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The Standard-Model Extension (SME) is the general phenomenological framework used to investigate
Lorentz violation at the level of effective field theory. It has been used to obtain stringent experimental
bounds on Lorentz violation in a wide range of tests. In the gravity sector of the SME, it is typically
assumed that the spacetime symmetry breaking occurs spontaneously in order to avoid potential conflicts
with the Bianchi identities. A post-Newtonian limit as well as matter-gravity couplings in the SME have
been developed and investigated based on this assumption. In this paper, the possibility of using the SME to
also describe gravity theories with explicit spacetime symmetry breaking is investigated. It is found that in a

wide range of cases, particularly when matter-gravity couplings are included, consistency with the Bianchi
identities can be maintained, and therefore the SME can be used to search for signals of the symmetry
breaking. Two examples with explicit breaking are considered. The first is ghost-free massive gravity with
an effective metric that couples to matter. The second is Horava gravity coupled with matter in an infrared

limit.
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I. INTRODUCTION

General relativity (GR) and the Standard Model (SM) of
particle physics are well-tested theories that describe
the fundamental forces of nature. However, GR is not a
quantum theory since it is not renormalizable, and it must
be treated as an effective field theory at low energies. This,
as well as open questions about the nature of dark matter
and dark energy, has led to investigations of alternative
gravity theories that modify GR, where the ultimate goal is
to find a consistent quantum theory of gravity. In many
scenarios, small violations of local Lorentz and diffeo-
morphism invariance can occur, which would provide
important signatures of new physics [1].

The phenomenological framework known as the
Standard-Model Extension (SME) has been developed
and used to search for signals of spacetime symmetry
breaking in a wide range of experimental tests [2-5]. The
Lorentz- and diffeomorphism-breaking operators that
appear in the SME involve couplings with fixed back-
ground fields, usually referred to as SME coefficients. The
results of experimental tests can be interpreted as bounds
on the SME coefficients. Many different types of operators
and SME coefficients have been classified and probed.
These include both power-counting renormalizable and
nonrenormalizable operators [6]. Gravity sectors in the
SME can be defined using metric or vierbein descriptions
in Riemann spacetime or more generally in Riemann-
Cartan spacetime [3]. Relationships between Lorentz
violation and torsion [7], nonmetricity [8], and Riemann-
Finsler geometry [9] have been explored using the SME.
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In investigations involving gravity, a post-Newtonian
limit of the SME has been developed [10], and matter-
gravity interactions have been incorporated [11]. These are
used to examine a variety of experiments, including lunar
laser ranging tests [12], atom interferometry [13], short-
range gravitational tests [14], analyses of baryon number
asymmetry [15], orbital motion analyses [16], gyroscope
precession [17], pulsar timing [18], perihelion and solar-
spin tests [10,19], and analyses of gravitational Cerenkov
radiation [20]. Lorentz-violating (LV) effects in gravita-
tional radiation have also been investigated using a linear-
ized version of the SME [21].

In the gravity sector of the SME, an important distinction
is made between spontaneous and explicit spacetime sym-
metry breaking [3]. With explicit breaking, the SME coef-
ficients are nondynamical background tensors, and they
appear directly in the Lagrangian as objects with preferred
spacetime directions [22-24]. However, with spontaneous
breaking, all tensors are dynamical, and the SME coefficients
arise as vacuum expectation values [25]. With spontaneous
breaking, the usual Noether identities involving the Bianchi
identities, the Euler-Lagrange equations for matter fields, and
covariant energy-momentum conservation all hold similarly
to how they hold in GR. In contrast, with explicit breaking,
potential conflicts can occur between the Bianchi identities,
the dynamical equations of motion, and covariant energy-
momentum conservation. In some cases, this puts severe
restrictions on a theory or results in it being inconsistent.

It is for this reason that the spacetime symmetry
breaking in the SME with gravity is usually assumed to
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be spontaneous since potential inconsistencies with the
Bianchi identities are then avoided [3]. This is because with
spontaneous breaking, the excitations have a known form
as massless Nambu-Goldstone (NG) modes or as massive
Higgs-like excitations, and these together with the vacuum
solutions combine in a way that maintains the unbroken
spacetime symmetry. The fact that the excitations have a
known form also plays an important role in developing the
post-Newtonian limit of the SME. It allows for a systematic
perturbative treatment that does not depend on the particu-
lar structure of an underlying Lorentz-breaking theory, and
this in turn allows the post-Newtonian limit of the SME to
be applied in a wide range of experimental tests.

The goal of this paper is to take a closer look at the case
of explicit spacetime symmetry breaking and to show that
in a wide range of cases the SME can still be applied. This
requires looking at the types of interactions and the form of
the extra excitations that can occur with explicit breaking
and showing that a useful post-Newtonian limit with
consistent matter-gravity couplings can still be obtained.
As examples, the SME is used to investigate effects of
explicit spacetime symmetry breaking that might occur in
ghost-free massive gravity [26] and Horava gravity [27]
when matter-gravity couplings are included. Specifically,
the first example looks at ghost-free massive gravity with
matter couplings formed using an effective potential con-
sisting of a combination of the physical metric or vierbein
and a nondynamical background. The second example
considers possible matter couplings that might arise in the
infrared (IR) limit of Horava gravity.

The organization of this paper is as follows. Section II
provides background on local Lorentz and diffeomorphism
breaking in gravity, including a discussion of the dif-
ferences between spontaneous and explicit breaking. This
is followed in Sec. III by a brief overview of the gravity
sector of the SME. Section IV looks at what happens in
the gravity sector of the SME when the symmetry breaking
is explicit as opposed to spontaneous. This is followed by
an examination of two gravity models with explicit break-
ing in Sec. V. A summary and conclusion are presented
in Sec. VL

II. GRAVITY AND LORENTZ VIOLATION

At the level of effective field theory, local Lorentz
symmetry and diffeomorphism invariance are broken when
matter and gravitational fields interact with a fixed back-
ground tensor that has preferred directions in spacetime.

For a theory of this type in Riemann spacetime, the
general form of the action can be written as

S= /d4x\/ _g[['grav<g;w) + ﬁLI(g;wv Q”a)

+ ['LV (g/,w’ Do I_{uv)} (1)

In this expression, the components of the metric, g,,, are
defined with respect to a spacetime coordinate frame.
Symmetry-preserving pure-gravity terms are contained in
Loray(g)» which is assumed to include an Einstein-Hilbert
term. Conventional tensor matter fields are denoted col-
lectively as ¢,, where o denotes all of the relevant indices.
The term £;;(g,,.,) includes all Lorentz-invariant (LI)
and diffeomorphism-invariant matter-gravity interactions.
The background field associated with the symmetry break-
ing is denoted with an unspecified number of indices as

kyy.... The LV and diffeomorphism-breaking terms are all
contained in Ly (g @ kyp..)-

To generalize to Riemann-Cartan spacetime, which
allows fermions as well as torsion to be included, a vierbein
formalism is used. The vierbein e,” has components
defined with respect to both the spacetime frame and a
local Lorentz frame, and covariant derivatives involve a
spin connection [3,28]. For simplicity, only models in
a zero-torsion limit with a spin connection defined entirely
in terms of the vierbein are considered here. In this case, the
generic form of the action can be written as

S = /d4xe[£grav(eua) + ‘CLI(eﬂa? @avl//)

+ ‘CLV(eﬂav Do Y, kabm’ éﬂa>]‘ (2)

Here, e is the determinant of the vierbein, y represents a
generic fermion field, and k... are the components of the
background relative to the local Lorentz frame. A back-
ground vierbein, denoted as e,“, provides a link between
the spacetime and local frame components of the fixed
background tensor.

Note that if a theory is defined initially by making tensor
contractions of the spacetime indices l_c,w... with only
dynamical fields in the spacetime frame, then the back-
ground vierbein must be used to introduce the local

components k,,.., where these are related by

Frp = 2,92, Kgp.. (3)

It is important to realize that if instead the components of
k... are used directly to form contractions with dynamical
fields in local frames, then a different theory with different
consequences and consistency conditions results. See the
Appendix for an illustration of this.

In both metric and vierbein descriptions, all of the
dynamical gravitational and matter fields transform appro-
priately under diffeomorphisms and local Lorentz trans-
formations. In contrast, the components of tensor
background fields remain fixed or transform anomalously
under diffeomorphisms and local Lorentz transformations.
For example, the background vierbein e, is fixed under
both of these spacetime transformations.

It is important to emphasize that even though the back-
ground tensor can have preferred directions in spacetime,
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a physically viable theory must still be observer indepen-
dent. This is a hallmark feature of the SME. It requires that
an effective field theory with spacetime symmetry breaking
cannot depend on the choice of coordinates or local Lorentz
basis. The action and equations of motion must therefore be
covariant under general coordinate transformations and
under passive changes of local Lorentz bases. Note that
under these observer transformations, the components of
the background tensor and vierbein transform, along with
the gravitational and matter fields, in the conventional way.
An observer-independent Lagrangian can then be formed
as a scalar under the observer spacetime transformations.

A. Spontaneous versus explicit breaking

To understand the properties of the background tensor, it
is necessary to make distinctions between spontaneous and
explicit spacetime symmetry breaking [22,24].

In the case of spontaneous breaking, it is assumed that
the background tensor originates as the vacuum expectation
value of a fully dynamical tensor. The dynamical tensor can
be denoted (depending on the frame) as either k,,... or k,....
These components are linked by the physical vierbein e,,“.
The fixed background is then given as the vacuum expect-
ation value, e.g.,

k. = (), (4)

in the spacetime frame. The components k,,. give the
corresponding vacuum solution in the local Lorentz frame
when a vierbein treatment is used, and the background
vierbein ¢, is the vacuum expectation value (e,“) of the
physical vierbein e,

The full dynamical tensor can then be written as a sum of
the background plus excitations about the background,
where tildes are used to denote the excitations. In the
spacetime frame, this gives the expression

Koo = Ky + Ky (5)

while in the local Lorentz frames, k.. = kup... + kgp....
Similarly, with spontaneous breaking, the physical vierbein
is the sum of the vacuum value plus excitations about the
vacuum [28].

With spontaneous symmetry breaking (SSB), a complete
dynamical description requires additional kinetic terms in
the action that describe the excitations as well as potential
terms that induce the symmetry breaking. Such terms can
be denoted generically as Ligg (G- @ Ky l}ﬂv,,,) in a
metric description and can be added to the action in Eq. (1).
Alternatively, in a vierbein description, the additional terms
would have the form Lgg(e,”, @5, v, Kap.r kgp.... e,”) and
would be added to Eq. (2).

With SSB, the excitations l~cﬂy,,, or k... take the form of

NG modes and massive Higgs-like modes [28]. The NG

modes are generated by the broken symmetries. For
example, when diffeomorphisms generated by a vector
&' are spontaneously broken, the four infinitesimal NG
excitations take the form of a Lie derivative acting on the
vacuum solution l_cm,...,

]‘%ﬂl,... = [,5]_(/“/ (6)

In this case, the Lie derivative can be expanded, and the
vectors & can be promoted to fields z* representing the NG
modes. The full dynamical tensor then has the form

K. 2 k.. + (D) k... + (D) kg + -+
+ ﬂaDal_(m/u- + (5kﬂl/---)massive’ (7)

where D, represents covariant derivatives in the curved
spacetime, and the excitations labeled as (6k,,...)nassive
represent the massive Higgs-like modes that generally
occur with spontaneous symmetry breaking.

With SSB, equations of motion for the dynamical tensor
hold when all the excitations are included. These can be
obtained as field variations on the action, which have the
form

oS
ok

Uy

=0. (8)

The background fields /_<;w~-- by themselves are the vacuum
solutions, which obey

oS
ék/“"“ vacuum

Hence, with SSB the backgrounds I_c,,,,... are dynamical
fields in the sense that they satisfy the vacuum equations of
motion.

In contrast, with explicit breaking the background tensor
is nondynamical. The components l_cw,, or k.. are not
vacuum values, and there are no field variations with
respect to them that yield equations of motion. Instead,
mathematical variations with respect to l_clw... result in
expressions that need not vanish, e.g.,

oS

51_%/“ # 0. (10)
With explicit breaking, the background tensor is simply a
prescribed nondynamical object that appears directly in the
Lagrangian.

However, there are additional degrees of freedom (d.o.f.)
that can appear in a theory with explicit symmetry break-
ing. This is because when diffeomorphisms and local
Lorentz symmetry are broken explicitly, there are fewer
gauge freedoms. These gauge freedoms would normally be
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used to eliminate components of the metric or vierbein, but
with explicit breaking these components instead remain as
possible extra modes. It is important to note as well that
when a gauge symmetry is broken, the constraint structure
of a theory is usually altered [29]. This can further modify
the nature and behavior of the physical d.o.f., or it can cause
a theory to be unphysical due to the appearance of ghost
modes. For this reason, it is important to work with theories
where mechanisms exist to eliminate potential ghosts.

B. Stiickelberg approach and explicit breaking

It is common in theories with explicit symmetry breaking
to use a Stiickelberg approach to describe the behavior of
the extra d.o.f. that arise [30]. In this approach, scalars are
added as dynamical fields, which restore the broken
spacetime symmetry. For example, with explicit diffeo-
morphism breaking in Riemann spacetime, four scalars,
@4, with A = 0, 1, 2, 3, are used to replace the background
as follows:

k

(X)) = D,®D,®F - kyp (D). (11)

While this adds four extra d.o.f. to the theory, four local
gauge freedoms (the restored diffeomorphisms) are created
as well, and therefore the net number of d.o.f. remains
unchanged.

The original theory with explicit breaking can be
obtained from the Stiickelberg model by fixing the diffeo-
morphism invariance so the four scalars match the space-
time coordinates:

Dt = i, (12)

Inserting this into (11) gives back the original fixed
background. Notice, however, that if infinitesimal excita-
tions about the coordinates are included in the Stiickelberg
scalars, denoted as fields z#, where

QA = 51 (x* + ), (13)
then an expansion in Eq. (11) gives

D, ®'D,®" - - kyp (D)
~ k. + (Dn®Vkgy.. + (D,n*) kg + -+ 7°Dyky...
(14)

Comparing this with Eq. (7) shows that the infinitesimal
excitations in the Stiickelberg approach reproduce the NG
excitations that would occur in a similar theory with
spontaneous breaking.

While the infinitesimal NG modes are found to be the
same, there are still some important differences that remain
between an explicit-breaking theory with Stiickelberg fields
and a theory with spontaneous breaking. For example, there

are still no dynamical field equations for k.. in the
Stiickelberg approach, and there are no massive Higgs-like
excitations (6k,,...) masive i (14) as there are in (7). There
are also additional terms that would appear in the action of
a theory with spontaneous breaking, such as Lggs, which
are absent in an explicit-breaking model. What the
Stiickelberg approach does is introduce the minimal num-
ber of excitations that are needed to restore the broken
symmetry, which is four in the case of broken diffeo-
morphisms, and it does so by creating the same NG modes
that would appear in a theory with spontaneous breaking.

III. GRAVITY AND THE SME

The SME is constructed as the general observer-
independent effective field theory formed from matter
and gravitational fields interacting with Lorentz-violating
tensors. The theory contains the SM and GR, including
possible Lorentz-preserving extensions, as well as a multi-
tude of additional interaction terms that lead to breaking of
spacetime symmetry.

Typically, experiments test for signatures of Lorentz
breaking and express their results as limits or bounds on the
SME coefficients. In most investigations in Minkowski
spacetime, the SME coefficients are treated as constant to a
first approximation (see [31] for an analysis including time
dependence). As a result, global translation invariance still
holds, while global Lorentz symmetry is broken. In this
context, it is not crucial whether the SME coefficients are
viewed as vacuum expectation values or purely as phe-
nomenological coefficients.

However, when gravity is included and GR becomes a
limiting subsector of the SME, there are geometrical
constraints, such as the Bianchi identities, which become
important. Moreover, with gravity, Lorentz symmetry
becomes a local symmetry, and diffeomorphism invariance
appears as an additional local symmetry. Field theories with
local symmetries have associated Noether identities that
link the Euler-Lagrange equations obeyed by the dynamical
fields in the theory. In GR, for example, the divergence of
the Einstein equations G** = 8xGT"* is linked off shell via
Noether identities to the Euler-Lagrange equations for the
dynamical matter fields. When the matter fields are on
shell, and the contracted Bianchi identity, D,,G/“’ =0, is
used, the result is that D, 7# = 0 holds automatically as a
result of the identities. Essentially, the four diffeomorphism
invariances in GR cause the four equations D, 7" = 0 to
be redundant with the Euler-Lagrange equations for the
dynamical matter fields.

These relations between the Bianchi identities, the
dynamical Euler-Lagrange equations, and covariant
energy-momentum conservation continue to hold even
when spontaneous spacetime symmetry breaking occurs
since the fields are all dynamical. However, if a non-
dynamical tensor field is introduced, which explicitly
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breaks spacetime symmetries, it no longer has to obey
Euler-Lagrange equations, and as a result, potential incon-
sistencies with the Bianchi identities can arise. It is for this
reason that the SME coefficients are typically assumed to
arise as a result of spontaneous local Lorentz and diffeo-
morphism breaking.

A. Minimal SME with gravity

The minimal SME in Riemann spacetime restricts the
Lorentz-breaking operators to dimension four or less, and it
traditionally assumes the spacetime symmetry breaking is
spontaneous. The resulting action can be divided into
sectors,

1

SSME >~ / d4x\/—g {RR + ‘CLV + ‘CLI + ‘CISSB . (15)

The terms in L;y contain the diffeomorphism and
Lorentz-violating interactions of the SME coefficients with
gravitational and matter fields, while the ordinary sym-
metry-preserving matter terms, including their couplings to
gravity, are in £ ;. The terms in Lgg contain the dynamical
terms for the excitations of the SME tensors that occur in a
process of spontaneous symmetry breaking.

At leading order in the SME coefficients, £;y can be
divided into terms with pure-gravity and matter-gravity
couplings,

[:LV zﬁﬁg\;av) _’_ﬁgillatter—grav). (16)

The pure-gravity couplings at this level of approximation
involve three interaction terms given as

(grav) 1 v KAy
LYY = 1= (CuR + SR, + 14 Cy,,). (17)

where R,f,, is the trace-free Ricci tensor and Cyy,, is the
Weyl conformal tensor. The fields s** and ¥ have
symmetries that match those of the trace-free Ricci tensor
and the Riemann curvature tensor, respectively.

The dynamical fields u, s**, and **** give rise to SME
coefficients &, 5#, and 7** as vacuum values in a process
of spontaneous local Lorentz and diffeomorphism break-
ing. This permits a separation of the dynamical fields into

SME coefficients and small fluctuations denoted using
tildes,

u=iu-+1iu,
SV = MV 4 FHV
tk/l/w — Eld/u/ + ;Kﬂﬂll' (18)
Since the SME coefficients originate from spontaneous

symmetry breaking, the excitations #, $**, and <Y consist
of NG modes and massive Higgs-like modes, where the

terms in the action describing these excitations are con-
tained in £y and Lgz. While there may not be known
expressions for £y y and Lgg, the consistency of the theory
is assured since D,T*" =0 holds automatically as the
result of the Noether and Bianchi identities when the
excitations i, §¢, and #** are on shell.

In applications where gravity is weak, the metric can
be expanded perturbatively about a Minkowski back-
ground, g,, ~1n,, +h,, and the effects of gravity in a
post-Newtonian limit can be investigated. The post-
Newtonian limit of the SME is described in Ref. [10],
where a systematic procedure based on a general set of
assumptions is used to find an expansion that decouples the
fluctuations, i, 54, and 7** from the vacuum values and
metric excitations. Central to this procedure is the fact that
with spontaneous symmetry breaking, diffeomorphism
invariance holds and consistency of the dynamics with
covariant energy-momentum conservation is maintained.
The result is a post-Newtonian description involving only
the metric and the SME coefficients. Interestingly, in this
context, sensitivity to i and 7** in these expansions does
not appear [10,11,32]; however, cosmological inflationary
models may have effects depending on 7#* [33]. It is for
this reason that the coefficients # and 7** are largely
ignored in the remainder of this paper, including in Sec. V.
The bounds obtained for the pure-gravity sector of the
minimal SME only involve the 5# coefficients.

Matter-gravity couplings in the minimal SME have
been analyzed as well and are described in Ref. [11]. In
this case, a systematic perturbative method is developed,
and it is used to investigate Lorentz-violating effects
involving matter particles or light in a weak gravitational
field. With matter included, the minimal SME terms in

£{WE) include a number of coefficients that couple

with gravity. For example, a fermion has couplings with
coefficients a,, b, ¢y, d,ys €45 fus Giu- and H,,, while a
photon has couplings with coefficient (k)***. However,
for the purposes of this paper, and in particular with regards
to the examples considered in Sec. V, it suffices to consider
a subset of the SME matter-gravity couplings. These are
chosen to consist of a single fermion field y coupled to a
symmetric coefficient ¢, and a photon field A, coupled to
a coefficient (ky)** having the same symmetries as the
Riemann curvature tensor.

The relevant terms in this illustrative model are then
given as

(matter—grav) - b
ELV - _eﬂawcaﬂeﬂaeaby Dyl//

1
- Z (kF)KMUFK/IFﬂw (19)

where a vierbein description is used due to the presence of
the fermion. Note that the covariant derivative reduces to

partial derivatives in F,,, while it is given as
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1.

Dy =0,y + leuah%bl/’ (20)
when acting on a fermion field. The dynamical tensors in
the matter sector can be separated into background values
assumed to originate from spontaneous breaking plus
fluctuations:

Coww = Cpp + Cuys

(k) = (g + (). (21)
It is the backgrounds ¢,, and (kz)*** that are probed at
leading order in experimental tests.

B. Field redefinitions

As described in Refs. [3,11,32,34], not all of the SME
coefficients in a given experimental setup are independent
or physical. In many cases, coordinate changes, component
mixing in spinor space, or field redefinitions can be used to
move some of the sensitivity to Lorentz breaking from one
particle sector to another, or to remove a particular set of
coefficients completely. In particular, in the presence of
gravity, there are ten components of the SME coefficients
that are not physical. This can be seen in certain circum-
stances as a direct result of having four coordinates and six
local Lorentz bases to choose. Alternatively, the coordi-
nates and bases can be left unchanged while field redefi-
nitions on the ten components in the metric can be made
that eliminate components of the SME coefficients.

To illustrate this, consider a fermion of mass m and a
photon field in gravity, where the Lorentz-violating tensors
in the minimal SME are limited to u, s**, c,,, and (kg )i,
The action including the usual Lorentz-invariant terms can
then be written as

1
SsME & / d*xe {167[G (1 —u)R + s*R,,]
+ i€t (" = cape?@ ey ) Dy — mipy

_de(gkﬂgzy + (kF)KMD)F;w ’ (22)

where in a vierbein treatment ¢"* = e#,e*,n“’, and the
curvature tensor and covariant derivatives are derived
using e,*

In a perturbative approach that keeps terms to linear
order in the fields u, s*, c,,, and (kg)*¥ it has been
shown that redefinitions of the metric and vierbein can be
used to eliminate dependence on either s** or ¢, in Sy,
or alternatively, the symmetric combinations (ky)* ,* can
be eliminated. The new redefined metric is denoted as **,
and it is related to the original metric by

9" =~ (1 + u)g™ + s, (23)

with s#* symmetric and traceless. The new redefined
vierbein is denoted as é”,, and it is given by

1 1
et ~ (1 + Eu) e’ + Eéwsﬂ". (24)

With these definitions, the following three integral relations
have been shown to hold to first order in the SME
coefficients [32].

For the Einstein-Hilbert term,

/d4x*/_16 G
/d“ \/_161 (1 - Wk + %R, (25)

Here, the curvature on the right-hand side, which is defined
in terms of the redefined metric 3**, is denoted with a tilde.
Note that a total derivative term in the integral on the right
has been dropped.

For the Maxwell term,

/ d“w——g(—lFMgWg“F,w)
/ d*xy/=g (—— (@ + (k) F, ) (26)
where the SME coefficients are given as
(ke o sogpli — g, (27)
which have as their symmetric trace
(kp)™ " =~ st (28)
Finally, for the fermion term
/ d*xeliet jyy" D,y — mjpy]
~ / d*xelie* gy D,y — mix
— ie" jC5P 8,y D,y (29)

where the SME coefficients in this case are

L ~ =
Cuy = _E (ug;w + Gou9pS /j)' (30)

Notice that the covariant derivative defined using é*, in
(29) is labeled with a tilde, and a rescaling of the fermion
field v, relabeled as y, has been performed to keep the
action in a standard Dirac form [32].

As Egs. (25), (26), and (29) reveal, field redefinitions of
the metric allow one set of the SME coefficients s,
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(kp)® Y, or c,, to be eliminated while altering the others.
For example, redefinitions can be made that eliminate ¢
while redefining s** and (kp)®,”, or that eliminate
(kp)®,* while redefining s** and c,,. The result is that
one set of the components s**, c,, and (kg)®,)’ is
unphysical.

Note, however, thatif u = 0 and s**, c,,,, and (kg ) are
all related to a common traceless symmetric tensor k** as

[

s."”’ ~ k/“/
(kF)zd/,w ~ kk[ugy]ﬂ _ kﬂ[,ugy]l(
1
Cupy = _Eg/mgbﬂkaﬁ’ (31)

then all three sets of components s**, c,,, and (kp)* ,* can
be eliminated by redefining the metric and vierbein. Thus,
in this special case where u = 0 and the remaining SME
coefficients all originate from a common set of coefficients,
which couple universally to gravity and all particle species
in the same way as the metric, there is no physical
spacetime symmetry breaking. In order to have physical
and potentially measurable spacetime symmetry breaking,
at least one set of the coefficients s, and (kgp)* "
must be independent of the others.

As a consequence of these field redefinitions, experi-
ments aimed at testing spacetime symmetry breaking in
matter-gravity interactions must have sensitivity to more
than just one particle sector. In the action given in (22),
this requires that sensitivity to more than one set of the
coefficients s, c,,, and (kp)®,” must be attained.
Experiments that do achieve sensitivity to two or more
of these sectors can choose as a convention to set one set of
coefficients to zero and place bounds on a second inde-
pendent set, or they can define parameters consisting of
combinations of SME coefficients from different sectors
and place bounds on them. For example, atom interferom-
etry tests that have sensitivity to both the gravity and
electromagnetic sectors of the SME place bounds on
combinations of s* and the coefficients contributing to
(kp)® . In the standard Sun-centered celestial equatorial
frame [5], where indices are labeled using letters JK - - -,
these combined parameters are denoted as ¢’X, and
measured bounds of order 10~ have been placed on
them [13].

Cuv>

IV. SME WITH EXPLICIT BREAKING

The question of whether the SME can be used to
investigate gravity theories with explicit local Lorentz
and diffeomorphism breaking can be addressed generically
using I_c,w,_, to represent a SME coefficient. In this case, the
background is assumed to be a fixed nondynamical tensor
that does not arise as a vacuum value from spontaneous
spacetime symmetry breaking. Instead, l_cw.. is to be

interpreted as a SME coefficient that explicitly breaks
spacetime symmetry.

A general form of the explicit-breaking action in a metric
formalism can then be written as

/d4x\/ |:16 GR+£LI(g;4w¢a)
+£Rk(R Aﬂwgﬂw 11728 )+’C (gﬂw 11728 ))

+c¢,k<g,w,%,7<w..>]. (32)

This divides the action into distinct terms, consisting of the
Einstein-Hilbert term, a Lorentz-invariant matter term L,
a term Ly ¢ containing contractions of the curvature tensor
with the metric and the background, a potential term L, i
where the metric interacts with the background, and a
Lorentz-violating matter term £, ; involving interactions of
the background with the metric and dynamical matter fields
@,- Note that some of these terms contain dimensional
couplings. The term L, can, in principle, include covar-
iant derivatives acting on the background. Note as well that
each of these terms is assumed to be covariant under
general coordinate transformations, and thus each term in
the Lagrangian is an observer scalar. There could, of
course, also be terms in which l_cw,_, R, @5, and the
metric all interact together, but these are considered as
subleading-order interaction terms compared to the ones
given here.

Each of the Lagrangian terms in (32) has a corresponding
contribution to the energy-momentum tensor obtained by
varying the action with respect to the metric. These can be

written as 777, T’};”k, T ”” , and T”” Assuming the Lorentz-

invariant matter sector has a covanantly conserved energy-
momentum tensor by itself, consistency of the theory with
the Bianchi identities requires that

D,(Tg; + T’;T’R +T,)=0 (33)

must hold on shell. Note that a similar condition would
follow as well using a vierbein formalism, but with
energy-momenta tensors that are obtained using vierbein
variations.

With explicit symmetry breaking, the four equations in
(33) do not automatically hold when the dynamical matter
and metric fields are put on shell since the background
coefficient l_cﬂ,.. does not satisfy Euler-Lagrange equations.
Thus, the consistency of the theory depends on whether or
not the four additional modes that arise as a result of the
symmetry breaking appear in such a way that allows (33)
to hold.

To examine the role of these extra modes, a Stiickelberg
approach can be used. As shown in (11) and (14), this gives
the extra modes the form of four NG excitations denoted as
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7*. These NG excitations are the same as those that occur in
the minimal SME with spontaneous breaking as shown in
(7). However, the massive Higgs-like modes in (7) do not
occur when the symmetry breaking is explicit.

Note that the contributions to the action in (32) with
explicit breaking are separated and organized differently
than those in (15) and (16), where the breaking is sponta-
neous. This is largely due to the absence of the massive
Higgs-like excitations in the case of explicit breaking. For
example, the term Ly, i in (32) contains the terms given in

Ei%av) in (17), when k... in £]<§§av) is replaced by the fixed
backgrounds #, 5*, and v and the excitations are
limited to just the NG modes. Similarly, the terms L, ;

in (32) can overlap with E;_T,aner_gmv) in (15) when the

. . . . matter—grav
massive excitations in ££V &) are excluded. However,

terms of the form £, ¢ in (32) are not generally separated
out in (15) and (16), though they might emerge from Ly
in a limit where the excitations decouple.

A. Pure-gravity post-Newtonian limit

In the post-Newtonian limit of the SME, a linearized
approach is used where the NG and massive modes can
emerge from both E(Lg\r,av> and Lggp. The form of these
excitations and their known symmetry properties allow a
systematic method to be applied, where the NG and
massive modes are eliminated in terms of the gravitational
excitations [10]. This permits an expansion in terms of
gravitational potentials, and the result is a useful post-
Newtonian framework for investigating Lorentz violation.

Since the SME with explicit breaking has the same NG
excitations as the theory with spontaneous breaking, it is
possible for them to play similar roles in both cases. This
suggests that unless the massive Higgs-like modes have an
essential role in consistently developing the post-
Newtonian limit of the SME, the same systematic approach
should work with explicit breaking as it does in the case of
spontaneous breaking.

The main obstacle that has to be overcome to maintain
consistency with explicit breaking is the requirement of
covariant energy-momentum conservation in (33), which
must hold despite the fact that the background I_CW,, is
nondynamical and does not have Euler-Lagrange equa-
tions. With explicit breaking, it is the four NG modes that
must provide solutions that allow the four equations in (33)
to hold, and in principle, the counting of modes suggests
this is possible. However, in situations where the appear-
ance of the NG modes is suppressed or limited, it might not
then be possible for these modes to provide the needed
solutions. In that case, a useful post-Newtonian limit might
not exist.

The possibility of developing a pure-gravity post-
Newtonian limit of the minimal SME with explicit breaking
was examined in [22]. A pure-gravity sector consisting of
an Einstein-Hilbert term and a term of the form Ly ¢ was

considered, where the latter allows couplings between the
metric, the curvature tensor, and the background l_c,w_,,. The
NG modes ## enter through the substitution (11) and the

expansion (14), and since they appear nonlinearly in T’l‘{’jR,

solutions ensuring that DﬂTﬁ”I-( = 0, in general, can exist.

However, in a linearized limit, the NG modes are
suppressed, which then stands in the way of obtaining a

useful post-Newtonian expansion. This is because the
(linear)
KApy

infinitesimal diffeomorphism transformations, which take
the form 4, — h,, + 0,&, + 9,&, in the linearized theory.

Therefore, a term of the form ]'Cm,le(gz‘zar) does not contain

any of the NG d.o.f., which have the form of virtual
diffeomorphisms. Attempting to use a Stiickelberg approach

does not work either since terms ~(8ﬂﬂ“)R$r;iar)

higher order and must be dropped at the linearized level.

The result is that the equation D, Tﬁbﬁ = 0 in linearized

form has no dependence on the NG modes. Therefore, it is
impossible for the NG modes to take values that set

Ho . . .. .
D, Ty = 0. Since the SME with explicit breaking has

no massive Higgs-like excitations, these excitations cannot
play a role like they can with spontaneous breaking.
Instead, the curvature tensor itself must take restricted

values to make the equation D, T’;{l—( = 0 hold. For example,

with constant values of l_cﬂ,,..., partial spacetime derivatives
of the curvature tensor are forced to vanish, which severely
limits the geometry of the spacetime. Even with non-
constant backgrounds l_cm,_”, severe limitations need to be
imposed on the curvature tensor, which does not allow a
useful post-Newtonian limit to be found [22].

linearized curvature tensor R is invariant under

are of

B. Matter-gravity Lorentz-breaking interactions

When Lorentz-violating matter-gravity couplings are
included in the SME, the NG modes again play a crucial
role in developing a consistent methodology that can be
used to identify observable signals of spacetime symmetry
breaking. Interestingly, in the context of the SME based on
spontaneous breaking, the approach used in [11] makes the
assumption that the massive Higgs-like excitations are
either frozen out or have negligible excitations. Thus, it
is only the NG excitations that are considered in matter-
gravity interactions. As described in [11], a perturbative
treatment can be developed, using known symmetry
properties, which allow the NG modes to be eliminated
in terms of the gravitational excitations and background
SME coefficients. This methodology allows the dominant
signals of spacetime symmetry to be extracted regardless of
the details of the underlying theory.

The reason this approach works despite freezing out the
massive modes is because additional interaction terms
involving the background, metric, and matter terms provide
additional couplings to the NG modes. This allows the NG
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modes to satisfy equations maintaining the consistency of
the theory without the need of the massive Higgs-like
modes. It also includes higher-order contributions in a
perturbative treatment, as opposed to restricting the exci-
tations to just the linearized level.

Since this approach to analyzing matter-gravity cou-
plings drops the massive Higgs-like excitations, this same
methodology should still apply when the breaking is
explicit, where such excitations do not exist. The NG
modes that occur in a Stiickelberg approach with explicit
breaking can then play the same role as the NG modes with
spontaneous breaking since both sets have the same
mathematical form.

With gravity-matter couplings included, the SME with
explicit breaking has additional Lagrangian terms besides
just Ly ;. For example, both £, and L, i can be included
in (32). With all three of these terms included, the
consistency conditions in (33) involve three energy-

momentum contributions, T’;”]-(, T’; DE’ and T’; DE' Thus, even

if the NG modes drop out of the first term, D, Tﬁyﬁ’ ina
linearized treatment, they will still, in general, appear in the
other terms in (33). In this way, the NG modes can provide
solutions without having to put restrictions on the curvature

tensor.

V. APPLICATIONS

As examples, two gravitational theories with explicit
spacetime symmetry breaking are examined in this section.
Both have additional Lagrangian terms matching one or
more of the types of terms included in (32). In ghost-free
massive gravity, potential terms of the form L,; are
included as part of the action, and matter interactions of
the form £,  can be considered as well. In an infrared limit
of Horava gravity using a covariant formulation that allows
matter-gravity interactions, terms of the form L, can
appear in the matter sector. In both of these examples, the
SME can be used to investigate effects of the explicit local
Lorentz and diffeomorphism violation that occurs in these
theories.

A. Massive gravity

For many years, attempts to construct a nonlinear
gravitational theory with a massive graviton, which gen-
eralizes the linear Fierz-Pauli theory and agrees with GR in
the massless limit, remained hindered by the presence of a
ghost mode known as the Boulware-Deser (BD) ghost [35].
However, more recently, the models found by de Rham,
Gabadadze, and Tolley (dRGT), which contain a particular
type of nonlinear interaction involving the metric, have
been shown to be ghost free [36,37].

A key feature of dRGT massive gravity is that a
symmetric background tensor, denoted here as ]_Cuw must
be coupled with the metric in an interaction potential in
order to create mass terms for the metric. This background

is a nondynamical tensor with preferred directions, and its
appearance in the dRGT Lagrangian explicitly breaks
diffeomorphism invariance. In the original versions of
dRGT massive gravity, the background was assumed to
be Minkowski, with ]_”W =1,,. However, it was sub-
sequently found that more general backgrounds ]_”,w can
be used, which need not have constant components.

The dRGT action can be divided into a gravitational
sector and a matter sector,

SarGT = Sgrav + Smatters (34)

and it can be used to describe massive gravity at the level
of effective field theory in either a metric or vierbein
formalism.

1. Gravity sector

In a metric description, the action in the gravity sector
has the form

Syay = ﬁ / d4x\/—_g<R Jf;wx)), (35)

where y is the graviton mass and U(X) is a potential formed
in terms of square roots X*, defined as

Xty =\ Fu = (Vo 'T)" . (36)

Effectively, these square roots are matrices that obey
XH, X%, = ¢"*f,,. However, their existence is not guaran-
teed [38], and often they are obtained in the context of a
specific model that provides ansatz forms for fﬂv and the
metric g, .

The potential /(X) in (35) is given as

4
UKX) =S Brea(X). (37)
n=0

It consists of a sum of elementary symmetric polynomials
e,(X) formed from traces of products of X*, with
dimensionless couplings S, of order one. With such a
form for U(X), the Boulware-Deser ghost does not appear.

Alternatively, in a vierbein description, a background

vierbein 7, is introduced, which obeys

]_c/u/ = @Ma@ybnab- (38)

When 7, appears in the Lagrangian, it explicitly breaks
both local Lorentz invariance and diffeomorphisms. The
potential ¢/ can be defined most simply in a vierbein
description as the sum of all possible wedge products that
can be formed using e, and 7,“. However, an equivalent
expression for U can be found that again has the form of a
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sum of elementary symmetric polynomials. In this case, the
sums are formed from products and traces of matrices
defined as

'y = el 0 (39)
If the vierbein obeys a symmetry condition,
eﬂa’l_J#b = e"b@w, (40)

then the metric and vierbein descriptions in the absence of
matter can be shown to be equivalent, and a solution for
X*#, exists, where it equals y#, [39].

Notice that the potential /(X) in (35) has the form of an
explicit-breaking term L, in (32), when the generic
background l_cm__, is replaced by ]_”ﬂ,,. However, there are
important differences between these terms as well. One
difference is that the dependence on J_C/w cannot be clearly
separated out in the potential in (35), while in the SME,
terms such as £, would have a well-defined dependence
on the background coefficient. Instead, it is the square root
X*, that appears explicitly in the potential 2/(X), and it has
unusual properties. For example, while J_‘W is a fixed
nondynamical background, X¥, has a hybrid form as the
square root of the dynamical metric contracted with J_‘W.
Since the background J_C;w remains fixed under diffeo-
morphisms, X*, must transform anomalously. If instead
a vierbein description is used, then there is a clear
separation between the dynamical vierbein e, and the
background vierbein 7,,“. Nonetheless, their product *, in
(39) also transforms anomalously under both diffeomor-
phisms and local Lorentz transformations.

2. Matter sector

When quantum corrections are taken into account, it is
expected that matter fields in dRGT massive gravity can
have couplings to both the metric g,, and the background
fw. In [40], the form that these couplings can take as a
result of one-loop interactions was explored, and the
requirement that they do not introduce the BD ghost

was imposed. The result is that matter fields can couple

with an effective metric g,(,iff), which is formed out of both

the metric and the background field. At the same time, the
gravity sector remains unchanged, and the curvature in the
Einstein-Hilbert term is constructed using only the physical
metric g,,. The interactions with the background in the
pure-gravity sector continue to occur only through the
potential ¢/(X), which is why the ghost does not appear.
Matter couplings were also explored classically, and a
similar effective metric was found by requiring that the
weak equivalence principle must hold while not allowing
the BD ghost to appear [41]. The form of the effective
metric that was found in both cases is

ff - "
gl = g, + 20Bg, X, + FF s (41)

where o and S are constant coupling parameters. Using
instead a vierbein description, the corresponding form of
the effective vierbein that couples to matter is
e(eff)ﬂ“ =ae," + pv,°. (42)
If the symmetry condition in (40) holds, the effective
metric can be written in terms of y#, as
ff -
g = @ + 20y, + T (43)
where y,, = g,,7°,. Note that with lower indices, the
square root matrix is symmetric, obeying y,, =7,,.

In terms of the effective metric, the action in the matter
sector has the form

Smatter = / d4x\/ _g(eff)ﬁmatter (g;(liff) ’ (pa)v (44)

or if fermions are included, it is given as

Smatter = / d4xe(eff)‘cmatter(e(eff)ﬂav Do W) (45)

For f # 0, matter interactions with g,ﬁiff) break local

Lorentz symmetry and diffeomorphisms because the matter
fields can interact directly with the background field. Since
Lorentz breaking is known to be small, it is reasonable to
assume a ~ | while # <« 1. Thus, to first order in f3, the
effective metric has the form

eff
gl(ll/ ) = g;u/ + 2:67/411’ (46)

while the effective vierbein is

e(eff)”a ~ eﬂa _|_/)>eaa},aw (47)

and their inverses are given approximately as

g(eff);w ~ g;w _ 2,8]/’”, (48)

e(cff)

”a = eﬂa _ﬂyﬂaeaa- (49)
The matter terms in (44) or (45) can be mapped into the
SME by expanding the effective vierbein or metric and by
matching the interactions involving the background fields
with appropriate SME coefficients. Alternatively, field
redefinitions can be used to change the effective metric
back to the physical metric, which also results in the
appearance of SME coefficients.

As a specific example, consider matter-gravity inter-
actions in massive gravity involving photons and a fermion
of mass m. The action in this case is given as
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SdRGT :m d“x\/_(R——L{( ))

o

/d4xe(ett)[le(eff)y l//]/aD( >l// mllfll/] (50)

etf K/Jg(eff)/luF )

Here, the pure gravity sector involves the physical metric
9u» and the curvature is defined in terms of g,,, while the
matter interactions involve the effective metric, and the
covariant derivative Df,eff) is defined using g,(,iff) .

Field redefinitions with forms similar to those in (23) and
(24) can be used on g and &k, vyielding new
effective fields §¢™# and &Mk defined by

(eff)pv

g = (1 4 u)geHm 4w, (51)

e(eff)ﬂa = (1 +%u> g(eff)ﬂa +%g(eff)(msua_ (52)

Using the relations in (26) and (29), the matter sector terms
in Sgrgr can be rewritten in terms of g and (cfr
which introduces the SME coefficients in (27) and (30).
Then, by choosing specific values for the SME coefficients
in terms of f§ and y,, given as

1
u= _Eﬂym (53)

1
o)

the redefined effective metric and vierbein are such that
they reduce to the physical metric and vierbein at leading
order in the SME coefficients:

(54)

g(eff);w ~ g/w’ (55)

eer ot (56)
In this way, the massive gravity action Sqrgr 1S expressed
entirely in terms of the physical metric and the redefined
fermion field y, but with additional interactions with SME
coefficients. The result is

167G
+ [ i gratree + O, )

S dRGT —

g R-Eu00)

+ /d“xe[ie”a;'((ya — copele®,y?) D,y — myy).
(57)

As a consequence of the field redefinitions, the Lorentz-

violating couplings to the effective metric gfw " have been

replaced by Lorentz-violating terms involving the SME
coefficients (kp)®,,, and c,,. Notice that because the field
redefinitions were performed only in the matter sector,
there are no independent gravity sector coefficients u or s#*
in (57). It is for this reason that the spacetime symmetry
breaking is physical as long as f# # 0 in the definitions of
(kp)®,q and ¢, in (53) and (54) since it is not possible to
perform further field redefinitions to remove (k)”,,, and
¢,y Without generating new independent coefficients u and
s"¥ in the gravity sector.

3. Phenomenology

While the mass potential ¢/(X) term in (57), which
includes a factor of the graviton mass ¢ squared, is essential
in giving massive gravity extra d.o.f. in the metric while
avoiding the ghost mode, and is important in cosmology
and gravitational radiation, it has a negligible effect in
matter-gravity tests performed in laboratories on Earth or in
space experiments on solar system scales. This is because
the graviton mass is experimentally bounded to extremely
small values of order u < 107%° eV [42].

In the context of matter-gravity tests, the gravitational
interaction can be modeled using a post-Newtonian limit
and a perturbative treatment in the context of the SME,
where the effects of x4 can be ignored at leading order.
Instead, the effects of the interactions with the background
field can be probed, which depend on the parameter S.
Since the metric g,, and the background J_C/w are typically
approximated at lowest order as Minkowski backgrounds,
it follows that the contributions of y** in the SME coeffi-
cients (kp),, and c,, will be of order one. Hence, the
extent of the spacetime symmetry breaking is determined
primarily by f in (46) and (47), and it is therefore this
parameter that can be used as a phenomenological measure
of potential Lorentz violation in the matter sector of
massive gravity.

To investigate the phenomenology of matter-gravity
couplings in massive gravity, experiments with sensitivity
to two sets of SME coefficients must be analyzed. While an
s" term is missing in (57), a field redefinition of the metric
¢ in the full action Sqrgr would change (kf)®,,, and c,,
while also introducing a term s** in the gravity sector.
Hence, suitable experiments that can place bounds on the
Lorentz-breaking matter-gravity interactions in massive
gravity are the matter-interferometry experiments that have
sensitivity to spacetime symmetry breaking in both the
gravity and electromagnetic sectors of the SME [13].

The experiments in [13] place bounds at the level of 10~°
on combinations of s#* and the coefficients that contribute
to the symmetric trace (kz)® . With the assumption that
|y*| ~ 1, this gives a bound of
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B <107 (58)

on the coupling parameter that determines the strength of
the Lorentz-violating interactions between matter and the
fixed background field in massive gravity.

B. Horava gravity

In Hotava gravity, diffeomorphism invariance is broken
explicitly by the presence of a preferred foliation of
spacetime [43]. The preferred foliation introduces a physi-
cal distinction between time and space, which can be
labeled using coordinates ¢ and X, with i = 1, 2, 3, where
constant values of ¢ distinguish the preferred spatial
foliations, and x' labels the spatial points. In particular,
anisotropic scaling is introduced between ¢ and x’, which
permits higher-dimensional terms to be added in the
action involving only spatial derivatives acting on the
metric or matter fields, while maintaining terms with
just two time derivatives. This in turn allows for the
construction of gravity models with power-counting
renormalizability.

The preferred foliation breaks the full diffeomorphism
group to a subgroup, consisting of three-dimensional
spatial diffeomorphisms and time reparametrizations,

xl = xt+ &1, ), (59)
t— 14 &) (60)

These transformations are called foliation-preserving dif-
feomorphisms.

The action in Horava gravity can be divided into three
sectors,

SHorava = SK + SV + SM’ (61)

consisting of kinetic (K) and potential (V) terms in the
gravity sector as well as a matter sector (M). The usual four-
dimensional diffeomorphism transformations in GR are
explicitly broken when they are applied to the action
SHorava- Instead, it is the foliation-preserving diffeomor-
phisms that are the fundamental spacetime symmetry in
Horava gravity.

The low-energy or IR limit of Horava gravity must
approach GR and the SM if it is to be phenomenologically
viable. This requires that coupling constants associated
with the spacetime symmetry breaking must have limits
consistent with GR and the SM in the IR limit. To make
connections with the SME, the IR limit of Horava gravity
must be expressed in a covariant form, and correspondence
with appropriate SME coefficients must be identified. The
remainder of this section will only consider Horava gravity
in the IR limit, and it will investigate how the SME can be
used to examine spacetime symmetry breaking in matter-
gravity couplings in this context.

1. Gravity sector

To construct the gravity sector of the action in the IR
limit of Hotava gravity, the four-dimensional metric g, is
replaced by the ADM variables (N, N’, g;;) consisting of
the lapse, the shift, and the three-dimensional spatial
metric. These become the fundamental fields of the theory
and are used to define the three-dimensional Ricci tensor

RS’), the extrinsic curvature K;;, and covariant derivatives
D;. Lagrangian terms can then be constructed by con-
tracting these field operators to form scalars under spatial
diffeomorphisms (59) and time reparametrizations (60).

The spacetime integrals in the action Syava also include

factors of \/¢g®Nd®xdt, where ¢@ is the determinant
of g;j.

Time derivatives of g;; are kept at second order to prevent
the appearance of ghosts, and they enter the Lagrangian
through the extrinsic curvature, which is defined as

1 .

Y
The kinetic term Lk is defined in terms of the extrinsic
curvature as

1 .

EK - @ (Kinl/ - ngz), (63)
where K = gYK;;, and 1, is a running coupling constant.
Note that the two terms in (63) are each independently
scalars under foliation-preserving diffeomorphisms, and 4,
gives the relative weighting between these terms.

The potential term Ly consists of contractions of spatial
components, which in most versions of Horava gravity
include terms with up to dimension-six operators. It is the
inclusion of the higher-dimensional terms involving spatial
derivatives that makes Hofava gravity power-counting
renormalizable in the high-energy limit. However, the
leading-order terms at low energy are the three-dimensional
curvature scalar and a cosmological constant term. The
potential term then has the form

1
Ly = 167G

(RB) =2A) +---, (64)

when the higher-order terms are not included. Note that
different versions of Horava gravity include different
combinations of fields in the higher-order terms, and in
certain cases additional internal symmetries are included.
However, in the context of this discussion, the key element
is the explicit breaking of timelike diffeomorphisms, which
is a common feature of all types of Horava gravity models,
and the specific form of the higher-dimensional operators is
not important. In particular, in the IR limit, the higher-order
terms all become small in comparison to the terms shown
in (64).
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For Hotava gravity to match with GR in the IR limit, the
running coupling 4, must approach 1. With 1, =1, the
terms Lx and Ly reproduce the usual Einstein-Hilbert and
A terms in GR in ADM formalism. It is assumed that when
these terms combine in the IR limit, the four-dimensional
metric and the reconstructed Einstein-Hilbert term recover
their usual transformation properties. In particular, for these
terms the full diffeomorphism invariance is restored when
4y = 1. However, with small residual values of (1 — 4,) at
low-energy scales, there is still some spacetime symmetry
breaking, which results in an additional symmetry-breaking
term in the IR limit. With these assumptions, the action of
the gravity sector of Horava gravity in the IR limit can be
written as

1
S Sy ~ —qd* R —2A
K T v /\/ g x1677.'G( )

1 /

Here, it can be seen that the parameter (1-4,) <1
becomes the primary measure of the spacetime symmetry
breaking in the gravity sector.

The residual symmetry-breaking term in (65) can be put
in covariant form by introducing a timelike unit vector n,,.
In terms of the coordinates (z,x'), it is given by n, =

(—=N,0) and n# = (%, =), which obey n,n* = —1. Using
these, the four-dimensional metric ¢** can be given in terms
of the three-dimensional spatial metric g"/ and the normal

vectors n# as
gv = g"jé’;é‘]’» — n'n?. (66)

The Kronecker delta functions such as §! appear as a result
of using the coordinates (z,x'). If a foliation-preserving
coordinate transformation to new coordinates x* is per-
formed, the Kronecker delta & gets transformed into
coordinate transformation matrices

;o Oxt Ox

et

' o ot O (67)

and alternative expressions using e”; can be obtained.
However, the main results found using these more general
matrices can also be found in a simpler form using §' and
coordinates (7, x'). For this reason, the coordinates (z, x)
are used in the remainder of this section.

The timelike unit vector n, can also be used to define a
projection operator. First define

W = gt/&l5j
= ¢" + n*n*, (68)
which obeys 7#“n, = 0. Its mixed form is given as

h, =& + n*n,, (69)

which defines a projection operator that can be used to
project tensors in the four-dimensional spacetime into
the three-dimensional spatial foliation while maintaining
covariance.

Expressions involving the extrinsic curvature K;; can be
defined in terms of n, as well. For example, in (¢, x)
coordinates, it can be shown that [44]

and that the extrinsic curvature is symmetric, obeying
K;; = Kj;. Its trace K = ¢g"K;; in covariant form in the
four-dimensional spacetime is then given as
K = n"D,n,
= (¢ + n*n”)D,n,. (71)

With this expression, the gravity sector of Horava gravity in
the IR limit can then be written in covariant form as

SK+SVz/\/—_gd4x R—2A+(1-4,)KY. (72)

162G

It is important to realize, however, that despite its
covariant form, the action for the gravity sector of Horava
gravity still explicitly breaks timelike diffeomorphisms. This
is because the vector n, becomes a background field that
cannot transform under timelike diffeomorphisms when £°
depends on x/. It must remain normal to the preferred
foliation. In this way, contractions with n, are similar to
couplings to SME coefficients, which transform as tensors
under general coordinate transformations, but which remain
fixed under diffeomorphisms. A significant difference from
the way the SME coefficients are usually thought of,
however, is that n, is only partially fixed under diffeo-
morphisms. The subgroup consisting of foliation-preserving
diffeomorphisms, defined with & (x/, r) and £°(t), where the
latter only has time dependence, still transform n,, into new
physically equivalent normal vectors, and these transforma-
tions are symmetries of the action. However, the timelike
diffeomorphisms with £ depending on position are broken
since n, remains fixed under such transformations.

Thus, similarly to massive gravity, where the tensors
¥ are not fully fixed under diffeomorphisms and instead
transform anomalously, the backgrounds n, are only par-
tially fixed under diffeomorphisms, and as a result they too
transform anomalously. In this way, both of these back-
grounds differ from how the SME coefficients are usually
defined. Nonetheless, for the symmetries or partial sym-
metries that are explicitly broken, the relevant couplings in
a theory with explicit breaking can still be matched to
corresponding couplings in the SME, and any bounds that
have been obtained in the SME can, in principle, be applied
to the theories with explicit breaking.
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In parallel with the case of massive gravity, a Stiickelberg
approach can also be used to describe Horava gravity. In the
case of Horava gravity, however, only one Stiickelberg
scalar is introduced because only one diffeomorphism is
broken. In a Stiickelberg approach, the normal vector n,, is
replaced by d,®, where ®(z,x/) is the Stiickelberg field.
The scalar @ is assumed to be dynamical, which restores
the broken timelike diffeomorphism while at the same time
introducing one extra d.o.f. The original form of Hofava
gravity with explicit breaking can be obtained again by
setting @ = ¢. Thus, in many versions of Horava gravity,
unless an extra internal symmetry is introduced that can be
used to remove @, a primary effect of Horava gravity is that
there is an extra scalar d.o.f. in gravitational interactions.

Just as different versions of Hofava gravity have been
proposed and explored in the pure gravity sector [27], there
are correspondingly different ideas that can be considered
for how to couple matter to Horava gravity [45]. The
broadest and most general approach, however, which
parallels the way in which the gravity sector is defined,
is to consider a matter action Sy; where foliation-preserving
diffeomorphism invariance is the fundamental spacetime
symmetry instead of the full diffeomorphism group. This is
the approach that is examined here.

By explicitly breaking timelike diffeomorphisms, the time
and spatial components of matter fields and their derivatives
can be separated and treated differently, similarly to how the
ADM fields for the metric are treated differently in the
gravity sector. To avoid ghosts, the usual forms for time
derivatives of matter fields, restricted to second order, can be
maintained, while higher-dimensional terms for the spatial
components can be added to the action. Coupling coeffi-
cients can be introduced to give relative weightings between
these separated terms, where each term is individually
symmetric under foliation-preserving diffeomorphisms. It
is expected that these weighting coefficients can run with
energy and that they must reduce to values consistent with
GR and the SM in the IR limit. There is also no reason to
assume that these couplings are the same in different particle
sectors or that they should be directly related to the
parameter 4, in the gravity sector. Thus, different particle
sectors need to be considered independently.

In the absence of a vierbein formalism for Horava
gravity, which would be needed to consider couplings to
fermion fields, the examples considered here look at the
cases of couplings to massive scalar and massless vector
particles, such as the Higgs boson and the photon. The
SME is used to investigate the phenomenology of matter-
gravity couplings to these types of particles in the context
of Horava gravity.

2. Scalar matter fields

The simplest case to consider is a scalar matter field ¢. In
GR, the usual matter terms for a scalar of mass m
interacting with gravity are

1 1
SGRA,scalar = / H‘ﬂx (5 gﬂyayﬁbaugb - 5 m2¢2) y (73)

Using ADM variables for the metric, the usual four-
dimensional Kinetic term for the scalar can be rewritten as

1 ..
50u00"h = =5 (b = N'0:¢p)? +5970:40;¢. (74)

2N?

where ¢ = 9. In Horava gravity the two terms in (74) are
each independently invariant under foliation-preserving
diffeomorphisms, and therefore they can be given different
weightings. In addition, higher-dimensional operators that
are invariant under foliation-preserving diffeomorphisms
can be added to the action, as long as they do not introduce
additional time derivatives that modify the kinetic term.
However, in the IR limit, the higher-order couplings will be
subleading-order corrections and can be ignored here.

Taking different weightings of the two terms in (74), the
action for a massive scalar in the IR limit of Horava gravity
can be written as

Sscalarz/\/f_}Nd3th|: (@) < 2N2 (¢ Nla ¢) >

+cf ( 710,00 ¢> 2¢2} (75)

where c(l¢>

parameters.
It is also possible to use projections of the derivatives,
which gives

(#)

and ¢, have been introduced as weighting

591005 = 9”6”6”8 $0,¢

iYj¥n
=g w090, (16

where (66) has been used to replace the three-dimensional
spatial metric ¢g"/ with the four-dimensional metric ¢**. By
combining (74) and (76), the action S.,,, becomes

S = / N {cz ( 9 ¢aﬂ¢> 2

+ (e = el?) <5 ””””3;4‘158”‘15)} : (77)

Notice that this is now in covariant form.

By rescaling the field ¢ and the mass m, the diffeo-
morphism-invariant term can be put in standard form,
leaving just a relative parameter that multiplies the sym-
metry-breaking term. The rescaled field and mass can be

relabeled again as ¢ and m. These rescalings and relabel-

ings effectively set cg‘/’) = 1 and rename c(ld')

gives the final form of the scalar action as

as 44, which
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Sscalar = / \/:§d4x |:% g’“’a,,qbayd) - % m2¢2

+ % (1- /1¢)n”n”8ﬂ¢3y¢} . (78)

In this way, (1 —4,) becomes a measure of the diffeo-
morphism breaking in the IR limit, similar to how (1 —4,)
gives a corresponding measure in the gravity sector. Also,
Ay can run as the energy scale changes just as 4, does in the
gravity sector. Agreement with GR and the SM in the IR
limit requires (1 —1,) < 1.

Notice that the spacetime symmetry breaking in the last
term in (78) is due to the coupling § (1 — A4)n“n” acting as a
background that explicitly breaks timelike diffeomor-
phisms while maintaining the foliation-preserving sub-
group. Thus, a connection with a SME coefficient that
couples in the same way can be made. If experimental
bounds exist for the corresponding SME coefficient, they
can be applied to the couplings in (78). However, since
|n#| ~ 1, the primary result will be that a bound can be
placed on the small coupling (1 —4,).

The Higgs boson is the only elementary particle in the
SM that is a scalar, and it can be used as a specific example.
In the SME, there is sensitivity to Lorentz violation in the
Higgs sector, and it has been investigated and tested
experimentally. One of the SME coefficients in the
Higgs sector is given as (kg,)"*, which couples the same
way as 5 (1 — 4,)n*n” in Eq. (78). Thus, a correspondence
can be made, which gives

1
(k(/)(/,)}w = 5 (1 - ﬂ.d,)l’lyl’ly. (79)

With three unbroken spatial diffeomorphisms, a gauge
can be fixed that sets N' = 0, which then gives n# = (% ,0).
This can be done in any coordinate system, including Sun-
centered celestial equatorial coordinates, which are used for
comparison purposes in the SME. Note that this procedure
using gauge fixing is very different from the traditional
SME based on spontaneous spacetime symmetry breaking.
In the traditional case, the background tensor is fixed under
all diffeomorphisms, and no gauge choices can be made to
simplify it. Special coordinates can always be chosen to
simplify its form; however, it cannot be assumed that a
specific simplified form holds in any given frame, such as
the Sun-centered celestial equatorial frame. In the tradi-
tional form of the SME, all of the components of a
background tensor must be assumed to be nonzero in
the Sun-centered celestial equatorial coordinate system, but
this is no longer the case with explicit breaking when only a
part of the symmetry is broken by the background field.

As a result of this partial breaking and choice of gauge,
there is effectively only a purely timelike component of the
SME coefficient (k,,,)** that is nonzero in the Higgs sector,
and it is given as

1

= (1=2). (80)

(k(/”/))OO

Experiments looking to test this type of spacetime sym-
metry breaking therefore need to have sensitivity to purely
timelike interactions.

While experimental bounds have been obtained on the
SME coefficients (k,,)* in the Higgs sector, the experi-
ments done to date all assume a Minkowski spacetime and
ignore gravitational effects. These tests therefore cannot
provide meaningful bounds in the context of Horava
gravity on the parameter (1 — 4,) for the Higgs. To obtain
a physically meaningful bound, sensitivity to both gravity
and matter is required in order to avoid ambiguities
associated with the ability to make field redefinitions
involving the metric.

3. Photons

The case of a vector particle, such as the photon y, is
considered next. Using ADM variables for the metric, the
usual four-dimensional Lagrangian term for a massless
vector under diffeomorphisms can be written as

1 1 .. NN/
57 =gy (/=) P
N [ . NINK
N2 <9]k Yz )FOJFik

L/ NN, N
3\ )\ e ) Fadae
(81)

For simplicity, a gauge-fixed form of this term is examined,
where the spatial diffeomorphisms are used to set N' = 0.
This reduces the usual Lagrangian to

1 1. 1 .
~g 7 Fw = a7 Foifo = Zg’fgk[FikFﬂ. (82)

These two terms become the independent terms in
gauge-fixed form. Summing them with weighting param-

eters ¢” and ¢\ gives, for the case of a photon field in

Horava gravity,
|
Sy:/ﬁNd“xdt[ci”Wg”Fo,»Foj
_c(r)l k. F. (83)
2 49 g riplj|-

The projections in (66) can then be used to obtain the
following two expressions:

g7FoiFo; = (¢ + n'n*)Fo,Fo,, (84)
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GIGMNFyF = (g™ + 29 n*n*)F o, F,,.  (85)

These can be combined with (82) to rewrite (83) in
covariant form. At the same time, the parameters in (83)
can be redefined as CY) = 4, and cgy) =1 so that the four-
dimensional kinetic term has its usual form. The resulting
action for a massless vector in the IR limit of Horava
gravity is

1 1
S, ~ / V—gd*x (-ZFWFW T2 (kF)MWFKlFW>’ (86)

where a photon sector SME coefficient (kg ) defined as

(ki = 3 (1=, gnint — gonns
— @*n*n¥ + g¥n*nt] (87)

has been introduced. In this context, n” acts as a partially
fixed background, which does not transform under timelike
diffeomorphisms when & depends on x’. When the gauge
choice with n# = (+,0) is applied, the SME components

N°
(kg)*¥ reduce to
(ke 4 =0,
(ki) =0,
(k)" = oz (=49, (88)

Thus, since |¢g/| ~ 1, matter-gravity experiments with
sensitivity to the SME coefficients (kz)*% can be used
to put bounds on (1 — 4,) in Hotava gravity combined with
electromagnetism.

In this case, experiments with sensitivity to both gravity
and the photon sector have been performed. In particular,
the same atom interferometry tests that give bounds on
matter-gravity interactions in massive gravity can also give
bounds on possible photon-gravity interactions in Horava
gravity. By adopting a convention where field redefinitions
in the metric are made that eliminate the gravity-sector s**
SME coefficients, this leaves only the sensitivity to (k)
in these matter interferometry tests. The quantities ¢/ that
are bounded at the level of 10~ in the Sun-centered
celestial equatorial frame can be applied to the SME
coefficients in (88) to give the bound

1-4] <107 (89)

associated with the spacetime symmetry breaking involving
photons in Horava gravity.

VI. SUMMARY AND CONCLUSIONS

The traditional SME based on the idea of spontaneous
spacetime symmetry breaking is widely used in gravita-
tional, astrophysical, particle, nuclear, solid matter, and
atomic experiments aimed at testing local Lorentz and
diffeomorphism invariance. When gravity is present, the
fact that the breaking is spontaneous avoids potential
inconsistency between the Bianchi identities, dynamics,
and covariant energy-momentum conservation. Also, with
spontaneous breaking, excitations consisting of NG and
massive Higgs-like modes occur, and knowledge of their
behavior allows systematic procedures to be developed for
taking a post-Newtonian limit of the SME and for incor-
porating matter-gravity interactions in a consistent manner.

This paper looks at the question of whether the SME can
also be used to investigate gravity theories with explicit
spacetime symmetry breaking. With explicit spacetime
symmetry breaking, there are nondynamical background
fields that appear directly in the action, and it is the
interactions with these backgrounds that cause the sym-
metry breaking. At the same time, to be observer inde-
pendent a gravity theory with explicit breaking must still be
covariant under general coordinate transformations. The
requirement of covariance can be used to derive four
mathematical identities that must hold in order for the
theory to be consistent with the Bianchi identities and
covariant energy-momentum conservation. Since four extra
d.o.f. exist in a theory with explicit diffeomorphism break-
ing, due to the loss of four gauge freedoms, these four extra
modes can, in principle, take values that permit the overall
consistency conditions to hold.

It is found using a Stiickelberg approach that the extra
d.o.f. in a theory with explicit breaking have the same form
as the NG excitations in the corresponding theory where the
symmetry breaking occurs spontaneously. Thus, many of
the procedures and results that follow from having NG
modes in the theory with spontaneous breaking can also be
applied when the breaking is explicit. The main difference
is that with explicit breaking, there are no massive Higgs-
like excitations and the background field remains non-
dynamical. In the pure-gravity sector, the consistency of the
theory with explicit breaking therefore relies completely on
the presence of the extra NG modes. If one or more of these
modes is suppressed or decouples, then the consistency
conditions cannot be fulfilled. An example of when this
happens is in the linearized post-Newtonian limit of the
pure-gravity sector of the SME when the symmetry break-
ing is explicit. The NG modes decouple in this limit, and
the consistency conditions impose severe constraints on the
curvature tensor, resulting in a theory that is not useful.
However, when matter fields are included, there are addi-
tional interactions that can include the NG modes. In this
case, the same procedures that are used in the SME with
spontaneous breaking carry over and can be used as well
when the breaking is explicit. Thus, the SME is, in general,
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suitable for investigating matter-gravity interactions in
theories with explicit breaking.

With gravity, the role of field redefinitions that can be
made involving the metric is important to consider as well
before meaningful physical bounds on spacetime symmetry
breaking can be determined from a specific experiment.
In particular, field redefinitions of the metric can be used
to move the sensitivity to spacetime symmetry breaking
from one matter sector to another or from the gravity sector
to a matter sector (or vice versa). Specifically, any one of
the three sets of SME coefficients s, c,,, or (kz)® " can
be eliminated from the theory at first order in these
coefficients by making field redefinitions of the metric.
It is for this reason that matter-gravity tests in the SME
must have sensitivity to at least two independent sets of
SME coefficients.

There are a number of different features that occur in the
SME when it is applied to explicit breaking in comparison
to the traditional approach based on spontaneous breaking.
Most notable is that the background fields that cause
explicit breaking are not as clearly defined as they are
with spontaneous breaking, where they are understood as
vacuum expectation values. For example, with explicit
breaking, backgrounds that are hybrids of dynamical and
nondynamical fields or that partially break a spacetime
symmetry can appear. These backgrounds transform
anomalously under spacetime symmetry transformations,
and in some cases they can be partly gauge-fixed using
unbroken symmetries. In making a correspondence with the
SME, the identified SME coefficients might then have only
certain components that are nonzero, not just in a special
frame but in whatever frame one chooses. This is clearly a
very different feature of explicit breaking in that it allows
time and spatial directions to be physically distinguished
and treated differently.

Two gravity theories with explicit diffeomorphism
breaking serve as examples of how the SME can be used
to investigate matter-gravity interactions that might occur
in these theories. The first is ghost-free massive gravity
with matter interactions that couple to an effective metric
that consists of a linear combination of the physical metric
and a background. It is shown that the matter terms with
couplings to the effective metric can be replaced by
conventional couplings to the physical metric as well as
additional terms that can be matched to the SME. The
second example is Horava gravity in the IR limit with
matter terms that have foliation-preserving diffeomorphism
invariance as their fundamental symmetry, just as this is
the fundamental symmetry in the pure-gravity sector. It
is shown that mixtures of these matter terms can be
replaced by a conventional relativistic term plus terms that
match those in the SME. In both examples, bounds on
the diffeomorphism-breaking matter-gravity couplings are
obtained using the SME. Atom interferometry tests with
sensitivity to both gravity and electromagnetism provide
bounds on the order of 10~ in both examples.

APPENDIX: BACKGROUND VIERBEINS
AND THE SME

This appendix illustrates how the background vierbein
e, has an important role in theories with explicit spacetime
symmetry breaking. In particular, it needs to be included in
order to go between local and spacetime frames [24].
Related to this, it is also shown that the choice of whether to
couple matter with a background field using local versus
spacetime components makes a difference, and this differ-
ence has important consequences concerning consistency
conditions that must hold with explicit breaking.

For simplicity, consider a theory with a vector back-
ground field, where a vierbein formalism is used. The
background vector has components I_cﬂ with respect to the
spacetime frame and components k, with respect to a local
Lorentz frame. Since both sets of these components are
fixed under spacetime diffeomorphisms and local Lorentz
transformations, they must be connected by a nondynam-
ical background vierbein e,“, which is also fixed under
these transformations. The relation between them is
k, =2, %k,. (A1)

If the background vierbein e, is not included in a theory
with explicit breaking, then actions that couple l_cﬂ to matter
and gravitational fields are different from actions that
couple k,. To demonstrate this, consider the following
two action terms defined using, respectively, k, and I_cﬂ to
couple to the dynamical gravitational and matter fields:

itk = [ ek, ae(e 1) (A2)

Sy = / dxek, I (e, f). (A3)
In these terms, f” and f* are dynamical matter fields, which
are linked by the physical vierbein, obeying

fr = e fr. (A4)
The action Silfﬁ)v assumes f? are the basic matter field
components that are varied in order to obtain their equa-
tions of motion, while ng{)v assumes f* are the basic field
components. The quantities /¢ and J# represent the parts of
the Lagrangian terms that are contracted with k, and k,,
respectively.

The theories defined by these action terms are not the
same. This is because the background vierbein must be
used to link k, and k,, while it is the dynamical vierbein
that links J¢ and J¥. As a result,

kv =@, k,et,J°

T (A5)

1
=1
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These action terms can also have different consequences
concerning the consistency conditions that must hold when
the symmetry breaking is explicit.

For example, if an observer infinitesimal general coor-
dinate transformation, x* — x'* = x# — &, is performed, it
must leave the action unchanged in both cases since both
theories are observer independent and have Lagrangians
that are observer scalars. Mathematical identities that
follow from this observer invariance can then be obtained,
and these provide consistency conditions that must hold for
each of these theories [24].

If these transformations are made in the first action
followed by Taylor expansions and relabeling, the result is

3 S(ek,J?)
0 ES 5S§,L>V = /d4x(567b£§e#b
"

- oJ4 _
+ Eka Wﬁffb + ejaﬁgka> R (A6)
where L; are Lie derivatives. Since f b is a dynamical field,
the variations l_cag—ﬁ give the equations of motion for f?,
which vanish on shell. Here,

(A7)

since k, is a scalar on the spacetime manifold. Using the
definition of the energy-momentum tensor,

S(ek,J?) b

b
5eﬂ

eTH = : (A8)

integrating by parts, and putting the matter fields on shell,
we obtain the result

0= / d*xe(=D,T", + J90,k, )& . (A9)
Since this must hold for all &, it follows that
D, T, = JD,k,. (A10)

Thus, in order for D, T = 0 to hold, which is required for
consistency with the Bianchi identities, it must be that
Jk, =0 (A11)
holds on shell over the spacetime manifold as a consistency
condition. Note that it was the severity of this condition that
led to the interpretation that explicit breaking is generally
incompatible with Riemann geometry in [3].

However, with explicit breaking, there are four extra
d.o.f. in the vierbein, which would normally be gauged
away in a theory with unbroken symmetry. As long as
these d.o.f. do not decouple, they can take values that

satisfy (A11). This requires that the extra vierbein modes
do not decouple in J¢, which imposes a stringent condition
on the theory. If it turns out that the extra modes decouple in
J¢, then the theory is incompatible with the Bianchi identity
and covariant energy-momentum conservation, and it must
therefore be ruled out as a viable theory.

In contrast, if similar procedures are followed starting

: . k . .
with the second action, Sé I’i)\,, the resulting consistency

conditions are not as stringent. To see this, infinitesimal
general coordinate transformations followed by Taylor
expansions and relabeling of coordinates can again be
performed. The result in this case is

5(ek,J°
0= 6544, = / dx <(‘3"J) Lee,

oe,”
- oJ! -
+ ek"5—f”£§fy + eJﬂ,Cé:kM> . (AIZ)
Here, the equations of motion for f” give
- oJH
—=0. Al3
H 5f1/ ( )

However, in this case, k, is a spacetime vector, and its Lie
derivative is

Lk, = (D,E)k, + EDk,. (A14)

Using integration by parts, the result in this case is

0= /d“xe(—DﬂT"y — (D, J")k,

— (Dk,)J*" + J*D, k). (A15)

Since this must hold for all &, the result is the condition

D,T", = —(D,J")k, — (D,k,)J* + J'Dk,.  (Al16)

When D, T" = 0, consistency therefore requires that

—(D, ")k, +J*(D,k, —D,k,) =0  (Al7)
must hold. Note that this consistency condition is different
from the one in (A11), and in general, it is less restrictive.
This is because additional couplings to the metric appear as
aresult of the covariant derivative D, J* in (A17), and these
extra d.o.f. can take values that satisfy (A17) even if the
extra d.o.f. decouple in J¥. Thus, the action Sgkf)v describes

a theory that is more generically compatible with the

Bianchi identities than the one described by SEkL)V

To summarize the results of this appendix, a Lagrangian
L =k,J* is not the same as one with £ = k,J#, and
conclusions based on one of these forms do not apply for
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the other. This is because k,J* # l_cﬂf/‘ when k, and l_cﬂ are
components of a fixed background field. Since the SME is
defined in terms of coefficients with spacetime indices,
such as a,, bﬂ, Cpy» €LC., it therefore has terms matching the
form of £ = I_c,,J”, where the SME coefficients replace l_c”.
In general, couplings of this type allow the extra d.o.f.
in the vierbein or metric to take values that satisfy the

consistency conditions, and compatibility with the Bianchi
identities and covariant energy-momentum conservation
can therefore be maintained. However, it is important to
keep in mind that if couplings to the local components of
the SME coefficients are introduced, the theory also needs
to include couplings to the background vierbein e,% in
order to maintain its overall consistency.

[1] For reviews of experimental and theoretical approaches to
violations of fundamental spacetime symmetries, see CPT
and Lorentz Symmetry VII, edited by V. A. Kostelecky
(World Scientific, Singapore, 2016) and the earlier volumes
in this series; J. Tasson, What do we know about Lorentz
invariance, Rep. Prog. Phys. 77, 062901 (2014); R. Bluhm,
Observable constraints on local Lorentz invariance,
Springer Handbook of Spacetime, edited by A. Ashtekar
and V. Petkov (Springer, Berlin, 2014).

[2] V. A. Kostelecky and R. Potting, CPT, strings, and meson
factories, Phys. Rev. D 51, 3923 (1995); D. Colladay and
V. A. Kostelecky, CPT violation and the standard model,
Phys. Rev. D 55, 6760 (1997); Lorentz-violating extension
of the standard model, Phys. Rev. D 58, 116002 (1998);
V. A. Kostelecky and R. Lehnert, Stability, causality, and
Lorentz and CPT violation, Phys. Rev. D 63, 065008
(2001).

[3] V. A. Kostelecky, Gravity, Lorentz violation, and the stan-
dard model, Phys. Rev. D 69, 105009 (2004).

[4] R. Bluhm, Overview of the SME: Implications and
phenomenology of Lorentz violation, in Special Relativity:
Will It Survive the Next 101 Years, edited by J. Ehlers and
C. Limmerzahl (Springer, Berlin, 2006).

[5] V. A. Kostelecky and N. Russell, Data tables for Lorentz and
CPT violation, Rev. Mod. Phys. 83, 11 (2011).

[6] V. A. Kostelecky and M. Mewes, Electrodynamics with
Lorentz-violating operators of arbitrary dimension, Phys.
Rev. D 80, 015020 (2009); Fermions with Lorentz-violating
operators of arbitrary dimension, Phys. Rev. D 88, 096006
(2013); A. H. Gomes, V. A. Kostelecky, and A.J. Vargas,
Laboratory tests of Lorentz and CPT symmetry with muons,
Phys. Rev. D 90, 076009 (2014); V. A. Kostelecky and A. J.
Vargas, Lorentz and CPT tests with hydrogen, antihydrogen,
and related systems, Phys. Rev. D 92, 056002 (2015);
Lorentz and CPT tests with clock-comparison experiments,
Phys. Rev. D 98, 036003 (2018); V. A. Kostelecky and
Z. Li, Gauge field theories with Lorentz-violating operators
of arbitrary dimension, Phys. Rev. D 99, 056016 (2019).

[7] V. A. Kostelecky, N. Russell, and J. D. Tasson, New Con-
straints on Torsion from Lorentz Violation, Phys. Rev. Lett.
100, 111102 (2008).

[8] J. Foster, V. A. Kostelecky, and R. Xu, Constraints on
nonmetricity from bounds on Lorentz violation, Phys. Rev.
D 95, 084033 (2017).

[9] See, for example, V. A. Kostelecky, Riemann-Finsler geom-
etry and Lorentz-violating kinematics, Phys. Lett. B 701,

137 (2011); V. A. Kostelecky, N. Russell, and R. Tso,
Bipartite Riemann-Finsler geometry and Lorentz violation,
Phys. Lett. B 716, 470 (2012); M. Schreck, Classical
kinematics and Finsler structures for nonminimal
Lorentz-violating fermions, Eur. Phys. J. C 75, 187
(2015); N. Russell, Finsler-like structures from Lorentz-
breaking classical particles, Phys. Rev. D 91, 045008
(2015); B.R. Edwards and V. A. Kostelecky, Riemann-
Finsler geometry and Lorentz-violating scalar fields, Phys.
Lett. B 786, 319 (2018).

[10] Q.G. Bailey and V.A. Kostelecky, Signals for Lorentz
violation in post-Newtonian gravity, Phys. Rev. D 74,
045001 (20006).

[11] V. A. Kostelecky and J.D. Tasson, Prospects for Large
Relativity ~ Violations in Matter-Gravity Couplings,
Phys. Rev. Lett. 102, 010402 (2009); Matter-gravity cou-
plings and Lorentz violation, Phys. Rev. D 83, 016013
(2011).

[12] J. B.R. Battat, J. F. Chandler, and C. W. Stubbs, Testing for
Lorentz Violation: Constraints on Standard-Model Exten-
sion Parameters Via Lunar Laser Ranging, Phys. Rev. Lett.
99, 241103 (2007).

[13] H. Mueller, S.-w. Chiow, S. Herrmann, S. Chu, and K.-Y.
Chung, Atom-Interferometry Tests of the Isotropy of Post-
Newtonian Gravity, Phys. Rev. Lett. 100, 031101 (2008);
K. Y. Chung, S.-w. Chiow, S. Herrmann, S. Chu, and H.
Miiller, Atom interferometry tests of local Lorentz invari-
ance in gravity and electrodynamics, Phys. Rev. D 80,
016002 (2009).

[14] D. Bennett, V. Skavysh, and J. Long, Search for Lorentz
violation in short-range gravity, in CPT and Lorentz
Symmetry V, edited by V. A. Kostelecky (World Scientific,
Singapore, 2011); Q. G. Bailey and V. A. Kostelecky, Short-
range gravity and Lorentz violation, Phys. Rev. D 91,
022006 (2015); J.C. Long and V. A. Kostelecky, Search
for Lorentz violation in short-range gravity, Phys. Rev. D
91, 092003 (2015); V. A. Kostelecky and M. Mewes,
Testing local Lorentz invariance with short-range gravity,
Phys. Lett. B 766, 137 (2017); C.-G. Shao, Y.-F. Chen, Y.-J.
Tan, S.-Q. Yang, J. Luo, M.E. Tobar, J. C. Long, E.
Weisman, and V. A. Kostelecky, Combined Search for a
Lorentz-Violating Force in Short-Range Gravity Varying as
the Inverse Sixth Power of Distance, Phys. Rev. Lett. 122,
011102 (2019).

[15] G. Lambiase, Standard Model extension with gravity and
gravitational baryogenesis, Phys. Lett. B 642, 9 (2006).

084022-19


https://doi.org/10.1088/0034-4885/77/6/062901
https://doi.org/10.1103/PhysRevD.51.3923
https://doi.org/10.1103/PhysRevD.55.6760
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevD.63.065008
https://doi.org/10.1103/PhysRevD.63.065008
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/RevModPhys.83.11
https://doi.org/10.1103/PhysRevD.80.015020
https://doi.org/10.1103/PhysRevD.80.015020
https://doi.org/10.1103/PhysRevD.88.096006
https://doi.org/10.1103/PhysRevD.88.096006
https://doi.org/10.1103/PhysRevD.90.076009
https://doi.org/10.1103/PhysRevD.92.056002
https://doi.org/10.1103/PhysRevD.98.036003
https://doi.org/10.1103/PhysRevD.99.056016
https://doi.org/10.1103/PhysRevLett.100.111102
https://doi.org/10.1103/PhysRevLett.100.111102
https://doi.org/10.1103/PhysRevD.95.084033
https://doi.org/10.1103/PhysRevD.95.084033
https://doi.org/10.1016/j.physletb.2011.05.041
https://doi.org/10.1016/j.physletb.2011.05.041
https://doi.org/10.1016/j.physletb.2012.09.002
https://doi.org/10.1140/epjc/s10052-015-3403-z
https://doi.org/10.1140/epjc/s10052-015-3403-z
https://doi.org/10.1103/PhysRevD.91.045008
https://doi.org/10.1103/PhysRevD.91.045008
https://doi.org/10.1016/j.physletb.2018.10.011
https://doi.org/10.1016/j.physletb.2018.10.011
https://doi.org/10.1103/PhysRevD.74.045001
https://doi.org/10.1103/PhysRevD.74.045001
https://doi.org/10.1103/PhysRevLett.102.010402
https://doi.org/10.1103/PhysRevD.83.016013
https://doi.org/10.1103/PhysRevD.83.016013
https://doi.org/10.1103/PhysRevLett.99.241103
https://doi.org/10.1103/PhysRevLett.99.241103
https://doi.org/10.1103/PhysRevLett.100.031101
https://doi.org/10.1103/PhysRevD.80.016002
https://doi.org/10.1103/PhysRevD.80.016002
https://doi.org/10.1103/PhysRevD.91.022006
https://doi.org/10.1103/PhysRevD.91.022006
https://doi.org/10.1103/PhysRevD.91.092003
https://doi.org/10.1103/PhysRevD.91.092003
https://doi.org/10.1016/j.physletb.2016.12.062
https://doi.org/10.1103/PhysRevLett.122.011102
https://doi.org/10.1103/PhysRevLett.122.011102
https://doi.org/10.1016/j.physletb.2006.09.037

ROBERT BLUHM, HANNAH BOSSI, and YUEWEI WEN

PHYS. REV. D 100, 084022 (2019)

[16] A. Hees, Q. G. Bailey, C. Le Poncin-Lafitte, A. Bourgoin,
A. Rivoldini, B. Lamine, F. Meynadier, C. Guerlin, and P.
Wolf, Testing Lorentz symmetry with planetary orbital
dynamics, Phys. Rev. D 92, 064049 (2015).

[17] Q. G. Bailey, R. D. Everett, and J. M. Overduin, Limits on
violations of Lorentz symmetry from Gravity Probe B,
Phys. Rev. D 88, 102001 (2013).

[18] L. Shao, Tests of Local Lorentz Invariance Violation of
Gravity in the Standard Model Extension with Pulsars,
Phys. Rev. Lett. 112, 111103 (2014); New pulsar limit
on local Lorentz invariance violation of gravity in the
Standard-Model extension, Phys. Rev. D 90, 122009
(2014); R.J. Jennings, J. D. Tasson, and S. Yuan, Matter-
sector violation in binary pulsars, Phys. Rev. D 92, 125028
(2015).

[19] L. Iorio, Orbital effects of Lorentz-violating standard model
extension gravitomagnetism around a static body: A sensi-
tivity analysis, Classical Quantum Gravity 29, 175007
(2012).

[20] V. A. Kostelecky and J. D. Tasson, Constraints on Lorentz
violation from gravitational Cerenkov radiation, Phys. Lett.
B 757, 510 (2016).

[21] V. A. Kostelecky and M. Mewes, Testing local Lorentz
invariance with gravitational waves, Phys. Lett. B 757, 510
(2016); Lorentz and diffeomorphism violations in linearized
gravity, Phys. Lett. B 779, 136 (2018); J.-J. Wei, X.-F. Wu,
B.-B. Zhang, L. Shao, P. Mészdros, and V. A. Kostelecky,
Constraining anisotropic Lorentz violation via the spectral-
lag transition of GRB 160625B, Astrophys. J. 842, 115
(2017).

[22] R. Bluhm, Explicit versus spontaneous diffeomorphism
breaking in gravity, Phys. Rev. D 91, 065034 (2015).

[23] R. Bluhm, Spacetime symmetry breaking and Einstein-
Maxwell theory, Phys. Rev. D 92, 085015 (2015).

[24] R. Bluhm and A. Sechi¢, Noether identities in gravity
theories with nondynamical backgrounds and explicit
spacetime symmetry breaking, Phys. Rev. D 94, 104034
(2016).

[25] V. A. Kostelecky and S. Samuel, Gravitational phenom-
enology in higher dimensional theories and strings, Phys.
Rev. D 40, 1886 (1989); Spontaneous breaking of Lorentz
symmetry in string theory, Phys. Rev. D 39, 683 (1989);
Phenomenological Gravitational Constraints on Strings and
Higher Dimensional Theories, Phys. Rev. Lett. 63, 224
(1989).

[26] For reviews of massive gravity, see K. Hinterbichler,
Theoretical aspects of massive gravity, Rev. Mod. Phys.
84, 671 (2012); C. de Rham, Massive gravity, Living Rev.
Relativity 17, 7 (2014).

[27] For reviews of Horava gravity, see S. Mukohyama,
HoravaLifshitz cosmology: A review, Classical Quantum
Gravity 27, 223101 (2010); T. P. Sotiriou, Horava-Lifshitz
gravity: A status report, J. Phys. Conf. Ser. 283, 012034
(2011); A. Wang, Horava gravity at a Lifshitz Point:
A progress report, Int. J. Mod. Phys. D 26, 1730014
(2017).

[28] R. Bluhm and V. A. Kostelecky, Spontaneous Lorentz
violation, Nambu-Goldstone modes, and gravity, Phys.
Rev. D 71, 065008 (2005); R. Bluhm, S.-H. Fung, and
V. A. Kostelecky, Spontaneous Lorentz and diffeomorphism

violation, massive modes, and gravity, Phys. Rev. D 77,
065020 (2008).

[29] R. Bluhm, N.L. Gagne, R. Potting, and A. Vrublevskis,
Constraints and stability in vector theories with spontaneous
Lorentz violation, Phys. Rev. D 77, 125007 (2008).

[30] N. Arkani-Hamed, H. Georgi, and M. D. Schwartz, Effec-
tive field theory for massive gravitons and gravity in theory
space, Ann. Phys. (Amsterdam) 305, 96 (2003).

[31] C.D. Lane, Spacetime variation of Lorentz-violation of
coefficients at a nonrelativistic scale, Phys. Rev. D 94,
025016 (2016).

[32] Y. Bonder, Lorentz violation in the gravity sector: The
t puzzle, Phys. Rev. D 91, 125002 (2015).

[33] Y. Bonder and G. Leon, Inflation as an amplifier: The
case of Lorentz violation, Phys. Rev. D 96, 044036
(2017).

[34] D. Colladay and P. McDonald, Redefining spinors in
Lorentz violating QED, J. Math. Phys. (N.Y.) 43, 3554
(2002).

[35] D. G. Boulware and S. Deser, Can gravitation have a finite
range, Phys. Rev. D 6, 3368 (1972).

[36] C. de Rham and G. Gabadadze, Generalization of the
Fierz-Pauli action, Phys. Rev. D 82, 044020 (2010); C.
de Rham, G. Gabadadze, and A.J. Tolley, Resummation of
Massive Gravity, Phys. Rev. Lett. 106, 231101 (2011);
Ghost free massive gravity in the Stiickelberg language,
Phys. Lett. B 711, 190 (2012).

[37] S.F. Hassan and R. A. Rosen, Resolving the Ghost Problem
in Non-Linear Massive Gravity, Phys. Rev. Lett. 108,
041101 (2012); S.F. Hassan, R.A. Rosen, and A.
Schmidt-May, Ghost-free massive gravity with a general
reference metric, J. High Energy Phys. 02 (2012) 026.

[38] C. Deffayet, J. Mourad, and G. Zahariade, A note on
symmetric vielbeins in bimetric, massive, perturbative
and non perturbative gravities, J. High Energy Phys. 03
(2013) 086; Covariant constraints in ghost free massive
gravity, J. Cosmol. Astropart. Phys. 01 (2013) 032.

[39] K. Hinterbichler and R. A. Rosen, Interacting Spin-2 Fields,
J. High Energy Phys. 07 (2012) 047.

[40] C. de Rham, L. Heisenberg, and R. H. Ribeiro, Quantum
corrections in massive gravity, Phys. Rev. D 88, 084058
(2013); Ghosts and matter couplings in massive gravity,
bigravity, and multigravity, Phys. Rev. D 90, 124042
(2014); On couplings to matter in massive (bi-)gravity,
Classical Quantum Gravity 32, 035022 (2015).

[41] J. Noller and S. Melville, The coupling to matter in massive,
bi- and multi-gravity, J. Cosmol. Astropart. Phys. 01 (2015)
003.

[42] A.S. Goldhaber and M. M. Nieto, Photon and graviton mass
limits, Rev. Mod. Phys. 82, 939 (2010).

[43] P. Horava, Quantum gravity at a Lifshitz point, Phys. Rev. D
79, 084008 (2009).

[44] E. Poisson, A Relativist’s Toolkit (Cambridge University,
Cambridge, England, 2004).

[45] For examples, see J.M. Romero, J.A. Santiago, O.
Gonzalez-Gaxiola, and A. Zamora, Electrodynamics a la
Horava, Phys. Lett. 25A, 3381 (2010); A. M. da Silva, An
alternative approach for general covariant Horava-Lifshitz
gravity and matter couplings, Classical Quantum Gravity
28, 055011 (2011); S. Carloni, E. Elizalde, and P. J. Silva,

084022-20


https://doi.org/10.1103/PhysRevD.92.064049
https://doi.org/10.1103/PhysRevD.88.102001
https://doi.org/10.1103/PhysRevLett.112.111103
https://doi.org/10.1103/PhysRevD.90.122009
https://doi.org/10.1103/PhysRevD.90.122009
https://doi.org/10.1103/PhysRevD.92.125028
https://doi.org/10.1103/PhysRevD.92.125028
https://doi.org/10.1088/0264-9381/29/17/175007
https://doi.org/10.1088/0264-9381/29/17/175007
https://doi.org/10.1016/j.physletb.2016.04.040
https://doi.org/10.1016/j.physletb.2016.04.040
https://doi.org/10.1016/j.physletb.2016.04.040
https://doi.org/10.1016/j.physletb.2016.04.040
https://doi.org/10.1016/j.physletb.2018.01.082
https://doi.org/10.3847/1538-4357/aa7630
https://doi.org/10.3847/1538-4357/aa7630
https://doi.org/10.1103/PhysRevD.91.065034
https://doi.org/10.1103/PhysRevD.92.085015
https://doi.org/10.1103/PhysRevD.94.104034
https://doi.org/10.1103/PhysRevD.94.104034
https://doi.org/10.1103/PhysRevD.40.1886
https://doi.org/10.1103/PhysRevD.40.1886
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevLett.63.224
https://doi.org/10.1103/PhysRevLett.63.224
https://doi.org/10.1103/RevModPhys.84.671
https://doi.org/10.1103/RevModPhys.84.671
https://doi.org/10.12942/lrr-2014-7
https://doi.org/10.12942/lrr-2014-7
https://doi.org/10.1088/0264-9381/27/22/223101
https://doi.org/10.1088/0264-9381/27/22/223101
https://doi.org/10.1088/1742-6596/283/1/012034
https://doi.org/10.1088/1742-6596/283/1/012034
https://doi.org/10.1142/S0218271817300142
https://doi.org/10.1142/S0218271817300142
https://doi.org/10.1103/PhysRevD.71.065008
https://doi.org/10.1103/PhysRevD.71.065008
https://doi.org/10.1103/PhysRevD.77.065020
https://doi.org/10.1103/PhysRevD.77.065020
https://doi.org/10.1103/PhysRevD.77.125007
https://doi.org/10.1016/S0003-4916(03)00068-X
https://doi.org/10.1103/PhysRevD.94.025016
https://doi.org/10.1103/PhysRevD.94.025016
https://doi.org/10.1103/PhysRevD.91.125002
https://doi.org/10.1103/PhysRevD.96.044036
https://doi.org/10.1103/PhysRevD.96.044036
https://doi.org/10.1063/1.1477938
https://doi.org/10.1063/1.1477938
https://doi.org/10.1103/PhysRevD.6.3368
https://doi.org/10.1103/PhysRevD.82.044020
https://doi.org/10.1103/PhysRevLett.106.231101
https://doi.org/10.1016/j.physletb.2012.03.081
https://doi.org/10.1103/PhysRevLett.108.041101
https://doi.org/10.1103/PhysRevLett.108.041101
https://doi.org/10.1007/JHEP02(2012)026
https://doi.org/10.1007/JHEP03(2013)086
https://doi.org/10.1007/JHEP03(2013)086
https://doi.org/10.1088/1475-7516/2013/01/032
https://doi.org/10.1007/JHEP07(2012)047
https://doi.org/10.1103/PhysRevD.88.084058
https://doi.org/10.1103/PhysRevD.88.084058
https://doi.org/10.1103/PhysRevD.90.124042
https://doi.org/10.1103/PhysRevD.90.124042
https://doi.org/10.1088/0264-9381/32/3/035022
https://doi.org/10.1088/1475-7516/2015/01/003
https://doi.org/10.1088/1475-7516/2015/01/003
https://doi.org/10.1103/RevModPhys.82.939
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1142/S0217732310034547
https://doi.org/10.1088/0264-9381/28/5/055011
https://doi.org/10.1088/0264-9381/28/5/055011

GRAVITY WITH EXPLICIT SPACETIME SYMMETRY ...

PHYS. REV. D 100, 084022 (2019)

Matter couplings in Horava-Lifshitz theories and their
cosmological implications, Classical Quantum Gravity
28, 195002 (2011); M. Pospelov and Y. Shang, Lorentz
violation in Hotava-Lifshitz-type theories, Phys. Rev. D 85,
105001 (2012); 1. Klimpton and A. Padilla, Matter in

084022-21

Horava-Lifshitz gravity, J. High Energy Phys. 04 (2013)
133; J. Bellorin, A. Restuccia, and F. Tello-Ortiz, Aniso-
tropic coupling of gravity and electromagnetism in Hotava-
Lifshitz theory, Phys. Rev. D 98, 104018 (2018).


https://doi.org/10.1088/0264-9381/28/19/195002
https://doi.org/10.1088/0264-9381/28/19/195002
https://doi.org/10.1103/PhysRevD.85.105001
https://doi.org/10.1103/PhysRevD.85.105001
https://doi.org/10.1007/JHEP04(2013)133
https://doi.org/10.1007/JHEP04(2013)133
https://doi.org/10.1103/PhysRevD.98.104018

