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Magnetic field production at a first-order electroweak phase transition
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We study the generation of magnetic field seeds during a first-order electroweak phase transition, by
numerically evolving the classical equations of motion of the bosonic electroweak theory on the lattice.
The onset of the transition is implemented by the random nucleation of bubbles with an arbitrarily oriented
Higgs field in the broken phase. We find that about 10% of the latent heat is converted into magnetic energy,
with most of the magnetic fields being generated in the last stage of the phase transition when the Higgs
oscillates around the true vacuum. The energy spectrum of the magnetic field has a peak that shifts towards
larger length scales as the phase transition unfolds. By the end of our runs the peak wavelength is of the
order of the bubble percolation scale, or about a third of our lattice size.
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I. INTRODUCTION

Magnetic fields are pervasive in the Universe. Micro-
gauss fields coherent on scales up to ten kpc have been
detected in nearby spiral galaxies, such as the Milky Way
and in higher redshift galaxies (e.g., [1]). Similar stochastic
magnetic fields are found in clusters of galaxies. Such
fields are believed to result from the dynamo amplification
of weak magnetic field seeds, whose origin remains a
mystery (see e.g., [2-4]). Recent observational evidence
that even the intergalactic medium in voids is pervaded by a
weak (below femto-gauss strength) magnetic field [5-10],
points to a primordial origin of the field seed, since it is
difficult to account for a field that fills the volume in the
void regions by astrophysical processes in the late universe
[11,12] (but see [13,14]). Furthermore, the study of the
diffuse gamma-ray background provides clues for the
existence of a nonzero helical component in the interga-
lactic magnetic field [7,8,15]. Interestingly, while most
magnetic field generation mechanisms discussed so far
produce nonhelical fields, physical processes associated
with electroweak baryogenesis imply fields that are helical
[16,17]. This is important, since conservation of magnetic
helicity plays an important role in the evolution of
primordial fields and leads, via inverse cascade, to a larger
coherence scale than for nonhelical fields [18].
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The production of helical fields is related to the viola-
tion of baryon plus lepton (B 4 L) number during the
electroweak phase transition (EWPT). To change B + L
requires achangeinthe Chern-Simons number of the
electroweak gauge fields, which proceeds through “spha-
leron” configurations. The decay of the sphaleron releases
helical magnetic fields, and this is borne out by both
numerical simulations [19] and analytical arguments [20].
Generically, helical magnetic fields are produced at the
electroweak phase transition if the Chern-Simons number
changes during the phase transition [21]. Inhomogeneities
in the Higgs field can also give rise to the generation of
helical magnetic fields as shown in [22,23] in the context of
low-scale electroweak hybrid inflation [24].

The study of the properties of cosmological magnetic
fields can, thus, open a window to the early universe and
very high energy particle interactions. To investigate the
epoch of magnetogenesis and identify the mechanism at the
origin of the primordial seeds we need to make full use of
the statistical properties of the magnetic fields matching
theoretical predictions with observations [25]. These are
encoded in the power spectrum which, for Gaussian
random fields, entirely describes the statistical properties
of the fields. In this respect, the helicity spectrum can be
recovered from observations of the diffuse gamma-ray
background [8].

On the theoretical front, it has been shown that a
measurement of the sign of the helicity can distinguish
fields produced during electroweak baryogenesis from
those generated at an earlier epoch associated with lepto-
genesis [26]. However, a detailed study of the statistical
properties of the magnetic fields is required to narrow the gap
between theoretical studies of the microscopic properties
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and the macroscopic properties that can be experimentally
observed (field strength and coherence scale), as was done
for the case of low-scale hybrid inflation in [22,23].

In this paper, we study the dynamics of a first-order
EWPT by numerically evolving the classical bosonic
electroweak theory, and we examine the properties of
the generated magnetic field. In the Standard Model
(SM), the EWPT is first order only if the mass of the
Higgs boson lies below m; <70 GeV [27,28]. Since the
experimentally observed mass violates this bound [29,30],
we work under the assumption that there is physics beyond
the SM that influences the character of the phase transition.
Although the details of the particular SM extension are not
important for our purpose, we have in mind models that
make electroweak baryogenesis viable (see e.g., [31-34]
for reviews). In that case, the properties of the cosmological
magnetic fields can be related to the observed baryon
asymmetry of the universe [17]. Furthermore, a cosmo-
logical first-order phase transition can also be a source of
gravitational waves (GWs) [35,36]. In this respect, large-
scale numerical simulations of a scalar field theory on the
lattice have recently become available to verify the pro-
duction of GW radiation during a first-order phase tran-
sition [37-39]. Our results bring another handle to probe
the universe at the time of the EWPT: the observation of
cosmological magnetic fields.

When the phase transition occurs, the Higgs field will
leave the symmetric phase and gradually settle down
around the true vacuum, |®| =#. In order to mimic this
behavior on the lattice, we introduce a phenomenological
damping term for the Higgs boson. The modified electro-
weak evolution equations preserve gauge invariance and
satisfy the Gauss constraints. They are reviewed in Sec. II,
where we also outline the calculation of the magnetic field
spectrum from our lattice simulations.

Magnetic fields are produced as a result of nonvanishing
gradients of the Higgs field [17]. In a first-order phase
transition, bubbles are randomly nucleated as a result of
quantum tunneling, and subsequently expand and collide
with each other, producing an out-of-equilibrium environ-
ment. Magnetic fields will be produced when bubbles
collide. We argue that the details of the short period of
bubble nucleation are not of major concern, and we can
safely mimic the quantum tunneling by a simple random
procedure, controlled by a parameter pp, the nucleation
probability. The specifics of our numerical implementation
are presented in Sec. IIL

To gain intuition about the general features of the
magnetic fields generated from bubble collisions, we first
consider in Sec. IV a set of constrained simulations with a
regular array of bubbles so that we can control the size of
the colliding bubbles. In Sec. V we allow for bubbles to
nucleate at random locations in the unbroken phase and we
present the spectrum of the magnetic field induced during a
first-order EWPT. At the end of the bubble collision stage,

we find that the field strength is about 10?* gauss, with a
comoving correlation length of about 2 cm. If the fields are
nonhelical, the field strength will evolve to ~10~! gauss at
present [40]. Finally, we discuss and summarize our results
in Sec. VL

II. THEORETICAL FORMULATION

A. Classical equations and Higgs damping

We consider the classical bosonic electroweak theory,
which includes the Higgs doublet @, the SU(2)-valued
gauge fields Wy and the U(1) hypercharge field B,. The

Lagrangian is given by

1 1
L=—ZWi,W =2 B, B" + |D,®> = A(|D|* —n*)%
(1)
where
i i
D, =0,—-go'W; —~gB,. (2)

2 2

Since we will evolve the field equations using the standard
Wilsonian approach for lattice gauge fields [41-44], it is
advantageous to use the temporal gauge, W = By = 0,
which allows a simple identification of the canonical
momentum. Our implementation of the lattice equations
canbe found in [21,45], with the addition of a Higgs damping
term that we now discuss. The classical equations of motion
(EOMs) in the continuum are given by

Rd = D;D;® — 24(|®[? — p*)® — yDIy In |®

)

93B; = —0,B;; + ¢Im(®' D, @], (4)

BWE = =9, W4 — ge®*WoW¢ + glm[®T6“D,®)]. (5)
The solutions are subject to the Gauss constraints:

900;B; — ¢'Im[®9,®] = 0, (6)

D90 W4 + gebe W?@OWj — gIm[®769,®] = 0.  (7)

The term proportional to y in Eq. (3) gives rise to a linear
damping of the magnitude of the Higgs field. Its purpose is
to attenuate the radial oscillations of the Higgs field within
a reasonable simulation time. The term also simulates the
effects of energy losses due to Higgs decays into fermion-
antifermion pairs. In principle, one could include separate
damping terms for each component of the Higgs field
(e.g., to account for the decays of gauge bosons). However,
this is harder to implement since we want to respect gauge
invariance and the conservation of electric charge.
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The form of the damping term in Eq. (3) is motivated by
considering the analogy of a 2D simple harmonic oscillator
with linear damping in the radial direction. In polar
coordinates, the EOMs are

F—r0® +ci+r=0, (8)
20 =L, 9)

where r = |r|, r = (x,y). The second equation is the
conservation of angular momentum and corresponds to
the conservation of charge in the field theory. If the two
equations are transformed into Cartesian coordinates, we
find

d
i‘+cralnr+r:0, (10)

which suggests the modification of Eq. (3).

To check that the damping term is not in conflict with the
Gauss constraints, let us write a general additional term for
the Higgs EOM,

a(ZJ(I)a = DiDi(I)a - 21(|q)|2 - nz)(ba + E‘uv
a=1,2734, (11)

where E = (&, + iE,, 53 + i24)7 is a doublet that causes
damping. The Gauss constraints should be satisfied
throughout the evolution assuming that they are initially
satisfied, which requires that the time derivatives of Egs. (6)
and (7) should vanish. Differentiating the two equations,
and using the modified EOM Eq. (11) for the Higgs field,
together with Egs. (4) and (5), to replace the second-order
time derivatives, we obtain

Im[®'E] = 0, (12)
Im[®'6'E] = 0. (13)

The solution to these equations, which ensures the Gauss
constraints, is

Ex®, (14)

and this gives the damping term in Eq. (3).

To simulate a first-order electroweak phase transition we
also need to include the quantum nucleation of broken
phase bubbles, which we now discuss.

B. Bubble profile

As mentioned above, the SM does not admit a first-order
electroweak phase transition. However, we expect that
for our purposes the Higgs potential as given in Eq. (1)
captures the dynamics of the phase transition in an
extension of the SM that allows for a viable electroweak

baryogenesis. The equations of motion, with the initial
condition ® = @ = 0, are then supplemented by bubble
nucleation events that occur randomly in regions where the
symmetry is unbroken.

In numerical simulations, we use a simple method for
randomly nucleating bubbles of the broken phase to mimic
the tunneling effect. The sites of the lattice can be numbered
as a sequence S from 1 to N°. At each time step of the
simulation, we first randomly shuffle this sequence, and
then we select sites from this shuffled sequence S,,,q, With
probability pp that controls the rate of nucleation on the
lattice. The selected sites are stored Sge;; Which contains
~ppN? elements. We scan each site s; in Sge and if the
Higgs field in all lattice sites within a radius rq from s; is
still in the symmetric phase, then a new bubble centered at s;
is nucleated at this time step; otherwise, the site s; is skipped.
The random shuffle procedure of all sites guarantees that the
nucleation procedure is unbiased in any direction.

At every nucleation event we set up a bubble with a
spherically symmetric profile |®| = f(r), determined by
demanding that the nucleation process conserves energy.
This requires that the energy change due to bubble
nucleation should vanish. Therefore,

0=dn A T Rar[(0,0) - 222+ Af4. (15)
This equation can be satisfied by choosing
O,f = =Va2n’ = f)'1f. (16)
Rescaling p = v2Ayr and F = f/(v/21) gives
9,F =—(1-F*)'2F (17)

and the solution is

2Ce™"

Flp) =———. 18

() = (18)
The integration constant, C, is fixed by requiring that the
center of the bubble be in the true vacuum, so f(0) =7
(F(0) = 1/+/2). This leads to C = v/2 £ 1, and we choose
the smaller value so as to have a gentler bubble profile. The

final solution for the bubble profile is

14+ (V3= 122
n 1+(\/§_1)26—\/§an)‘ ’

f(r) = (19)

where my = 2/An is the Higgs mass."

'One issue with this bubble profile function is that it has a kink
at r = 0. For example, along the x axis and close to the origin it
behaves as exp(—|x|). This is not a problem numerically as finite
differences will not resolve the kink.
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In this way we have fixed the bubble profile using the
(stronger) requirement that bubble nucleation conserve
energy locally. The direction of the Higgs within the
bubble is assumed to be uniform. Since the vacuum
manifold—rzeros of the Higgs potential—defines a three
sphere, the direction of the Higgs is chosen by randomly
selecting a point with a uniform distribution on the three
sphere. Different bubbles will have different Higgs field
orientations.

C. Definition of electromagnetic field

Once the Higgs field leaves the symmetric phase
(® =0), we can define the electromagnetic field as
follows:

A, = sin@,n“Wj + cos6,,B,,, (20)
where
D oD
nt=- 62 (21)
n

indicates the direction of the Higgs field, and 6, is the weak
mixing angle. The corresponding field strength is con-
structed as [46,47]

A

— 1 a a
w = sin@,n"Wy, +cos0,B,,

- igznzsin 6,[(D,®)"(D,®) — (D,®)"(D,®)].

(22)
D. Magnetic energy spectrum
We assume that the magnetic field after production is
a statistically homogeneous and isotropic, Gaussian-
distributed vector field. The field can then be described
in terms of the equal time correlation function, which we
write, following the conventions in [48,49], as

(Bi(k,1)B;(K'. 1)) = (27)36®) (k —K')F;;(k.1),  (23)

where B;(k, t) is the Fourier transform of B;(x, r) with the
convention

Bk, t) = / d*xB;(x, t)e k>, (24)
3
Bi(x.1) = / %Bi(k, r)eikx, (25)

The spectrum, F;;(k, ), can be divided into a symmetric
(nonhelical) part and an antisymmetric (helical) part,

Ey(k. 1)
47k?

Hy (k. 1)
8rk?

= (51‘]' - ifzi‘)

J (26)

+ i€i jlkl
The mean magnetic energy density can be written as

pa(t) = - (B2(x.1)) = A " Ey(kdk. (27)

N[ =

The average wave number,

B J&° kEy (k. 1)dk

kmean(t) - f()oo EM(k, [)dk ’ (28)

provides a characteristic of the energy distribution in a
given field configuration.

We implement discretized versions of the expressions
above on a three-dimensional lattice containing N nodes
separated a distance Ax along each spatial dimension
of length L = NAx. Every lattice point is labeled by a
triplet of integers, X, each ranging from 0 to N —1:
X, €{0,1,....N =1}, for i = 1, 2, 3. The corresponding
Fourier space is also described by triplets of integers, K,
of the same form. The largest wavelength along a particular
direction, corresponding to the smallest momentum, is of
order L, while the smallest wavelength that can be
effectively described is determined by the spacing Ax.
Allowing for modes traveling in the positive and negative
directions, a given physical wave number corresponds to a
triplet K':

k; =2zK!/L, (29)
where

o {K, K, <N/2
" \K;,-N K;>NJ2.

For the physical wavelength associated to a momentum
with magnitude k we have

Ay = 2n/k = NAx/K',

where the magnitude, K’ = |[K'|, ranges from 0 to V3N/2
on a cubic lattice. We divide this range into bins of size
AK’, each with center value K.

Then Eq. (27) can be approximated by

pp(0) = 3 En(KL.1)AK' (30)
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Also, the discrete Fourier transform is given by

N-1 X
B;(K) = (Ax)* > Bi(X)exp [+2m- N] (32)
X=0
1 N—-1
Bi(X) =— ) B;(K)exp |—2ni 33
)= 55> BiK)exp | | e

III. NUMERICAL SIMULATION

As mentioned above, we follow the strategy in [21,45] to
evolve the electroweak EOMs on the lattice. Our code is
based on the LATFIELD2 library [50], and the linear algebra
operations are performed with the help of the EIGEN library
[51]. Our simulations use periodic boundary conditions
and the dimensionless constants entering the EOMs are
fixed to their physical values: g = 0.65, sin’>@,, = 0.22,
g = gtan,, and A = 0.129. The spatial and time spacing
are chosen to be Ax = 0.25, At = Ax/4 = 0.0625, respec-
tively. The dimensionful vacuum expectation value of the
Higgs, denoted by #, is 174.13 GeV. In our numerical code
we set 7 =1, so that yAx = 0.25, and then myAx =

2V nAx = 0.18, where my is the mass of the Higgs.
This choice of lattice spacing gives us enough resolution to
ensure that we capture all the dynamics. For instance, since
myAx = 0.18, momenta of order my are well resolved.
The bulk of our simulations is performed on a lattice with
size N = 256, although we use a larger lattice for several
runs in Sec. IV. We denote by T the (integer) time step
number, and the physical time ¢ is t = TAt.

The bubble profile function, Eq. (19), does not have any
free parameters and its tail has infinite extent, which we
truncate on the lattice as follows. We define the symmetric
phase to correspond to locations where |®| < 0.015. With
this prescription, the “size”, r,, of the bubble turns out to be
nro = 9.0 (myry = 6.5), since the profile in Eq. (19) falls
below 0.01xn for r > ry. With our lattice parameters, this
gives ry to be 36Ax. We use this value to prevent the
nucleation of new bubbles within existing ones: a bubble
can only be nucleated at a particular site if all lattice points
within a distance r, are still in the symmetric phase
(|®| <0.01%). Once a bubble is nucleated, it will expand
and collide with other bubbles if there are any in the vicinity.
The expansion of a single bubble is shown in Fig. 1, while
Fig. 2 shows the evolution and collision of several randomly
generated bubbles.

Two additional inputs required for our runs are the Higgs
damping y, defined in Eq. (3), and the nucleation probability
pp, Which determines the probability of bubble nucleation
per lattice site per time step. These two parameters cannot be

2http:// github.com/daverio/LATfield2
*hitp://eigen. tuxfamily.org

N
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FIG. 1. Two-dimensional slice showing the evolution of
|®|?/5# for one bubble at time step 7 = 0 (left) and T = 140
(right). Blue-colored regions correspond to |®| < 7, red indicates
|®| > 5, and |®| ~ 7 in the white regions.
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FIG. 2. Two-dimensional slice showing the evolution of
|®|?/#* for randomly nucleated bubbles. The left panel is
at time step 7 = 140 and the right panel at 7 = 2000. Blue
colored regions correspond to |®| < 7, red indicates |®| > 7,
and |®| ~ 7 in the white regions.

determined within the model we are considering, and thus we
will compare the results by varying the two parameters. We
consider several values in the range 0 < y < 0.01, including
the experimentally measured decay width of Higgs boson,
¥ ~ Dhiggs ~4.07 x 1073 GeV [52], which corresponds to
¥ ~ 2.34 x 107 in our lattice units. p is chosen to be in the
range 1078 < pp < 1073 in our simulations.

Since we are concerned with the generation of magnetic
fields during the electroweak phase transition, we need a
criterion to determine when the phase transition is completed.
Our strategy is to compute the minimum |®|*> among all the
lattice sites at each time step. To avoid spurious fluctuations,
we work with the ten-step moving average of |®|2. , denoted
as | @[3, ,0- and we stop the simulation at the first time step
Top When |®@[3;4 o > 0.257. In this manner, we ensure that
the Higgs field is away from the symmetric phase.

One caveat of our formalism is that our field equations
donotinclude the effects of other charged particles that might
be present or generated at the time of the phase transition.

IV. TEST RUNS WITH NONRANDOM BUBBLE
DISTRIBUTIONS

A single expanding bubble in our analysis does not
generate magnetic fields. This can be verified from the field
equations since the gauge field currents [right-hand sides of
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FIG. 3. (Top) 2D slice with x = 0 snapshot of two-bubble
collision at T = 0. The top-left plot shows the distribution of
|®|?/5? and the top-right plot shows magnetic energy density on
a log-scale. The two bubbles are still in free expansion, thus no
magnetic field is generated. (Bottom) Same as the top plots but at
T =240. A ring-shaped magnetic field is generated at the
location of the bubble intersection. The magnetic field at the
upper and lower boundaries appears because of the second
collision of the two bubbles due to periodic boundary conditions
on the lattice. The size of the lattice is N = 256. The energy
density of the magnetic field is measured in units of m$,.

Egs. (4) and (5)] vanish for a spherically symmetric
expanding bubble. Hence, the simplest setup where we
can observe the generation of electromagnetic fields
involves the collision of two bubbles.

Accordingly, we nucleate two bubbles along the z axis at
T = 0 and let them expand and collide. The initial radius r
of each bubble is fixed, ry = 36Ax, but the initial ori-
entations of the Higgs field inside the bubbles are random.
As shown in Fig. 3, the two bubbles initially expand freely
before they collide. Once the collision occurs, the process
of magnetic field generation can start. Specifically, as we
can see from the bottom panel in Fig. 3, the magnetic field
is generated at the intersection of the two bubbles. For this
two-bubble configuration, a ring-shaped magnetic field will
be produced, at least initially. Let us also emphasize that,
since we are using periodic boundary conditions, the two
bubbles actually collide rwice along the z axis during the
expansion as can be seen in Fig. 3.

To better understand the general features of the magnetic
field resulting from multiple bubble collisions, we start
with a constrained simulation in which we control the
initial separation of the colliding bubbles. To this effect, we
consider a regular array of bubbles with centers separated
by a fixed distance r,, which are all simultaneously
nucleated at 7 = 0. No additional bubbles are nucleated
at T > 0. In this case, the percolation size r,, of the bubbles

0.055
0.050 1
= 0.045 1 § M-""*\NMV‘\PW\-W
d
~N AW
3 0.040 - IR FEF A v
Javald
50035 |4 ralx
S 1 — 80
* 00301 |[i — o
0.025 1 Eg
0.020 : . : :
0 50 100 150 200

mgyt

FIG. 4. Evolution of k¢, Ax/27 for several nonrandom bubble
distributions. The solid lines were computed on a lattice of size
N = 256, while for the dashed lines N = 400.

can be estimated by r, ~ r,. We consider different values
for the initial separation, r;/Ax = 80, 96, 112, 128, and
two lattice sizes, N = 256, 400. The magnetic field is
calculated using Eq. (22), and then Fourier transformed to
obtain the power spectrum. We show the time evolution, in
units of myt, of the mean wave number, kp..,Ax/27,
in Fig. 4, and the peak of the spectrum, kpeyAx/2r, is
displayed in Fig. 5. To smooth out abrupt jumps of the peak
location, a ten-step moving average is taken for the latter.
In both cases, we adjust the starting time in the plot to
coincide with the instant when the bubbles first collide,
allowing for a meaningful comparison between runs with
different parameters. Assuming that the bubble is expand-
ing at roughly the speed of light, the starting time of bubble
collision can be estimated as t = (r; — 2r)/2.

From Fig. 5, we observe that the peak of the spectrum is
located around kAx/2z ~ 0.02 independently of the initial

0.040
rs/fx
0.035 A — 80
— 96
(5 112
30 4
5 128
E 0.025 d\ “Dp o = arevave
g 0 1 | o o - =
g- \A’,_/L” ,\'\'J_ 2 'f“f‘(\\ =\
LRl ¥ “_’}d d
0.0207 m—/ \ VAo I\‘ \
“““““““ Rt W i v ¥
0.015 - : . |
0 50 100 150 0D

FIG.5. Evolution of kpe,Ax/2z for several nonrandom bubble
distributions. The data points show the ten-step moving average,
and the horizontal gray dotted lines correspond to the central
values of the bins. The solid lines were computed on a lattice of
size N = 256, while for the dashed lines N = 400.
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bubble separation r, and of the lattice size N. This value
corresponds to a wavelength of A, = 5S0Ax, or myd, ~ 9.
On the other hand, the mean wave number of the spectrum
does not show a clear dependence on either the initial
bubble separation r; or the lattice size N. Nevertheless,
curves with larger r; in Fig. 4 show relatively larger
fluctuations. This is because for a given lattice size, larger
values of r, lead to a fewer number of bubbles. For
instance, for N = 256 and r; = 128 there are only four
bubbles in the lattice, which might result in significant
statistical fluctuations.

V. RANDOM BUBBLE NUCLEATION

Having gained an intuition for the magnetic field
resulting from multiple bubble collisions, we are now in
a position to model accurately a first-order EWPT by
allowing for bubbles to nucleate at random locations in the
unbroken phase. We perform 30 simulations on a lattice of
size N = 256, varying the nucleation probability over six
different values, pp = 1073,107*,1073,107%,1077, 1078,
and considering also five different values for the Higgs
damping, y = 0,2.34 x 107,107,103, 1072, where the
second one is equal to the experimentally measured decay
width. As can be seen from our results (Fig. 6), for pp 2
10~* the total number of bubbles reaches the maximum
number of bubbles that the lattice can accommodate almost
instantaneously and the percolation size does not depend on
pg- Conversely, for pp <1/2N*~ 10719, the nucleation
probability is so small that only one bubble may be
generated before the phase transition is completed in our
lattice. In practice, already for pz = 107® the results show a
large variance because our lattice contains too few bubbles.
To explore configurations with smaller pz would require a
larger lattice. In the rest of the paper, we shall focus on
configurations with 1077 < pp < 1074,

0.500 -
0475 { “ 22
0450 ¥
o L 20
0.425 -
Q
-~ [
= 0400 T
S N 18 €
0.375 - v
+
0.350 U] 16
0.325 - |
+ s [
0.300 - 4
10-% 10-7 10-¢ 10-° 10-* 10-3
Ps

FIG. 6. Percolation size r, in units of L and in units of 1/m,; as
a function of pg. The percolation size is almost independent of y.
Different colors (and markers) in this plot indicate different
values of the Higgs damping y: red “+”, y =0; green “0”,
y = 2.34 x 107; blue “V”, y = 10™; orange “A”, y = 1073;

cyan “x”, y = 1072

To better understand the results of the simulations, we
divide the evolution into three stages:

(1) Free expansion (FE stage): the time before the
nucleated bubbles collide with each other. During
this stage no magnetic field is generated.

(2) Bubble collision (BC stage): this stage starts when the
bubbles collide with each other, and the generation of
magnetic field starts. At this point, the broken phase
does not yet extend to the whole lattice.

(3) Higgs oscillation (HO stage): the Higgs field has
completely left the symmetric phase but is still
oscillating, and the generation of magnetic fields
continues.

Although we cannot draw clear lines between the three
stages, the shift from stage 1 (FE stage) to stage 2 (BC stage)
is signaled by the onset of magnetic field generation. This
typically occurs when myt < 20 in the simulations consid-
ered here, although, it can generically depend on the value of
pg- The boundary between stage 2 (BC stage) and stage 3
(HO stage) is roughly given by 7'y, which determines when
the Higgs field at each lattice site has left the symmetric phase.
This transition occurs when myt ~200 with some slight
dependence on pp for the range of values that we consider.

We have carried out a set of “bubble-collision stage”
simulations that focus on the magnetic field generation
during the phase transition. These simulations cover the first
two stages, and the magnetic fields generated up to 7'y, are
analyzed. In addition, we have also performed “Higgs-
oscillation stage” simulations that are run until well into
stage 3, when the Higgs has completely left the symmetric
phase but is still oscillating and producing magnetic fields.
We discuss them in turn.

A. Bubble-collision stage simulation

In this section the results of the 30 parameter combina-
tions defined at the beginning of Sec. V will be compared
during stages 1 and 2 of the phase transition, i.e., for
T < Tgop- As mentioned above, the stopping point T, of
the simulations is chosen to be when |®[3;,,, = 0.257°.

In Fig. 7, various contributions to the energy density, as
well as the energy density of the generated magnetic field,
are shown as a function of time. Two different parameter
combinations—y = 2.34 x 1073, pp = 10~ and y = 0.01,
pp = 10~®—are displayed. The total energy is not con-
served due to the presence of the Higgs damping term.
Among the different contributions to the energy density, it
is the Higgs potential energy that shows a significant and
sustained decrease. This is in agreement with the expect-
ation that the Higgs damping term is working properly only
on the Higgs radial degree of freedom. The simulations
start with vanishing gauge fields. However, once bubbles
are nucleated and start to collide with each other, energy is
transferred to the gauge fields, and magnetic fields are
generated as well. Although, in the period considered here,
the energy in the magnetic field is only a few percent of the
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FIG. 7. Log-scale plots of magnetic energy, total energy, Higgs
potential energy and energy in gauge sector (sum of Ey ;) and
Egy(2)), for two different configurations: (Top) y = 2.34 x 1073,

py = 107*. (Bottom) y = 0.01, py = 1075.

total energy, it does not stop increasing by the end of these
runs as can be observed in Fig. 8, where we plot the
magnetic energy versus time for a selection of pp and y
values. Figure 8(a) shows that increasing the damping
reduces the magnetic field. This is so because the condition
|@31410 = 0.257 is met earlier due to the faster attenuation
of the Higgs field, and the duration of stages 1 and 2 is
decreased. Also, for larger damping, a larger proportion of
the total energy gets dissipated, thus reducing the energy
available for magnetic field generation. This is clearly seen
for y > 10~*; while for y < 107*, we found the effects of
Higgs damping become negligible. Figure 8(b) shows that
increasing pp increases both the magnitude and the rate
dpp(t)/dt of magnetic energy density generated.
Furthermore, we notice that for smaller pg, the onset of
magnetic field generation (i.e., the beginning of bubble
collision) occurs later. For pz > 10~*, bubble nucleation, as
well as magnetic field generation, is saturated on the lattice,
and the corresponding curves that fall in this range are
similar to each other.

The dependence of the magnetic energy with the Higgs
damping y is shown in Fig. 9 for different values of pp.

0.016 -
0.014 1
0.012 4
0.010 -

0.008 1

po/m},

0.006 -
Y

— 234x107*
0.002 4 —— 1.00 x10°3
—— 1.00x10°2

0.004 -

0.000 -

0 20 40 6 8 100 120 140 160
mpt

(a) pp (t) for different value of «, here pg = 10~%. The curves
stop at Tstop-

0.0150
0.0125
vgt 0.0100
S 00075 os
0.0050 - — 10°¢
— 107
0.0025 10
-7
0.0000 - — 10

0 25 5 75 100 125 150 175 200
mut

(b) pp (t) for different values of pp, here v = 2.34 x 10~5. The
curves stop at Tstop-

FIG. 8. Plots of magnetic energy density as a function of ¢,
pg(1), for different values of pp and y, respectively.

When the damping falls below y < 107*, magnetic field
production reaches “saturation” and there is no dependence
on y. Indeed, choosing the damping equal to the SM Higgs
width makes almost no difference compared to the case
with no damping at all.

Also from Fig. 9, we deduce that the ratio pg/pio Of the
magnetic energy to the total energy at the end of the BC
stage, i.e., at T = T, turns out to be ~2%-4%. More
specifically, for y < 1074, this ratio saturates to the value
~3.3%, while for y > 107 it decreases with increasing
Higgs damping, approaching ~2.3% when y = 0.01. These
results are summarized in Table L.

A more detailed picture of the generated magnetic field
can be obtained from Fig. 10, which shows the field
spectrum Ey;(k), defined in Eq. (31), for various values
of y at fixed py = 10™*. The dependence on spectrum
with pg, for fixed y = 2.34 x 107, is displayed in Fig. 11.
In both cases, the spectrum is shown as a function of the
physical wave number kAx/2z = K'/N, defined in
Eq. (29). The width of each bin is AkAx/2x = AK’/N.
The spectrum is normalized in such a way that the area
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FIG.9. Magnetic energy conversion ratio pg/pa as a function
of y at T =T, Different colors correspond to different

pp (1077 < pg < 1074).

under the curve is equal to the magnetic energy density.
One caveat is that the nonspherical geometry of the lattice
may lead to the underestimation of the spectrum for
kAx/2x 2 0.5. The vanishing tail for large k shows
numerical artifacts from k ~ 1/Ax are well controlled. It
is clear from Figs. 10 and 11 that certain features of the
spectrum are largely independent of pp and y. Specifically,
the peak of the spectra lies at kAx/2z = 0.018. Thus, the
dominant wavelength is A, = 27z/k = Ax/0.018 =~ 56Ax,
or myl; & 56myAx ~ 10 (A, ~ 10715 cm).

B. Higgs-oscillation stage simulations

At HO stage, the Higgs field has left the symmetric phase
but it is still oscillating around the minimum of the
potential. As a result, magnetic fields can continue to be
generated and this is what we set out to study in this
section.

To this effect we select a representative subset of the
configurations considered before with the following set of
parameters:

() y=234x107, pp=10~*

(i) y =234 x107, pg=107°

(i) y =2.34x 107>, pp = 1077

(iv) 7y =1.00 x 1072, pp = 107°.

The evolution is followed for 100,000 time steps,
mpyt =~ 4500, and a snapshot of the configuration is saved

TABLE I. The magnetic energy density measured in units of
m}, and the conversion rate pg/piw for pg = 1074,

v p/my P8/ Prot
0.00 0.0160 0.0331

2.34 x 1073 0.0162 0.0335

1.00 x 10~ 0.0160 0.0332

1.00 x 1073 0.0139 0.0301

1.00 x 1072 0.00842 0.0233

10°
%
107! 1 — 0
234x10°°
107 1 —— 1.00x10™*
10> —— 1.00 x10"3
3 —— 1.00x1072
10 4
10 {
10-6 -
1077 T T T T T
0.0 02 0.4 06 08

kAXx/2n

FIG. 10. Magnetic energy spectra for different values of y at
T =Tgop Pp= 10~. The range of kAx/2x is divided into 120
bins (thus AK’/N = 0.0072). For y = 0, the spectrum peaks at
the position kAx/2z = 0.025 (fourth bin); for the other cases, the
spectra peaks at the position kAx/2z = 0.018 (third bin).

every 200 time steps. The outcome of this calculation is
shown in Fig. 12. The upper-left plot displays kean () Ax/
2. The upper-right plot shows ke, (1) Ax /27, the mode of
the spectrum, where, as before, the ten-step average is used.
Finally, the lower plot depicts the magnetic energy den-
sity, pp(1)/mi;.

First, we notice that the magnetic energy density keeps
increasing within the time range of the simulations. For
example, for the configuration with pg = 107* and y =
2.34 x 107 (red curve), before myt ~ 1000, the magnetic
energy density pp grows roughly linearly with time; although
the rate slows down after that, pp keeps on increasing
throughout the simulation time range. Keeping in mind that
My tgop ~ 150 for this configuration, it is clear that magnetic
energy is indeed generated in the HO stage. In fact, the
magnetic energy density at myt ~ 150 is pg/m3; ~ 0.016,

10°
Ps
107 3 — 107*
. 102
10 — 1070
103 A — 1077
W
107% §
1072
10-° 4
1077 T T T T T
0.0 02 04 0.6 08

kAx/2m

FIG. 11. Magnetic energy spectra for different values of pp at
T =Tgp vy =234x 107, For all the shown cases, the spectra
peaks at the position kAx/2z = 0.018 (third bin).
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FIG. 12. Plots of the results from Higgs-oscillation stage (HO stage) simulations. (Top left) ke, Ax/27 as a function of time myt.
(Top right) kpeac Ax/27 as a function of time m . (Bottom) Energy density of magnetic field, pg, as a function of time m . The legends
are the same for the three plots, and are only shown on the bottom plot.

and it grows by a factor of ~4 to reach pz/m3; ~ 0.062 at the
end of our simulation (see Table II). Hence, the generation of
magnetic fields in the HO stage dominates over that in the
BC stage.

The plot of kpean and kpeq in Fig. 12 shows that the
magnetic energy has power on length scales that are
much larger than the particle physics scale my' ~ 6Ax.
For example, when y = 2.34 x 107>, independent of pg,
kmeanAx/27 converges to ~0.04, equivalent to a wave-
length of myl; ~ 4.2. The power spectrum of the magnetic
field peaks at even larger length scales. From the plot of
koeax We see that the peak moves to larger length scales
with time and at the end of our run, kpe, Ax/27 ~ 0.011 for
all parameters. (The plot is jagged because of binning
effects.) This corresponds to a wavelength of 1, = 2z/k =
Ax/0.011 ®# 91Ax (myd; = 15.2).

TABLE II. Magnetic energy density at t ~ T, and at the end
of our simulation.

14 PB PB,BC/mZ PB.HO* /m‘,‘{
2.34 x 1073 104 0.016 0.062
2.34 x 1073 107¢ 0.016 0.060
2.34 x 1073 1077 0.015 0.060
1.00 x 1072 107¢ 0.0075 0.037

In Fig. 13 we show the energy spectrum of the magnetic
fields at the end of our simulation for y = 2.34 x 107> and
pp = 107°. A peak is clearly seen in Fig. 13 and its location
is largely independent of the parameters we varied in this
paper. We conducted several runs on large lattices to test
if the peak is due to finite lattice size and always found
the peak indicating the same wavelength, independent of
the lattice size. Further study is needed to determine what
parameters control the location and height of this peak.

10!
10°
10-1

102

Em

10~3
104

10-3

10-%

T T T

00 01 02 03 04 05 06 07 08
kAx/2m

FIG. 13. Spectrum of the magnetic field at 7 = 100000 for a
configuration with y = 2.34 x 107>, pp = 107°.
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VI. DISCUSSION AND CONCLUSION

We have simulated the classical dynamics of the bosonic
electroweak theory to study the generation of magnetic fields
during the EWPT, assuming that physics beyond the SM
yields a first-order transition. Bubbles with the Higgs in the
broken phase are randomly nucleated in regions where the
Higgs is still in the symmetric phase, with the nucleation
rate controlled by a parameter pp that we vary over a range.
To account for the energy damped into fermions due to Higgs
decays that will be present in the full theory we add a
damping term to the scalar EOM that acts on the magnitude,
|®], in a gauge invariant way.

We found it useful to divide the phase transition into three
stages: free expansion stage (FE), bubble collision stage
(BC), and Higgs oscillation stage (HO). During the FE stage
broken phase bubbles are nucleated and expand in the
symmetric phase, but bubble collisions have not started
yet and no magnetic fields are generated. Once bubbles start
crossing, the energy density in magnetic fields grows to
~3%, or B ~ 103 gauss, for y equal to the observed Higgs
decay width. Assuming the fields are nonhelical, the field
strength will evolve to ~10~15 gauss at present times [40].
At this point the spectrum of the magnetic field has a peak
at kAx/2z = 0.018, or equivalently, the peak wavelength is
myl;, = 10 (or 4, &2 cm in comoving scale). This is larger
than the initial size of the nucleated bubbles (myry = 6.5)
but not by much. We do not see a clear dependence of the
peak location on either y or pg. These findings are consistent
with the results obtained in similar simulations (e.g., [23,53]).

Similar behavior was found in [22,23], where the gen-
eration of magnetic fields in low-scale electroweak hybrid
inflation was studied on the lattice. In this context, electro-
weak symmetry breaking also occurs via the nucleation and
growth of Higgs bubbles and the system eventually enters a
regime where magnetic fields with energy density pg/protal ~
0.01 were found. Furthermore, as in our scenario (see Fig. 8),
pp was also observed to grow linearly with time. Let us
emphasize however, that we consider initial conditions
appropriate for a first-order phase transition with random
bubble nucleation. Unlike the scenario in [22,23], our
magnetic field is initially zero and is entirely dynamically
generated.

A detailed characterization of the magnetic helicity is
left for future work. Nevertheless, let us point out that our
equations of motion do not include an explicit CP-violating

term so we expect the average helicity to vanish.
Nevertheless, as observed in [22,23], the dispersion is
expected to be nonzero leading to nonvanishing helical
magnetic susceptibility.

After the BC stage, the evolution enters the HO stage in
which the Higgs oscillates around its true vacuum for a very
long time. Magnetic energy is seen to continuously increase
during the HO stage, even at the end of our simulation runs.
Due to limitations in computation power, we are not able
to see the asymptotic value of magnetic energy density
from our simulations. However, it is clear that most of the
final energy in the magnetic field is produced during the
HO stage, exceeding that produced in the BC stage by a
factor of ~4 (for typical values of y and pp) and still
growing at the end of our runs. When decomposing the
magnetic energy in Fourier space, we find the spectrum to
peak at Ky Ax/27 = 0.011, or A, = 91Ax, comparable
to the bubble size at percolation which is approximately
0.33 of the lattice size (see Fig. 6). Our simulations suggest
that the peak location is not sensitive to the damping y nor
the bubble nucleation probability pp. This is consistent
with Fig. 6 in which we see that the percolation size is not
sensitive to these parameters, in the range that we have
considered.

To summarize, using numerical simulations we find that
a first-order EWPT generates a significant amount of
magnetic fields. While magnetic field generation has not
stopped by the end of our simulations, we find that ~10%
of the electroweak false vacuum energy is converted into
magnetic fields. The energy spectrum of the magnetic field
has a peak that shifts towards larger length scales. By the
end of the BC stage, the peak wavelength is of the order of
the bubble percolation scale, and it shifts to a longer
wavelength in the HO stage.

ACKNOWLEDGMENTS

F.F. thanks the Institut de Fisica d’Altes Energies and
the Universitat Autonoma de Barcelona for their hospitality.
T. V. thanks the Institute for Advanced Study for their
hospitality. F.F. and Y.Z. were supported in part by the
U.S. Department of Energy, Office of High Energy Physics,
under Award No. DE-SC0017987 at Washington University.
T. V. is supported by the U.S. Department of Energy, Office
of High Energy Physics, under Award No. DE-SC0018330
at Arizona State University.

083006-11



ZHANG, VACHASPATI, and FERRER

PHYS. REV. D 100, 083006 (2019)

[1] P.P. Kronberg, Rep. Prog. Phys. 57, 325 (1994).

[2] A. Kandus, K. E. Kunze, and C. G. Tsagas, Phys. Rep. 505,
1 (2011).

[3] R. Durrer and A. Neronov, Astron. Astrophys. Rev. 21, 62
(2013).

[4] K. Subramanian, Rep. Prog. Phys. 79, 076901 (2016).

[5] A. Neronov and 1. Vovk, Science 328, 73 (2010).

[6] FE. Tavecchio, G. Ghisellini, L. Foschini, G. Bonnoli, G.
Ghirlanda, and P. Coppi, Mon. Not. R. Astron. Soc. 406,
L70 (2010).

[7] H. Tashiro, W. Chen, F. Ferrer, and T. Vachaspati, Mon. Not.
R. Astron. Soc. 445, L41 (2014).

[8] W. Chen, B. D. Chowdhury, F. Ferrer, H. Tashiro, and T.
Vachaspati, Mon. Not. R. Astron. Soc. 450, 3371 (2015).

[9]1 W. Chen, J. H. Buckley, and F. Ferrer, Phys. Rev. Lett. 115,
211103 (2015).

[10] The Fermi-LAT Collaboration and J. Biteau, Astrophys. J.
Suppl. Ser. 237, 32 (2018).

[11] S. Furlanetto and A. Loeb, Astrophys. J. 556, 619 (2001).

[12] S. Bertone, C. Vogt, and T. Ensslin, Mon. Not. R. Astron.
Soc. 370, 319 (2006).

[13] J.-B. Durrive and M. Langer, Mon. Not. R. Astron. Soc.
453, 345 (2015).

[14] A. M. Beck, M. Hanasz, H. Lesch, R.-S. Remus, and F. A.
Stasyszyn, Mon. Not. R. Astron. Soc. 429, L60 (2013).

[15] F. Duplessis and T. Vachaspati, J. Cosmol. Astropart. Phys.
05 (2017) 005.

[16] J. M. Cornwall, Phys. Rev. D 56, 6146 (1997).

[17] T. Vachaspati, Phys. Rev. Lett. 87, 251302 (2001).

[18] M. Christensson, M. Hindmarsh, and A. Brandenburg,
Phys. Rev. E 64, 056405 (2001).

[19] C.J. Copi, F. Ferrer, T. Vachaspati, and A. Achucarro, Phys.
Rev. Lett. 101, 171302 (2008).

[20] Y.-Z. Chu, J. B. Dent, and T. Vachaspati, Phys. Rev. D 83,
123530 (2011).

[21] Y. Zhang, F. Ferrer, and T. Vachaspati, Phys. Rev. D 96,
043014 (2017).

[22] A. Diaz-Gil, J. Garcia-Bellido, M. Garcia Perez, and A.
Gonzalez-Arroyo, Phys. Rev. Lett. 100, 241301 (2008).

[23] A. Diaz-Gil, J. Garcia-Bellido, M. Garcia Perez, and A.
Gonzalez-Arroyo, J. High Energy Phys. 07 (2008) 043.

[24] J. Garcia-Bellido, M. Garcia Perez, and A. Gonzalez-
Arroyo, Phys. Rev. D 67, 103501 (2003).

[25] C. Caprini and S. Gabici, Phys. Rev. D 91, 123514 (2015).

[26] A.J. Long, E. Sabancilar, and T. Vachaspati, J. Cosmol.
Astropart. Phys. 02 (2014) 036.

[27] A.1. Bochkarev and M. E. Shaposhnikov, Mod. Phys. Lett.
A 02, 417 (1987).

[28] K. Kajantie, M. Laine, K. Rummukainen, and M.E.
Shaposhnikov, Nucl. Phys. B466, 189 (1996).

[29] G. Aad et al. (ATLAS Collaboration), Phys. Lett. B 710, 49
(2012).

[30] S. Chatrchyan et al. (CMS Collaboration), Phys. Lett. B
710, 26 (2012).

[31] A. Riotto and M. Trodden, Annu. Rev. Nucl. Part. Sci. 49,
35 (1999).

[32] M. Quiros, in Proceedings, Summer School in High-Energy
Physics and Cosmology: Trieste, Italy, 1998 (World
Scientific, Singapore, 1999), pp. 187-259.

[33] M. Dine and A. Kusenko, Rev. Mod. Phys. 76, 1 (2003).

[34] D.E. Morrissey and M. J. Ramsey-Musolf, New J. Phys. 14,
125003 (2012).

[35] E. Witten, Phys. Rev. D 30, 272 (1984).

[36] C.J. Hogan, Mon. Not. R. Astron. Soc. 218, 629
(1986).

[37] D. Cutting, M. Hindmarsh, and D. J. Weir, Phys. Rev. D 97,
123513 (2018).

[38] J. Ellis, M. Fairbairn, M. Lewicki, V. Vaskonen, and A.
Wickens, J. Cosmol. Astropart. Phys. 09 (2019) 019.

[39] D. Kharzeev, E. Shuryak, and I. Zahed, arXiv:1906.04080.

[40] R. Banerjee and K. Jedamzik, Phys. Rev. D 70, 123003
(2004).

[41] J. Ambjorn, T. Askgaard, H. Porter, and M. E. Shaposhnikov,
Nucl. Phys. B353, 346 (1991).

[42] G.D. Moore, Nucl. Phys. B480, 689 (1996).

[43] A. Tranberg and J. Smit, J. High Energy Phys. 11 (2003)
016.

[44] J. Garcia-Bellido, M. Garcia-Perez, and A. Gonzalez-Arroyo,
Phys. Rev. D 69, 023504 (2004).

[45] A. Rajantie, P. M. Saffin, and E. J. Copeland, Phys. Rev. D
63, 123512 (2001).

[46] G.’t Hooft, Nucl. Phys. B79, 276 (1974).

[47] T. Vachaspati, Phys. Lett. B 265, 258 (1991).

[48] A. Brandenburg, T. Kahniashvili, S. Mandal, A.R. Pol,
A. G. Tevzadze, and T. Vachaspati, Phys. Rev. D 96, 123528
(2017).

[49] A. Brandenburg, R. Durrer, T. Kahniashvili, S. Mandal, and
W. W. Yin, J. Cosmol. Astropart. Phys. 08 (2018) 034.

[50] D. Daverio, M. Hindmarsh, and N. Bevis, arXiv:1508
.05610.

[51] G. Guennebaud, B. Jacob et al., Eigen v3,” http://eigen
tuxfamily.org (2010).

[52] C. Patrignani et al. (Particle Data Group), Chin. Phys. C 40,
100001 (2016).

[53] T. Stevens, M.B. Johnson, L.S. Kisslinger, and E. M.
Henley, Phys. Rev. D 85, 063003 (2012).

083006-12


https://doi.org/10.1088/0034-4885/57/4/001
https://doi.org/10.1016/j.physrep.2011.03.001
https://doi.org/10.1016/j.physrep.2011.03.001
https://doi.org/10.1007/s00159-013-0062-7
https://doi.org/10.1007/s00159-013-0062-7
https://doi.org/10.1088/0034-4885/79/7/076901
https://doi.org/10.1126/science.1184192
https://doi.org/10.1111/j.1745-3933.2010.00884.x
https://doi.org/10.1111/j.1745-3933.2010.00884.x
https://doi.org/10.1093/mnrasl/slu134
https://doi.org/10.1093/mnrasl/slu134
https://doi.org/10.1093/mnras/stv308
https://doi.org/10.1103/PhysRevLett.115.211103
https://doi.org/10.1103/PhysRevLett.115.211103
https://doi.org/10.3847/1538-4365/aacdf7
https://doi.org/10.3847/1538-4365/aacdf7
https://doi.org/10.1086/321630
https://doi.org/10.1111/j.1365-2966.2006.10474.x
https://doi.org/10.1111/j.1365-2966.2006.10474.x
https://doi.org/10.1093/mnras/stv1578
https://doi.org/10.1093/mnras/stv1578
https://doi.org/10.1093/mnrasl/sls026
https://doi.org/10.1088/1475-7516/2017/05/005
https://doi.org/10.1088/1475-7516/2017/05/005
https://doi.org/10.1103/PhysRevD.56.6146
https://doi.org/10.1103/PhysRevLett.87.251302
https://doi.org/10.1103/PhysRevE.64.056405
https://doi.org/10.1103/PhysRevLett.101.171302
https://doi.org/10.1103/PhysRevLett.101.171302
https://doi.org/10.1103/PhysRevD.83.123530
https://doi.org/10.1103/PhysRevD.83.123530
https://doi.org/10.1103/PhysRevD.96.043014
https://doi.org/10.1103/PhysRevD.96.043014
https://doi.org/10.1103/PhysRevLett.100.241301
https://doi.org/10.1088/1126-6708/2008/07/043
https://doi.org/10.1103/PhysRevD.67.103501
https://doi.org/10.1103/PhysRevD.91.123514
https://doi.org/10.1088/1475-7516/2014/02/036
https://doi.org/10.1088/1475-7516/2014/02/036
https://doi.org/10.1142/S0217732387000537
https://doi.org/10.1142/S0217732387000537
https://doi.org/10.1016/0550-3213(96)00052-1
https://doi.org/10.1016/j.physletb.2012.02.044
https://doi.org/10.1016/j.physletb.2012.02.044
https://doi.org/10.1016/j.physletb.2012.02.064
https://doi.org/10.1016/j.physletb.2012.02.064
https://doi.org/10.1146/annurev.nucl.49.1.35
https://doi.org/10.1146/annurev.nucl.49.1.35
https://doi.org/10.1103/RevModPhys.76.1
https://doi.org/10.1088/1367-2630/14/12/125003
https://doi.org/10.1088/1367-2630/14/12/125003
https://doi.org/10.1103/PhysRevD.30.272
https://doi.org/10.1093/mnras/218.4.629
https://doi.org/10.1093/mnras/218.4.629
https://doi.org/10.1103/PhysRevD.97.123513
https://doi.org/10.1103/PhysRevD.97.123513
https://doi.org/10.1088/1475-7516/2019/09/019
https://arXiv.org/abs/1906.04080
https://doi.org/10.1103/PhysRevD.70.123003
https://doi.org/10.1103/PhysRevD.70.123003
https://doi.org/10.1016/0550-3213(91)90341-T
https://doi.org/10.1016/S0550-3213(96)00497-X
https://doi.org/10.1088/1126-6708/2003/11/016
https://doi.org/10.1088/1126-6708/2003/11/016
https://doi.org/10.1103/PhysRevD.69.023504
https://doi.org/10.1103/PhysRevD.63.123512
https://doi.org/10.1103/PhysRevD.63.123512
https://doi.org/10.1016/0550-3213(74)90486-6
https://doi.org/10.1016/0370-2693(91)90051-Q
https://doi.org/10.1103/PhysRevD.96.123528
https://doi.org/10.1103/PhysRevD.96.123528
https://doi.org/10.1088/1475-7516/2018/08/034
https://arXiv.org/abs/1508.05610
https://arXiv.org/abs/1508.05610
http://eigen.tuxfamily.org
http://eigen.tuxfamily.org
http://eigen.tuxfamily.org
https://doi.org/10.1088/1674-1137/40/10/100001
https://doi.org/10.1088/1674-1137/40/10/100001
https://doi.org/10.1103/PhysRevD.85.063003

