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In a recent work, we constructed a model consisting of two fields—a canonical scalar field and a
noncanonical ghost field—that sourced a symmetric matter bounce scenario. The model involved
only one parameter, viz., the scale associated with the bounce. For a suitable value of the parameter,
the model led to strictly scale-invariant power spectra with a COBE normalized scalar amplitude and a
rather small tensor-to-scalar ratio. In this work, we extend the model to achieve near-matter bounces, which
contain a second parameter apart from the bounce scale. As the new model does not seem to permit
analytical evaluation of the scalar modes near the bounce, with the aid of techniques that we used in our
earlier work, we compute the scalar and the tensor power spectra numerically. For appropriate values of the
additional parameter, we find that the model produces red spectra with a scalar spectral tilt and a small
tensor-to-scalar ratio, which are consistent with the recent observations of the anisotropies in the cosmic
microwave background by Planck.
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I. INTRODUCTION

The inflationary scenario is the most popular paradigm to
describe the origin of the perturbations in the early
Universe [1–9]. Despite the fact that the recent observations
of the cosmic microwave background (CMB) anisotropies
by Planck have led to unprecedented constraints on the
inflationary parameters [10,11], there exist many models of
inflation that remain consistent with the data [12–15], even
giving rise to the concern about whether inflation can be
falsified at all [16]. In such a situation, it seems imperative
to systematically explore alternatives to inflation.
Classical bouncing scenarios provide an alternative to the

inflationary paradigm for the creation of the primordial
perturbations [17–23]. In these scenarios, the Universe
undergoes a period of contraction before it begins to expand,
and under certain conditions, it is possible to impose well-
motivated initial conditions during the contracting phase in a
manner akin to inflation. The shape of the primordial spectra
generated in such scenarios is largely determined by the
form of the contraction during the early stages. For instance,
the so-called matter bounces are known to generate scale-
invariant spectra, as they are “dual” to de Sitter inflation
[24,25]. For this reason, near-matter bounces can be
expected to lead to nearly scale-invariant primordial spectra,
as is required by the CMB observations.
While it is rather easy to build inflationary models that

are consistent with the observations, it proves to be quite
involved to construct viable bouncing models. The diffi-
culties largely arise due to the fact that the null energy
condition has to be violated near the bounce, which leads to
certain pathologies at the level of the background as well as

the perturbations (for a discussion on the various issues one
encounters, see, for example, the introductory section of
Ref. [26]). The simplest of the bouncing models are those
of which the scale factors are symmetric about the bounce.
However, it has been found that such models can lead to a
large tensor-to-scalar ratio beyond the current constraints
[27]. Recently, we constructed a model consisting of a
canonical and a noncanonical (as well as ghost) field to
drive a symmetric matter bounce [26]. We showed (both
analytically and numerically) that the model leads to
strictly scale-invariant primordial spectra and a viable
tensor-to-scalar ratio as well as insignificant isocurvature
perturbations. We found that the amplitude of the scalar
perturbations are considerably enhanced during the null
energy condition–violating phase, resulting in a small
tensor-to-scalar ratio after the bounce. In this work, we
extend our earlier model so that it also leads to a scalar
spectral tilt that is consistent with the observations.
This paper is organized as follows. In the following

section, we shall describe the scale factor of our interest and
the sources that can drive such a background. In Sec. III, we
shall discuss the simpler case of the evolution of the tensor
perturbations and evaluate the tensor power spectra prior to
the bounce. In Sec. IV, we shall arrive at the equations
governing the scalar perturbations. In Sec. V, we shall solve
the equations governing the scalar and tensor perturbations
numerically to determine their evolution across the bounce.
We shall also present the essential results, viz., the scalar
and tensor power spectra (evaluated after the bounce) that
we obtain in the model. In Sec. VI, we shall conclude with a
brief summary.
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Let us now make a few clarifying remarks about our
conventions and notations. We shall adopt natural units
such that ℏ ¼ c ¼ 1 and set the Planck mass to be
MPl ¼ ð8πGÞ−1=2. We shall work with the metric signature
of ð−;þ;þ;þÞ. Note that the greek indices shall denote the
spacetime coordinates, whereas the latin indices shall
represent the spatial coordinates, except for k, which we
shall reserve for denoting the wave number. Also, as usual,
an overdot and an overprime shall denote differentiation
with respect to the cosmic and the conformal time coor-
dinates, respectively. Moreover, we shall also work with a
new time variable that we introduced in an earlier work on
bouncing scenarios, viz., e-N-folds, which we shall denote
as N [28,29].

II. BACKGROUND AND SOURCES

In this section, we shall construct sources involving
two scalar fields to drive near-matter bounces. We shall
consider the background to be the spatially flat, Friedmann-
Lemaître-Robertson-Walker (FLRW) metric that is
described by the line element

ds2 ¼ −dt2 þ a2ðtÞδijdxidxj
¼ a2ðηÞð−dη2 þ δijdxidxjÞ; ð1Þ

where aðtÞ is the scale factor and η ¼ R
dt=aðtÞ denotes the

conformal time coordinate. We shall assume that the scale
factor describing the bounce is given in terms of the
conformal time as

aðηÞ ¼ a0ð1þ k20η
2Þ1þλ ¼ a0

�
1þ η2

η20

�
1þλ

; ð2Þ

where a0 is the value of the scale factor at the bounce
(i.e., at η ¼ 0), k0 ¼ 1=η0 is the scale associated with the
bounce,1 and λ ≥ 0. Note that λ ¼ 0 corresponds to the
specific case of matter bounce we considered in our earlier
work [26]. As we shall see later, a nonzero but small λ (such
that 0 < λ ≪ 1) leads to a scalar spectral tilt suggested by
the CMB observations.
We find that the Hubble parameter associated with the

scale factor (2) can be expressed as

H2 ¼
�
2k0ð1þ λÞ

a0

�
2
�

1

ða=a0Þγ
−

1

ða=a0Þδ
�
; ð3Þ

where γ ¼ ð3þ 2λÞ=ð1þ λÞ and δ ¼ 2ð2þ λÞ=ð1þ λÞ.
Recall that, according to the first Friedmann equation,
H2 ¼ ρ=ð3M2

PlÞ, with ρ being the total energy density of

the sources driving the background. Therefore, the right-
hand side of the expression (3) suggests that the scale factor
(2) can be driven by two sources described by the equations
of state w1 ¼ −λ=½3ð1þ λÞ� and w2 ¼ ð1 − λÞ=½3ð1þ λÞ�.
Moreover, the second source has to have negative energy
density, a property which ensures that the Hubble param-
eter vanishes at the bounce (i.e., when a ¼ a0). Before we
proceed further to model the two sources in terms of scalar
fields, a couple of points require clarification to allay
possible concerns related to the fact that we are working
with a spatially flat FLRW universe. Note that if a nonzero
spatial curvature is present, at very early times, the
corresponding contribution to the first Friedmann equa-
tion (3) (which behaves as a−2) can dominate the dynamics
of the background. However, at later times during the
contracting phase, these effects will quickly become
subdominant, and the dynamics will be essentially gov-
erned by the first source (the energy density of which
behaves as a−3) we have described above. More impor-
tantly, in our discussion below, we shall assume that the
perturbations originated during the phase wherein the
spatial curvature is subdominant. Further, it can be shown
that the presence of spatial curvature does not affect the
evolution of the perturbations around the bounce (in this
context, see Ref. [30]). For these reasons, we believe that it
is consistent to work with a spatially flat FLRW universe.
The two sources discussed above can be modeled in

terms of two scalar fields—a canonical scalar field, say, ϕ,
characterized by the potential VðϕÞ and a noncanonical
ghost field, say, χ—that are described by the action

S½ϕ; χ� ¼ −
Z

d4x
ffiffiffiffiffiffi
−g

p ½−Xϕϕ þ VðϕÞ þ U0ðXχχÞb� ð4Þ

with U0 and b being positive constants. The quantities Xϕϕ

and Xχχ are the kinetic terms defined as

Xϕϕ ¼ −
1

2
∂μϕ∂μϕ; ð5aÞ

Xχχ ¼ −
1

2
∂μχ∂μχ: ð5bÞ

The stress-energy tensor associated with these fields can be
obtained to be

Tμ
νðϕÞ ¼ ∂μϕ∂νϕ − δμν ½−Xϕϕ þ VðϕÞ�; ð6aÞ

Tμ
νðχÞ ¼ −bU0ðXχχÞb−1∂μχ∂νχ − δμνU0ðXχχÞb: ð6bÞ

It should be evident that we have invoked the ghost field
χ in order to achieve the violation of the null energy
condition around the bounce. While this is the simplest
method possible, ghost fields are considered to be undesir-
able because they do not permit a stable quantum vacuum.

1To be precise, the energy scale associated with the bounce is
actually given by k0=a0. For instance, the amplitudes of the scalar
and tensor power spectra are determined only by this combination
(in this context, see the discussion in Ref. [26]).
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In this work, our primary aim will be to study the evolution
of the curvature and isocurvature perturbations across the
bounce. As we shall see, we are able to circumvent
challenges that arise (due to the presence of the ghost
field) in the evolution of these perturbations through the
bounce.
Let us first consider the behavior of the ghost field χ. For

a homogeneous field, it is straightforward to show that

T0
0ðχÞ ¼ −ρχ ¼ ð2b − 1ÞU0ðXχχÞb; ð7aÞ

Ti
jðχÞ ¼ pχδ

i
j ¼ −U0ðXχχÞbδij; ð7bÞ

where, evidently, ρχ and pχ are the energy density and
pressure associated with the χ field. Note that ρχ is negative
for b>1=2 and pχ¼ρχ=ð2b−1Þ, corresponding to wχ ¼
pχ=ρχ ¼ 1=ð2b−1Þ. If we set wχ ¼w2¼ð1−λÞ=½3ð1þλÞ�,
which corresponds to b ¼ ð2þ λÞ=ð1 − λÞ, then the energy
density of the field χ can be expressed as

ρχ ¼ −3M2
Pl

�
2k0ð1þ λÞ

a0

�
2 1

ða=a0Þδ
: ð8Þ

In this expression for ρχ, we have chosen the overall
constant such that it corresponds to the second term in the
expression (3) forH2 through the first Friedmann equation.
Let us now turn to the behavior of the canonical

scalar field ϕ. The nonzero components of the stress-
energy tensor associated with the homogeneous field ϕ are
given by

T0
0ðϕÞ ¼ −ρϕ ¼ −

_ϕ2

2
− VðϕÞ; ð9aÞ

Ti
jðϕÞ ¼ pϕδ

i
j ¼

�
_ϕ2

2
− VðϕÞ

�
δij: ð9bÞ

To lead to the first term in the expression (3) for H2

(through the first Friedmann equation), we require ρϕ to
behave as

ρϕ ¼ 3M2
Pl

�
2k0ð1þ λÞ

a0

�
2 1

ða=a0Þγ
; ð10Þ

which implies that wϕ ¼ pϕ=ρϕ ¼ w1 ¼ −λ=½3ð1þ λÞ�.
These results and Eqs. (9) lead to

_ϕ2 ¼ 2

�
3þ 2λ

3þ 4λ

�
VðϕÞ: ð11Þ

Using Eqs. (9a), (10), and (11) and the scale factor (2), it is
straightforward to show that the evolution of the field ϕ can
be expressed in terms of the scale factor aðηÞ as

ϕðaÞ − ϕ0 ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ λÞð3þ 2λÞ

p
MPl

× cosh−1f½aðηÞ=a0�1=½2ð1þλÞ�g; ð12Þ

where ϕ0 is the value of ϕ at the bounce, i.e., when a ¼ a0.
From the above expression for ϕðaÞ and Eq. (11), the
corresponding potential VðϕÞ can be obtained to be

VðϕÞ ¼ 2ð3þ 4λÞð1þ λÞ
�
MPlk0
a0

�
2

× cosh−2ð3þ2λÞ
� ðϕ − ϕ0Þ=MPl

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ λÞð3þ 2λÞp

�
: ð13Þ

Two points need to be stressed regarding the model we
have constructed. First, note that the potential VðϕÞ above
as well as the complete system involving the two scalar
fields ϕ and χ described by the action (4) depend only on
the two parameters k0=a0 and λ, as ϕ0 and U0 do not play
any nontrivial role in the dynamics. Second, when λ ¼ 0,
the action reduces to the model that leads to the matter
bounce scenario that we considered earlier [26].

III. TENSOR MODES AND THE RESULTING
POWER SPECTRUM

The tensor perturbations are always simpler to study
because the equations governing their evolution depend
only on the scale factor that describes the FLRW universe
and not on the nature of the source that drives the back-
ground. In this section, we shall discuss the tensor power
spectrum arising in the near-matter bounces of our interest.
As the scale factor (2) reduces to a power-law form at early
times, i.e., when η ≪ −η0, it is straightforward to arrive at
the modes and power spectrum well before the bounce. In a
later section, we shall numerically evolve the tensor
perturbations across the bounce and evaluate the power
spectrum after the bounce. We shall see that, while the
bounce alters the amplitude of the tensor power spectrum, it
does not change its shape.
Let us quickly summarize a few essential points con-

cerning the tensor perturbations. If the tensor perturbations
are characterized by γij, then the spatially flat FLRWmetric
containing the perturbations can be expressed as [31]

ds2 ¼ a2ðηÞf−dη2 þ ½δij þ γijðη; xÞ�dxidxjg: ð14Þ

The Fourier modes hk corresponding to the tensor pertur-
bations are governed by the differential equation

h00k þ 2
a0

a
h0k þ k2hk ¼ 0; ð15Þ

and if we write hk ¼ ð ffiffiffi
2

p
=MPlÞuk=a, then the Mukhanov-

Sasaki variable uk satisfies the differential equation
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u00k þ
�
k2 −

a00

a

�
uk ¼ 0: ð16Þ

The tensor power spectrum evaluated at a specific time is
defined as

PTðkÞ ¼ 4
k3

2π2
jhkðηÞj2; ð17Þ

and the corresponding tensor spectral index nT is given by

nT ¼ d lnPTðkÞ
d ln k

: ð18Þ

During the early contracting phase, i.e., when η ≪ −η0,
the scale factor (2) behaves as aðηÞ ∝ η2ð1þλÞ. For this
reason, the equation (16) describing the Mukhanov-Sasaki
variable uk reduces to

u00k þ
�
k2 −

2ð1þ λÞð1þ 2λÞ
η2

�
uk ≃ 0: ð19Þ

For modes of cosmological interest, we can impose the
standard Bunch-Davies initial conditions at early times
when kη ≪ −½2ð1þ λÞð1þ 2λÞ�1=2. In such a case, the
solution to the above equation, which satisfies the Bunch-
Davies initial condition, is found to be

ukðηÞ ≃
�
−πkη
4

�
1=2

eiðνþ1=2Þπ=2Hð1Þ
ν ð−kηÞ; ð20Þ

where Hð1Þ
ν ðxÞ denotes Hankel function of the first kind,

while ν ¼ 3=2þ 2λ. The tensor power spectrum evaluated
as one approaches the bounce can be expressed as

PTðkÞ ¼
1

2π2M2
Pl

���� ΓðνÞ
Γð3=2Þ

����
2
�

k
aðηÞ

�
2
�
−kη
2

�
1−2ν

: ð21Þ

The corresponding spectral index nT is evidently given by

nT ¼ −4λ; ð22Þ

which clearly reduces to zero when λ ¼ 0, corresponding to
the case of the matter bounce. We shall later evolve the
tensor perturbations numerically and compute the power
spectra before as well as after the bounce. We shall find that
the above analytical spectrum matches the numerical
results prior to the bounce and the spectral shape is retained
as the modes are evolved across the bounce.

IV. ARRIVING AT THE EQUATIONS GOVERNING
THE SCALAR PERTURBATIONS

Since we are working with two scalar fields, as is well
known, there will arise two independent scalar degrees of
freedom. In fact, among the four scalar quantities that

describe the perturbations in the metric and the two that
describe the perturbations in the scalar fields, we can
choose to work with any two of them to evolve the
perturbations. The usual choices are the curvature and
the isocurvature perturbations, which are actually a linear
combination of the perturbations in the scalar fields
[32–34]. In this section, we shall derive the equations
governing the evolution of the perturbations in the two
scalar fields, say, δϕ and δχ. Thereafter, we shall construct
the curvature and isocurvature perturbations for our model
and arrive at the equations describing them. As in our
earlier model [26], we find that some of the coefficients in
the equations governing the curvature and the isocurvature
perturbations diverge as one approaches the bounce. To
circumvent this difficulty, we shall choose two other
independent scalar quantities to evolve the perturbations
across the bounce and reconstruct the curvature and
isocurvature perturbations from these quantities.

A. Einstein’s equations and the equations describing
the perturbations in the scalar fields

In linear perturbation theory, the scalar and tensor
perturbations evolve independently. When the scalar per-
turbations are taken into account, the FLRW line element,
in general, can be written as

ds2 ¼ −ð1þ 2AÞdt2 þ 2aðtÞð∂iBÞdt dxi
þ a2ðtÞ½ð1 − 2ψÞδij þ 2ð∂i∂jEÞ�dxidxj; ð23Þ

where A, B, ψ , and E are four scalar functions that describe
the perturbations, which depend on time as well as space.
At the first order in the perturbations, Einstein’s equations
describing the system of our interest are given by [1,3–6]

3HðHAþ _ψÞ − 1

a2
∇2½ψ − aHðB − a _EÞ�

¼ −
1

2M2
Pl

ðδρϕ þ δρχÞ; ð24aÞ

∂iðHAþ _ψÞ ¼ 1

2M2
Pl

∂iðδqϕ þ δqχÞ; ð24bÞ

ψ̈ þHð _Aþ 3 _ψÞ þ ð2 _H þ 3H2ÞA ¼ 1

2M2
Pl

ðδpϕ þ δpχÞ;

ð24cÞ

A − ψ þ 1

a
½a2ðB − a _EÞ�· ¼ 0; ð24dÞ

where δρI and δpI , with I ¼ ðϕ; χÞ, are the perturbations in
the energy densities and pressure associated with the two
fields ϕ and χ. Moreover, the quantities δqI are related to
the time-space components of the perturbed stress-energy
tensor through the condition δT0

iðIÞ ¼ −∂iðδqIÞ. The final
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equation arises due to the fact that the scalar fields do not
possess any anisotropic stress. The components of the
perturbed stress-energy tensor associated with the two
fields ϕ and χ can be obtained to be

δT0
0ðϕÞ ¼ −δρϕ ¼ − _ϕ _δϕ þ A _ϕ2 − Vϕδϕ; ð25aÞ

δT0
iðϕÞ ¼ −∂iδqϕ ¼ −∂ið _ϕδϕÞ; ð25bÞ

δTi
jðϕÞ ¼ δpϕδ

i
j ¼ ð _ϕ _δϕ − A _ϕ2 − VϕδϕÞδij ð25cÞ

and

δT0
0ðχÞ ¼−δρχ ¼−ð2b−1ÞbU0ðXχχÞb−1 _χð _δχ− _χAÞ; ð26aÞ

δT0
iðχÞ ¼ −∂iδqχ ¼ bU0ðXχχÞb−1 _χδχ; ð26bÞ

δTi
jðχÞ ¼ δpχδ

i
j ¼

δρχ
2b − 1

δij; ð26cÞ

respectively.
A straightforward way to arrive at the equations of

motion describing the perturbations in the scalar fields
would be to utilize the conservation equation governing the
perturbation in the stress-energy tensor of the fields. The
equation describing the conservation of the perturbation in
the energy density of a particular component is given by
(see, for instance, Refs. [33,34])

_δρI þ 3HðδρI þ δpIÞ − 3ðρI þ pIÞ _ψ

−∇2

��
ρI þ pI

a

�
Bþ δqI

a2
− ðρI þ pIÞ _E

�
¼ 0: ð27Þ

On substituting the expressions for the components of the
perturbed stress-energy tensor we have obtained in the
above equation, we find that the equations of motion
governing the Fourier modes, say, δϕk and δχk, associated
with the perturbations in the two scalar fields can be
expressed as

δ̈ϕk þ 3H _δϕk þ Vϕϕδϕk þ 2VϕAk − _ϕð _Ak þ 3 _ψkÞ

þ k2

a2
½δϕk þ a _ϕðBk − a _EkÞ� ¼ 0; ð28aÞ

δ̈χk þ
3H

2b − 1
_δχk − _χ

�
_Ak þ

3 _ψk

2b − 1

�

þ k2

ð2b − 1Þa2 ½δχk þ a_χðBk − a _EkÞ� ¼ 0: ð28bÞ

In these equations, the quantities Ak, Bk, ψk, and Ek are
the Fourier modes associated with the corresponding metric

perturbations. Note that, when b ¼ 2, these equations
reduce to the matter bounce model we considered in our
earlier work [26].
In the following subsection, we shall first construct the

gauge-invariant curvature and isocurvature perturbations.
Thereafter, with the aid of the above equations for δϕk and
δχk, we shall arrive at the equations governing them. As in
the case of the matter bounce scenario [26], we shall find
that some of the coefficients in the equations governing the
curvature and the isocurvature perturbations diverge in the
domain where the null energy condition is violated around
the bounce. Lastly, we shall discuss the method by which
we can circumvent these difficulties before proceeding to
solve the equations numerically.

B. Equations governing the scalar perturbations
and circumventing the diverging coefficients

Recall that the curvature perturbations are the fluctua-
tions along the direction of the background trajectory in the
field space, whereas the isocurvature perturbations corre-
spond to fluctuations in a direction perpendicular to the
background trajectory [32–34]. Using the arguments we
presented in our earlier work [26,35], we can construct the
curvature and the isocurvature perturbations for the model
of our interest to be

R ¼ H
_ϕ2 − 2bU0ðXχχÞb ð

_ϕ δϕ−bU0ðXχχÞb−1 _χ δχÞ; ð29aÞ

S ¼ H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bU0ðXχχÞb−1

p
_ϕ2 − 2bU0ðXχχÞb ð_χ δϕ− _ϕ δχÞ; ð29bÞ

where δϕ ¼ δϕþ ð _ϕ=HÞψ and δχ ¼ δχ þ ð_χ=HÞψ are
the gauge-invariant versions of the perturbations asso-
ciated with the two scalar fields. Upon using the
equations of motion (28) governing the perturbations
δϕk and δχk and the first-order Einstein equations (24),
we can arrive at the following equations governing the
Fourier modes Rk and Sk of the curvature and the
isocurvature perturbations,

R00
k þ

�
2

3ð1þ λÞ½1 − ð3þ 2λÞk20η2�
	

× ½CrrR0
k þDrrRk þ CrsS0

k þDrsSk� ¼ 0 ð30aÞ

S00
k þ

�
2

3ð1þ λÞ½1 − ð3þ 2λÞk20η2�
	

× ½CssS0
k þDssSk þ CsrR0

k þDsrRk� ¼ 0 ð30bÞ

where the quantities ðCrr; Drr; Crs; DrsÞ are given by
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Crr ¼
1

ð1− λÞð1þ k20η
2Þη ½21þ 124λþ 219λ2 þ 144λ3 þ 32λ4 þ ð1þ 2λÞð27þ 76λþ 61λ2 þ 16λ3Þk20η2

− 6ð1þ λÞ2ð1− λÞð3þ 2λÞk40η4�; ð31aÞ

Drr ¼−
k2

2
½5þ17λþ8λ2þ3ð1þλÞð3þ2λÞk20η2�; ð31bÞ

Crs ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2þ λÞð3þ 2λÞp

ð1 − λÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k20η

2
p

η
½ð1þ 2λÞð5þ 17λþ 8λ2Þ þ 3ð1þ λÞð4þ 7λþ 4λ2Þk20η2�; ð31cÞ

Drs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2þ λÞð3þ 2λÞp

ð1 − λÞð1þ k20η
2Þ3=2η2 ½ð1þ 2λÞð5þ 17λþ 8λ2Þ þ ð1 − λÞð1þ 2λÞð1þ k20η

2Þ2k2η2

− 6ð1þ λÞð1þ 2λÞð4þ 7λþ 4λ2Þk40η4 − ð1þ λÞð22þ 87λþ 84λ2 þ 32λ3Þk20η2�; ð31dÞ

while the quantities ðCss; Dsr; Csr;DssÞ are given by

Css ¼ −
1

ð1− λÞð1þ k20η
2Þη ½27þ 124λþ 213λ2 þ 144λ3 þ 32λ4 þ ð1þ 2λÞð21þ 76λþ 67λ2 þ 16λ3Þk20η2

þ 6ð1þ λÞ2ð1− λÞð3þ 2λÞk40η4�; ð32aÞ

Dss ¼
1

2ð1 − λÞð1þ k20η
2Þ2η2 f2ð27þ 124λþ 213λ2 þ 144λ3 þ 32λ4Þ

− ð255þ 1076λþ 1753λ2 þ 1500λ3 þ 688λ4 þ 128λ5Þk20η2
− ð1þ λÞð75þ 691λþ 1314λ2 þ 936λ3 þ 224λ4Þk40η4 − 6ð1 − λÞð1þ λÞð1þ 2λÞð3þ 2λÞk60η6
þ ð1 − λÞ½9þ 19λþ 8λ2 − ð1 − λÞð3þ 2λÞk20η2�ð1þ k20η

2Þ2k2η2g; ð32bÞ

Csr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2þ λÞð3þ 2λÞp

ð1 − λÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k20η

2
p

η
½ð1þ 2λÞð9þ 19λþ 8λ2Þ − ð1 − λÞð2þ λÞð3þ 4λÞk20η2�; ð32cÞ

Dsr ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2þ λÞð3þ 2λÞ

p
ð1þ 2λÞk2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k20η

2

q
: ð32dÞ

We find that some of these coefficients diverge either at
the time when _H ¼ 0 or at the bounce. This poses a
difficulty in evolving the curvature and the isocurvature
perturbations across these instances. As we did in our
earlier work [26], around the bounce, we shall work in a
specific gauge wherein the two scalar quantities describing
the perturbations behave well at such points. We shall
evolve these two scalar quantities across these domains and
eventually reconstruct the curvature and the isocurvature
perturbations from these quantities. Note that _H ¼ 0 when
η� ¼ ∓1=½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið3þ 2λÞp

k0�. As we shall illustrate later, the
curvature and the isocurvature perturbations indeed diverge
at this point (in this context, see our discussion in
Appendix). Also, we shall find that, while the isocurvature
perturbations vanish exactly at the bounce, the curvature
perturbations go to zero a little time later.
As we have mentioned, we shall overcome the problem

of diverging coefficients by working in a specific gauge.

It has been observed that the difficulties of evolving the
curvature and the isocurvature perturbations across the
bounce can be avoided if we choose to work in the uniform
χ gauge, i.e., the gauge wherein δχk ¼ 0 [26,27]. In this
gauge, we can use A and ψ as the two independent scalar
functions, and these quantities can be smoothly evolved
across the bounce. The curvature and the isocurvature
perturbations can then be suitably constructed from these
two scalar perturbations. In the uniform χ gauge, Eq. (28b)
reduces to

k2

a
ðBk − a _EkÞ ¼ ð2b − 1Þ _Ak þ 3 _ψk: ð33Þ

Upon using this relation, the first-order Einstein equa-
tions (24), and the background equations, we obtain the
following equations governing Ak and ψk:

RATHUL NATH RAVEENDRAN and L. SRIRAMKUMAR PHYS. REV. D 100, 083523 (2019)

083523-6



A00
k þ

4ð2þ 3λÞk20η
1þ k20η

2
A0
k

þ k2ð1þ k20η
2Þ2ð1 − λÞ − 12k20ð1þ λÞ2ð5þ 4λÞ
3ð1þ λÞð1þ k20η

2Þ2 Ak

¼ −
2ð1 − λÞð3þ 4λÞk20η
ð1þ λÞð1þ k20η

2Þ ψ 0
k þ

4ð1 − λÞ
3ð1þ λÞ k

2ψk; ð34aÞ

ψ 00
k −

2ð1þ2λÞk20η
1þk20η

2
ψ 0
kþk2ψk

¼ 4ð1þλÞð1þ2λÞk20η
ð1−λÞð1þk20η

2Þ A0
k−

4ð1þλÞ2ð5þ4λÞ
ð1−λÞð1þk20η

2Þ2 k
2
0Ak:

ð34bÞ

Note that, in the uniform χ gauge, the curvature and the
isocurvature perturbations are given by

Rk ¼ ψk þ
2HM2

Pl
_ϕ2 − 2bU0ðXχχÞb ð _ψk þHAkÞ; ð35aÞ

Sk ¼
2HM2

Pl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bU0ðXχχÞb−1

p
_χ

½ _ϕ2 − 2bU0ðXχχÞb� _ϕ ð _ψk þHAkÞ: ð35bÞ

Later, we shall make use of these relations to construct
Rk and Sk from Ak and ψk around the bounce.

V. EVOLUTION OF THE PERTURBATIONS
AND POWER SPECTRA

In our earlier work on the matter bounce scenario [26],
we constructed analytical as well as numerical solutions for
the perturbations at early times (i.e., when η ≪ −η0) as well
across the bounce. For the case of near-matter bounces of
our interest here, we do not seem to be able to analytically
solve the equations (34) governing Ak and ψk across the
bounce. Therefore, we evolve the perturbations numeri-
cally. In the case of bounces driven by two fields, one of the
concerns that has been raised is whether the fields will be
decoupled at early times, allowing one to impose the
required Bunch-Davies initial conditions (in this context,
see Ref. [36]). Note that, in the model governed by the
action (4), the two fields ϕ and χ do not interact directly and
are coupled only gravitationally. It should be clear from
the first Friedmann equation (3) that the energy densities
of the two fields are equal only at the bounce. Clearly, at
very early times, the background universe is effectively
driven by a single field, with the field ϕ dominating the
evolution. This behavior ensures that the curvature and the
isocurvature perturbations are completely decoupled during
the early contracting phase, permitting us to impose the
standard initial conditions on the modes.
As we can construct the background quantities analyti-

cally, we shall require the numerical procedure only for the
evolution of the perturbations. The tensor perturbations can

be evolved across the bounce without any difficulty. In the
case of scalars, we evolve the curvature and the isocurva-
ture perturbations until close to the bounce, and thereafter
we shall choose to evolve the metric perturbations Ak and
ψk across the bounce (for reasons discussed in the last
section). We shall evaluate the final perturbation spectra at a
suitable time after the bounce.

A. Analytical solutions at early times

Since the scale factor (2) reduces to a power-law form for
η ≪ −η0, the scalar modes can be obtained analytically
during the contracting phase as in the case of tensors. Also,
as we mentioned, during these early times, it is the energy
density of the scalar field ϕ that dominates the background
evolution. For this reason, as we discussed, when η ≪ −η0,
the curvature and the isocurvature perturbations decouple
so that the equations (30) governing Rk and Sk simplify to

R00
k þ 2

z0

z
R0

k þ k2Rk ≃ 0; ð36aÞ

S00
k þ 2

z0

z
S0
k þ

�
wχk2 þ

2ð1þ 2λÞ
η2

�
Sk ≃ 0; ð36bÞ

where z ≃ a _ϕ=H ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1þ wϕÞ

p
MPla, and recall that,

while wϕ ¼ −λ=½3ð1þ λÞ�, wχ ¼ ð1 − λÞ=½3ð1þ λÞ�. We
find that the equations describing the Mukhanov-Sasaki
variables corresponding to the curvature and the isocurva-
ture perturbations, viz., Uk ¼ zRk and Vk ¼ zSk, reduce to

U 00
k þ

�
k2 −

2ð1þ λÞð1þ 2λÞ
η2

�
Uk ≃ 0; ð37aÞ

V 00
k þ

�
wχk2 −

2λð1þ 2λÞ
η2

�
Vk ≃ 0: ð37bÞ

At very early times during the contracting phase, i.e.,
when η ≪ −η0, we can impose the following Bunch-
Davies initial conditions on the scalar Mukhanov-Sasaki
variables Uk and Vk:

UkðηÞ ¼
1ffiffiffiffiffi
2k

p e−ikη; ð38aÞ

VkðηÞ ¼
1ffiffiffiffiffiffiffiffiffiffi
2w

1
2
χk

q e−i
ffiffiffiffi
wχ

p
kη: ð38bÞ

For convenience, let us simply define the scalar
power spectra as (in this context, see the following
subsection in which we discuss the numerical evolution
of the perturbations)

PRðkÞ ¼
k3

2π2
jRkj2; ð39aÞ
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PSðkÞ ¼
k3

2π2
jSkj2: ð39bÞ

The spectral index nR of the curvature perturbation is
given by

nR ¼ 1þ d lnPR

d ln k
: ð40Þ

Note that the equation governing the tensor and scalar
Mukhanov-Sasaki variables uk and Uk [cf. Eqs. (19) and
(37a)] at early times during the contracting phase have the
same form, as is expected in a power-law background.
Therefore, the spectrum of curvature perturbations evalu-
ated prior to the bounce has the same shape as the tensor
power spectrum. As a result, we find that we can write

PTðkÞ ¼ rPRðkÞ; ð41Þ

where the tensor-to-scalar ratio r is a constant and is
given by

r ¼ 8ð3þ 2λÞ
1þ λ

: ð42Þ

Evidently, r ¼ 24 when λ ¼ 0, a well-known result in
the matter bounce scenarios (see, for instance, Ref. [27]).
It should also be mentioned that the spectral index nR is
given by

nR ¼ 1 − 4λ: ð43Þ

B. Numerical evolution across the bounce

We evolve the perturbations numerically just as we did in
our earlier work [26]. To begin with, we use e-N-foldsN—
defined as aðN Þ ¼ a0 expðN 2=2Þ—to be our independent
variable. The e-N-fold proves to be very convenient to
describe symmetric bounces, and it replaces the more
conventional e-fold to evolve the perturbations over a wide
domain in time efficiently [26,28,29]. We express the
equations (15) and (30) governing the tensor and scalar
perturbations hk,Rk, and Sk in terms of the new variableN
and integrate the equations using a fifth-order Runge-Kutta
algorithm. In the case of the scalar perturbations, as is often
done in the case of two field models, we shall numerically
integrate Eqs. (30) using two sets of initial conditions (in
this context, see, for instance, Refs. [35,37]). We first
integrate the equations by imposing the Bunch-Davies
initial condition corresponding to (38a) on Rk and setting
the initial value of Sk to be zero. We then impose the initial
condition corresponding to (38b) on Sk and set the initial
value of Rk to be zero. If the perturbations Rk and Sk
evolved according to these two sets of initial conditions are
denoted as (RI

k, S
I
k) and (RII

k , S
II
k ), then the power spectra

associated with the curvature and the isocurvature pertur-
bations can be defined as [35,37]

PRðkÞ ¼
k3

2π2
ðjRI

kj2 þ jRII
k j2Þ; ð44aÞ

PSðkÞ ¼
k3

2π2
ðjSI

kj2 þ jSII
k j2Þ: ð44bÞ

We discussed earlier how the model of our interest
depends only on two parameters, viz., k0=a0 and λ. If we
multiply the modes Rk, Sk, and hk by the quantityffiffiffiffiffi
k0

p
a0MPl, we find that k0 or a0 does not need to be

specified independently in order to evolve them from the
given initial conditions. In fact, the resulting scalar and
tensor power spectra depend only on k0=a0 and λ. We shall
choose to work with k0=ða0MPlÞ ¼ 9.61 × 10−9 and
λ ¼ 0.01. This value of k0=a0 ensures that the curvature
perturbation spectrum PRðkÞ evaluated after the bounce is
COBE normalized, corresponding to the value of 2.31 ×
10−9 at a suitable pivot scale. Also, the value of λ we shall
work with leads to the scalar spectral index of nR ≃ 0.96, as
required by the Planck data.
We impose the initial conditions on the perturbations

when k2 ¼ 104ða00=aÞ. In the case of tensors, we evolve
Eq. (15) across the bounce (with N as the independent
variable) until η ¼ βη0, with β ¼ 102, after the bounce. We
evolve the scalar perturbations using Eqs. (30) until η ¼
−αη0 and we shall assume that α ¼ 105. Since Eqs. (30)
contain coefficients which diverge close to the bounce, as
we discussed, we instead use Eqs. (34) to evolve the scalar
perturbations Ak and ψk across the bounce from η ¼ −αη0
to η ¼ βη0. Evidently, the quantities Rk and Sk that were
evolved during the early contracting phase can provide us
the initial conditions for Ak and ψk at η ¼ −αη0 through the
relations (35). Once we have Ak and ψk in hand, we shall
reconstruct Rk and Sk using the same relations. It is useful
to mention here that, for the values of k0=a0 and λ that we
are working with, η ¼ −αη0 with α ¼ 105 corresponds to
N ≃ −6.78, while η ¼ βη0 with β ¼ 102 corresponds
to N ¼ 4.29.

C. Behavior of the perturbations and the power spectra

In Fig. 1, we have plotted the evolution of the perturba-
tions Rk, Sk, and hk for a typical cosmological scale as a
function of e-N-foldsN . As we had expected, the curvature
and the isocurvature perturbations diverge at the points
where _H ¼ 0, i.e., at η∓� ¼ ∓1=½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið3þ 2λÞp

k0�, corre-
sponding to N ¼ ∓0.76 (in this context, see Appendix).
Moreover, as expected, the isocurvature perturbations
vanish at the bounce. We find that, in fact, the curvature
perturbation also vanishes at a point soon after the bounce.
Further, while the amplitude of the curvature and the
tensor perturbations freeze after η ¼ ηþ� , the isocurvature
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perturbations decay soon after.2 Such a decay leads to a
strongly adiabatic spectrum of scalar perturbations, as is
required by the observations. All these points should be
evident from Fig. 1. Essentially, the scalar and tensor
perturbations behave just as in the matter bounce scenario
we considered earlier [26].
Having obtained the solutions for the modes, we can now

evaluate the resulting power spectra. We compute the scalar
and tensor power spectra after the bounce at η ¼ βη0, with
β ¼ 102 (corresponding to N ¼ 4.29). In Fig. 2, we have
plotted the power spectra prior to the bounce (evaluated at
η ¼ −αη0, with α ¼ 105, corresponding to N ¼ −6.78) as
well as after the bounce. It is evident from the figure that the
shape of the power spectra are preserved as the perturba-
tions evolve across the bounce. We find that the value of
k0=ða0MPlÞ ¼ 9.61 × 10−9 leads to the COBE normalized

value of 2.31 × 10−9 for the curvature perturbation spec-
trum at the scale of k=k0 ¼ 10−23. Recall that our main goal
here is introduce a suitable tilt to the curvature perturbation
spectrum so as to be consistent with the observations. As
we mentioned, for λ ¼ 0.01, we find that nR ¼ 0.96,
perfectly consistent with the observations. Lastly, we find
that, as the perturbations evolve across the bounce, the
tensor-to-scalar ratio drops from the value of r ¼ 23.92
prior to the bounce to r ¼ 1.46 × 10−6 after the bounce.
Needless to add, this value of the r is much smaller than the
current upper bound of r≲ 0.07 from Planck [10].

VI. DISCUSSION

In this work, extending our earlier effort, we have
constructed a two-field model consisting of a canonical
scalar field and a noncanonical ghost field to drive near-
matter bounces. Near-matter bounces are in some sense
similar to slow-roll inflation, as they lead to nearly scale-
invariant spectra. The model we have constructed consists

FIG. 2. The numerically evaluated scalar (the curvature per-
turbation spectrum in blue and the isocurvature perturbation
spectrum in green) and tensor power spectra (in red) have been
plotted as a function of k=k0 for a range of wave numbers that
correspond to cosmological scales today. We have worked with
the same set of values for the parameters k0=a0 and λ as in the
previous figure. The power spectra have been plotted both before
the bounce (as dotted lines) and after (as solid lines). The power
spectra have been evaluated at η ¼ −αη0 (with α ¼ 105) before
the bounce and at η ¼ βη0 (with β ¼ 102) after the bounce. The
values for the parameters we have worked with lead to the COBE
normalized value of 2.31 × 10−9 for the curvature perturbation
spectrum at the scale of k=k0 ¼ 10−23. Also, the value of λ we
have chosen leads to a curvature perturbation spectrum with a red
tilt corresponding to nR ≃ 0.96, as required by the CMB
observations. Moreover, the tensor-to-scalar ratio evaluated after
the bounce proves to be rather small (r ≃ 10−6), which is
consistent with the current upper limits from Planck on the
quantity [10].

FIG. 1. Evolution of the amplitudes of the curvature perturba-
tionRk (in blue), the isocurvature perturbation Sk (in green), and
the tensor mode hk (in red) corresponding to the wave number
k=k0 ¼ 10−20 has been plotted as a function of e-N-folds N . We
have chosen the background parameters to be k0=ða0MPlÞ ¼
9.6 × 10−9 and λ ¼ 0.01 in plotting this figure. We should clarify
that we have, in fact, multiplied Rk, Sk, and hk by the quantityffiffiffiffiffi
k0

p
a0MPl to ensure that they depend only on the parameters

k0=a0 and λ. We have plotted the numerical results from the initial
e-N-fold when k2 ¼ 104ða00=aÞ corresponding to the mode. The
behavior of the modes is essentially similar to their behavior in
the matter bounce scenario we considered in our earlier work
[26]. The sharp rise in the amplitude of the curvature perturbation
close to the bounce ensures that the tensor-to-scalar ratio is
strongly suppressed after the bounce, leading to levels of r that
are consistent with the upper bounds from Planck. Moreover, note
that the isocurvature perturbation decays after the bounce, which
leads to a strongly adiabatic spectrum, as is also required by the
observations.

2In fact, in the case of the tensor perturbations, it is possible to
construct analytical solutions across the bounce as well (in this
context, see Ref. [38]). We find that our numerical solutions
match the analytical solutions quite well.
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of two parameters, k0=a0 and λ. While k0=a0 determines
the amplitudes of the scalar and tensor power spectra, a
nonzero value for λ leads to a tilt in the power spectra. We
have been able to numerically evaluate the scalar and tensor
power spectra in the model and show that, for suitable
values of the parameters, the resulting spectra are consistent
with the current constraints from the CMB observations.
It is interesting to have extended our original matter

bounce scenario and have achieved a red tilt in the scalar
power spectrum in order to be consistent with the obser-
vations. The next obvious challenge is to examine if the
scalar non-Gaussianities generated in the model are indeed
consistent with the current constraints from Planck [11].
We are presently investigating this issue.
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APPENDIX: IS A DIVERGING CURVATURE
PERTURBATION ACCEPTABLE?

We have seen that, in the model driving near-matter
bounces we have constructed here as well as the earlier
model leading to the matter bounce scenario [26], the
curvature and the isocurvature perturbations diverge when
_H ¼ 0. This may cause concern as to whether the pertur-
bation theory breaks down around such instances. We
believe that this behavior should not be of any concern. The
reason is that the curvature and the isocurvature perturba-
tions diverge due to the fact that a background quantity that
appears in the denominator of their definitions vanishes. As
we have discussed, it is possible to overcome such hurdles
by working with perturbed quantities that behave well at
these points.
In fact, such a behavior also occurs during the reheating

phase that succeeds inflation. To illustrate this point, let us
consider the often-studied case of inflation driven by a
single, canonical scalar field, say, φ. As is well known,
once inflation has terminated, the scalar field is expected to
oscillate at the bottom of the potential between the turning
points where the velocity of the field vanishes. Let us focus
on the domain where the energy density of the scalar field is
still dominant soon after inflation (i.e., when reheating has
yet to set in, a period that is referred to as preheating). In
such a situation, for the case of inflation and preheating
driven by the conventional quadratic potential, the behavior
of the background as well as the curvature perturbation
associated with a typical large-scale mode of cosmological
interest can be solved for analytically (in this context, see,
for instance, Ref. [39]). In Fig. 3, we have plotted the
evolution of the velocity _φ of the background scalar field
and the curvature perturbation, say, Rk, associated with a
small-scale mode obtained numerically, as a function of

e-fold N during the epoch of preheating. In plotting the
figure, for convenience, we have chosen to work with a
small range of e-folds of inflation. Also, we have restricted
ourselves to the behavior of the velocity of the scalar field
and the curvature perturbation during the epoch of preheat-
ing. It is clear from the figure that the curvature perturbation
diverges exactly at the turning points when the scalar field
oscillates at the bottom of the inflationary potential. The
situation encountered in the cases of the bouncing scenarios
we have considered here is similar to the behavior during
preheating. In fact, in both the situations, the divergences

FIG. 3. The behavior of the velocity _φ of the scalar field driving
the background (on top) and the amplitude of the curvature
perturbation Rk (at the bottom), obtained numerically, have been
plotted as a function of e-fold N during the epoch of preheating
that succeeds inflation. For purposes of illustration, we have
considered the simple case of the conventional quadratic potential
to drive inflation and preheating. Also, for convenience, we have
chosen to work with a small period of inflation and have
highlighted the behavior of the velocity of the field and the
amplitude of the curvature perturbation during the epoch of
preheating (in this context, also see Ref. [39]). For our choice of
the parameters and initial conditions, inflation ends at N ≃ 28.3,
and the mode of interest leaves the Hubble scale during inflation
at N ≃ 26.2. It is evident from the figures that the curvature
perturbation diverges exactly at the points where _φ and, hence,
_H vanish.
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occur whenever _H ¼ 0. For this reason, we believe that the
divergent curvature and isocurvature perturbations which
we encounter in the bouncing models of our interest pose
no cause for concern (for a discussion on this issue, also see
Ref. [40]). There are two points which we wish to stress
before we conclude. Note that the background is well

behaved (say, no divergences in the curvature invariants
arise) at the points where _H vanishes. Moreover, we should
clarify that we have made no effort to regularize the
perturbations. We have chosen to work in suitably con-
venient gauges in order to evolve the perturbations across
the points where _H vanishes.
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