν∇ρAσ

�
: ð43Þ

To remove auxiliary field Aμ, we vary SAB by Aμ and obtain
an equation

1ffiffiffiffiffiffi−gp δSAB

δAσ
¼ −GσμAμ −

1

2
ϵμνρσ∇ρBμν

¼ −GσμAμ þ
1

3!
ϵσμνρHμνρ ¼ 0: ð44Þ

Contrary to the case of K-essence theory, this can be easily
solved for Aμ, provided that Gμν has the inverse matrix,

Aα ¼
1

3!
G−1
ασ ϵ

σμνρHμνρ ¼ G−1
α
σð�HÞσ: ð45Þ

Since A can be understood as dϕ, Eq. (45) means the
duality relation between a scalar field and a two-form field
depends on the Einstein tensor Gμν,

dϕ ¼ G−1
α
σð�HÞσdxα: ð46Þ

The dual two-form action SB can be obtained by elimi-
natingAμ from the intermediate actionSAB by usingEq. (45):

SB ≔ SABjð45Þ

¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
ðR − 2ΛÞ

þ 1

2 · 3!2
G−1
μν ϵ

μρστϵναβγHρστHαβγ

�
: ð47Þ

Thus, the two-form fields interact with gravity through not
only metric but also the Einstein tensor Gμν which is similar
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to the original scalar-tensor theory. Though we assumed that
Gμ

ν has the inverse matrix G−1
μ
ν, this condition generally

depends on the spacetimemetric. For example, ifwe consider
the theory with α ¼ 0, then a two-form description can be
defined only for a spacetime with Rμν ≠ 0.
It is useful to derive an expression without inverse matrix

G−1. It can be achieved by using a relation,

G−1
μ
νG−1

ρ
ιG−1

σ
κG−1

τ
λϵμρστ ¼ 1

detðG·
·Þ ϵ

νικλ;

where detG·
· represents the determinant of the matrix Gμ

ν.
Actually, a term in the two-form action can be evaluated as

G−1
μ
νϵμρστϵναβγHρστHαβγ

¼ 1

detðG·
·Þ ϵ

νικλϵναβγGι
ρGκ

σGλ
τHρστHαβγ

¼ −
3!

detðG·
·ÞGα

ρGβ
σGγ

τHρστHαβγ: ð48Þ

Finally we obtain the two-form action which is dual
to (38) as

SB ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
ðR − 2ΛÞ

−
1

12

1

detðG·
·ÞG

ραGσβGλγHρσλHαβγ

�
: ð49Þ

This is the main result of this paper. Since the original
scalar theory is free of ghost instabilities, this result can also
mean that we found a new ghost-free nontrivial interaction
between a two-form field and a curvature of spacetime
through the duality.

B. Derivation of the original equations of motion

As a complementary check of the duality, let us confirm
the equivalence between (38) and (49) at the level of
equations of motion. First, the original equations of motion
from the scalar-tensor theory can be evaluated as

2M−2
plffiffiffiffiffiffi−gp δSϕ

δgμν
¼ Gμν þ Λgμν −

2

M2
pl

Tϕ
μν ¼ 0; ð50Þ

1ffiffiffiffiffiffi−gp δSϕ

δϕ
¼ ∇μðGμν∇νϕÞ ¼ 0: ð51Þ

Here Tϕ
μν is given by

Tϕ
μν ¼ 1

2
Oμν

ρσ∂ρϕ∂σϕþ 1

2
gμν

�
−
1

2
Gρσ∂ρϕ∂σϕ

�
; ð52Þ

where the differential operator O is defined as

ðOμν
ρσfρσÞðxÞ ≔

1ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞp

Z
d4y

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðyÞ

p
fρσðyÞ

δGρσðyÞ
δgμνðxÞ ;

ð53Þ

and we do not need the concrete expression for Oρσ
μν.

The equations of motion of the two-form field are given
by

2M−2
plffiffiffiffiffiffi−gp δSB

δgμν
¼ Gμν þ Λgμν −

2

M2
pl

TB
μν ¼ 0; ð54Þ

1ffiffiffiffiffiffi−gp δSB

δBβγ
¼ −

1

3!
∇αðG−1

μ
νϵμρστϵναβγHρστÞ ¼ 0; ð55Þ

where TB
μν is now given by

TB
κλ ¼

1

2 · 3!2
Oκλ

κ0λ0G−1
κ0μG

−1
λ0νϵ

μρστϵναβγHρστHαβγ

þ 1

2
gκλ

�
−

1

2 · 3!2
G−1
μν ϵ

μρστϵναβγHρστHαβγ

�
: ð56Þ

Let us define a one-form

G−1 �H ≔
1

3!
G−1 ν
μ ϵν

ρσλHρσλdxμ: ð57Þ

Then from Eq. (55), we obtain

ð�dðG−1 �HÞÞβγ ¼−
1

3!
∇αðG−1

μ
νϵμρστϵναβγHρστÞ¼ 0: ð58Þ

That guarantees the presence of a scalar potential,

G−1 �H ¼ dϕ: ð59Þ

This relation is equivalent with (46).
Now it is clear that the Bianchi identity for H reduces to

the equations of motion (51),

0 ¼ �dH ¼ 1

3!
ϵμνρσ∇μHνρσ ¼ ∇μðGμν∇νϕÞ; ð60Þ

and the energy-momentum tensor of Bμν coincides with
that of ϕ,

TB
κλ ¼

1

2
Oκλ

κ0λ0G−1
κ0μG

−1
λ0ν

�
1

3!
ϵμρστHρστ

��
1

3!
ϵναβγHαβγ

�

þ 1

2
gκλ

�
−
1

2
G−1
μν

�
1

3!
ϵμρστHαβγ

��
1

3!
ϵναβγHρστ

��

¼ 1

2
Oκλ

κ0λ0∂κ0ϕ∂λ0ϕþ 1

2
gκλ

�
−
1

2
Gμν∂μϕ∂νϕ

�

¼ Tϕ
κλ: ð61Þ
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This result provides a complementary check of the local
number of degrees of freedom in the two-form theory. It
matches with that of the scalar theory because, for given gμν
and ϕ, the configuration of the two-form field Bμν can be
determined, up to gauge choice, by the duality relation (59)
without introducing additional integration constants.

V. ON FURTHER GENERALIZATION

We have derived two-form theories dual to theK-essence
theory and the shift symmetric Horndeski theory up to
quadratic order in ϕ. Before closing our discussion, let us
investigate a more general class of the shift symmetric
Horndeski theory,

Gnðϕ; XÞ ≔ GnðXÞ: ð62Þ
Even for this class of theory,we can construct an intermediate
action SAB by the analogy of the previous discussion,

SAB ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �X5
n¼2

LHorn
n j∇ϕ→A þ 1

2
ϵμνρσBμν∇ρAσ

�
:

ð63Þ
In the two examples that we have investigated in this paper,
it was possible to eliminate Aμ from the intermediate action
SAB by using the equation from the Aμ variation. This fact
enabled us to construct the dual two-form action in these
cases. However, this property does not hold for the general
class of the shift symmetric Horndeski theory because the
equation of Aμ generally includes ∇μAν. Actually we can
derive the equation

1ffiffiffiffiffiffi−gp δSAB

δAμ
¼2G2;YAμþ2G3;YðAμ∇νAν−Aν∇μAνÞ

þ2G4;YAμR−4G4;YYAμðð∇νAνÞ2−ð∇νAρÞ2Þ
þ���þ2G5;Y∇ρAνðAμGνρ−AνGρμÞþ���: ð64Þ

Thus, ∇μAν terms can be avoided when

G3;Y ¼ 0; G4;YY ¼ 0; G5;Y ¼ 0: ð65Þ
Since, when G3 or G5 is constant, the corresponding LHorn

n
term becomes total derivative, we can set G3 ¼ G5 ¼ 0.
Then our discussion can be applied only for the subclass of
the Horndeski theory with

G2ðXÞ ¼ KðXÞ; ð66aÞ

G3ðXÞ ¼ 0; ð66bÞ

G4ðXÞ ¼
M2

pl

2
−
β

2
X; ð66cÞ

G5ðXÞ ¼ 0; ð66dÞ

where we introduce arbitrary function K and two integra-
tion constants of differential equations (65), which are M2

pl

and β. This results shows that two-form dual action can be
obtained only for the theory we have addressed in the
previous two sections or combinations of these theories.
Note that when both KðXÞ and Gμν∂μϕ∂νϕ exist at the
same time, it is generally difficult to solve the equation

2K0ðYÞAμ − βGμ
νAν þ ð�HÞμ ¼ 0; ð67Þ

for Aμ explicitly.
We would like to emphasize that this result does not

mean there is no two-form dual of a scalar-tensor theory
beyond (66). Actually we can consider a coupling through
the Gauss-Bonnet term,

SGB ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
λϕIGB; ð68Þ

where IGB is the Gauss-Bonnet invariant given by

IGB ¼−
1

4
R̃μνρσR̃μνρσ ¼R2−4RμνRμνþRμνρσRμνρσ: ð69Þ

Since the integration of IGB becomes a surface term in four-
dimensional spacetime, this coupling respects the shift
symmetry ϕ → ϕþ c. It was shown that the Gauss-Bonnet
coupling corresponds to a shift symmetric Horndeski
theory with the choice of a function [4,37]

G5 ¼ −4λ log jXj: ð70Þ

Clearly this is not included by (66). Nonetheless, we can
construct a two-form dual because there is the Gauss-
Bonnet current

IGB ¼ −∇μJ
μ
GB; ð71Þ

where a concrete expression can be written by connection
one-form ωa

b with respect to some vierbein as [38]

JGBμ dxμ ¼
�
ωab ∧dωcdþ2

3
ωab ∧ωcf ∧ωf

d

�
ϵabcd: ð72Þ

Since the derivation of two-form dual action with the
Chern-Simons coupling does not need the detail of JCSμ , one
can also derive a two-form dual action with the Gauss-
Bonnet coupling by the same manner.
To summarize, our method can directly apply to, in

principle, the following action of the scalar-tensor theory:
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Sϕ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
Rþ KðXÞ − β

2
Gμν∂μϕ∂νϕ

þ κϕICS þ λϕIGB
�
; ð73Þ

though it might be difficult to write down a dual two-form
action analytically because of the nonlinear dependence of
the kinetic term KðXÞ. Note that here we include the Chern-
Simons interaction though it is not includedby theHorndeski
theory. In the presence of other fields χI , our analysis can
directly apply even when K ¼ Kð χI; XÞ and β ¼ βð χIÞ.

VI. SUMMARY AND DISCUSSION

We derived two-form theories which are dual to shift
symmetric scalar-tensor theories included by the Horndeski
theory. We explicitly showed the equivalence between (15)
and (21), and between (38) and (49) at the level of both an
action and equations of motion. A two-form field has a
nonlinear kinetic term in (21) and has couplings through the
Einstein tensor in (49). In both cases, duality relations are
modified from the standard relation dϕ ¼ �dB, as obtained
in (18) and (46). These actions provide nontrivial examples
of interaction between a two-form field and gravity. We
found that a direct application of our method to the general
shift symmetric scalar-tensor theory beyond (73) does not
work well.
Since our new two-form theory with interactions through

the Einstein tensor is equivalent to the Horndeski theory,
it is definitely free of the Ostrogradsky’s instability in
four-dimensional spacetime. Though we found that it is
difficult to generalize our analysis to a more general class of
the shift symmetric Horndeski theory, it might be possible
to construct a dual two-form theory in the framework
of the DHOST theory. Contrary, it is also interesting to
explore the most general ghost-free interaction between

the two-form and gravity, which might include two-form
theories which do not have the dual scalar description.
Our duality holds only in a four-dimensional spacetime.
Then it is also interesting to study whether the ghost
freeness holds in an arbitrary dimension.
Our new two-form interaction would be interesting

for applications to inflation and black hole physics.
For inflation, the two-form field, which is coupled with
inflaton, helps to construct nontrivial anisotropic back-
ground solutions and it possibly produces a statistical
anisotropy [23,24,24,25,27]. It is not clear how much
our new interaction affects it. For black hole physics, we
would like to emphasize that the axionic charge [22] of the
black hole can be defined only in the two-form view point.
This is because the axionic charge depends on the global
topology of spacetime while the electromagnetic duality
holds locally. Then, it is interesting to clarify the relation
of this axionic scalar hair to that of the shift symmetric
Horndeski theory studied in Ref. [39]. As another appli-
cation, we can expect that a quantum effect in the scalar
frame and two-form frame can be different because our
duality holds only on shell. In the case of the free field, it is
known that the two-form theory contains an instanton
solution which describes a tunneling process which creates
a closed universe from the Minkowski space. We address
this application in a subsequent work [40].
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