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Emergent de Sitter epoch of the loop quantum cosmos: A detailed analysis
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We present a detailed analysis of a quantum model for loop quantum cosmology based on strict
application of the Thiemann regularization algorithm for the Hamiltonian in loop quantum gravity,
extending the results presented previously in our brief report. This construction leads to a qualitative
modification of the bounce paradigm. Quantum gravity effects still lead to a quantum bounce connecting
deterministically large classical universes. However, the evolution features a large epoch of de Sitter
Universe, with emergent cosmological constant of Planckian order, smoothly transiting into a spatially flat
expanding universe. Moreover, we present an effective Hamiltonian describing the quantum evolution to

high accuracy and for which the dynamics can be solved analytically.
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I. INTRODUCTION

Modern experiments and precise cosmological observa-
tions constantly expand the frontiers of our knowledge of the
Universe and its evolution at largest scales. The influx on
high precision cosmic microwave background (CMB)
measurements and the birth of gravitational wave astronomy
[1,2] give hope for making the models describing the very
early Universe dynamics—where the quantum nature of gra-
vity is expected to play an important role—experimentally
testable. It is therefore particularly important to bring the
available models/theories of the interaction between geom-
etry and matter at highest energy scales to the level where
concrete physical predictions can be made in an unambigu-
ous manner. One of the most popular initiatives to bring
relativity and quantum theory to a common footing is loop
quantum gravity (LQG) [3-5]. LQG exploits the fact that
general relativity (GR) in its background-independent
Hamiltonian formulation is equivalent to a Yang-Mills
gauge theory [6-8] and it is therefore possible to proceed
with its quantization in a well-known and mathematically
rigorous manner. Despite LQG reaching the level of matu-
rity, where the physical Hilbert space and the analog of the
Schrodinger evolution equation generating the dynamics
could be constructed [9-12], attempts to apply it in its full
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form to study the implications for cosmology have not been
successful so far. Yet, in the last two decades the subfield
of loop quantum cosmology (LQC) emerged. Here, one
imports regularization techniques from LQG directly to
symmetry reduced (usually cosmological) spacetimes
[13—18]. Due to this symmetry reduction, the phase space
of the theory becomes coordinatized by quasiglobal degrees
of freedom (in the case of inhomogeneous spacetimes, for
example, by Fourier modes of the inhomogeneities) becom-
ing finite dimensional for homogeneous cosmology models.
This allows us to proceed by investigating effects of
quantum geometry in the Planck regime [19]. In particular,
the LQC model of a Friedman-Lemaitre-Robertson-Walker
(FLRW) universe led to the replacement of the big bang
initial singularity by a bounce, connecting two (semi-)
classical FLRW spacetimes [20-24]. This was achieved
by dynamically evolving semiclassical states (in the sense of
small relative uncertainties) starting from a chosen moment
of time corresponding to large expanding Universe. In most
cases, for that purpose one selects Gaussian states in the
“energy” representation—the canonical momentum of a
matter field serving as the internal clock that parametrizes
the quantum evolution. Subsequently, the studies of the full
quantum dynamics of isotropic spacetimes were generalized
to nonisotropic ones [25-27], including in particular the
Kantowski-Sachs chart of the interior of the Schwarzschild
black hole [28,29]. Interestingly, the genuine quantum
trajectories defined by the time evolution of the expectation
values of certain observables (volume, its momentum,
energy density, Hubble rate, etc.) for these states are
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reproduced to accuracy well below quantum variances by
the so-called effective Hamiltonian, which is constructed by
replacing a set of “elementary” operators [volume and U(1)
components of holonomies] forming the Hamiltonian con-
straint operator with their expectation values [30].!

In its present form, however, the construction of the
framework of LQC used by the majority of the community
(later referred to as the mainstream LQC or standard LQC)
involves making particular choices between nonequivalent
alternatives in certain key steps of the construction. One of
such steps is known as “regularization process”’, and
consists of reexpressing the Hamiltonian constraint in
terms of the extended operators (i.e., holonomies and
fluxes). In the pioneering works [13,14,20-22] part of
the gravitational Hamiltonian constraint involving the
extrinsic curvature (the so-called “Lorentzian part”) has
been regularized by reexpressing it in terms of the spatial
Ricci curvature. While it is possible to implement it in full
LQG [33-35], it differs significantly from the regulariza-
tion algorithm originally proposed by Thiemann. Unlike in
standard quantum mechanics, in LQG it is not known
whether different regularization algorithms lead to similar
dynamical predictions. Indeed, the quasiphenomenological
analysis of the full LQG scalar constraint in its isotropic
sector [36-38]—performed via evaluating the expectation
values on coherent states peaked on isotropic cosmological
spacetimes—has revealed that, in the leading order in 7, the
effective Hamiltonian generating the dynamics differs
significantly from the Hamiltonian of effective LQC. An
alternative approach—known as the quantum reduced loop
gravity and based on the quantization of those spacetimes
which, upon a suitable gauge fixing, take diagonal form—
is claimed to yield yet different corrections [39]. On the
other hand, if one implements in the context of studies of
[36] the construction of the Lorentzian part of the
Hamiltonian constraint proposed in [35], one is left with
the mainstream LQC effective constraint as the leading
order approximation. In order to track down the nature of
this discrepancy, it is then important to reexamine the
implementation of the original Thiemann algorithm in full
(that is, including the Lorentzian part of the Hamiltonian
constraint) in the LQC framework. The LQC reduction to
this regularization algorithm has already been considered in
the literature [40]; however in those works the analysis was
not developed to the level allowing for verification of the

"The validity of this heuristic procedure is supported by a
series of works where the attempt to evaluate the correct
expectation value of the Hamiltonian constraint was made.
In particular, the effective Hamiltonian was confirmed to repro-
duce the latter in the limit of low energy and low relative
dispersion [31]. Also, the modified Friedmann equation—one
of the equations of motion generated by the Hamiltonian
constraint—has been derived explicitly on the genuine quantum
level in context of isotropic cosmology with dust field as the
internal clock [32].

dynamical predictions. Our work [41] and the detailed
analysis presented in this article close this gap.

With the ever-extending reach of LQC, the dynamical
consequences of different regularizations must be under-
stood before further studies can be conducted. These
studies include the several extensions beyond flat FLRW,
like positive and negative curvature [42—45], inclusion of
cosmological constant [23,46,47] or extension to noniso-
tropic cosmologies [48—50]. Also, it is critical to extend the
new construction to the context of perturbative LQC by
studies similar to those of [19,51,52] or in the context of
nonperturbative inhomogeneous LQC like the studies of
Gowdy cosmologies [53-55]. In the former case, some
results have already been obtained [56]. To pave the way
for all these constructions, we present here a detailed
analysis of the quantum model as well as its effective
dynamics for the Thiemann regularization in the LQC
framework.

In Sec. II we present how the Thiemann regularization
(denoted by TR) can be implemented as an operator on the
physical Hilbert space of LQC. For this purpose, we work
in the ji-scheme, also called improved dynamics. Since the
Euclidean term can be treated as in mainstream LQC, we
pay special attention to the Lorentzian part due to which
nontrivial modifications arise. When coupled to a massless
scalar field, the scalar constraint can be promoted to an
evolution operator. In Sec. III we investigate certain
properties of this evolution operator and its self-adjoint
extensions. In Sec. IV we discuss how the implementation
of the scalar constraint leads to the physical Hilbert space
with a suitable set of physical observables. All of this is in
analogy to mainstream LQC and the numerical investiga-
tions can therefore be executed in the same way as in
[20-22]. In Sec. V the effective dynamics of this model is
carefully investigated, and the solution to the equations of
motion is found analytically. The simulations of the
quantum dynamics are presented in Sec. VI and are shown
to be well approximated by the effective dynamics. This
justifies the terminology. In Sec. VII we summarize our
results and finish with a prospect on further research.

II. FLAT FRW WITH SCALAR FIELD

In this section we recall the framework behind isotropic
LQC. For more details we refer to Appendix A or the
several reviews in the literature (see e.g., [15-17]). We pay
special attention to different regularizations of the
Hamiltonian operator and derive in detail the regularization
from [40], which is inspired by the Thiemann regulariza-
tion of the Lorentzian part.

A. Review of LQC kinematics

The starting point of LQC is the Hamiltonian formu-
lation of GR in terms of Ashtekar-Barbero variables
[57-61]. The phase space of GR is coordinatized by the
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Ashtekar connection A’ (x) and the inverse densitized triad
E%(x) which, for isotropic flat FLRW spacetime, read
[a,b, ... =1,2,3 are spatial indices and i, j,... =,1,2,4
are internal SU(2) indices]

A =Vo'Pesl,  Ef(x) = Vo s (1)
where V is the coordinate volume of a chosen spatial cell.

Upon reducing to the symmetric sector, their Poisson
bracket on the reduced phase space becomes

{AL(x).
= Hepr=

b _ i sb
Eb(y)} = 87Gysi8581) (x. y)
SﬂGy

(2)

where G is the gravitational coupling constant and y €
R — {0} is a free choice and called the Barbero-Immirzi
parameter [62]. Mimicking the quantization procedure in
the full theory, one wants to regularize the classical
constraints via holonomies of the connection.

As outlined in Appendix A, we work throughout this
article with a different choice of variables. These are a
rescaled connection and the physical volume of the chosen
cell,

2
=i Ve=p (V=T (3)
with @ = 22Ghy\/A and i being the regularization param-
eter, used in what is known as the ji-scheme or improved
dynamics [22]

e VA
Iz NIk

where £p; is the Planck length and A is the smallest
nonvanishing area eigenvalue from the full theory.

The volume is promoted to a multiplication operator V
on the kinematical Hilbert space H,,, which is the subspace

A:=21V3yGh~ 26173,  (4)

— er
of symmetric states of L, (R, dugon(v)). And the expo-

nential N := e’*/? is represented by a shift operator,

Vo) =alvllo), Ao =Jo+1), (5)

where volume eigenstates |v) are normalized with respect
to the Kronecker delta

(0|t} = Sy (6)

This finishes the kinematical set up of LQC. Now, one has
to turn towards quantization of the scalar constraint, which
in terms of Ashtekar-Barbero variables reads

C: C‘E—i—C‘L9 (7)

where Euclidean and Lorentzian parts are respectively
(details in Appendix A)

o, 1 BB
£ 7 162G | /det(q)

Fihs (8a)

1 e EJE} E?
CL=-(1+7)—— K2Ky.  (8b)

162G | /det(q Cimn

This is the focus of the next subsection.

B. Scalar constraint with the new (Thiemann)
regularization

The regularization of the Euclidean part Cf, is explained
in Appendix A, and its quantization reads

az 3Na
ii _
CeMIY) = 106008

— Fo(v)id+ Fluv=2N ), (9)

(F(v+2)N*+

where the functions Fy and F are given in (A35). The
regularization of C; used in mainstream LQC is based on
relations which are only true in cosmology,

yKi, 2y°K! K,

[a /;]|cos - €zij

|cos Ail|cos’ ab|cos (10)

Using these relations, one finds that in classical cosmol-
ogy the Lorentzian part is proportional to the Euclidean
part. It can therefore be regularized in the same way. Hence,
we can say that the philosophy of mainstream LQC is “first
reduce, then regularize.” On the other hand, one can
propose a new regularization scheme for C;, which follows
the opposite philosophy: “first regularize, then reduce.”
In other words, we first consider a regularization of Cj
which is valid in full GR—incidentally, the one due to
Thiemann [11,12] and currently used in LQG—and where
the Lorentzian part is not proportional to the Euclidean part.
Afterwards, we reduce to the sector of flat cosmology and
promote the resulting expression to a quantum operator
in LQC.?

Let us start by pointing out the second Thiemann
identity, which is true in full GR, and can be regularized
using a regularization parameter € > 0 independent of the
phase space variables,

*The philosophy behind this procedure is the same which led
to the quantum operators for the Euclidean part, which was based
on cosmological expressions after implementing the regulariza-
tion (A30).
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K=
R = 8aGy
|

- _mha{hz, {CE[1]. V}} + OCe).

{zjAb{Ce1].V}}
(11)

where h, is the holonomy of a path oriented along
coordinate direction a and of coordinate length e. 7;:=
—ic;/2 are the generators of the Lie algebra 8u(2), with o;
being the Pauli matrices. However, one has to be careful in
passing from e to i, which is phase space dependent.
Indeed, Thiemann identity (11) is only correct if € is
independent of the phase space point. Thus, instead of
performing the replacement ¢ — j in (11), we make use of
the following observation from [40], which is true only in
cosmology:

. e
il AHAGIL VY

where ji is given in (4). With this identity one finds (see
Appendix A)

: (147N e*
CiIN] = -1
LN v (4nG)* 9A3/?

VVhy {hy VIVVRAREACE[L]. V).

Tr(h,{his. {CE[1]. V}}o

(13)

The quantization of (13) on the Hilbert space of LQC can
now be done in the standard way: promoting 4 and V to

operators and recalling that {/,\} =1[.,.]/(in), we find
i 1+ 72N iete N .
il _ ( T €
CL [N] - }/7(471'G)4 9A3/2h5 Tr(ha [ha» [CE[Hv VHO
V[, VIV Vh R [E1], T])). (14)
Its action on |v) reads (details in Appendix A)
az 3Na 1+7y? o8
Cy[N]|v) = G(v—4N
LIV = Tmgagm g (G0 =4)
~Go(0)I + G(v + 4)N®)|v), (15)

where the functions G(v) and Gy(v) are given in (A50).

This is the new quantum operator for the Lorentzian
part of the scalar constraint. The sum of the Euclidean
part (A34) and this Lorentzian part (15) completes the
alternative quantization of the scalar constraint for flat
cosmology,

CFIN] = CHIN] + CIN). (16)

So far we discussed the gravitation degrees of freedom.
In this work, we consider the matter content to be a
massless, free scalar field ¢ that is minimally coupled to

gravity. The field serves as a physical clock with respect to
which we deparametrize the system. The action of matter is

So=-3 [ dwEar om0, a7

Upon a Legendre transformation and in the presence of an
isotropic, spatially flat metric, the above equation leads to
the total scalar constraint,

Ciot[N] = Cg[N] + CLIN] + Cy[N], (182

Cy[N] = NIplp3/2, (18b)
where p, is the canonical conjugate momentum to ¢.
We follow the strategy of [63], where the lapse function is
chosen to be N =2V. This convenient choice makes
Cy[2V] independent of the geometric variables. Then,
using Schrondinger representation for ¢, the matter part
of the constraint can be promoted to an operator

A . )

Cp =, ® (indy) (19)
on the direct product Hilbert space Hyi, = Hy ® Hy,
with H, = L (R, d¢).

To express the full quantum constraint equation in Hy;,
one chooses a symmetric ordering for gravitational part of

the scalar constraint with respect to the volume operator in
the lapse function, i.e.,

~123}, = =2V V(CH[1] + 1)V V = Ore.  (20)

For the physical time evolution, one has to take the square

root of (20) and hence we investigate \/|@g| in the next
chapter.

For the remainder of this paper we proceed in a “large v
approximation,” where the operator is defined only in the
region v > 8 such that the absolute values in the functions
F and G may be dropped. In this case the expressions
simplify to

CEIVI) = ~grrgngrg (r+ DA™ 2+ (=24 ))
(21a)
i _ 3Na 1 +y?
NI = 362678 a2
X (v 4+ 4N =201+ (v = 4N ")), (21b)

Plugging this into (20) we find finally
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_ 3 G KA A 202 Y
@TR—WW( SNUAH + APOR2 4 2(s— 1)
VY Vet v Ve VA (22)

where s := (1 + y2)/(47%).

Unlike the standard LQC, where the evolution operator
is a difference operator of the second order, in this case Org
is a difference operator of the fourth order.

III. PROPERTIES OF THE EVOLUTION
OPERATOR

Unlike the full LQG, the models of LQC (including the
one investigated here) are usually sufficiently simple to
allow determining explicitly the spectrum of the quantum
Hamiltonian constraint and its components, as well as
evaluating explicitly the physical Hilbert space basis
elements defined by the spectral decomposition of these
operators. Having that at one’s disposal, it is then relatively
straightforward to solve the Hamiltonian constraint using
group averaging methods [64—67]. These techniques (stan-
dard for LQC, [21]) are employed here directly. A central
step in this application is the systematic spectral analysis of
the evolution operator Org.

The operator itself is well defined on the domain of finite
sums of the volume eigenstates |v) being dense in H,,.
However, the problem is that H,, itself is nonseparable.
Fortunately, the method of splitting H,, into superselection
sectors, used in mainstream LQC [21,68], can still be
applied here: the sets (the lattices) £, = € +4Z, € € (0, 4]
are preserved by action of Otr and the set of observables
used to describe the dynamics (which is the case here, as in
the mainstream LQC). Hence, one can divide H,, into
separable subspaces of square summable functions sup-
ported on a given lattice. The structure of this division
allows one to select just one superselection sector and work
with it without loss of generality of the results. We then
focus our attention on the sector corresponding to € = 4.7

Furthermore, we use the fact that the matter field present
in the model is parity invariant (that is, it is invariant
with respect to the change of sign of v encoding the
triad orientation), to conclude that the parity reflection is a
large gauge transformation. In such a situation we can
further divide the Hilbert space into the superselection
sectors of symmetric and antisymmetric states, of which
we choose the former.* As a consequence, we end up with
the sector of square summable functions supported on the
semilattice 4Z°+.

The sector of states |v = 0) decouples from the rest of the
lattice, and thus evolves independently.

Choosing the antisymmetric sector in LQC models without
fermions affects only the details of the discrete spectra, and thus
does not produce significant differences in the dynamical
predictions. See for example [24].

Having selected the separable superselection sector,
we can now probe the spectrum of (the self-adjoint
extensions of) @ty and construct the basis of the physical
Hilbert space composed of the energy eigenvectors. For
that we need to analyze the generalized eigenvalue problem
for this operator.

A. The eigenvalue problem and representations

Given the choice of superselection sectors discussed
above, we restrict the domain of definiteness of Oy to the
space D of finite sums,

D:= {|w> €My lw) =) c,l4n).c,eC.N€ N}. (23)

n=1

Consider now the generalized eigenvalue problem

(V|05 —A'Ily) =0. V|p)eD.  (24)
The direct inspection of the form of @1y (22) shows that the
above equation can be solved recursively as follows:

(i) The value of ¥,(v) := (¥,|v)* at v = 12 is deter-
mined by the pair ¥;(v =4), ¥;(v=8) (w=0
decouples, while for v = —4 we use the symmetry
of ¥).

(ii) Thevalueof ¥, (v) := (¥,|v)* atv = 16isdetermined
by the triple ¥,(v = 12), ¥;(v =38), ¥,(v =4)
(v = 0 again decouples).

(iii) For each n € Z", the value ¥,(v=4(n+4))
is determined by a quadruple ¥;(v = 4(n + 3)),
¥, (v=4(n+2)), ¥, (v=4(n+1)), ¥,(v=4n).

In consequence the whole eigenvector is uniquely deter-
mined by the first two values ¥, (v = 4), ¥,;(v = 8); thus
the space of solutions has dimension 2.

A particularly interesting subset of solutions is the
eigenvectors corresponding to 4 € R as all the physical
Hilbert space elements necessarily belong to this subset.
Under this restriction the real and imaginary part of ¥, (v)
decouple due to the reality of operator ®@1r. Thus, without
loss of generality one can assume the reality of ¥, (v).

Unfortunately, even with this simplification the eigen-
value problem can only be solved numerically (see Fig. 1).
What we can infer from the numerical solutions is the
qualitative behavior of the eigenfunctions. Since the dyna-
mics is generated by the operator +/|@g| we are interested
in positive eigenvalues 1 = w?. For a given eigenfunction
¥,_,2, we observe two w-dependent regions for v € 4Z7:
the exponential suppression region (for small v) and the
(quasi-) oscillatory region for v above a certain critical
(w-dependent) value. This picture is quite characteristic to
the cosmic bounce; however the oscillatory pattern is much
more complicated than in the mainstream LQC, indicating
much richer large volume (or more precisely low energy)
structure. To determine it, we employ the analytic studies of
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FIG. 1. An example of the eigenfunction ¥, to the evolution
operator ®rg corresponding to the eigenvalue A = 12z2Gk>
(where k = 10). One can observe (i) the reflected wave pattern
and (ii) the asymptotic approach to a combination of two
asymptotic waveforms given by Eq. (25). For better visualization
of the behavior an envelope (green line) compensating for rapid
oscillations due to Qg > 7 has been added.

the eigenvector asymptotics, using the technique originally
specified in [47]. In order to not break the reasoning flow,
the details of the derivation are presented in Appendix B.
Here we just present the result,

%NF(CO) cos(kIn(v) + o5 (@)
+ ﬁNs(a)) cos(Qgv

+ k() /v + og(w)) + O(v72),

qjlzwz (U) =

(25)

where N, N are normalization constants, k, Qg and k are
related in the following way,

1-2
0= 121Gk,  cos(4Qs) = — °
N
25-3  4sk
k(o) == - (26)

- + )
2V/4ds —1 s —1

and of, og are phase shifts.

The comparison with the asymptotic form of evolution
operator eigenfunctions in mainstream LQC [21,23] shows
that, for large v, the eigenfunctions ¥,_,. converge to a
linear combination of two terms: one coincides with the
eigenfunction obtained in mainstream LQC; the other
agrees with the eigenfunction of mainstream LQC with
positive cosmological constant. Comparing the expressions
for Qg and « (the latter up to an additive constant) with their
analogs in mainstream LQC listed in Eq. (4.2) of [69]
allows one to cast the new model as mainstream LQC with
cosmological constant given by

 8aGp !

) 27
1 +p? 27)

where ps2“A=0 = 3/(87Gy2A) is the critical energy den-

sity of matter as obtained in mainstream LQC without
cosmological constant. In the following, we denote this
quantity simply by p..

As is well known [46], mainstream LQC admits a
classical limit in which the cosmological constant is
renormalized. The effective cosmological constant is
related to the “bare” one, A, by

A
Agr = A 1= , 28
a=A(1- g 28)
which, given (27), in the new model reads
3
(29)

A= ——
AL+

Given the similarity between the new model and main-
stream LQC with cosmological constant, it is convenient to
use the methods already applied in the literature [23].

The crucial first step is the transformation to the
momentum b,

#(b) = [Fyl(6) = S0l 2y ()e,

VELY

(30)

where for the selected superselection sector, the domain of
b is a circle of radius 1/2 and the parity reflection
symmetry transforms into the symmetry

#(b) = iz~ b). (31)

In this coordinate the evolution operator takes the form

Orr = 122Gy?|[(sin(b)d,)? — s(sin(20)D,)?].  (32)
Plugging it into the Klein-Gordon form (20) of the
Hamiltonian constraint, we observe that in the coordinates
(¢, b) it becomes a partial differential equation of mixed
signature with the boundary defined by
cos(b,) = 1/V/4s. (33)
For b such that |cos(b)| < cos(b,) the constraint is hyper-
bolic, whereas for |cos(b)| > cos(b,) it becomes elliptic,
which indicates that the latter is a classically forbidden
region. It is then sensible to introduce a coordinate x(b)
such that
Org = —122Gsgn(|x| —x,)02, x, =—x(b,). (34)
Unlike in [23] the relation x <> b can be expressed
analytically and is given by
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x(b)
1 L 2/1- (14y?)sin?(b) =z
21n [1 cos(b +\/1 l+J/‘ sin? :| 22 bG(O,bo),
= —mctan(*u’)), be(b,,x—b,)
(1+y?)sin®(b)—1
1 24/ 1—=(1+y?)sin?(b) z _
2111 |:1 cos(b +\/1 l+7 sin? :|+2’ bE(IZ bmﬂ)'
(35)

The new coordinate spans the entire real line, with

%i_r)r(l}x(b) = —00, x(b,) = —n/2, x(m/2) =0,
x(z=b,) =n/2, l]ﬁi_r)nx(b) = o0, (36)

and is globally continuous, but not differentiable at the
points x = £x/2. The parity reflection symmetry trans-
forms into the symmetry with respect to the reflection about
x =0, namely, w(x) =w(—x) [this follows from the
fact that w(v) = w(—v) implies (b) = (z — b) and that,
by direct observation of (35), x(zx —b) = —x(b)]. Due
to the nondifferentiability at +7/2, an application of the
form (34) to the eigenvalue problem (24) will generate
nontrivial boundary terms at x = +x/2. The derivation,
being a straightforward application of the solution from
Sec. IITA of [23], is briefly outlined in the Appendix D. Its
result is that at x = +7/2 the eigenfunction ¥, (x) = P, (b)
corresponding to an arbitrary complex eigenvalue A needs
to be continuous but not necessarily differentiable, thus
satisfying

cos(\/A/(122G)|x| + @), |x| > /2,
cos(v/2/(1272G)(x/2)+¢) « (37)

cosh(y/4/(122G)(x/2)) x| < 7/2

cosh(y/4/(1272G)x

where { is a free complex constant and ¢ is a free phase
shift. The nondifferentiability at +z/2 is a crucial deter-
minant of the structure of self-adjoint extensions of Oty.

Pi(x) =¢

B. Self-adjointness, extensions

A crucial initial step in probing the unitary time
evolution of physical states generated by ®rg (more
precisely +/|®qg|) is determining whether it admits any
self-adjoint extension and whether such extension is
unique. Within the mainstream LQC framework the evo-
lution operator of the model of flat isotropic universe with
scalar field admits a unique self-adjoint extension, whereas
the analogous operator in presence of positive cosmological
constant admits an entire family. Since the large v asymp-
totics of eigenvectors features the properties of the eigen-
vectors of both these models (see Sec. III A), the answer to

the above question is nontrivial. To answer it, we again
employ the techniques from [47,69].

The direct inspection of (22) shows that it is symmetric.
Also, the elements y of the domain D satisfy [due to
smoothness in b, as they are the finite sums defined in (23)
transformed via (30)] the conditions

lim dyy(x) = lim (9:b)dpy(x(b)) =0

x—too

[Oxy](£7/2) =0, (38)

due to 0,b being 0 at those points.

In order to determine the structure of self-adjoint
extensions of @rg we need to investigate its deficiency
spaces [70]. They can be defined as the spaces of normal-
izable solutions to the eigenvalue problem (24) for the
eigenvalues +247Gi,”

Vx € Hy (w|®fy F 247Gilly) = 0}.
(39)

= {w € Hy:

The form of all ¥* € K* can be determined by solving
the eigenvalue equation of ®rg [as given in (34)] for
Ay = £247Gi. Neglecting the nondecaying solutions,
demanding continuity at x = +x/2, and using the sym-
metry x — —x, we find

(ezr _ 1)€(ii—1)\x\’
(lil)x_|_e (lii)x’

|x| > /2,

|x| <#/2, (40)

we(n) =¢f
where the phase ¢ has been absorbed in the free complex
constant {. Therefore, both deficiency spaces are of
dimension 1. In such a case, the operator admits a family
of self-adjoint extensions, each associated with a unitary
transformation U,: K+ — K~. For dim(K*) =1 all the
unitary transformations are just phase rotations, that is, for
chosen normalized deficiency functions W}, U, acts as

U, ¥H = eiow;. (41)

The extensions of the domain are by theorem X.2 of [70] of
the form

D,={y+c(¥;+U¥}),y €D,V € K", ceC}.
(42)

A convenient property of the extension elements is that the
ratios of their left and right derivatives at the boundary
x = +x/2 depends on the extension only. Indeed, the
elements of D do not contribute to the derivatives, which
leaves only the relatively easy to evaluate contribution of
the deficiency functions: for all y, € D, one has

SPrecisely, the deficiency functions are defined as normal-
izable solutions to the eigenvalue problem for 4 = =£i; however
one can safely rescale the eigenvalues by any real factor.
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lim, _+,»0,p, _lim, - /205
lim, -0, im0,
lim, _+ /20, (e7/2W5 + eio/2W;)
- lim, _- 20, (e7/?W} + '/2¥7)
cos(a/2) + s.1n(a/2) _ —tan(p).
cos(6/2) — sin(a/2)

= tanh(z/2)

(43)

where in the second step we used (38).

By direct inspection one can check that the relation
between f € [0, z) and U, is bijective, thus § can replace ¢
as the extension label. This in turn allows one to associate
to a choice of a self-adjoint extension a physical meaning:
each extension corresponds to particular boundary con-
ditions at x = +x/2.

Each extension (now denoted as D) of the origi-
nal domain D is dense in Hg. Furthermore, by self-
adjointness, the spectrum of each extension @y of Oy is
real. Since in the considered physical system only the
positive part of Oty is relevant [due to the solution of the
constraint (20)], its spectral decomposition distinguishes a
proper® subspace Hy of H,,. Each subspace Hj is spanned
by a basis composed of normalized eigenvectors (37)
corresponding to eigenvalues A > 0 and satisfying the
condition (43) (reducing the originally two-dimensional
eigenspace to a one-dimensional one)

" cos(k|x| + @(p.k)), x> 7/2, (44)
¥ K\X) = s(kr k 44
s collm2eolfO) cosh(kx),  [x| < 7/2,

where 1 = @? = 122Gk?> and ¢ (B, k) is fixed by (43) to

tan(kz/2 + @(f, k)) = tan(f) tanh(kz/2).  (45)
Thus, the eigenspaces are nondegenerate.

Recalling the asymptotic behavior of eigenfunctions for
large v (25), we observe that the considered eigenfunctions
are Dirac delta normalizable [i.e., their norm is proportional
to §(0)]; thus the spectrum of |@] is continuous (due to
nondegeneracy). Furthermore, the convergence (modulo
the shift in v) of the eigenfunctions ¥y to the analogous
eigenfunctions of the mainstream LQC evolution operator7
allows one to conclude that

(i) the spectrum of |@,| is the entire positive real

line, Sp(|®y4|) = R™;

(i) following the reasoning of Appendix D, we find the

normalization constant

6By choosing for example a smooth function supported on a
compact interval within |x| < z/2, one can show explicitly
that @R is not positive definite.

This follows directly from the observation that both families
of eigenfunctions share the same leading order asymptotics
(modulo phase shifts); see (25).

4
C:ﬁ-

(46)

From now on, we denote the normalized eigenfunctions
by e Bk

To summarize, throughout this section we have
established the existence of self-adjoint extensions of the
evolution operator ®rg; we characterized the family of
these extensions and explicitly constructed an orthonormal
(in the sense of distributions) basis of a subspace H; C H,,
relevant for the physical model considered. Hj is spanned
by the eigenstates of the corresponding extension @, of
|®1r|. These structures are used in the next section to
construct the physical Hilbert space and probe the dynami-
cal behavior of the model.

IV. THE DYNAMICAL SECTOR

In order to complete the Dirac quantization program we
need to

(1) construct the physical Hilbert space,

(2) construct a sufficiently large family of observables
encoding physically relevant properties of the
system,
probe the dynamical behavior of a class of semi-
classical states sufficiently rich to provide robust
insights.

These steps are performed in the next two subsections,
following the methods already introduced in [21-23].

(©)

A. Physical Hilbert space

While the construction of a physical Hilbert space for
constrained systems is a nontrivial task, systematic meth-
ods exist. One of the most convenient is the so-called
“group averaging” [64] (which has been applied to main-
stream LQC in [21]). Its main component is the construc-
tion of a rigging map which “averages” the kinematical
states over a group of transformations generated by con-
straints. In the case at hand this map takes the form
(Dyin =D @ S(R) C Hyin)

n(y) = < A dNe™ Cﬂl//) T

1 Dyin — Di

kin>
(47)

The physical Hilbert space is then defined as H,,, := Im(r],
with an induced physical inner product (cf. [64])

)W) pny = W)](w') = A dN (e ™My’ ) .-
(48)

The space of physical states is a union of the positive and
negative frequency superselection sectors (corresponding,
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respectively, to the positive and negative part of the
spectrum of id,). The restriction to the positive frequency

on the basis (es; @ ¢,)(x.P) = e5,(x)e™? of eigenstates
of /|0 ® T and I ® i0,,

sector (per analogy with Klein-Gordon equation) can be
safely performed by just replacing Cy in the expressions

above with C; =1Q® idy + \/ |®ﬂ| ® I. To characterize
the physical states, let us start by expanding y(x, ¢) € Dy,

w(x, @) —/dkdac(k, o)epi(x)e™. (49)

Using this, one finds for the physical state
|

)3 t) = | [ dttoc(io) [ avem ooy, (e |
p [ / dkdoc(k, 0)5((k) — a)eﬁ.k(x)ei"‘ﬁ} )
=2 / dke* (k. w(k))ej  (x)e= @09, (50)

where in the first step we observed that e (x)e? is the eigenstate of C; with eigenvalue w(k) — o, and in the second we
performed the integral over N to obtain 2z8(w(k) — o). Equation (50) makes it apparent that we can identify a physical state
with a one-parameter family ¥, of elements of the gravitational Hilbert space H, their components on the basis ej being

f4(k) = 2nc(k, w(k))e™O?, so we have

n(y) = Py(x) =2z / dke(k, w(k))ey (x)e @, (51)

with ¢(k, w(k)) := (egx ® Po)|W )in- This identification H,,, — Hj preserves the scalar product. Indeed,

M) 1))y = 1)) = / dxdpdNy* (x. ) / WA/ (K. o ) NOW)-) gy o (x)ei?

= Zﬂ/dkdk/dada’c*(k, o)c'(k',6")6(w(k') —6’)/d¢ei¢(”’—0)/dxe;.k(x)eﬁ.kr(x)

=2 / dkdk'dedgpc* (k,o)c' (K, o (k') e @K)=0) §(k — k')

= (2ﬂ)2/dkdac* (k,0)c'(k, w(k))S(w (k) — o)

= (27)? / dke* (k, (k)¢ (k, o (k)) (52)

which coincides with (Wy|'¥)); = [dx¥j(x)P)(x) =
Yoee, ¥y () (0).

Relation (51) allows one to interpret the structure
resulting from group averaging as the deparametrization
“on the quantum level” of the system with respect to the
scalar field, now attaining the role of an internal clock (or a
matter time). Under this interpretation, the system is the
vacuum one; i.e., only gravitational degrees of freedom are
physical: hence, the role of the physical Hilbert space is
played by the subspace H; C H,,, and time evolution (in
terms of the scalar field) is generated by a true Hamiltonian
\/|©g|. The unitary time-evolution operators are then

: T
Uppg: Hp = Hye  Upgy = e VIOI@=D

Yy (x) = UpppPy(x). (53)

[

This interpretation is used in the next subsection to provide
an intuitive construction of physically useful observables.

B. Observables

The last component needed to describe the dynamical
sector of the theory is a sufficiently rich set of physical
observables. Mathematically, these should be Dirac observ-
ables, that is, operators O on D, such that [0, C;] =0.
Indeed, if we are given such an operator, its action can be

lifted to the physical Hilbert space H,, by the formula

On(y) =n(0'w). (54)

Then, calling y' :== Oy, we can find the corresponding
¥, () according to Eq. (51), and therefore obtain the action

of Dirac observable O on Hp.

084003-9



ASSANIOUSSI, DAPOR, LIEGENER, and PAWELOWSKI

PHYS. REV. D 100, 084003 (2019)

The simplest example of such an operator is the scalar
field momentum Py :=1® p:Dyin = Dy Which, as we
now see, plays the role of energy and is a constant of
motion. Clearly, it commutes with the constraint, so it is a
Dirac observable. Then, its action on physical state 7(y)
passes to the action on y, and so we find

v (x.¢) = (Pj)(x.¢)

= /dkdac(k, o)epi(x)ihdye?

:/dkda[—hac(k,a)}eﬂ_k(x)eiaqﬁ, (55)

Comparing this with the form (49), we read off
c'(k,0) = —hoc(k, o). Hence, following (51), we conclude
that the physical state P,,,n(u/) is represented on Hj; by

W), (x) = —2zh / dka(k)c(k, o(k))ep i (x)e@®?. (56)

In other words, the action of Dirac observable fD(/, is defined
on Hy as

Py, =—h\/|0)¥,. (57)
Since, in light of the discussion above, ,/|@g| can be

thought of as the true Hamiltonian of the system, we see
|

v (x,¢) = (Lhy)(x. ¢)
— [ NG L © )™ ). 4)

/ dN / dkdole
/ dN / dkdo / di'de’c(k
=2 / dkdo / dik’c(

ﬁe/}k ® ¢,)(x, ) (esx @ ?,|[L ® 5 yle™

—lN( (k)—o—w(k')+0")

(k') +o0 - w(k))eﬂ,k(x)eiw(eﬁ.k,ﬁeﬂ,k’)/ieiqy(w(k,)_w(k)),

that P¢ is in fact the energy operator. Moreover, in the k-
representation of Hj, the operator 13¢ acts by multiplica-
tion. This in particular means that, for the energy Gaussians
CGauss (k, @(k)) that we consider for explicit computations
later [see Eq. (112), the expectation value and variance of

13,/, equal

AP, = ho/V2. (58)
The scalar field momentum 13,/, is not the only

Dirac observable. In fact, given any self-adjoint operator

L: L: Hy — Hgy, the rigging map (47) defines a one-

parameter family of Dirac observables Ly : Dy, = Dyip.

These are known as partial observables [71-74], and are
given as follows (see for example [75]):

iy = / NG L ®8,)eNG . (59)
R

where (3{/,/9)((]5) =6(¢p — ¢')g(¢) in the scalar field rep-

resentation. Again, the action of operator f,¢/ lifts to the

physical Hilbert space by (54), and hence it can be defined
on Hg by the same procedure. First, we identify the

kinematical state y’ that results from the action of f,¢/
on y,

l//)kin
eﬁ,k(x)eia¢(eﬁ.k» ieﬁ,k')gr(% |3¢’%' )¢

(60)

where in the third step we introduced a resolution of identity in terms of e ; ® ¢,; in the fourth step we expanded y on the

same basis, and evaluated the operators e’

G using the fact that e5; @ ¢, is the eigenstate of C;; © with eigenvalue w(k) — o,

in the fifth step we observed that ((p,,|3¢/(p{,/)¢ = [dpes (D) [6y0r)($) = [dps(p—¢')e "/ 7=0) = ¢i#'(@=2) and then
performed the integral over N obtaining §(w(k) — o — w(k’) + ¢’), which we used to consume the integral over ¢'.

Comparing this form of y' with (49), we read off

(ko) = /dk’c(k’, (k) + 0 —w(k))(esr. Legy)ei? @)=,

Thus, the action of ﬁ,/,/ is defined on Hp,

(61)
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[Lyyl(x) =22 / dke(k, (k) e i (x)e 07

= Zﬂ/dkdk’c(k’,a)(k'))(eﬁ'k,lA‘eﬁ,k/)/,ei""“’(k/)ei(‘/’_"")“’(k)eﬂ,k(x)

— [ ke Ly )y ey ()

- / dk(e_i(¢_¢/) \/‘_@Teﬁ,k, qus’ )/}eﬂ,k (x)

= [ei(d""’/)\/‘@f"ll‘llg,,/](x). (62)
Taking the scalar product with a different state ‘P:ﬁ we find the matrix elements of I:¢/ on H/,,
(120,05 = (POl D) — (0 Ew,), = / axs (1) L9, (x). (63)
These matrix elements coincide with the matrix element of I:¢’ on physical Hpy,
(”(ll/) |[:(/)”7(l//) )phy
= (") (LY w))pny
= [ a1 L
— [ anam( G L @ 5yl
/ dANdM / dkdo / K do'c™ (k, 0)c(K', o) / dxds(d — )¢V e ()™ (L @ Tl MG ¢ (x) e
/ dNdM / dkdo / AKdo/ ¢ (k. o) (K, ) N-M0H)1=0) g=iM (w(X =) gilo— )¢ / dxe ()L g ()
(27) /dk/ di/ "™ (k,w(k))e —iow(k)¢’ c(k, (k’))e"" /dxe;'k(x)[]:eﬂ.k/](x)
= / x5 () [L % ] (x). (64)

In the fourth step we represented the kinematical scalar
product in (x,¢) variables and expanded w(x,¢) and
y’'(x. ¢) on the basis e (x)e?; in the fifth step we used
the fact that e (x)e’™ is an eigenstate of Cj; with

eigenvalue w(k) — 6, and we consumed the integral over
¢; in the sixth step we observed that the integrals over N
and M produce 276(w(k) —0o) and 2z8(w(k) — o —
(k') 4+ ¢’) respectively, and we used them to consume
the integrals over ¢ and ¢’; finally, in the last step, we
resummed the integrals over k and k', noting that the
resulting object is the matrix element of O on wave
functions of the form (51).

The particular (one-parameter families of) operators we
are interested in are constructed out of the following
gravitational kinematical observables:

(1) The compactified volume

Oy = arctan(V/(aK)), (65)

where K is a positive real dimensionless constant
chosen arbitrarily. The compactification is neces-
sary, since the partial observables constructed out of
V would lead outside of the physical Hilbert space,
as it happens in the LQC model with positive
cosmological constant [23].

(i) The matter energy density (which, by the constraint,
is equal to the gravitational energy density),

PSRN
Py = §V—1®ﬂv—1. (66)

(ii1) The Hubble rate

H, = 5[\7 ve,v. (67)

These observables together form a sufficiently large set to
verify the correctness of the low energy limit of the model,
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as well as to identify novel properties characteristic of the
chosen regularization scheme. The quantum evolution of
these observables is analyzed in the semiclassical regime
and the results are presented and discussed in Sec. VI.
However, before moving to that, we expose the construc-
tion and analysis of an effective description of the quantum
model, as it is quite useful to evaluate the phenomeno-
logical aspects of the quantum theory through an effective
model. Indeed, a very interesting feature of the mainstream
LQC is that, for all the models whose genuine quantum
dynamics was tested, the evolution of the Universe was
very accurately mimicked by certain classical effective
models known under the name of classical effective LQOC.
Since a lot of interesting results of LQC came from classical
effective models (as the extrapolation of genuine quantum
approach), it would be extremely useful to recover such an
effective approach for the regularization scheme investi-
gated in this paper. This is the subject of the next section,
while the comparison between the quantum and effective
models is featured in Sec. VI.

V. EFFECTIVE DYNAMICS

As we have seen, the asymptotic analysis of the
eigenstates of the evolution operator leads to the conclusion
that contributions appear that are due to the dynamics
driven by an effective cosmological constant. This is quite
surprising (since the bare theory we started from does not
have any cosmological constant), and in stark contrast with
standard LQC—where, if one studies flat FLRW universe
without bare cosmological constant, no “emergent” cos-
mological constant appears.

In this section we construct a function H.; on the phase
space of cosmology which plays the role of “effective
Hamiltonian” for the regularization presented in this paper.
The name is justified since, as we see in Sec. VI, the
dynamics it generates well approximates the quantum
evolution of semiclassical states.

Given this function, it is easy to derive the Hamilton’s
equations of motion which, surprisingly, can be integrated
analytically. Once the full solution is known, we study the
asymptotic limit of vanishing energy density of matter, and
find that, in the far past (with respect to cosmic time), the
Universe is essentially a contracting de Sitter solution with
emergent cosmological constant [whose value agrees with
(29)]. Moreover, higher order corrections amount to a
rescaling of Newton constant.

At this point, we bring to the readers’ attention to that,
already after publication of the letter [41], summarizing our
results, the effective dynamics of the system studied here
(and its extension by inclusion of the massive inflaton
scalar field) has been investigated independently in [76].
In particular its authors have found the Friedmann and
Raychaudhuri equations, whose solutions were analyzed
numerically, and studied their asymptotic low matter
energy density regimes, identifying the classical limit near

the conformal infinity transition point as corresponding to a
classical de Sitter spacetime with an emergent cosmological
constant as well as a rescaled Newton constant.

Before delving in this analysis, however, it is instructive
to consider the case of standard LQC. In this case, if we do
not include a bare cosmological constant from the start,
then the Universe in the far past is a contracting solution of
classical Friedmann equations without cosmological con-
stant. The situation changes if a cosmological constant is
present from the start.

A. Effective dynamics of LQC
with cosmological constant

The (genuine quantum dynamics) of the flat FRW
universe with a positive cosmological constant A and a
massless scalar field ¢ has been investigated in detail in
[23]. It appears that the quantum dynamics of this model is
with high accuracy mimicked by the phase space dynamics
generated by the effective Hamiltonian constraint of the
form

LQCA LQC.A
Ceff - Clﬁ,eff + Cgr,eff

Py 3

A
— 0 ysin(b) 4V,
3V " sagap S (0)+

871G (68)

where p,, is the momentum conjugated to ¢. Evaluating 1%

via Hamilton equation and eliminating the functions of b

. . ~LQC.A
via the constraint Cef? '

Friedmann equation

H2._ g :
r'— a

82G [ A A A Py
3 [8zG 87Gp, 4zGp, De

(69)

= (0, one arrives at the modified

where p,, = pé /(2V?) is the energy density of the scalar
field and we recall that p, = 3/(82GAy?) is the critical
energy density in mainstream LQC when A = 0. In the
limit of low energy density of matter, we can neglect the
quadratic term in p, thus arriving at the effective classical
Friedman equation

5 87zG A
Hr :_p{/)—’—ga

} (70

with the effective cosmological constant A and gravita-
tional constant G given by

- A -
A=A[1- . G=G
< 87erc)
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In other words, we can say that the asymptotic behavior of
the spacetime obeys the classical Friedmann equations
provided that we replace the bare Newton constant and the
cosmological constant with dressed ones. Note that, in
particular, if the bare A is 0, then G = G. More generally,
solving A for A and using the fact that the observed
cosmological constant (i.e., A) is extremely small, we find
two possibilities:

A=A or Aym——A (72)

Ay2

Plugging these in the second equation, we find respectively
_ Ay? -
G, = <1 —2771\)(; ~G
or
_ Ay2 _

We thus conclude that, while in the first case the bare
quantities differ from the measured ones by a negligible
quantity, in the second case this is not true, and in particular
the bare Newton’s constant has opposite sign than the
measured one.

B. Effective dynamics of the new model
(without cosmological constant)

Let us now go back to the new model, and consider the
effective dynamics associated with it. Recall that the
Hamiltonian constraint operator reads [from (18) and (20)]

Ciot = Cl1]+ CL[1]

P h2 oL oL
V —?V Z®TRV 2

A

V

Cy+
1,
2
1. N v B o )
= - V. V.
5 3271GA( SN'VN™ + NVN

(s =DV +NZINZ s NN, (74)
Given this quantum Hamiltonian, it is possible to extract an
effective one CIR, such that Cy,, = CIX, by the replace-

ments of p, — p¢,N — N = e/2and V — V. Using the
fact that the classical quantities commute, we find

]7
TR _ ¢ _ —(s—
Cop = 2V+ 6nGA Vs cos(4b) — cos(2b) — (s — 1)]
P + Vsin?(b)(1 — 4s) |1 + sin?(b) .
-2V 8aGA 1 —4s
(75)
Now, recalling that s = (1+y?)/(4y%), we obtain

1 —4s =—1/y? and so

TR __ TR
Ceff - C¢,Cff + Cgr,eff

= Cyor + Coi* (1= (1 +72)sin’ (b)), (76)
where Cyor = pj/(2V) and C]g“r?e%’/\zo is given by
LQCA=0 )
Coreri =~ 87GA? Vsin(b). (77)

The new regularization of the Lorentzian part—more in line
with the full theory—has produced a correction with
respect to standard LQC) in the gravitational part of the

effective constraint proportional to CL:?;;AZO sin?(b). It is

worth noting that the same function, CIX .., can be obtained

gr,eff?
as the expectation value of the LQG Hamiltonian on
complexifier coherent states peaked on cosmological data.

For details, see [36,37].

1. Energy density of matter

Recall that the energy density of the scalar field is
Py = Py/(2V). So we can write

ClR=Vp,+ Cgfeff

3
Now, solving the constraint CIX = 0 for the energy density
py> We get
This shows that p is bounded. To find the maximum value,
let us use the notation x := sin(b)?. Then p,, is a polynomial
quadratic in x, whose maximum is obtained for x = 1/

(2(1 + ?)). The corresponding value is the critical energy
density of the new model,

3
T 322GAR(1+77)

peR (80)

The boundedness of p, is an indication that the big
bang singularity is resolved.® Also, we observe that the
critical energy density of this model is different than
the one of standard LQC. Indeed, it is

1

mﬂu (81)

peR =
which is smaller than p,.

*While we are here working with a massless scalar field, we
notice that (78) is true for any other form of perfect fluid, so the
boundedness result is general.
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2. Equations of motion

The equations of motion of the model can be derived by
Hamilton’s equation of the effective constraint, which in
terms of phase space conjugated variables (V,b) and

(¢, py) reads
2

CTIR — by _

2V 8aGAy?

Vsin?(b)[1 — (1 +y*)sin?(b)]. (82)
From {¢,p,} =1 we find (denoting by the dot the
derivative with respect to cosmic time ¢)

b= {p.Clty =21

eff S — V ’ (83)

Py ={py Ciii} = 0.
The second equation, in particular, shows that p, is a

constant of motion. Similarly, from {b, V} = 47rGy\/K we
find

. 3
V={V,CTRY = = _Vsin(2b)[1 = 2(1 + y*)sin(b
{ eff Zy\/K ( )[ ( J/) ( )]
(84)
and
b= {b,CTR
Py 3
= 22GyVA—2L — sin2(b)[1 = (1 + y?) sin2(b)].
YVALS VA (D)[1 = (1 + y*) sin*(b)]

(85)

Recall that the maximum of p, corresponds to
sin(b)? = 1/(2(1 + y?)). Replacing this in (84), we see

that V = 0. This condition identifies a bounce, for which
we thus have

1

by = +arcsin <4
2(1+77)

), Pp.B = PZRo (86)

The first relation can be used to fix b at the bounce (up to a
sign), while the second—recalling that p,, = pj/(2V?) and
that p, is a constant of motion—fixes V,

VB:

A 167GAY2(1 + 2
sl ) Urr) (g

V2peR 3

These values can be used as initial conditions (at the
bounce) and so Hamilton’s equations (84) and (85) can be
numerically integrated. The only free parameters (that label
the specific solution) are p, and the sign of bg.

Remark on physical time, Here we expressed everything
with respect to cosmic time ¢. However, the natural choice
of physical time in this model is ¢. Indeed, from (83) it

follows that cﬁ has definite sign. For example, if we choose
the constant p, positive, then gb >0, and so ¢ grows
monotonically in ¢. It is therefore a good clock for the
whole evolution.” The equations of motion with respect to
¢ are

dv _ 3V%sin(b) 1 —sin?(b)[1 = 2(1 + y2) sin?(b)]

%_ PM\/Z
db @_3Vsin2(b) _ o
i 2nGvaIV 'E;;;Qif[l (1 4 y2) sin?(b)].

(88)
3. Exact solution of the effective dynamics
While, as said above, we now have everything we need
to solve numerically the dynamics, it is actually possible to
find the general solution of this model analytically. For this,
using the definition

x = sin?(b) (89)

in Eq. (79), we write

Py 1= (1+y*)x]. (90)

- 871G Ay? *
This can be inverted, to find

1+5y/1=py/peR
= . (91)

2(1+7?)

with s being an unspecified sign. We are now going to
derive a differential equation for x.

Consider f(x) := (x')%, where prime denotes derivative
with respect to ¢. From (89) it follows that

f(x) = [2sin(b) cos(b)V']? = 4x(1 — x)b",  (92)
where, from (88), we have
r_ _ 3 _ 2
b = -272GyVA\/2p, zmy\/zx[l (14 72)x]
= —/122Gx[1 = (1 + ) (93)

having used (90) in the second step. Hence, we find the
equation

%At the technical level, once V = V(1) is computed, equation
b= py/V is immediately integrated, giving ¢ = ¢(t) up to
initial condition which corresponds to the value ¢p. Due to
monotonicity, this equation can be inverted, so we have r = #(¢).
The functions V(7) and b() can now be expressed in terms of ¢.
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x? = 487Gx*(1 — x)[1 — (1 + y*)x]. (94)

This equation admits a unique10 solution of the form

1

= 1+ },2 cosh2(\/m<¢ - ¢0) ’ (95)

XTR (¢)

where the free constant ¢, reflects the invariance of the
equations of motion with respect to the shift in the (matter)
time (the freedom of choice of the point of origin of time
measurement). Once xyg (¢p) is known, all other interesting
quantities can be easily computed: p, by (90) reads

3 [ sinh(vV127G(p - ¢.)) | (96)

Pi®) = 52Ga T ycosh?(v/ 122G (¢ — ¢,))]

so the volume is

v = Je.

_ \/@1 + y2cosh?(V122G (¢ — ,)) (97)
3 |sinh(vV122G(¢p — ¢,))|

from which we also find the Hubble rate

g V B % . p/
r_ﬁ_pd’m_ 3\/2p¢

1+ 21 —sinh*(V122G (¢ — ¢,,))]

 VA[l +7?cosh? (V122G (¢ — )]
x cosh(V12z2G(¢p — ¢,)).

(98)

The derivatives p’ and H’. can also be computed analytically
(though their explicit form is rather involved, and will
therefore be omitted), and we can also compute dH,/dt
by using the fact that, for any function F, we have

F=F¢=F./p,

'9To check that this solution is unique, we observe that Eq. (94)
can be written as a second order differential equation: if the
solution is nontrivial (x = const), we can divide by x’, obtaining

X' = 247Gx[2 — 3x(2 + y?) + 422 (1 + y?)].

Now, this equation can be written as a first order differential
equation for vector X := (%),

X,_ X, o X2
T\X" ) T\ 242GX,[2-3X,2+ 7} +4X3(1+ 7)) )

The vector on the rhs of this equation admits continuous partial
derivatives in X; and X,, so the equation satisfies the Lipschitz
criterion, which in turn means that it admits unique solution.

4. Discussion: Coordinate vs physical time

All our analysis until now was based on the physical time
given by the scalar field ¢. For completeness, we discuss
here the cosmic time ¢. From the equation of motion
(b = py/V, and using the explicit form (97), we can
integrate this equation. Due to the singularity at ¢ = ¢,
the integration has to be performed independently on two
domains ¢ > ¢, and ¢ < ¢,. The result yields

Zsgn -

1) = 1+ LD [ (V1260 - )

—(1+7?)log|coth (V37G( = ¢,))|]. (99)
This function is plotted in 2, where we can see that #(¢) is
not invertible. On each of the two domains (¢ > ¢, and
¢ < ¢,) separated by the singularity of the equation at ¢p =
¢, the image of #(¢) covers the whole real line. As a
consequence, the cosmic time chart can cover only one of
two domains indicated above (later referred to as aeons).
Due to time reflection symmetry of the equations of
motion, we can focus our attention on the aeon ¢ > ¢,
(our observations translate to ¢ < ¢, via time reflection
t — —1). In this chart, from the point of view of a comoving
observer (whose proper time is ¢), the infinite past corre-
sponds to ¢ - ¢,, while the infinite future corresponds to
¢ — 0. So, for such an observer, the far past consists of a
quantum region in which the Universe is undergoing a de
Sitter contracting phase dominated by an emergent

t
2r

1
1
1
1
1
1
1
1

it

-1.0 057" 0.5 1.0

-2

FIG.2. Cosmic time ¢ as a function of ¢ in the new model (blue)
and GR (red). The red dashed line corresponds to the classical
solution obtained by time reversal (¢p — —¢), whereas the blue
dashed one represents #(¢) for ¢ < ¢, (with ¢, set to O for the
convenience of the presentation). In the new model, ¢ only covers
half the ¢ chart. This means that, when parametrizing the
dynamics with ¢, there exist two solutions (aeons): one covering
the ¢ > ¢, region, the other covering the ¢ < ¢, region.
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cosmological constant, while the far future consists of a
classically expanding phase dominated by the matter
(scalar field). Unfortunately, expression (99) cannot be
inverted analytically, so we do not have an explicit form for
the quantities of interest (such as volume) as functions of
cosmic time . Nevertheless, these can still be plotted
numerically. As an example, in Fig. 3 we plot the curvature
R =2[V/V = V?/(3V?)] and the volume, comparing them
with the results of standard LQC. Note, in particular, that in
the far past the curvature of the current model reaches a

R
140t

a0}

20l

(b)

FIG. 3. The evolution of the curvature R and the volume V
during the acon ¢ > ¢, (as functions of cosmological time 7) for
the studied model (blue) is compared against that of mainstream
LQC (green). The bounce occurs at t = 0. Notice that in the new
model R reaches 0 in the future classical FLRW phase, but a finite
nonvanishing value in the past de Sitter phase (a), consistent with
the nonsymmetric bounce shown in (b).

nonzero constant: since this value is still Planckian, it
justifies why in the far past the quantum gravity effects are
still important (despite the energy density of matter being
negligible), and it explains the existence of an emergent
cosmological constant.

Finally, as mentioned, earlier the above results translate
to the aeon ¢ < ¢, via time reversal transformation.
In there, the far past (¢p - —o0) consists of a classically
contracting universe, while the far future (¢ -~ ¢,) con-
sists of a quantum region in which the Universe is under-
going a de Sitter expanding phase dominated by emergent
cosmological constant. It is interesting to note that, while
with respect to ¢ these two solutions are bridged in a finite
time (passing through a region of infinite volume at
¢ = ¢,), with respect to the cosmic time they are distinct,
physically disconnected regions. It is only the use of a
matter clock which brings these two aeons together.

VI. COMPARATIVE ANALYSIS OF THE
EFFECTIVE AND QUANTUM MODELS

In this section we present the details of the methodology
and the results of the analysis of the evolution in the models
described in the previous sections. Since the genuine
quantum analysis (based on numerical methods) could
be performed only for a finite population of examples,
whereas the simplicity of the effective dynamics allows for
a systematic probing of the space of solutions, the results
regarding quantum trajectories themselves are discussed
using the effective dynamics, with the (purely quantum)
numerical studies serving as the verification of the accuracy
of the effective results. The genuine quantum analysis,
however, has to be used for probing the higher order
quantum properties, i.e., the behavior of variances. For
that reason, we first present the results coming from
the effective dynamics in both standard LQC and in the
model we derived with the new Lorentzian term in the
Hamiltonian. The results of the analysis are compared
together with classical GR from the perspective of the
observables of interest in the context of FLRW cosmology,
namely the volume, the matter energy density and the
Hubble rate. The genuine quantum analysis of the evolution
in the new model [characterized by the new ®1g operator
defined in (22) and whose properties were discussed in
Sec. III] is discussed in the second subsection. We then
conclude with a comparison between the semiclassical
evolution obtained in the quantum model of the considered
observables, and the effective evolution of their classical
counterparts in the aforementioned effective models.

A. Asymptotic analysis of the effective models

Given any quantum theory/model built on the non-
perturbative level, the first question one needs to ask is
whether in an appropriate regime it reproduces the obser-
vationally confirmed classical theory (in our case the
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cosmological sector of GR) in the low energy limit.
Provided that the quantum trajectories can be predicted
with a sufficient level of accuracy by the effective classical
dynamics, which is indeed the case here as we show in
Sec. VI B, one can address this question by studying the
behavior of the solutions to the equations of motion
analyzed in Sec. VB3 in the limit p, < pi®, which is
the condition we would expect to determine the semi-
classical region.

From (96), we see that the above condition will be satisfied
in two regimes: either (i) cosh(v/122G(¢p — ¢,)) — o0, or
(i) sinh(v122G(¢p — ¢,)) — 0. These situations translate
respectively into the following conditions on ¢:

(i) ¢ — *oo, corresponding to

4
xR () ~ — €TI0, (100)
14
(i) ¢ =7 ¢,, corresponding to
) s [1 - 6nG (= 4,
X ~ - xG(p — .
® 1 +y? 1492 ?
(101)

Interestingly, (100) is the same asymptotic behavior found in
classical GR. Indeed, in classical cosmology the exact
solution for b is''

bclass (¢) = b()e:F 12”G(¢_¢”) ’ (102)

which implies

Xetass (@) = sin® (Betass(#))
— sin? (b, eV (W-0.)) P25 2 F2V TG 90,).

(103)

So, we conclude the following:

(1) Inthe limit ¢p - +o0, the TR model coincides with a
classically expanding universe (with integration
constant b, such that b2 = 4/y?).

(ii) In the limit ¢ - —oo, the TR model coincides with a
classically contracting universe (with integration
constant b, such that b2 = 4/y?).

We can repeat the same procedure (done for the new model) in
the context of standard LQC, the only difference being the
relation between x and p,,, as well as the form of 4': in LQC
we have

87Gy* A
X ===y

b = —V12zGx.  (104)

11 . . .. .
The negative (respectively positive) sign corresponds to a
classically expanding (respectively contracting) universe.

Hence, after analogous manipulations, we find the equation

x? = 487Gx*(1 — x) (105)

whose solutions with initial conditions x; oc(0) = x,, are'”

xLgc(¢) = 1 — tanh?[arctanh(y/1 — x,,)

F V121G(¢p - ¢,))- (106)
Again, it is easy to check that the asymptotic behavior of
xpqc(¢) in the limit ¢p — fco coincides with the classical
one, and can be made exact by appropriately choosing the
integration constant x,,,

xige(¢) = 1 — tanh®[V122G(d — ¢,) + In(y)].  (107)

This confirms that the three models—the TR model, standard
LQC and classical GR—coincide in the limit ¢y — *+o0. But,
contrary to LQC, the TR model presents another “semi-
classical limit,” namely the case ¢ == ¢,. In this limit, xrg
presents the behavior (101), which can be seen to coincide
with the asymptotic behavior of classical GR in the presence
of a cosmological constant A and a modified Newton constant
G. Indeed, in this case Friedmann equations are

HI=%C(p+py) A
) a with p, ==——= (108)
i _ _ 162G (p _ &) 87G
a 3 2
whose exact solution for the volume V = a3 is
47G p? 1
Vas(¢) = 1/ ¢ _ . (109
(@) A (V2 gy) )

This can be seen to coincide with (97) in the ¢ — ¢, limit
under the identification'?

_ 1—5]/2 _
1+72 TGP A

IIETSEE

and so

"This can be rewritten as xLoc(¢) = 1 — tanh?[V 122G (p—
¢,) F arctanh(y/1 — x,)], so it is clear that the sign of ¢ is not
important: both positive and negative signs correspond to the
same one, but shifted by a constant. In particular, if we setx, = 1,
we see that both solutions coincide.

BFor certain values of 7, G becomes negative, so in light of the
first equation of (108) it would seem that such values are
forbidden. This is however not true, since that equation only
holds for p < pIR, which means that p, dominates; but p, also
contains G, so the overall sign of the right-hand side of the first
equation in (108) remains positive even if G is not.
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-1.0

FIG. 4. Volume and energy density in the new model (blue), LQC (green), GR (red) and GR with effective G and A (black). For
presentation convenience ¢, is set to 0. The dashed lines correspond to the solutions obtained by time reversal (¢ — —¢).

3

S — 111
87GA(1 + y?)? (1)

PA

The above models are compared in Fig. 4, where we plot the
volume V and energy density p for the respective solutions,

and in Fig. 5 where we display the H,(H,) portrait.

B. Numerical analysis of the quantum evolution

In order to investigate the evolution in the new quantum
model with the O operator defined in (22), we use
the families of partial observables defined in Sec. IV B
which allow us to provide a notion of (parametrized by ¢)
quantum trajectories, defined as the expectation values of
the observables (as functions of ¢) in suitable states. The
steps to obtain these trajectories are detailed in the
following.

First we observe that the physical states in the new
quantum model have a very simple form in x representa-
tion; however in v representation the form of the wave
function can be found only numerically. Thus, in probing
the dynamics we are forced to focus on particular classes of
states, which can be probed in a robust way by a finite set of
examples. Among those, the ones of particular interest are
the states semiclassical in the low energy sector—the ones
reproducing (in some epoch) the semiclassical universe
following the predictions of GR. In mainstream LQC this
requirement was satisfied in particular by the (sufficiently
sharply peaked) energy'* Gaussians, which were the class
of states used for the majority of numerical studies there.
Following the previous works we too pick for the inves-
tigation the states of spectral profiles [see (51)]

1 _(@()=0*)?

e 202
\2no

c(k,w(k)) =

e—iw(k>¢o = CgauSS<k’ a)(k>)’

(112)

"“The name follows from the interpretation of WACHEN
vacuum Hamiltonian of the deparametrized system.

where 6 < @* are positive constants and have unit G'/?
and ¢, has unit G~'/2,

Second, since (i) Oy has a relatively simple form in b
representation, (32), and (ii) thanks to (35) the physical
states (44) can be expressed in b representation as integrals,
one can be tempted to evaluate quantum trajectories
analytically. The problem is, however, that the operator
V  |#| cannot be expressed in this representation easily.
While it takes a simple form in the auxiliary spaces defined
in Appendix D (thus one could in principle try to perform
the calculations following those of [63]) one then needs
to (i) represent the action of operators directly in the k
representation and (ii) perform the projections of the
physical states onto those auxiliary spaces. For that reason
we decided to evaluate the needed expectation values
directly in v representation by numerical means, especially
because the methods involved are a straightforward adap-
tation of those already built for the model of FLRW
universe with positive cosmological constant in LQC [23].

Now, the actual evaluations were performed as follows:

(1) The form of the wave function in » representation

has been evaluated by performing the inverse of the
transform (30)

! i S8 —(i/2)v
l//gauss('lh(ﬁ) —;|U|]/2A dblpiau‘g(x(b))e (i/2) b’
(113)

where x(b) is given by (35) and

PES (1) = 27 / Qg (s 0(8) e (x) 2009
(1 14)

with e (x) being the normalized versions of (44).
The integral has been evaluated via an adaptive
Romberg method, of which error tolerances have
been set in actual simulations to 1076, The domain of
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dH,/dt

0 dH,/dt

(d)

FIG.5. Two-dimensional and three-dimensional plots of H, and H , in the new model (blue) and in comparison with LQC (green) and
GR [classical (red) and with effective G and A (black)]. The dashed lines correspond to the solutions obtained by time reversal
(¢p = —). The far past (¢) - —oo) corresponds to the point (H,, H,) = (0, 0), where both the new model and LQC match the far past of
the classical contracting solution. Then, as ¢ increases, H, < 0 and H ~ < 0, which denotes a decelerating contraction; here, all models
depart, and while the classical universe continues to the big crunch (at negative infinity), the new model and LQC cross the H, = 0 line
and enter a phase where gravity becomes “repulsive” (H, > 0). This phase ends at H, = 0, where the bounce occurs. After that, the
repulsivity of gravity drives a phase of accelerated expansion (H, > 0), which continues until the H » = 0 line is crossed again. At this
point, the behavior of LQC and the new model are very different: the former approaches again (0,0), which now corresponds to the far
future of the classically expanding solution; the latter approaches H, —~ 0 at a finite value of H,, which corresponds to the far future of a
de Sitter expanding solution. As the three-dimensional plot shows, this superexpansion phase is reached at finite values of ¢. In fact, at
¢ = 0 a discontinuity takes place, the trajectory being mapped to H, — —H,. In other words, the Universe follows now a de Sitter
contracting solution. This solution is soon departed, and a symmetric behavior takes place, ending at (0,0), where the classically
expanding solution is reached.

b has been probed in the uniform grid of 2! ~ 5 x A0 = (0%) - (D)2 (115)
10° intervals.
(2) The expectation values and dispersions (variances)

of the observables defined in Sec. IV B are evaluated The actions of 9,(, Ds H, are given by (65), (66)
directly by (63), where we use a standard definition and (67) respectively, and thus straightforward
for dispersion to evaluate. Whereas for py = ihd,, the needed
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derivative Oy yuuss (0, ) is evaluated analogously
t0 Woauss (v, ) through the transform (113)

0¥ g (x(b). ) = 27 / dko(K) s (k. 0(K))

x 5 (x(b))e @™, (116)
In the actual simulations the quantum trajectories have
been evaluated for w* ranging from 500v/G to 5000/G
with relative dispersion in p, ranging from 0.02 to 0.1.
The results of these numerical simulations are displayed
in Fig. 6, and are compared with the results in mainstream
LQC, and the new effective model discussed earlier.
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The asymptotic behavior obtained in the new effective
model confirms the results found in the quantum theory,
namely that in the far past the Universe is essentially a
contracting de Sitter with an effective cosmological con-
stant, and the effective trajectories mimic to high accuracy
the evolution trajectories obtained in the quantum theory.
The emerging picture that we observe, in backward
evolution, is the following: first an expanding phase
following the predictions of GR, beginning with a bounce
(resolving the classical singularity) and the transition to a
contracting de Sitter phase. This phase is followed by a
transition through past scri at ¢p = 0 to an expanding de
Sitter phase, which is connected, through another bounce,
to a contracting phase approaching the classical solution in

5
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FIG. 6. The map of the physical state (a) on a v — ¢ plane [where the volume V ~ 2.41|v|¢3 ], and quantum trajectories of the
observables: compactified volume 0y _s,: (b), matter energy density p, (¢) and Hubble rate H, (d) of the Gaussian state peaked on

Py = 5.05 % 103G'/? with relative spread in A py of about 0.05. The genuine quantum trajectories of the investigated model (purple
error bars) are compared against the predictions of the effective dynamics generated by Hamiltonian (76) (blue lines) and against
the classical GR (green lines) and mainstream LQC effective trajectories (yellow lines), to which the quantum one converges in the
asymptotic past/future. While both mainstream LQC trajectories feature a single bounce (each) at (respectively) ¢ ~ +0.25G~1/2, for the
trajectories obtained with the Hamiltonian we investigate (22) we observe two bounces at ¢ ~ £0.35G~!/? separated by a a transition
point from future to past conformal infinity at ¢» = 0, where the matter energy density reaches 0 and the volume V reaches infinity. The
Planck units pp; and £p are defined respectively as (G*#)~' and (Gh)l/ 2. The departure from mainstream LQC lasts only about
1.2G~"/? in relational time ¢, but from each bounce it takes infinite cosmic time to reach the transition at ¢ = 0.
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the far past. What is remarkable is that the semiclassical
states remain sharply peaked throughout the entire evolu-
tion. The asymptotic analysis of the eigenstates of the
evolution operator leads to the conclusion that in the period
between the two bounces the dynamics is driven by an
effective cosmological constant. The presence of a cosmo-
logical constant is unexpected and quite surprising, since
the bare theory we started from does not have any
cosmological constant. This is in stark contrast with
standard LQC, where if one studies the flat FLRW universe
without cosmological constant, there is a single symmetric
bounce and no effective cosmological constant. Note that
the effective cosmological constant we obtain (110) is of
quantum gravity origin. It might be surprising that quantum
gravity effects are present for large volume and low energy
density; however the analysis of the effective dynamics
shows that the Ricci scalar curvature remains constant in
the region r— —oo (Fig. 3), therefore justifying the
presence of quantum corrections.

Finally, an interesting aspect of our results in the quantum
theory is the existence of a transition from expanding to
contracting de Sitter epoch, which in Fig. 6 happens at ¢ = 0.
This issue has already been discussed in [47]. On one hand,
since the de Sitter expanding/contracting Universe with a
scalar field is future/past complete, the two sectors ¢p < 0 and
¢ > 0 are geodesically complete; thus from the classical
spacetime perspective they constitute separate universes. On
the other hand, the trajectories of locally observable quantities
(for example matter energy density) as functions of ¢ have a
unique analytic extension through that point. Therefore, from
the quantum theory perspective (where the time problem
forced us to use the matter as a clock) the extension of
spacetime past the transition point is natural.

VII. CONCLUSIONS AND OUTLOOK

In this article we studied the physical effects of an
alternative to the standard regularization of the Hamiltonian
constraint in the framework of loop quantum cosmology.
We did so on the example of a flat isotropic FRLW universe
with massless scalar field as the matter content, focusing
the attention on the original proposal of Thiemann intro-
duced for full LQG. The difference with respect to the one
used originally [13,14,20-22] manifests itself in the so-
called Lorentzian part of the constraint (depending on the
extrinsic curvature) and leads to a modified evolution
operator Org taking the form as expressed in (22).
Unlike standard LQC, where in the volume representation
the evolution operator is a difference operator of the second
order, in our case Oy is a difference operator of the fourth
order. Nonetheless, in the representation of the volume
canonical momentum (denoted as b and classically related
to the Hubble rate), both operators are of second order.
Also, the structure of the superselection sectors on the
(kinematical) Hilbert space induced by the new operator is
the same as in the mainstream LQC: (i) division of the wave

function supports onto the set of discrete uniform lattices,
and (ii) a symmetry with respect to triad orientation change
allowing one to work with either symmetric or antisym-
metric states. In consequence the superselected spaces are
separable despite the full kinematical Hilbert space being
nonseparable.

Unlike the old form of the operator, which was essen-
tially self-adjoint, ®tr admits an entire family of self-
adjoint extensions parametrized by U(1) group elements, a
structure which is very similar to the one featured by the
model of isotropic universe with massless scalar field and
positive cosmological constant in standard LQC. As in
there, while the choice of each of the extensions leads to
inequivalent unitary evolutions, all of them lead to very
similar dynamical predictions. The decomposition of unity
for each extension (that is, the eigenbases of extensions of
®1r) was evaluated numerically in » representation (while
having in b representation relatively simple analytic form)
and their large » asymptotic behavior was determined
analytically (25).

The construction of the physical Hilbert space for the
new model was achieved systematically using the group
averaging method as in standard LQC in [64]. The precise
identification of the space and the extended domains of Og
allowed in turn to determine the quantum trajectories
corresponding to the physical states defined through
expectation values of families of Dirac observables para-
metrized by the value of the scalar field (which plays the
role of the internal clock, as in standard LQC). These
observables are the compactified volume (65), the matter
energy density (66) and the Hubble rate (67). For technical
reasons, these quantum trajectories could be evaluated only
numerically, thus forcing us to focus on specific classes of
states. In particular, in order to compare the predicted
dynamics with standard classical cosmology and predic-
tions of mainstream LQC, we have chosen for our studies
the states which were semiclassical at some point in (scalar
field) time, that is, sharply peaked in the selected observ-
ables and corresponded to a large expanding universe.
The calculation of the quantum trajectories consisted then
in evolving such states backwards in time. We focused our
attention on the “energy Gaussian” states of spectral
profiles specified in (112). A population of such states,
peaked about different values of the scalar field momentum
and with various variances, has been probed this way.

In addition to the fully quantum analysis, we constructed
an effective description of the model by introducing an
effective Hamiltonian (82) (as a function of classical phase
space variables), which generates a dynamics approximat-
ing very well the genuine quantum evolution. This effective
Hamiltonian was constructed in a heuristic way (standard
for LQC), i.e., by replacing its component elementary
operators by their expectation values. Its form was simple
enough that the equations of motion it generates could be
solved analytically. It is worth noting that this effective
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Hamiltonian is in agreement with the one obtained by
taking the expectation value of the full LQG Hamiltonian
on coherent states peaked about isotropic cosmological
spacetimes [36,37].

It is worth mentioning that the studies of the effective
dynamics of this model have been independently performed
in [76]. The main difference of (the effective dynamics part
of) our approach with respect to that work is that, instead of
using the standard Raychaudhuri and Friedmann equations,
we reformulated the system of equations of motion
generated by the effective Hamiltonian (using locally
measurable quantities and matter time) so that it became
nonsingular. This allowed us to find global unique dynami-
cal trajectories analytically. We then examined the asymp-
totics of these analytic solutions, recovering the behavior
reported in [76]. Further analysis of the effective model, with
emphasis on stability as well as inflationary scenarios, was
carried out in [77-79].

Both these approaches gave a consistent dynamical
picture of the evolution of a Universe which is semiclassical
at late time. That evolution starts with a large contracting
Universe following the predictions of GR, until energy
density of the matter content reaches the Planckian order.
Then, as in standard LQC, the (loop) quantum geometry
effects generate an effective repulsive gravity force which
modifies the dynamics, leading to a bounce at roughly 1/4
of LQC critical energy density. After the bounce the
Universe quickly expands, although now (unlike in the
old LQC npicture), instead of following the classical
trajectory, it follows one corresponding to a classical
Universe with large (meaning of Planckian order) positive
cosmological constant and a modified Newton constant."
In this phase, the volume (as measured by the compactified
volume observable) reaches infinity for finite value of the
(scalar) clock field. At that point, we observe a transition of
de Sitter conformal future to conformal past into a
contracting de Sitter universe, similar to that observed in
LQC models of the Universe with positive cosmological
constant. The fine details of the transition depend on the
choice of superselection sector. Thus, in order to have a
fully deterministic evolution, a specific extension (or,
equivalently, the boundary data at conformal infinity)
has to be chosen. However, all the extensions provide
the same (up to numerically undetectable discrepancies)
quantum trajectory. The now contracting Universe follows
an effective trajectory again well agreeing with that of the
de Sitter Universe with the same effective A and G as in the
expanding epoch. Once the Universe contracts sufficiently
and the matter energy density reaches again Planckian
order, we observe the second bounce, after which the
Universe enters a classical trajectory describing a large
expanding Universe.

The values of modified cosmological and Newton constants
for this model has been found independently in [76].

Despite the observed consistency with each other, the
fully quantum (numerical) approach and the effective
approach are not sufficient to establish the complete
robustness of the results presented above. This happens
because, due to limitations of the numerics (finite computa-
tional time), we were able to investigate only a population
with a finite number of examples of quantum states. The
results provided by the effective dynamics (having analytic
form) are general; however the method itself relies on the
heuristic construction of the effective Hamiltonian and its
accuracy has been verified just for a finite number of
examples. Fortunately, the key features of the dynamics
discussed above can be verified by asymptotic analysis of
the physical Hilbert space bases corresponding to each
extension. A/l of them share the following properties:

(i) all the asymptotic waveforms have a form of a
reflected/standing wave. This implies symmetry of
the qualitative picture of the state evolution. In other
words, to each contracting phase there is an ex-
panding counterpart, with possibly different details
in the features of the Universe. Also, an immediate
consequence of this fact is the presence of at least
one bounce.

The asymptotic waveforms are combinations of two
types of waveforms: the ones appearing in the
geometrodynamical quantum description of an iso-
tropic Universe with massless scalar field (see for
example [22]) and the ones of the isotropic Universe
with massless scalar field and positive cosmological
constant (see [69]). This implies the presence of
(both expanding and contracting) phases of classical
evolution as well as the effective de Sitter epochs.
The properties listed above are features of all the energy
(momentum conjugate to the scalar field used as a clock)
eigenstates; thus any physical state of sufficiently good
semiclassical nature must feature the properties indicated
above. It is worth mentioning that the form of the
asymptotics allows one to identify the value of the effective
cosmological constant (although not of the modified
Newton constant, for which we would need to determine
higher order corrections) in the de Sitter phase; see (29).

In the determination of the global evolution picture
above, an essential role was played by the choice of
parametrization of the evolution by the matter field. It is
worth noting that the expanding and contracting de Sitter
epochs featured in this picture are, respectively, future and
past geodesically complete, which means that the transition
point at conformal infinity corresponds to the infinite
future/past in standard cosmic time. Therefore, from the
point of view of time parametrization natural in classical
theory (GR), the epochs before and after the transition
can be considered as “independent,” i.e., separate distinct
Universes each of which is geodesically complete.
Following this perspective, one could restrict the attention
to the evolution of the after-transition branch, and treat the

(i)
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transition point as the “true” origin of the Universe, lying in
the infinite past. This particular observation is relevant for
present and future attempts to study perturbations in this
model and its extensions: indeed, in the proper (cosmic)
time chart (the one containing the “present” large classical
expanding Universe epoch), the point of origin of the
Universe is a contracting de Sitter region, which allows one
to select a unique initial state for matter and geometry
quantum perturbations (inhomogeneities) known as a
Bunch-Davies vacuum [56].

While the use of proper time is more natural from the
perspective of classical GR, we have to remember that in
the quantum description no such notion of time is present.
This was the feature that forced us to select the matter clock
as the evolution parameter. Thus, from the perspective of
the quantum theory, the whole evolution picture where the
two geodesically complete universes are just epochs of
evolution of the same Universe (known as aeons) connected
by the de Sitter transition point is the correct one. In this
sense, the global evolution resembles the proposal of cyclic
conformal cosmology (CCC) [80]. In comparison to that
proposal, however, the picture emerging here differs in a
key point: instead of gluing the conformal future infinity of
one acon to the big bang singularity of the next one, here
we end up with gluing16 the future conformal infinity of one
aeon with the past conformal infinity of the other aeon.
Such transition allows for much better understanding of
transfer of information from one aeon to the next, since the
mathematical results used in CCC were originally devel-
oped for future infinity to past infinity transition [81].
Therefore, the model studied here comes equipped with
interesting features of CCC, while not being weighted
down by the restrictions imposed by conformal infinity to
singularity transition needed there.

It is worth mentioning that the transition between the
expanding and contracting de Sitter epochs occurring at
the finite (matter) time is not just a result of choosing the
massless scalar field as the internal clock. This feature
would be present also if other nonexotic forms of matter
(with the exception of dust)}—for example the radiation
[82]—were used as a clock. Such “universality” becomes
important once we start trying to answer the question of
which choice of time (proper versus matter)—and in
consequence which evolution picture—we should adopt.
This question, while appearing to border on philosophy,
can be approached in an operational way: what we perceive
as the passage of time are dynamical changes of the
configurations of matter fields (the clock’s pointer,
the electrochemical potentials in neurons); that, as well
as the necessity to use matter clocks in the quantum
description of the geometry, suggests that the bigger picture

"In the new model the data are not actually glued, but they
evolve through the transition point in a deterministic manner,
once a particular self-adjoint extension is selected.

containing both proper time charts might be the more
natural one. Such a choice will have nontrivial conse-
quences once the inhomogeneities (i.e., perturbations) are
included in the model, as now the previously initial
perturbations will be generated by the (possibly very rich)
history of the Universe before the transition. In principle,
this may lead to possible imprints of the existence of the
previous aeon, for example through the gravitational wave
emissions of black hole mergers as it is hoped for the model
of CCC [83].

The results and techniques presented here were provided
in the context of the particular model—flat FRLW universe
with massless scalar field—the simplest one commonly
used for testing new ideas in LQC. The inclusion of the
studied regularization can however also be performed for
more advanced models: with more complicated matter
content and extended to the homogeneous anisotropic
cosmology with use of more recently available techniques.
However, investigating the possible physical significance
of all these models would require inclusion of the inho-
mogeneities, either in terms of perturbations or at the
nonperturbative level. For that, the existing techniques need
to be better understood and possibly improved. For
example the issue of instabilities for some treatments of
inhomogeneities and the discrepancies of predictions
between different treatments (see for example [84]) need
to be addressed.

From a more fundamental point of view, an important
consequence of our result is that in LQC different regu-
larizations lead to different physical predictions. Since in
the standard quantization schemes the choice of regulari-
zation is considered a minor technical detail and the results
are often required to not depend on it, our result poses a
challenge for the predictive power of the theory. The
dependence found here leads to the major task to find a
way to single out a physically preferred regularization. This
could be achieved by introducing new consistency criteria
into the theory: a possible example comes in the form of
demanding cylindrical consistency, which has been studied
in various contexts for applications to LQG [85-87].
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APPENDIX A: REVIEW OF LQC

In this appendix we review the derivation of the
evolution operator in standard LQC, with a focus on
the regularization choice. We also introduce the new
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regularization used in this article which is more in line with
full LQG.

1. Hamiltonian formulation of cosmology

Let us start by recalling the Hamiltonian formulation of
GR in terms of the Ashtekar-Barbero variables. In this
context, one recasts GR as a gauge theory with internal
group SU(2), and identifies the phase space of GR as the
one coordinatized by the Ashtekar connection A/, and the
inverse densitized triad E? [i,j=1,2,3are SU(2) algebra
indices, while a, b = 1, 2, 3 are spatial ones]. Explicitly,
these are given by

Al =T% +yKi, E¢ = \/detge?,
where y € R — {0} is a free quantity called the Immirzi
parameter, e¢ is the (inverse) triad of the metric, and I', and
K, are related respectively to the spin-connection F;-a and

(A1)

the extrinsic curvature K,, by (we employ the summation
convention on repeated indices, and raise/lower i, j, ... with
the Euclidean metric)

R 1
T} = — €T}, = =5 e} (20e)) + e5elDyel’). (A2)

Ky = Kupel. (A3)

with (A, E) being canonical coordinates, the symplectic
form reads

= Ad
87Gy J, (A4)

1 .
/ d*xdAl(x) A dEY(x),
M
where o), is some compact cell. Q defines the Poisson
bracket

{AL(x), E2(x)} = 87Gydis56'%) (x. x').  (AS5)
Due to the symmetries of the theory, one finds that not all
the degrees of freedom in (A, E) are physical. This fact is

encoded in the following constraints:
(i) the Gauss constraint, which generates internal

SU(2) transformations,

1

Gi 16 G [8 E +€l]kA Ea} (A6)
(i1) the Vector constraint, which generates spatial diffeo-
morphisms,
C,= L i EY (A7)
“ 8aGy T

(iii) the Scalar constraint,
diffeomorphisms,

which generates timelike

where

C . 1 eljkE;lEllz ;

E7 162G Jdetq =

Cp = (147 —— kB KK (A9)
L= 162G \Jdetq © ‘

In these equations, F' , is the gauge curvature of connection
Al explicitly given by

Fi, = 8,AL — 9,Al + e, ALAL. (A10)
We now apply this framework to the case of flat isotropic
cosmology, i.e., the symmetry-reduced metric

g=-dr+gq, q=a()n, (Al1)
where a(t) is the scale factor and # is the Euclidean
3-metric.

It is immediate to compute the triads: imposing ¢q,, =
ehe)s;;, we find e} = ad,, from which it follows that
E¢ = a?5¢. On the other hand, since the metric is inde-
pendent of spatial coordinates, we have F;a =0, and so
Al = yK!. Finally, using the fact that the extrinsic curva-
ture reduces to K., = G5/ (2N) = S,paa/N, we find
Al = 8%a/N. We can therefore summarize this by saying
that, for flat isotropic cosmology, Ashtekar variables are

Al = b, E¢ = p&¢

i°

(A12)

with ¢ = ya/N and p = a®>. We can think of (c, p) as
coordinatizing the subspace of GR phase space represent-
ing flat isotropic cosmology. Plugging (A12) in (A4), we
find the reduced symplectic structure,

3 3V
Q= dC/\dp/ d*x = —2dc A dp,
872Gy on 872Gy

v, :=/ dx,
oM

from which it follows that the Poisson bracket on the
reduced phase space is

(A13)

872Gy

{e.p} = v,

(A14)

Finally, plugging (A12) in the expression for the gauge
curvature, we find F', = c?¢;,;,. Using this in the con-
straints, one sees that the Gauss constraint and the vector
constraint vanish identically, while the scalar constraint
reduces to
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3
87Gy?

Vet (A15)

This concludes the review of the Hamiltonian formulation
of classical cosmology.

2. Kinematical Hilbert space of LQC

We only give a brief overview of how the kinematical
Hilbert space is defined. For further details, we refer to
[15-17].

The canonical quantization of full general relativity in
terms of its Ashtekar connection leads to the approach
called LQG [5]. As it transpires in LQG, constructing an
operator corresponding to the connection A’(x) does not
lead to a successful quantization. Instead, the fundamental
algebra which is promoted to quantum operators is the
classical holonomy-flux algebra. The holonomies of the
connection A, are constructed as the path-ordered expo-
nentials of A/, smeared with respect to some piecewise
analytic curves, whose real analytic segments are called
edges, e,

h(e) :== Pexp (/ A), A = Aldxt;, (A16)

where 7; are the generators of the algebra 31(2), and are
chosen to be related to the Pauli matrices by 7; = —ic;/2,
such that [z;, 7;] = €, 7. While in LQG one quantizes the
holonomies on every edge, for the purposes of LQC it
suffices to restrict to certain special edges. The form A}, =
6!, naturally suggests choosing edges oriented along the
three axes of coordinates of the fiducial metric 7,,. Since
their global position does not matter, we only consider three
families of edges parametrized by their coordinate length
€ >0 and whose tangents are respectively e, . = %X,
¢y = Tyande,, . = £2. Hence the holonomies take the
explicit form

h(esre) = eem,

h(eiz,e) — eicev.g.

h(esye) = e,

(A17)

In LQC, we restrict the algebra further, and only consider
edges of one finite length ¢ = u. The choice of u is a crucial
part of the construction in LQC. Currently, the most widely
accepted choice is the so-called ji-scheme (also known as
improved dynamics [22]), which prescribes to keep p finite
(as opposed to sending it to 0, as one would do in lattice
quantum field theory). The reasoning behind this choice is
based on the regularization of gauge curvature F',: as we
later see, F ’a , can be approximated in terms of holonomies
along a small closed curve; in this case, u> can be thought
of as the coordinate area of the surface enclosed by the
loop; however, in LQG the area is an operator with discrete
spectrum [88], and so one fixes u (which in this scheme is

denoted by i) so that the physical area pji> of the loop
coincides with the smallest nonvanishing area eigenvalue,
A. In other words, we set

_ WA
fi=——,  A:=21V3yGh~2.617%,

(A18)
P

with £p; being the Planck length.

With i being a small quantity which we want to use as a
regularization parameter for the physical quantities of
interest, it is useful to rescale the connection ¢ by j.
Its canonical momentum is nothing but the spatial volume,

b := cfi, V= p3/2, (A19)
The Poisson algebra between the two reads
20 .
{b,V} = - with o= 22GhyVA.  (A20)

The gravitational Hilbert space H,, is constructed using the
canonical pair V, b. Being a real observable, we implement
the volume as a multiplication operator on L, (R, duggn: (),
which is the space of square integrable functions on the Bohr
compactification of the real line [21,89],

V) = alollv).  (olv) =6, (A21)
where |v) form an orthonormal basis of eigenstates on
Ly(R, dpgon (v)). Given that V acts by multiplication, (A20)
would suggest to implement b as a derivative with respect to
v. However, mimicking LQG—in which the connection A/,
is not promoted to operator, but /2 is—we do not promote b
to operator, but rather its exponentiated version, A := /2,
The corresponding quantum operator is therefore acting as
a shift,

Nv) = [v+1). (A22)
Note that L, (R, dpugep(v)) includes square integrable func-

tions with negative v. We thus define as kinematical Hilbert
space the subspace of symmetric states,

Hyet={0(0) € Lo(R. dytpone(0)) sy (v) =p(=v)},  (A23)
by which we encode the fact that v — —wv is a large gauge
transformation which does not change the physics of the
model [21].

We now proceed by promoting all classical quantities of
interest to operators on H,,. Let us start with holonomies
(A17): using a known property of SU(2) matrices, we can
write
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=cos(b/2)I + 2sin(b/2)z,

1 A 1 A
= <2— iTa> elh/z + <2+ iTa> e_lb/z

I . I . .
=57 N+ 5+ it N-L (A24)

where [ is the 2 x 2 identity matrix. Hence, the quantum
version is simply

h, = <§— ira>N+ <§+ iza>/§f“. (A25)

To extract the physical sector of the Hilbert space, one
follows the Dirac program, which consists in promoting the
constraints to operators, and then imposing that physical
states lie in their kernel. As said, in homogeneous isotropic
cosmology the only nontrivial constraint is the scalar one.
The matter part of it needs to be treated separately (as it
requires quantization of the matter degrees of freedom);
now we focus on the geometric part.

3. Scalar constraint in LQC

The implementation of the scalar constraint C as an
operator requires a regularization. As already discussed, the
need for regularization in full LQG originates from the fact
that no quantum operator for the connection A’,(x) exists,
while its corresponding holonomies naturally lead to the
representation theory of the group SU(2). But as the
classical scalar constraint C is given in terms of A/ (x),
it must be rewritten in terms of holonomies before this
quantization procedure can be applied. However, it is not
possible to express C exactly as a function of holonomies of
finite length. Hence, one must necessarily construct a
regularization C¢ of C such that, in the limit ¢ — 0, the
continuum result is restored. The same holds true in the
context of cosmology, where C is classically a function
of b and v,

3
C=- Vb2
87Gy? A

(A26)

Since there is no operator in LQC corresponding to b, we
must consider a regularization of C in terms of N and v.
Here, we recall the regularization commonly used in LQC,
and then compare it with a new proposal which is closer to
the regularization of the scalar constraint in full LQG.

Let us start by regularizing the Euclidean part of the
scalar constraint [Cr in (A9)]. Consider first the gauge
curvature F',, Eq. (A10). We define

N 1 i €
(Fe)i, (x) == Z SaspTr[e (h(TE , ()
+1

SqSp=

_h(Diaa,sbb)Jr)} ’

where L%, ., is a small plaquette starting at point x with

tangent +-x¢ and ending at the same point with tangent £x?.
It is not hard to show that

(A27)

lim(F)i, = Fl, (A28)

Now, using the fact that 2(CJ5 , ) = hsaahsbbhlah;b and
the explicit expressions (A17), one computes (F€)!, (x) =
€iap Sin(ce)?/€?, which clearly reduces to the classical
cosmological F' ﬁlb in the limit ¢ — 0. As already discussed,
in LQC one makes the choice ¢ = ji, from which one finds

sin(b)?

eabC(Fﬁ)fzb = 252‘ ﬁz s

(A29)

which can be easily written in terms of A" and hence
promoted to an operator in LQC. The other term appearing
in Cp besides F ﬁlb is the nonpolynomial expression
sgn(det(e))EYES/+/|det(E)|. This can be regularized via
the first Thiemann identity [11]

eMe,, EVES 1 :
det abe k"l — Tr(c/h,{h}, V
sen(dei(e) et = G T ha (Bl Viow])
+ O(p). (A30)

It is immediate to promote the right-hand side to an
operator in LQC: its action on volume eigenvalue |v) reads

Tr(cih [hL, V])|v) = = =80 (jv = 1| = v+ 1])]0).

> (A31)

Using (A29) and (A30) in Cg, one finds
Cg[N] = 1 6N LijkE?EZ Zb
nG /| det(E)|
_ N epkE; <6z52 - 5?63)
167G \/W 2
N €cdf€ijkEf~Eil eIF!,

= A32
162G | det(E)| 2 ( )

i
ab

; 2'N
— .
= C%[N] = (162G sin

x <ZTr(r”ha{hZ,V})>\/V sin(b), (A33)

(b)VV

where we considered a symmetric ordering on H,,. The
action of the corresponding quantum operator is therefore
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R 3 x 2Na? ~ A
CeNI) = rgrpars & Ao+ 1
— w43+ 2N = (lo=3]=|v—1))|v
— 2| 7))
3Na

= m(F(v +2N - Fo(v)id

+ F(v=2)N o), (A34)

where the lapse function has been chosen to be independent
of b and V and

Fo(v):==F(v+2)+ F(v—-2),

F(v) =—|v|(Jv+ 1| = |[v—1]). (A35)

This is the LQC quantization of the Euclidean part of the
scalar constraint.

Let us now turn to the Lorentzian part, C; in (A9). The
standard procedure in LQC is based on the observation
that, on the flat cosmological sector, the following relations
hold:

yKl _Az 2},2Kl KJ

[a ‘cos €tij (A36)

|c05 ‘cos’ ab|cos

Using these relations, one finds that in classical cosmology
the Lorentzian part is proportional to the Euclidean part,
Clleos = —=CEleos (1 +7?)/7*. Tt can therefore be regular-
ized in the same way. Following this route, one ends up
with

A —3Na
CWlecl) = 2762608

+F(v=2)N Y,

(F(v+2)N* = Fy(v)id

(A37)

which is the quantum operator describing the dynamics in
standard LQC [20-23].

4. Scalar constraint with the new
(Thiemann) regularization

As explained in the main text, we now follow the
philosophy “first regularize, then reduce.” This leads us
to a regularization which is more in contact with the full
theory, where the Lorentzian part is not proportional to the
Euclidean part.

We recall the second Thiemann identity, which is true in
full GR if the regularization parameter ¢ > 0 is independent
of the phase space,

. 1 .
7Kl = 832Gy {z;40,{Ce[1], V}}

= — GG Hea U e0) LCH1L V1) + OF0)

(A38)

This allows one to find the new regularization of the
Lorentzian part of the scalar constraint,

N e ES E}
CLIN]=— 2 L . lmnKZlKn
N €; kE E
=4(1+72 ! Tr (7,7 )KIKY (A39
1+y2 43N
= C¢[N] = abc
LN = y'(162G)*
X Tr(hy { {CE[ |.V}thy
x {hj, {C[1), VIIh {hi,V}),  (A40)
where in (A41) we used (A38) and
. EVES 1 _
elkl kL — ebp, hi, Vieylt + O(e),
(A41)

which is related to (A30).

The expression in (A41) can be evaluated on the
cosmological sector by first reducing each argument of
the Poisson brackets to the cosmological sector, and then
using the Poisson bracket between ¢ and p. This yields (we
set Vy =1 to ease the notation)

1+y2 N/ 6 \? ..
— €
v’ (162G)* € \167Ge?

x Tr <e€c‘ra{e—ecra’ \/ﬁ{sin(ce)z, p3/2}}eecrb

CLINlos =

162G
x {e~cm \/p{sin(ce)?, p**}}\/pr, a y)
1 N
= 21+6777/G€ €“°Tr(z,1y7,) sin(2ce)*\/p
6N 1+y> _sin(2ec)?

- A42
167G 12 VP (A42)

which agrees with the continuum expression for Cy .., in
the continuum limit € — 0, yet is not proportional to C%.
This realization motivates us to consider a new quantization
for the Lorentzian part of the scalar constraint in LQC,
based on (A41). However, before continuing, one has to
take care of how one passes from e to i, which is phase
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space dependent. Indeed, Thiemann identity (A38) is only
correct for € independent of the phase space point. Thus,
instead of performing the replacement € — i in (A41), we
make use of the following observation from [40], which is
true only in cosmology:

T Ky=— 4 y3ha{h2,{c’;[1],v}}+0(m. (A43)

31(162G)

With this identity, following the same steps as in (A41), one
finds

N = — 1472 Ne®*
g 7 (4xG)* 9A32

X VVhy (i, VIVVRARE{CE[1], VYY), (Ad44)

Tr(ho{hi {C5[1]. V}}

where, as for C’;f:. Reducing this expression to the cosmo-
logical case [as we did in (A42)], one finds

1 2 sin(2b)?
_ 3N 1+y Vsm( b)’ (Ad5)

i
N —
CiIV 872G y2 4A

|COS

which correctly coincides with (A42) under the replace-
ment € — j. This confirms that (A44) is the correct
regularization to use if we want to implement Thiemann
identity in the ji-scheme.

The quantization of (A44) on the Hilbert space of LQC
can now be done in the standard way: putting the hats and

recalling that {/\} =1.,.]/(ih), we find

N = — (1+ 72N e 1
L v’ (42G)* 9A32 (i)

x N/ Vhy [} VIV Vh [T [C5 1. 7).

Tr(h,[hl. [CE[1]. V]

(A46)

To write its action on |v) explicitly, recall the form of fza in
terms of A: using (A34), we get (no sum over a)

~

Tr(zyh, R,
3

A

[Cel1]. VID)Io)

A AN A

= i (R(C[1], VI = A1) AN o)
= i =0+ 1) = gl + DA

+g(v =3) = glv = DIV o), (A47)
with g(v) :== F(v)(Jv — 2| — |v + 2|). It follows that

—i3a?
Il = 27626y ™
—g(v+3))N* + (g(v - 3)
—g(v = 1))N ).

halhi[CE[1), V [~(g(v+1)

(A48)

From this and (A31), after some manipulations, we find

az 3Na 1 +y?
¢ = G
") = TonGaz® a2 Gl

+G(v+ 4HN®)|w),

— AN = Gy(v)id

(A49)

G(v)==F(v)(g9(v=3)=g(v=1))(g(v+1)-g(v+3)),
Go(v)==F(v=4)(g(v=3)—g(v—1))*
)%

—F(v+4)(g(v+1)—g(v+3)) (A50)

APPENDIX B: ASYMPTOTIC ANALYSIS

In order to study the semiclassical limit of the model at
hand, we need to establish the asymptotic limit of the
eigenfunctions of the ®p operator. The eigenvalue equa-
tion is

ORY(v) = 0*¥(v), (B1)
where @” are the corresponding eigenvalues. The fourth-

order system (B1) can be expressed in a first-order form as
follows. First one introduces the vector(s)

Y(v+4)
- Y(v
P(v) = (v) , (B2)
Y(v—4)
Y(v—-8
so that Eq. (B1) takes the form
P(v+4) =A(v)P(v), (B3)
where the matrix A is defined as
fa(v) 2(“'—l)fo(”)_héyz’”z foa(v) f_s(v)
sfs(v) sfs(v) sfs() ()
Alv) = 1 0 0 0 ’
0 1 0 0
0 0 1 0
(B4)

where f,(v) = +/|v(v + a)||v+ a/2|.

The next step is to express the functions ¥ as linear
combinations of appropriately selected asymptotic func-
tions. We denote these functions by i7", where i = F stands
for the FLRW phase and i = § stands for the de Sitter
phase. We then rewrite (B3) as an equation for the coeffi-
cients in the linear combination.
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Using the results of the asymptotic analysis of LQC with
a scalar field [63,90] and LQC with a cosmological
constant [47,69], we select the asymptotic functions 1/”/,-i
as follows:

() exp(ziklog(v))
¥ (v) —ﬁ )
FE(v) = exp(i—i(sz +x/v)) ’ (BS)

where k, Qg and « are functions of the parameter s and
the eigenvalues , to be determined. The vector y*
of coefficients in the linear combination for w* can be
defined as

-

Y(v)=B(v—4)y(v), (B6)
where the matrix B is
s (0+8) W (v+8) Wi (v+8) Fi(v+8)
By | P OFH W5 044) 7 (044) w044
ws(v)  ws(v)  wp(v) ()
g (v=4) F5(v—4) Fr(v-4) yp(v-4)
(B7)
At this point, Eq. (B3) becomes
¥(v+4) =B~ (v)A(v)B(v - 4)7(v) =M(v)7(v). (B8)

The matrix M can be computed explicitly. In order to
guarantee the existence of the limit lim,_, .y (v) =: ¥, [such
that 7(v) = 7« + O(v™1)], the matrix M must asymptoti-
cally satisfy

M(v) =1+ 0(v™?), (B9)
where O(v~?) denotes a matrix whose coefficients asymp-
totically behave as O(v=2).

The asymptotic condition (B9) determines the expres-
sion of the functions k, Qg and «,

X 0] o 1 <1 — 2s>
= = —arccos ,
V122G ! 2s
4sk? 2s —3
= + . B10
Vas—1 2v/4s—1 ( )

In consequence, we can write

¥ (v) = (g (0), 75 (0), F7 (), 55 (V) Joo + O(072).
(B11)

Plugging in the explicit expression (B5), we can rewrite the
result as

¥(v) :\/LE

+ %Ns(a)) cos(Qgv + k() /v + og(w)) + O(v72),

Np(w)cos(kIn(v) + op(w))

(B12)

where N; and o; are for the moment unknown quantities.

APPENDIX C: THE WHEELER-DEWITT
ANALOG

The polymer quantization is of course not the only
accessible technique of realizing the program of quantiza-
tion of geometry. The much older program of geometro-
dynamics employs in particular the standard Schrodinger
quantum representation. The application of this program to
the cosmological models is known as the Wheeler-DeWitt
quantization (see for example [91]). For the model con-
sidered here the comparison of the traditional LQC quan-
tization with its Wheeler-DeWitt (WDW) analog has been
performed already in [22]. The structure of this analog is
critically important for the LQC models themselves as for
example the normalization of the Hilbert space basis relies
on it extensively. In specific contexts, one can even
consider the LQC dynamics as the process of scattering
of geometrodynamical (WDW) quantum universe [92].
This analog is also a necessary component for defining
the Hilbert space structures also in our studies. For that
reason we briefly outline its main properties.

1. The structure of the model

Our point of departure is the classical models of FRW
isotropic universe with massless scalar field already speci-
fied in Sec. II. Its Wheeler-deWitt quantization is discussed
in detail (with use of slightly different variables) in [21,22].
With the family of holonomies /4, being continuous, there
is no need for Thiemann regularization and one can start
with the original connection and triad variables. The
gravitational part of the Hamiltonian constraint reduces
then to just a function of the coefficients v := V/a and b as
defined in (3) and the whole constraint, weighted by lapse
N = 2V, takes the form

C|N] = pf/) - 32Gh*v*b%. (C1)

The standard Schrodinger quantization while ignoring the

constraints (the kinematical level) yields the Hilbert space

Hin = Hy ® Hy = LA(R.dv) @ LA(R.4g)  (C2)

and the standard set of canonical operators (9, b), (¢, Py)
such that

(C3)
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defined on the domains of Schwartz spaces within H ., and
H,, respectively.

Performing the second stage of the Dirac program is
straightforward and gives the (essentially self-adjoint)
quantum constraint taking (in convenient symmetric factor
ordering) the form

CalN] = L, ® pl —3aGR*(\/[0]b /[D])* @ Ty,
(C4)

In the v representation the constraint has the Klein-
Gordon form

h2NCiow = Iy, ® 0%+ 122G(1/[5]0,1/[0])* ® Iy,
(C5)
A restriction to the positive frequency solutions of the
constraint, in addition to the symmetry reduction with
respect to the parity symmetry v — —v, then the applica-
tion of the group averaging procedure via a rigging map

defined analogously to (47), gives us the physical Hilbert
space

Hony 2 |P) W, (v) = /R dik® (k) e, (v)e e, (C6)

where (k) = /12zG|k| and the functions e; are the
Dirac delta normalized eigenfunctions of the WDW evo-
lution operator

© := ~122G(V/[00,/]7])’.

known to be positive definite and essentially self-adjoint.

Its entire spectrum is continuous and consists of positive real

line (Sp(®) = R™). The eigenfunctions e ; are of the form
eikin [v]

er(v) = 2ﬂ| |

(exlew) = o(k—FK),

(C7)

©e (](v) = w(k)*e ().

(C8)

and they form an orthonormal basis of H .

2. Physical states in b representation
Per analogy with (30), we can introduce for the elements
of H,, the transform between the v and b coordinates,

Fyl(b) = Y et

2[ f
w(v) = [Fy(r) = % / dby(b)e™¥.  (COb)

w(b) = (C9a)

which maps between the real symmetric functions in v
and the real symmetric functions in b. Applying this
transformation to the expression of the scalar product on
H . allows one to express it as

Wl =5 [ loldo [ abavy )@, (cro)
0

Unfortunately, due to the presence of absolute value, the
inner product cannot be converted to a local form, that is a
single integral over b. We sidestep this problem following
the analogous treatment in [23] (and in part earlier in [63])
by introducing the transformations to auxiliary Hilbert
space H* defined by the projections P,

P*: ﬂgr - Egr’ [Pi(l//)](y) = W(U)@(:l:?)),

H* := Im(PF), (C11)
where 0 is the Heaviside step function.'” The projection
induces scalar products on H* given by the restriction of
the scalar product on H . to positive/negative v, respec-
tively. In turn, upon transformation to the » coordinate,
these induced scalar products can be written similarly to
(C10), but now they have a local form

Wl + _i/w(iv)dvﬁdbdb/‘/f*(b) (b)e L(b—b'")

= :F2i/ dby* (b)0uy(b). (C12)
R

Since the spaces H* are orthogonal, the scalar product of

H 4 can be rewritten as

(Prwl|P y) + (P7w|Py)_;s  (C13)
thus it becomes quite simple to evaluate, provided that the
projections of the arguments are known. Unfortunately the
form of the operators P* in the b representation is not
simple. In order to properly control the inner product we
need to find the explicit form of F(P*e ). In the integral

form it is a simple restriction of (C9),

1 / dv
27 Jr+ | |
By extending the integrand function to the complex plane
and choosing the integration contours as in Fig. 7, these
integrals can be converted to (well-defined) ones over

imaginary semiaxes, which in turn can be expressed in
terms of the gamma special functions

(wly) =

elikln v ‘eTb

F(Prey)(b) = (C14)

— etsan(b)FT

F(Ptey)(b) = T(ik)e~nlb/2l

(C15)

This in turn allows one to write the full transform of e ; as

Fle)(b) = %F(ik) sinh (sgn(b) ”7"> c-imle2l | (Cl6)

""Here we apply the convention where 6(0) = 0.
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b<0

FIG. 7. Integration contours for the transform (C14).

Using the asymptotic relation |['(ik)|sinh(zk/2)+/|k| =
V7/2+ O(e7*), we can further approximate the above
transform for large k as

1
\/2x|k|

where o is a k-dependent phase shift.

This evaluation is used in the next subsection to
determine the explicit normalization of the Hilbert space
basis elements in LQC framework in b representation.

e=ilkinlbl o) | Ok,

Flen)(b) = (€17)

APPENDIX D: GRAVITATIONAL HILBERT
SPACE IN B REPRESENTATION

The b representation is particularly convenient in iden-
tifying the spectrum of the evolution operator ®r and the
resolution of identity in terms of its eigenstates. However,
certain ingredients of the Hilbert space structure are not
straightforwardly obtained. An example is the scalar
product of H,,. This appendix is dedicated to studying
the mathematical properties of H,, and of ®rg, which are
necessary for the construction of a basis of the physical
Hilbert space. We focus on the eigenvalue problem for Orx
and the normalization of its eigenstates.

Let us start with the scalar product of Hg,.

1. The scalar product

Expressing the scalar product of H,, in the b represen-

tation can be achieved by the inverse of transformation
of (30)

(D1)

y(v) = @ /0 " dbip(b)e .

This leads to the formula

1 4 iy g
) =2 3 lol [ b e, (o2
L 0

Like in WDW, due to the presence of the absolute value, the
scalar product cannot be converted to a local form, that is, a
single integral over b. We introduce the projections P* on
H,, analogously to (C11),

P Hy = Heo  [PE(W)](0) = p(0)0(£0),

H* = Im(P*). (D3)
As in Appendix C, the scalar products on H* can be written
in a form similar to (D2),

1 P I
(Wl = ;; o / dbdb'y* (b)y (b')e =)

4 [=
_ 4 / dby* (00, (b).
T Jo

Since the spaces H™* are orthogonal, the scalar product of
H,g, can be rewritten as
(wl) = (PTw|Py) + (P7w|P7y);  (D4)

thus it becomes quite simple to evaluate, provided that the
projections of the arguments are known. Unfortunately, the
form of operators P* in b representation is not simple; thus
evaluating the scalar product this way is not convenient. On
the other hand the relations (D4) and (D4) are useful in
probing various properties of elements of the physical
Hilbert space (being a subspace of H,,). In particular we
apply them to analyze the weak solutions to the eigenvalue
problem (24).

We conclude this section by expressing the auxiliary
scalar products in terms of the coordinate x,

Wl =52 [ v ou. (9

2. The eigenvalue problem for the
evolution operator

For given w € H,, we denote its components with res-
pect to the projections defined above as y™ = P=(y).
Furthermore, in order to express the weak eigenvalue
problem, we switch to the coordinate x defined in (35).
Noting that the action of Oty preserves the subspaces HEE
we can rewrite the eigenvalue equation (for the eigenvector
¥, with corresponding eigenvalue 1) as

"®While O1r involves shifts both in the positive and negative
directions, by explicit computation one can check that shifts
across v = 0 are multiplied by 0. Hence, a function with support
on the positive sublattice will remain on the positive sublattice
upon repeated action of Opg.
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VyenD,
0= (|05 - 2'Ily)
= (¥]|01r = "Iy ), + (¥;107% = 2'Ily7)_ (D6)
[where D is the domain already defined in (23), of which

elements are necessarily smooth in b]. This equation
|

41 -2 /2 ©
o =21 =7 | [axe [T axe [ e wanloh - rmri
4 ~r/2 4 > + 4i /2 + 2 +
=F— dx[W5]* (x)(—122G0; — *T)0 ™ (x) F ;/ dx[¥5]* (x)(122GO; — A*1)0 " (x)
— —n/2
4i [o
¥ ;’ dx[WE] (x) (—=122GO? — )0t (x)
/2
;[ —n/2
4 (~122GF]"™ — ¥ £48iG lim  [¥F) ()" = (9317 (1))
| [7)2
2 P 2aGhu - £ 481G tm — tim I - ()
T J-z/2 x—-t -z x—-"r
4. & s " A3 !
72 [ (namGhe )Y F 486 [T - T TG)
4i [
=F | ax((Om¥r] () = 2 (¥ ()0 (x)
. . . _ : _ : +1% +1m
i 481G[x —1)152/2 + x—l»lfnfi/z x-»lyfln/z XJ}IP”/Z] F b ()
4i [
=F — | ax((On¥7](x) - A¥;](x)" 0" (x)
4i . . . . :t * j:
* 7 [x —1>1+H;/2 xllfrle/z * x—>1+ngr/2 x—}flrgz/z} T (0[O~ (%), (D7)

where in the third step we integrated by parts twice
using f¢" = f"g+ (f¢ — f'g)’ and disregarded the boun-
dary contributions at infinity, while in the fourth step we
observed that 9,y (£x/2) = 0 [due to smoothness of y*
in b, since 9, y* = (9b/dx)0py™ and (9b/0x) _. /> = O].
From this equation, we see that (¥ |@5, — 2*I[y*). =0
for every y € D nH* if and only if W5 satisfies

ORY; = —122Gsgn(|x| — z/2)02¥F = A¥E,  (D8)

and it is continuous (but not necessarily differentiable) at

x==4r/2. It is then easy to see [recalling that
W¥,(—x) = ¥,(x)] that the general solution is given by
) cos(klx| + ¢(p.k)).  |x| > =/2, 9)
Wsi(x) = C{ s(n)2 % D9
/ colbr2tolb) cosh(kx),  [x] < 7/2,

where { and ¢ are free constants.
Having this form at our disposal, we can systematically
find the eigenstates of @1y relevant for the construction of

requires that both the components on the right-hand side
vanish independently (since it must hold for all y, it holds in
particular for y such that y~ = 0). For each of these
components we split the domain of x into three intervals
where x(b) is regular, Z; € {(—o0,—7/2),(-7n/2,7/2),
(r/2,0)}, so that Oy can be easily expressed in terms
of x: for all y € D N 'H*, we have

|
physical states. This has been done in Sec. III B of the
paper. What remains is fixing the normalization constant
|¢]. The asymptotic form of the eigenfunctions (25) implies
that they are not explicitly normalizable; thus || cannot be
determined in a straightforward way or by purely numerical
means. We focus on this problem in the next subsection.

3. Normalization of the eigenstates

Consider the set of generalized eigenstates ¥, of Ox
corresponding to the eigenvalue w? = 127Gk>. Applying
the asymptotic decomposition (25) to these states, we can
write the inner product between two such states as a
distribution

(. o) = Y Np(k)Np(K)[|o] ™" cos(kIn|o]

VEL,
+or(k)) cos(k' In[v] + o (K')) + O(|v|7/?)],
(D10)
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where O(-) denotes the bounded remnant of the rate of
decay specified in the argument. The trigonometric com-
ponents are combinations of the basis elements of the
Wheeler-DeWitt analog of the model under study (see
Appendix C) and define the so-called Wheeler-DeWitt limit
of LQC (see [22,92] for details). Introducing an auxiliary
variable 5 := In|v|, we can further approximate the above
sum by an integral. Indeed, as the consecutive steps lengths
in 77 between points of the summation decay exponentially,
and due to the boundedness of cos(kn + ox(k)) and its
derivatives, we have an estimate

(Ve ) = 3NN ) [ 7 dpeos(ior + (k)

x cos(k'n + op(K')) + O(n72). (D11)
By expressing the cosines in terms of exponentials, using
the identity

/ ™ dxe = z5(k) + & (DI12)
0

and taking into account that k, k' > 0, we arrive at the
following form of the scalar product,

(i W) = Np(Np(K) S0k = K) + f(k k). (DI3)

where f is possibly singular at k = k. This function,
however, must vanish due to the orthogonality of the
eigenspaces for k # k'; thus, the orthonormality condition
allows us to determine the asymptotic normalization con-
stant N (k) as'

To do this, we observe that ¥, is normalized to Dirac delta as
the principal component of (D13). Thus, in the sense of
distributions we impose [ dke(k)(¥;, Py) = @(K') for all test
functions ¢. Since [ dkf (k. k")p(k) = 0 for all ¢ (due to the fact
that f is nonvanishing only in a set of measure 0 and it is not
proportional to a Dirac delta), we conclude that ¢(k') =
[ dko(k)s(k — K')Np(k)Np (k') /8 = @(k')Np(k')?x/8, which
can be solved for Np.

4

Np=——.
g 2

(D14)

In order to determine the constant || in the expression of
the eigenstates ¥, given in (D9), we employ the following
observations:

(1) In the limit b — 0, z, the function x(b) approaches

(up to a constant) the logarithmic function, that is,

1+y2\ =

bllr(r)ljx(b) In|b|] = ln< 7 ) —5

. L+ | =
| b)+1 —-b|l|=-1 —.
Jim [x(5) + Infa = b = =1n( 57 ) +5

(D15)

The function In |b| is in Wheeler-DeWitt model the
analog of x(b) in the model we are studying.
(2) As a weak solution to the eigenvalue problem, for
|x| > z/2 each of the projections F(P*e;) need to
be linear combinations of e**x(%),
These two observations allow to relate |{| to the norms of the
WDW limits specified in (D10) and expressed in the b
representation using (C16) as follows. Defining the quantity

f = Nglv[72cos(kln|v| + op(k)),  (D16)
we have
LE(f 0l(b) = [E(PTf ik + P )l(b)
= ;—Zi_ﬂsgn(b)|r(ik)| sinh (g k)
x sin(k1n |b| + &(k)). (D17)

where & is some k-dependent phase shift. Having the
convergence of F(¥;) to F(f) in the limit b — 0 we
can determine the absolute value of the multiplicative
constant ¢ in (D9). Thus we have

W2 osinn (PR = 1 1 o
e CIE h( k) T o

(D18)
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