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We formulate a generalization of Higgs effective field theory (HEFT) including an arbitrary number
of extra neutral and charged Higgs bosons—a generalized HEFT (GHEFT)—to describe nonminimal
electroweak symmetry breaking models. Using the geometrical form of the GHEFT Lagrangian, which can
be regarded as a nonlinear sigma model on a scalar manifold, it is shown that the scalar boson scattering
amplitudes are described in terms of the Riemann curvature tensor (geometry) of the scalar manifold and
the covariant derivatives of the potential. The coefficients of the one-loop divergent terms in the oblique
correction parameters S and U can also be written in terms of the Killing vectors (symmetry) and the
Riemann curvature tensor (geometry). It is found that the perturbative unitarity of the scattering amplitudes
involving the Higgs bosons and the longitudinal gauge bosons demands that the scalar manifold be flat. The
relationship between the finiteness of the electroweak oblique corrections and the perturbative unitarity of
the scattering amplitudes is also clarified in this language: we verify that once the tree-level unitarity is
ensured, the one-loop finiteness of the oblique correction parameters S and U is automatically guaranteed.
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I. INTRODUCTION

What is the origin of electroweak symmetry breaking
(EWSB)? In the standard model (SM) of particle physics,
EWSB is caused by a vacuum expectation value of a
complex scalar field (the SM Higgs field), which linearly
transforms under the SUð2ÞW ×Uð1ÞY electroweak gauge
symmetry. The Higgs sector of the SM is constructed to be
minimal, as it includes only a scalar boson (SM Higgs
boson) and three would-be Nambu-Goldstone bosons eaten
by massive gauge bosons after EWSB. There are no cousin
particles of the Higgs in the SM. The scalar particle
discovered by the ATLAS and CMS experiments in
2012 with a mass of 125 GeV [1,2] can now be successfully
interpreted as the SM(-like) Higgs boson.

The Higgs sector in the SM, however, does not ensure the
stability of the EWSB scale against quantum corrections. In
other words, the SM itself cannot explain why the EWSB
scale is of the order of 100 GeV, which is much smaller than
its cutoff scale, e.g., the Planck scale ð∼1018GeVÞ or the
grand unification scale ð∼1016GeVÞ. Thus, the SM Higgs
sector is inherently incomplete and should be extended.
Many extensions/generalizations of the SM Higgs sector—
such as the two-Higgs-doublet model [3–24], composite
Higgs models [25–34], and the Georgi-Machacek model
[35–38]—have been proposed. The 125 GeV Higgs boson
accompanies extra Higgs particles in these scenarios.
The effective field theory (EFT) approach is widely used

to study these beyond-the-SM (BSM) physics in a model-
independent manner. The physics below 1 TeV can be
described by the standard model effective field theory
(SMEFT) [39–66], which parametrizes the BSM contribu-
tions using the coefficients of SM field higher-dimensional
operators. The SMEFT is successful if the BSM particles
are much heavier than 1 TeV and they decouple from the
low-energy physics. The SMEFT cannot be applied, how-
ever, if the heavy BSM particles do not decouple from
the low-energy physics. The Higgs effective field theory
(HEFT) [67–83] should be applied instead. These existing
EFTs cannot be applied if there exist BSM particles lighter
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than 1 TeV. We should include these BSM particles
explicitly in the EFT approach.
In this paper, we propose a generalization of the HEFT

(GHEFT) for this purpose. As in the HEFT, the GHEFT is
based on electroweak chiral perturbation theory (EWChPT)
[84–89]. In the GHEFT, the BSM particles, as well as the
125 GeV Higgs boson, are introduced as matter particles in
the Callan-Coleman-Wess-Zumino (CCWZ) construction
[90–92] of EWChPT.
Note that the longitudinal gauge boson scattering ampli-

tudes exceed perturbative unitarity limits at high energy in
the EWChPT. The GHEFT couplings should satisfy special
conditions—known as the unitarity sum rules [93–95]—to
keep the amplitudes perturbative in the high-energy scat-
terings if the model is considered to be ultraviolet (UV)
complete. We also note that the EWChPT is not renorma-
lizable. The UV-completed GHEFT couplings should
satisfy the finiteness conditions in order to cancel these
UV divergences.
The GHEFT can also be described in a geometrical

language using the scalar manifold metric, as discussed in
Refs. [96,97] in the HEFT context.We point out that both the
scalar scattering amplitudes and the one-loop UV divergen-
ces in the electroweak oblique correction parameters S andU
[98] are described by using the Riemann curvature tensor
(geometry) and the Killing vectors (symmetry) of the scalar
manifold. Therefore, both the unitarity sum rules and the
oblique correction finiteness conditions are described in
terms of geometry and symmetry. We find that perturbative
unitarity is ensured by the flatness of the scalar manifold
(vanishing Riemann curvature). We also find that the
divergences in the oblique correction parameters (S and U
parameters) are canceled if a subset of the perturbative
unitarity conditions and the SUð2ÞW × Uð1ÞY gauge sym-
metry are satisfied. These findings generalize our previous
observation [99] which relates perturbative unitarity to the
one-loop finiteness of the oblique correction parameters.1

This paper is organized as follows. In Sec. II we
introduce the GHEFT Lagrangian at its lowest order
[Oðp2Þ]. We investigate the scalar boson scattering ampli-
tudes in Sec. III. Sections IV and V present one-loop
computations with and without the gauge boson contribu-
tions. The relationship between perturbative unitarity and
the one-loop finiteness of the oblique correction parameters
is clarified in Sec. VI. We conclude in Sec. VII.

II. GENERALIZED HEFT LAGRANGIAN
OF SUð2ÞW × Uð1ÞY → Uð1Þem

EWChPT [84–89] provides a systematic framework
to describe the low-energy phenomenologies of electro-
weak symmetry breaking physics. It utilizes the electro-
weak chiral Lagrangian method for parametrizing the

nondecoupling corrections, which appear ubiquitously in
models with a strongly interacting electroweak symmetry
breaking sector. Although the original version of the
EWChPTwas constructed to be a Higgsless theory [84–87,
94,95,105–114], after the discovery of the 125 GeV Higgs
particle the EWChPT was extended to the HEFT [67–83],
incorporating the 125 GeV Higgs particle h as a neutral
spin-0 matter particle in the electroweak chiral Lagrangian.
Introducing functions the F ðhÞ and VðhÞ which para-
metrize the phenomenological properties of the 125 GeV
Higgs, the HEFT provides a systematic description of a
neutral spin-0 particle in the electroweak symmetry break-
ing sector, including the one-loop radiative corrections
[72–83]. It can parametrize the low-energy properties of the
125 GeV Higgs particle in both the strongly and weakly
interacting model context.
We need to generalize the HEFT further if we want to

introduce extra Higgs particles other than the discovered
125 GeV Higgs particle. It is not trivial to introduce
nonsinglet extra particles into the EWChPT, however, since
the electroweak gauge symmetry SUð2ÞW ×Uð1ÞY is
realized nonlinearly in the EWChPT. The interaction
Lagrangian needs to be arranged carefully to make the
theory invariant under the electroweak gauge symmetry
SUð2ÞW × Uð1ÞY .
These extra nonsinglet Higgs particles can be regarded

as matter particles in the EWChPT Lagrangian context. The
CCWZ formulation [90–92] provides an ideal framework
for the concrete construction of the matter particle inter-
action Lagrangian in a manner consistent with the sym-
metry structure of the nonlinear sigma model. See, e.g.,
Refs. [115,116] for earlier studies on these nonsinglet
matter particles in QCD chiral perturbation theory and
EWChPT, respectively.
In this section, we use the CCWZ formulation to

construct the GHEFT Lagrangian.

A. Electroweak chiral Lagrangian

For simplicity, in this subsection we consider the
EWChPT Lagrangian in the gaugeless limit, i.e., gW ¼
gY ¼ 0. The couplings with the electroweak gauge fields
will be introduced in Sec. II C. The electroweak symmetry
G ¼ ½SUð2ÞW × Uð1ÞY � is broken spontaneously to the
H ¼ Uð1Þem symmetry in the SM Higgs sector. The most
general scalar sector Lagrangian consistent with the
symmetry-breaking structure G=H ¼ ½SUð2ÞW ×Uð1ÞY �=
Uð1Þem can be constructed as the CCWZ nonlinear sigma
model Lagrangian on the coset space G=H. The coset
manifold G=H ¼ ½SUð2ÞW ×Uð1ÞY �=Uð1Þem is parame-
terized by the Nambu-Goldstone (NG) boson fields πa

(a ¼ 1, 2, 3) as

ξWðxÞ ¼ exp

�
i
X
a¼1;2

πaðxÞ τ
a

2

�
; ð1Þ1Possible relations between unitarity and renormalizability have

also been investigated in gravity models. See Refs. [100–104].
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ξYðxÞ ¼ exp

�
iπ3ðxÞ τ

3

2

�
; ð2Þ

where τa (a ¼ 1, 2, 3) are the Pauli spin matrices. Under the
G ¼ ½SUð2ÞW × Uð1ÞY � transformation,

gW ∈ SUð2ÞW; gY ∈ Uð1ÞY; ð3Þ

these NG boson fields transform as

ξWðxÞ → ξ0WðxÞ ¼ gWξWðxÞh†ðπ; gW; gYÞ; ð4Þ

ξYðxÞ → ξ0YðxÞ ¼ hðπ; gW; gYÞξYðxÞg†Y: ð5Þ

Here hðπ; gW; gYÞ is an element of the unbroken group H,
which is determined to pull the coset space coordinates
ðξW; ξYÞ back to their original forms (1) and (2). Note that
the H transformation hðπ; gW; gYÞ depends not only on the
SUð2ÞW andUð1ÞY elements gW and gY , but also on the NG
boson fields πðxÞ. The NG boson fields πa (a ¼ 1, 2, 3)
therefore transform nonlinearly under the G symmetry.
It is useful to introduce objects called Maurer-Cartan

(MC) one-forms, αa⊥μ (a ¼ 1, 2, 3), defined as

αa⊥μ ¼ tr
�
1

i
ξ†Wð∂μξWÞτa

�
ða ¼ 1; 2Þ ð6Þ

and

α3⊥μ ¼ tr

�
1

i
ξ†Wð∂μξWÞτ3

�
þ tr

�
1

i
ð∂μξYÞξ†Yτ3

�
: ð7Þ

Although the NG boson fields π transform nonlinearly,
these MC one-forms transform homogeneously, i.e.,

X
a¼1;2

αa⊥μ

τa

2
→ hðπ; gW; gYÞ

�X
a¼1;2

αa⊥μ

τa

2

�
h†ðπ; gW; gYÞ;

ð8Þ

α3⊥μ

τ3

2
→ hðπ; gW; gYÞ

�
α3⊥μ

τ3

2

�
h†ðπ; gW; gYÞ; ð9Þ

under the G symmetry. We see that the MC one-forms
transform as

αa⊥μ → ½ραðhÞ�abαb⊥μ; ð10Þ

with ραðhÞ being a 3 × 3 matrix,

ραðhÞ ¼ expðiθhðπ; gW; gYÞQαÞ;

h ¼ exp

�
iθhðπ; gW; gYÞ

τ3

2

�
: ð11Þ

In Eq. (10) and hereafter, the summation
P

b¼1;2;3 is
implied whenever an index b is repeated in a product.
Here the NG boson charge matrix Qα is defined by

Qα ¼
�−σ2

0

�
; ð12Þ

with σ2 being the Pauli spin matrix,

σ2 ¼
�

0 −i
þi 0

�
: ð13Þ

It is now straightforward to construct the lowest-order
[Oðp2Þ] G-invariant Lagrangian of the NG bosons:

Lπ ¼
1

2
Gð0Þ

ab α
a⊥μα

bμ
⊥ ; ð14Þ

with

Gð0Þ
ab ¼ 1

4

0
B@

v2

v2

v2Z

1
CA: ð15Þ

The Lagrangian can be rewritten as

Lπ ¼
v2

4
tr½ð∂μU†Þð∂μUÞ�

−
v2Z − v2

8
tr½U†ð∂μUÞτ3�tr½U†ð∂μUÞτ3�; ð16Þ

with

U ≔ ξWξY: ð17Þ

It should be emphasized here that v and vZ (the decay
constants of π1;2 and π3) are independently adjustable
parameters in the EWChPT on the G=H ¼ ½SUð2ÞW ×
Uð1ÞY �=Uð1Þem coset space. The phenomenologically pre-
ferred relation

ρ ≔
v2

v2Z
≃ 1 ð18Þ

is realized only by a parameter tuning as v ≃ vZ in this
setup.2

2It is possible to introduce custodial symmetry to justify the
tuning. The standard model, in fact, possesses the custodial
symmetry in its gaugeless and Yukawa-less limit. See, e.g.,
Ref. [117] for the HEFT power-counting rules and how custodial-
symmetry-violating terms are organized therein. We do not
introduce the custodial symmetry here, however, since it is not
relevant to the main findings in the present paper. The restrictions
on the GHEFT Lagrangian parameters coming from the custodial
requirements and their power-counting rules will be studied in a
separate publication.

SYMMETRY AND GEOMETRY IN A GENERALIZED HIGGS … PHYS. REV. D 100, 075020 (2019)

075020-3



B. Matter particles coupled with the electroweak
chiral Lagrangian

Thanks to the homogeneous transformation properties
of the MC one-forms (10), matter particles can be easily
introduced into the CCWZ formulation of the EWChPT
Lagrangian (16).
We consider a set of real scalar matter fields ϕI , which

transforms homogeneously as

ϕI → ½ρϕðhÞ�IJϕJ ð19Þ

under the unbroken group H. Here ρϕðhÞ stands for a
representation matrix,

ρϕðhÞ ¼ expðiθhQϕÞ; h ¼ exp

�
iθh

τ3

2

�
; ð20Þ

with Qϕ being a Hermitian matrix. Note here that the h
transformation depends on the NG boson fields πðxÞ. It is
therefore a local transformation depending on the space-
time point x. If the set of scalar matter particles consists
of nN species of neutral particles and nC species of
charged particles, the matrix Qϕ can be expressed as a
ð2nC þ nNÞ × ð2nC þ nNÞ matrix,

Qϕ ¼

0
BBBBBBBBBB@

−q1σ2
. .
.

−qnCσ2
0

. .
.

0

1
CCCCCCCCCCA
: ð21Þ

Here qi (i ¼ 1; 2;…nC) are the charges of the scalar matter
particles. Since h is a local transformation, ∂μϕ

I transforms
nonhomogeneously under h. In order to write a kinetic term
for the matter field ϕI , we therefore introduce a covariant
derivative of the matter field ϕI:

ðDμϕÞI ¼∂μϕ
Iþ iV3

μ½Qϕ�IJϕJ; ðI;J¼1;2;…;2nCþnNÞ:
ð22Þ

We take the connection V3
μ as

V3
μ ¼ −tr

�
1

i
ð∂μξYÞξ†Yτ3

�
þ cα3⊥μ; ð23Þ

with c being an arbitrary constant. Hereafter we take c ¼ 0
for simplicity. The covariant derivative (22) transforms
homogeneously,

ðDμϕÞI → ½ρϕðhÞ�IJðDμϕÞJ; ð24Þ

as we intended. It is now straightforward to write down an
Oðp2Þ EWChPT Lagrangian including additional scalar
bosons with arbitrary charges:

L ¼ 1

2
Gabα

a⊥μα
bμ
⊥ þ GaIα

a⊥μðDμϕÞI

þ 1

2
GIJðDμϕÞIðDμϕÞJ − V: ð25Þ

Here Gab, GaI , GIJ, and V are functions of the scalar fields
ϕI . Also, Gab, GaI, and GIJ transform homogeneously as
multiplets of corresponding representations. They satisfy3

Gab

����
ϕ¼0

¼ Gð0Þ
ab ; GaI

����
ϕ¼0

¼ 0; GIJ

����
ϕ¼0

¼ δIJ

ð26Þ

and

∂
∂ϕI V

����
ϕ¼0

¼ 0;
∂

∂ϕJ

∂
∂ϕI V

����
ϕ¼0

¼ M2
IδIJ; ð27Þ

with MI being the ϕI boson mass. The second and third
conditions in Eq. (26) can be achieved by redefining the
scalar field ϕI in the Lagrangian. The first condition in
Eq. (26) ensures that the extended Lagrangian (25) repro-
duces the lowest-order EWChPT Lagrangian (14) in the
absence of Higgs particles ϕI . The stability around the
vacuum ϕ ¼ 0 is guaranteed by the conditions (27).

C. Electroweak gauge fields

It is easy to introduce the electroweak gauge fields Wa
μ

(a ¼ 1, 2, 3) and Bμ into our EWChPT Lagrangian (25).
When the gauge coupling is switched on, we just need to
replace the derivatives ∂μξW and ∂μξY by the covariant
derivatives:

DμξW ¼ ∂μξW − igWWa
μ
τa

2
ξW; ð28Þ

DμξY ¼ ∂μξY þ igYξYBμ
τ3

2
; ð29Þ

with gW and gY being the SUð2ÞW and Uð1ÞY gauge
coupling strengths, respectively.
The lowest-order [Oðp2Þ] GHEFT Lagrangian is

therefore

3Equations (26) and (27) are understood to be the tree-level
matching conditions between the GHEFT and EWChPT. They
may be modified beyond the tree level. See, e.g., Refs. [118,119].
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L ¼ 1

2
Gabα̂

a⊥μα̂
bμ
⊥ þ GaIα̂

a⊥μðDμϕÞI

þ 1

2
GIJðDμϕÞIðDμϕÞJ − V

−
1

4
Wa

μνWaμν −
1

4
BμνBμν; ð30Þ

with

α̂a⊥μ¼ tr

�
1

i
ξ†Wð∂μξWÞτa

�
−gW tr

�
ξ†WW

b
μ
τb

2
ξWτ

a

�
ða¼1;2Þ

ð31Þ

and

α̂3⊥μ ¼ tr

�
1

i
ξ†Wð∂μξWÞτ3

�
þ tr

�
1

i
ð∂μξYÞξ†Yτ3

�

− gW tr

�
ξ†WW

b
μ
τb

2
ξWτ

3

�
þ gYBμ: ð32Þ

We define the covariant derivative of the matter fields
ðDμϕÞI as

ðDμϕÞI ¼ ∂μϕ
I þ iV̂3

μ½Qϕ�IJϕJ; ð33Þ

with

V̂3
μ ¼ −tr

�
1

i
ð∂μξYÞξ†Yτ3

�
− gYBμ: ð34Þ

It should be noted that the GHEFT Lagrangian (30)
reproduces the HEFT Lagrangian [67–83] for nN ¼ 1 and
nC ¼ 0. Here ϕI¼h stands for the 125 GeV Higgs boson
field. In the HEFT, GaI and GIJ are taken as

Gah ¼ 0; Ghh ¼ 1: ð35Þ

Gab is tuned to be

Gab ¼
v2

4
F ðhÞδab: ð36Þ

D. Geometrical form of the Oðp2Þ
GHEFT Lagrangian

The lowest-order [Oðp2Þ] GHEFT Lagrangian (30) can
also be expressed in a geometrical form:

L ¼ 1

2
gijðϕÞDμϕ

iDμϕj − VðϕÞ − 1

4
Wa

μνWaμν −
1

4
BμνBμν;

ð37Þ

where ϕi stands for a scalar field multiplet containing
both Higgs bosons ϕI and the NG bosons πa as its
components, i.e.,

fϕig ¼ fπa;ϕIg: ð38Þ

The geometrical form of the GHEFT Lagrangian (37) can
be understood as a gauged nonlinear sigma model on a
scalar manifold. The scalar manifold (internal space)
is parameterized by the scalar multiplet ϕi. Both the
metric gijðϕÞ and the potential VðϕÞ are functions of ϕi.
They should be invariant under the SUð2ÞW ×Uð1ÞY
transformation:

0 ¼ wk
agij;k þ ðwk

aÞ;igkj þ ðwk
aÞ;jgik; ð39Þ

0 ¼ ykgij;k þ ðykÞ;igkj þ ðykÞ;jgik; ð40Þ

0 ¼ wk
aV;k; ð41Þ

0 ¼ ykV;k; ð42Þ

with

gij;k ≔
∂

∂ϕk gij; V;k ≔
∂

∂ϕk V;

ðwk
aÞ;i ≔

∂
∂ϕi w

k
a; ðykÞ;i ≔

∂
∂ϕi y

k: ð43Þ

The SUð2ÞW and Uð1ÞY Killing vectors are denoted by wk
a

(a ¼ 1, 2, 3) and yk, respectively, in Eqs. (39)–(42). The
GHEFT Lagrangian (30) provides the most general and
systematic method to construct the geometrical form of the
Lagrangian (37) with the symmetry properties (39)–(42).
The translation dictionary from the GHEFT Lagrangian
(30) to the geometrical form (37) is given in Appendix A.
The SUð2ÞW ×Uð1ÞY gauge interactions are introduced

into the scalar sector through the covariant derivative

Dμϕ
i ¼ ∂μϕ

i þ gWWa
μwi

aðϕÞ þ gYBμyiðϕÞ: ð44Þ
It should be noted that the gauge fields interact with the
scalar sector through the SUð2ÞW ×Uð1ÞY Killing vectors
wi
a and yi.
The scalar potential VðϕÞ should be minimized at the

point where

hϕii ¼ ϕ̄i: ð45Þ

We hereafter call the point Eq. (45) the vacuum. Note that,
since the electroweak symmetry is spontaneously broken at
the vacuum, the vacuum ϕi ¼ ϕ̄i cannot be a fixed point of
the SUð2ÞW × Uð1ÞY transformation, i.e.,

wi
aðϕ̄Þ ≠ 0; yiðϕ̄Þ ≠ 0: ð46Þ
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However, it should be a fixed point of the Uð1Þem trans-
formation,

wi
3ðϕ̄Þ þ yiðϕ̄Þ ¼ 0: ð47Þ

The electroweak gauge bosons (W and Z) acquire masses,

M2
W ∝ g2Wgijðϕ̄Þwi

1ðϕ̄Þwj
1ðϕ̄Þ;

M2
Z ∝ ðg2W þ g2YÞgijðϕ̄Þwi

3ðϕ̄Þwj
3ðϕ̄Þ: ð48Þ

Therefore, Killing vectors at the vacuum (46) play the role
of the Higgs vacuum expectation value in the SM. It should
be emphasized that the vanishing scalar vacuum expect-
ation value ϕ̄i ¼ 0 does not imply the recovery of electro-
weak symmetry in the GHEFT Lagrangian. Actually, in the
GHEFT coordinate (38), even though all of the vacuum
expectation values of the scalar fields vanish (ϕ̄i ¼ 0), the
electroweak symmetry is still spontaneously broken by the
nonvanishing Killing vectors at the vacuum (46).
The dynamical excitation fields φi are obtained after

expanding around the vacuum,

ϕi ¼ ϕ̄i þ φi: ð49Þ

The scalar manifold metric gij is expanded as

gij ¼ ḡij þ ḡij;kφk þ 1

2
ḡij;klφkφl þ � � � ; ð50Þ

with

ḡij ≔ gijðϕ̄Þ; ḡij;k ≔
∂

∂ϕk gijðϕÞ
����
ϕ¼ϕ̄

;

ḡij;kl ≔
∂
∂ϕl

∂
∂ϕk gijðϕÞ

����
ϕ¼ϕ̄

; � � � : ð51Þ

In a similar manner, the potential term is expanded as

VðϕÞ ¼ V̄ þ V̄;iφ
i þ 1

2
V̄;ijφ

iφj þ 1

3!
V̄;ijkφ

iφjφk

þ 1

4!
V̄;ijklφ

iφjφkφl þ � � � ; ð52Þ

with

V̄ ≔ V

����
ϕ¼ϕ̄

; V̄;i ≔
∂
∂ϕi V

����
ϕ¼ϕ̄

;

V̄;ij ≔
∂
∂ϕj

∂
∂ϕi V

����
ϕ¼ϕ̄

; � � � : ð53Þ

Since the potential V is minimized at the point where the
potential should satisfy

V̄;i ¼ 0: ð54Þ

The scalar manifold is parameterized by the scalar field
multiplet ϕi. Hereafter, we normalize/diagonalize the
coordinates ϕi as

ḡij ¼ δij ð55Þ

and

V̄;ij ¼ δijm2
i ; ð56Þ

so that the excitation fields φi are canonically normalized
and diagonalized.

III. SCALAR SCATTERING AMPLITUDES AND
PERTURBATIVE UNITARITY

We next consider the implications of perturbative uni-
tarity in the GHEFT framework. It is well known that, in the
effective field theory framework, the longitudinally polar-
ized EW gauge boson scattering amplitudes grow at high
energy and tend to cause violations of perturbative unitarity
[120,121]. The effective field theory coupling constants
need to be arranged to maintain perturbative unitarity in the
high-energy gauge boson scattering amplitudes.
For such a purpose, we use the equivalence theorem

between the longitudinally polarized gauge boson scatter-
ing amplitudes and the corresponding would-be NG boson
amplitudes [122–126]. The equivalence theorem allows
us to estimate the longitudinally polarized gauge boson
high-energy scattering amplitudes by using the NG boson
amplitudes in the gaugeless limit i.e., gW ¼ gY ¼ 0 with an
uncertainty of OðM2

W=E
2Þ. The computation of the ampli-

tudes is greatly simplified in the gaugeless limit.
Note that the individual Feynman-diagrams for longitu-

dinally polarized gauge boson scattering amplitudes grow
as positive powers of the energy E (energy growing
behavior), which is, however, canceled exactly among
the diagrams in the SM [122,127–129]. The energy
growing behavior coming from the EW gauge boson
exchange and contact interaction diagrams is exactly
canceled by the Higgs exchange diagram in the SM.
The Higgs boson plays an essential role in maintaining
perturbative unitarity in the SM.
On the other hand, it is highly nontrivial whether the

cancellation of the energy growing terms works in the
GHEFT. In fact, in order to ensure the cancellation,
the coupling strengths between the Higgs boson(s) and
the EW gauge bosons should satisfy special conditions
known as the “unitarity sum rules” [93–95]. The unitarity
sum rules provide a guiding principle to investigate
the extended Higgs scenarios in a model-independent
manner. Model-independent studies on extended EWSB
scenarios have been done based on the unitarity argument
[70,93,99,130,131].
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We estimate the longitudinally polarized EW gauge
boson scattering amplitudes using the corresponding
would-be NG boson amplitudes with the help of the
equivalence theorem. In subsequent subsections, we explic-
itly calculate the on-shell amplitudes among the scalar
fields φi in the gaugeless limit, and express the unitarity
sum rules in terms of the scalar manifold’s geometry.

A. Scalar scattering amplitudes

We consider here an N-point on-shell scalar scattering
amplitude at the tree level,

iMð123 � � �NÞ ≔ iMðφi1ðp1Þ;φi2ðp2Þ;φi3ðp3Þ;…;

φiN ðpNÞÞ; ð57Þ
with pn and in (n ¼ 1; 2;…; N) being outgoing momenta
and the particle species, respectively.
We define

sn1 ≔ p2
n1 ; sn1n2 ≔ ðpn1 þ pn2Þ2;

sn1n2n3 ≔ ðpn1 þ pn2 þ pn3Þ2; � � � : ð58Þ
External momenta pn are taken on shell,

sn ¼ m2
in
: ð59Þ

We note that

sn1n2n3 ¼ sn1n2 þ sn2n3 þ sn1n3 −m2
in1

−m2
in2

−m2
in3
; � � � :

ð60Þ
The N-point amplitude (57) can thus be written as a
function of the scalar particle masses m2

i and the gener-
alized Mandelstam variables sn1n2 .
As we will show explicitly below, the three- and four-

point on-shell scattering amplitudes are described in terms
of the geometry of the scalar manifold,

iMð123Þ ¼ −iV̄;ði1i2i3Þ; ð61Þ

iMð1234Þ ¼ iMð1234Þ þ iMð125Þ½Dðs12Þ�i5i6iMð346Þ
þ iMð135Þ½Dðs13Þ�i5i6iMð246Þ
þ iMð145Þ½Dðs14Þ�i5i6iMð236Þ; ð62Þ

with

iMð1234Þ ¼ −iV̄ ;ði1i2i3i4Þ −
i
3
ðR̄i1i3i4i2 þ R̄i1i4i3i2Þs12

−
i
3
ðR̄i1i2i4i3 þ R̄i1i4i2i3Þs13

−
i
3
ðR̄i1i2i3i4 þ R̄i1i3i2i4Þs14; ð63Þ

and

½DðsÞ�ij ≔
i

s −m2
i
ḡij: ð64Þ

Here V̄ ;ði1i2i3Þ, V̄ ;ði1i2i3i4Þ, and R̄i1i2i3i4 stand for the totally
symmetrized covariant derivatives of the potential and the
Riemann curvature tensor of the scalar manifold at the
vacuum.
Let us start with the three-point scalar scattering ampli-

tude Mð123Þ. The interaction vertices relevant for this
amplitude are

L3 ¼
1

2
ḡij;kφkð∂μφ

iÞð∂μφjÞ − 1

3!
V̄;ijkφ

iφjφk ð65Þ

at the tree level. It is straightforward to evaluate the on-shell
three-point amplitude

iMð123Þ ¼ i
2
ðḡi1i2;i3 þ ḡi2i1;i3Þð−p1 · p2Þ þ

i
2
ðḡi2i3;i1 þ ḡi3i2;i1Þð−p2 · p3Þ þ

i
2
ðḡi3i1;i2 þ ḡi1i3;i2Þð−p3 · p1Þ − iV̄;i1i2i3

¼ i
2
ḡi1i2;i3ðm2

i1
þm2

i2
− s12Þ þ

i
2
ḡi2i3;i1ðm2

i2
þm2

i3
− s23Þ þ

i
2
ḡi3i1;i2ðm2

i3
þm2

i1
− s31Þ − iV̄;i1i2i3 ; ð66Þ

from the vertices in Eq. (65). The conservation of the total momentum

pμ
1 þ pμ

2 þ pμ
3 ¼ 0

implies

s12 ¼ ðp1 þ p2Þ2 ¼ p2
3 ¼ m2

i3
;

and similarly

s23 ¼ m2
i1
; s31 ¼ m2

i2
:
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The on-shell three-point amplitude (66) can therefore be expressed as

iMð123Þ ¼ i
2
ḡi1i2;i3ðm2

i1
þm2

i2
−m2

i3
Þ þ i

2
ḡi2i3;i1ðm2

i2
þm2

i3
−m2

i1
Þ þ i

2
ḡi3i1;i2ðm2

i3
þm2

i1
−m2

i2
Þ − iV̄;i1i2i3

¼ i
2
m2

i1
ðḡi1i2;i3 þ ḡi1i3;i2 − ḡi2i3;i1Þ þ

i
2
m2

i2
ðḡi2i3;i1 þ ḡi2i1;i3 − ḡi3i1;i2Þ þ

i
2
m2

i3
ðḡi3i1;i2 þ ḡi3i2;i1 − ḡi1i2;i3Þ − iV̄;i1i2i3 :

ð67Þ

Note that m2
i1
, m2

i2
, and m2

i3
are related to the second

derivative of the potential V;ij by (56). The first derivative
of the metric tensor in the interaction vertex (65) is related
to the affine connection Γl

jk,

gilΓl
jk ≔

1

2
½gij;k þ gki;j − gjk;i�: ð68Þ

The amplitude (67) can then be rewritten as

iMð123Þ ¼ iV̄;i1lΓ̄
l
i2i3

þ iV̄;i2lΓ̄
l
i3i1

þ iV̄;i3lΓ̄
l
i1i2

− iV̄;i1i2i3 ;

ð69Þ

with Γ̄l
jk being the affine connection at the vacuum

Γ̄l
jk ≔ Γl

jk

����
ϕ¼ϕ̄

: ð70Þ

Our final task is to rewrite the amplitude (69) in terms of the
covariant derivatives of the potential V. It is straightforward
to show that

V ;ijk ¼ V;ijk − ðΓl
ijÞ;kV;l − Γl

ijV;lk − Γl
ikV;lj − Γl

jkV;li

þ Γl
ikΓm

ljV;m þ Γl
jkΓm

liV;m: ð71Þ

Since the first derivative of the potential vanishes at the
vacuum, we obtain

V̄ ;ijk ¼ V̄;ijk − Γ̄l
ijV̄;lk − Γ̄l

ikV̄;lj − Γ̄l
jkV̄;li: ð72Þ

Moreover, as we see in Eq. (72), V̄ ;ijk is symmetric under
the exchanges i ↔ j, i ↔ k, and j ↔ k. We therefore
obtain

V̄ ;ðijkÞ ≔
1

3!
½V̄ ;ijk þ V̄ ;jki þ V̄ ;kij þ V̄ ;ikj þ V̄;kji þ V̄ ;jik�

¼ V̄ ;ijk: ð73Þ

It is now easy to obtain a geometrical formula for the three-
point amplitude:

iMð123Þ ¼ −iV̄ ;ði1i2i3Þ: ð74Þ

We next consider the four-point amplitude,

iMð1234Þ ¼ iM0ð1234Þ
þ iMð12½5�Þ½Dðs12Þ�i5i6iMð34½6�Þ
þ iMð13½5�Þ½Dðs13Þ�i5i6iMð24½6�Þ
þ iMð14½5�Þ½Dðs14Þ�i5i6iMð23½6�Þ; ð75Þ

where the first line comes from the four-point contact
interaction vertices, while the second, third, and fourth lines
are from the i5-particle exchange diagrams in the s12, s13,
and s14 channels, respectively. The k-particle is allowed to
be off-shell in the three-point amplitudeMðij½k�Þ, while the
particles i and j are assumed to be on-shell.
We first study Mð12½5�Þ,

Mð12½5�Þ ¼ −V̄ ;ð125Þ þ ḡi5i05 Γ̄
i0
5

i1i2
ðs12 −m2

i5
Þ; ð76Þ

which can be related to the on-shell three-point amplitude
Mð125Þ as

Mð12½5�Þ ¼ Mð125Þ þ ḡi5i05 Γ̄
i0
5

i1i2
ðs12 −m2

i5
Þ: ð77Þ

It is easy to rewrite the amplitude (75) as

iMð1234Þ ¼ iMð1234Þ
þ iMð125Þ½Dðs12Þ�i5i6iMð346Þ
þ iMð135Þ½Dðs13Þ�i5i6iMð246Þ
þ iMð145Þ½Dðs14Þ�i5i6iMð236Þ; ð78Þ

with Mð1234Þ being

Mð1234Þ ¼ M0ð1234Þ − ḡi5i6 Γ̄
i5
i1i2

Γ̄i6
i3i4

ðs12 −m2
i5
Þ

− ḡi5i6 Γ̄
i5
i1i3

Γ̄i6
i2i4

ðs13 −m2
i5
Þ

− ḡi5i6 Γ̄
i5
i1i4

Γ̄i6
i2i3

ðs14 −m2
i5
Þ þ V̄ ;ði1i2i5ÞΓ̄

i5
i3i4

þ V̄ ;ði1i3i5ÞΓ̄
i5
i2i4

þ V̄ ;ði1i4i5ÞΓ̄
i5
i2i3

þ V̄ ;ði2i3i5ÞΓ̄
i5
i1i4

þ V̄ ;ði2i4i5ÞΓ̄
i5
i1i3

þ V̄ ;ði3i4i5ÞΓ̄
i5
i1i2

: ð79Þ

The evaluation of the four-point contact interaction
contribution is a bit tedious but straightforward. We obtain
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iM0ð1234Þ ¼ −iV̄;i1i2i3i4 þ
i
2
½−ðḡi1i2;i3i4 þ ḡi3i4;i1i2Þs12 − ðḡi1i3;i2i4 þ ḡi2i4;i1i3Þs13 − ðḡi1i4;i2i3 þ ḡi2i3;i1i4Þs14

þ ðḡi1i2;i3i4 þ ḡi1i3;i2i4 þ ḡi1i4;i2i3Þm2
i1
þ ðḡi2i1;i3i4 þ ḡi2i3;i1i4 þ ḡi2i4;i1i3Þm2

i2

þ ðḡi3i1;i2i4 þ ḡi3i2;i1i4 þ ḡi3i4;i1i2Þm2
i3
þ ðḡi4i1;i2i3 þ ḡi4i2;i1i3 þ ḡi4i3;i1i2Þm2

i4
�: ð80Þ

Combining these results, we obtain a geometrical formula
for the on-shell four-point amplitude:

iMð1234Þ ¼ −iV̄ ;ði1i2i3i4Þ −
i
3
ðR̄i1i3i4i2 þ R̄i1i4i3i2Þs12

−
i
3
ðR̄i1i2i4i3 þ R̄i1i4i2i3Þs13

−
i
3
ðR̄i1i2i3i4 þ R̄i1i3i2i4Þs14: ð81Þ

We used the on-shell condition

s12 þ s13 þ s14 ¼ m2
i1
þm2

i2
þm2

i3
þm2

i4
ð82Þ

in the computation above. Here R̄ijkl and V̄ ;ðijklÞ denote the
Riemann curvature tensor and the totally symmetrized
covariant derivatives of the potential at the vacuum:

R̄ijkl ≔ Rijkl

���
ϕ¼ϕ̄

; V̄ ;ðijklÞ ≔ V ;ðijklÞ
���
ϕ¼ϕ̄

: ð83Þ

We here give formulas to compute R̄ijkl and V̄ ;ðijklÞ from the
metric tensor gij and the potential V:

R̄ijkl ¼
1

2
ðḡil;jk þ ḡjk;il − ḡik;jl − ḡjl;ikÞ

þ ḡmnðΓ̄m
il Γ̄n

jk − Γ̄m
ikΓ̄n

jlÞ; ð84Þ

and

V̄ ;ðijklÞ ¼ V̄;ijkl − V̄;ijmΓ̄m
kl − V̄;klmΓ̄m

ij − V̄;ikmΓ̄m
jl

− V̄;jlmΓ̄m
ik − V̄;ilmΓ̄m

jk − V̄;jkmΓ̄m
il

þ V̄;mn½Γ̄m
ijΓ̄n

kl þ Γ̄m
ikΓ̄n

jl þ Γ̄m
il Γ̄n

jk�
þ Aijkl þ Ajikl þ Akijl þ Alijk; ð85Þ

with

Aijkl ≔
1

6
V̄;imḡmn½ḡjk;nl þ ḡkl;nj þ ḡjl;nk

− 2ðḡnj;kl þ ḡnk;jl þ ḡnl;jkÞ�
þ V̄;im½Γ̄m

jnΓ̄n
kl þ Γ̄m

knΓ̄n
jl þ Γ̄m

lnΓ̄n
jk�

þ 1

3
V̄;imḡmp½Γ̄q

pjΓ̄n
kl þ Γ̄q

pkΓ̄n
jl þ Γ̄q

plΓ̄n
jk�ḡqn: ð86Þ

B. Perturbative unitarity

As we have shown in Eq. (81), the scalar four-point
amplitude Mð1234Þ contains energy-squared terms pro-
portional to s12, s13, and s14. This implies that the
perturbative unitarity of the scattering amplitude is gen-
erally violated at a certain high-energy scale in the
GHEFT (37). In order to maintain perturbative unitarity
in the high-energy limit, the GHEFT Lagrangian should
satisfy special conditions known as the unitarity sum rules
[93–95]. We here give a geometrical interpretation for the
unitarity sum rules.
Applying the on-shell condition

s12 þ s13 þ s14 ¼ m2
i1
þm2

i2
þm2

i3
þm2

i4
ð87Þ

to the four-point amplitude (81), we obtain

iMð1234Þ ¼ −
i
3
ðR̄i1i3i4i2 þ R̄i1i4i3i2 − R̄i1i2i3i4 − R̄i1i3i2i4Þs12

−
i
3
ðR̄i1i2i4i3 þ R̄i1i4i2i3 − R̄i1i2i3i4 − R̄i1i3i2i4Þs13

þOðE0Þ: ð88Þ

Therefore, the unitarity sum rules can be summarized in
geometrical language as

R̄i1i3i4i2 þ R̄i1i4i3i2 − R̄i1i2i3i4 − R̄i1i3i2i4 ¼ 0; ð89Þ

R̄i1i2i4i3 þ R̄i1i4i2i3 − R̄i1i2i3i4 − R̄i1i3i2i4 ¼ 0: ð90Þ

Note that the Riemann curvature tensor Rijkl is antisym-
metric under the exchange k ↔ l:

Rijkl ≡ −Rijlk: ð91Þ

The unitarity sum rules (89) can thus be rewritten as

2R̄i1i3i4i2 − R̄i1i4i2i3 − R̄i1i2i3i4 ¼ 0: ð92Þ

The Bianchi identity

Rijkl þ Riklj þ Riljk ≡ 0 ð93Þ

can be expressed as

−R̄i1i4i2i3 − R̄i1i2i3i4 ≡ R̄i1i3i4i2 ; ð94Þ
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which enables us to further simplify the unitarity sum
rules (92). The sum rules (89) can be expressed in a simple
form:

3R̄i1i3i4i2 ¼ 0: ð95Þ

The unitarity sum rules (89) and (90) can be expressed in a
compact form:

R̄ijkl ¼ 0: ð96Þ

Note that the unitarity sum rules (96) imply the flatness of
the scalar manifold only at the vacuum. The unitarity
conditions (96) are lifted to

Rijkl ¼ 0; ð97Þ

i.e., the complete flatness of the entire scalar manifold
at least in the vicinity of the vacuum, by imposing
perturbative unitarity in the arbitrary N-point amplitudes.
See Appendix B for details.
Perturbative unitarity is violated at a certain high-energy

scale in an extended Higgs scenario with a curved scalar
manifold. For instance, if we consider the HEFT with
F ðhÞ ¼ ð1þ ðκVhÞ=vÞ2 and take κV < 1, the correspond-
ing scalar manifold has nonzero curvature proportional to
1 − κ2V [96,97]. The model violates perturbative unitarity at
Λ ∼ 4πv=ð1 − κ2VÞ1=2. In that case, we need to introduce
new particles with mass m≲ Λ and/or consider nonper-
turbative effects to ensure the unitarity of the model.

IV. ONE-LOOP DIVERGENCES IN THE
GAUGELESS LIMIT

As we have shown in the previous section, the tree-level
perturbative unitarity requires that the GHEFT scalar
manifold be flat at the vacuum. What does this imply at
the loop level? References [96,97] investigated the structure
of the one-loop divergences in the nonlinear sigma model
Lagrangian (37). They found that the logarithmic diver-
gences in the scalar one-loop integral are described in the
gaugeless limit by

ΔLφ−loop
div ¼ 1

ð4πÞ2ϵ
�
1

12
trðYμνYμνÞ þ 1

2
trðX2Þ

�
: ð98Þ

Here ϵ is defined as

ϵ ≔ 4 −D; ð99Þ

with D being the spacetime dimension. Yμν and X are
defined as

½Yμν�ij ¼ Ri
jklðDμϕÞkðDνϕÞl þWa

μνðwi
aÞ;j þ BμνðyiÞ;j;

ð100Þ

½X�ik ¼ Ri
jklðDμϕÞjðDμϕÞl þ gijV ;jk; ð101Þ

with

ðwi
aÞ;j ¼

∂
∂ϕj

wi
a þ Γi

ljw
l
a; ðyiÞ;j ¼

∂
∂ϕj

yi þ Γi
ljy

l;

ð102Þ

and Ri
jkl ¼ gimRmjkl.

Remember that perturbative unitarity implies the flatness
at the vacuum,

R̄ijkl ¼ 0: ð103Þ

It is easy to see that the unitarity condition (103) is enough
to guarantee the absence of divergences in the ð∂μϕÞ4-type
operators, which affect the scalar boson high-energy four-
point scattering amplitudes. The flatness of the scalar
manifold at the vacuum (103) also automatically guarantees
the absence of divergences in the anomalous triple gauge
boson operators. These findings are in accord with the
general expectations regarding the connections between
perturbative unitarity and the absence of new counterterms
in the one-loop divergences, and also with the explicit heat-
kernel computations presented in Refs. [79,81,82,96,97].
However, the divergence structure in the operators

proportional to

Wa
μνWbμν; Wa

μνBμν; BμνBμν ð104Þ

is not manifest. Note that the oblique correction parameters
S and U [98] are related to the gauge-kinetic-type operators
listed in Eq. (104). There is no obvious reason to ensure the
absence of the one-loop divergences in the S and U
parameters even in the perturbatively unitary models.
Moreover, the one-loop divergence formula (98) does

not include quantum corrections arising from the gauge-
boson loop diagrams, which should be evaluated to
deduce the divergence structure of the oblique correction
parameters.
In what follows, we explicitly perform the one-loop

calculations for both the scalar and gauge loop diagrams.
Our results are consistent with those of Refs. [81,82], in
which the complete one-loop divergence formulas includ-
ing gauge loops and fermionic loop corrections were
obtained. Picking the UV-divergent parts from the one-
loop functions, we investigate the relationship between the
divergence structure and tree-level perturbative unitarity.
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V. OBLIQUE CORRECTIONS AND FINITENESS
CONDITIONS

A. Vacuum polarization functions at one loop

The electroweak oblique correction parameters S and U
are defined as

S ≔ 16πðΠ0
33ð0Þ − Π0

3Qð0ÞÞ; ð105Þ

U ≔ 16πðΠ0
11ð0Þ − Π0

33ð0ÞÞ; ð106Þ

with Π0
Að0Þ being

Π0
Að0Þ ≔

d
dp2

ΠAðp2Þ
����
p2¼0

: ð107Þ

Here ΠAðp2Þ stands for the non-SM contribution to the
gauge boson vacuum polarization function in the A
channel. Π11ðp2Þ and Π33ðp2Þ are charged and neutral
weak SUð2ÞW current correlators at momentum p, respec-
tively. Π3Qðp2Þ is the correlator between the neutral weak
SUð2ÞW current and the electromagnetic current. Note that,
in the GHEFT, a number of scalar particles, in addition to
the 125 GeV Higgs, contribute to ΠAðp2Þ at loop level.
The oblique correction parameter T is related to

Veltman’s ρ parameter [132],

αT ≔ ρ − 1; ρ ¼
v2
0

4
þ Π11ð0Þ

v2Z0
4
þ Π33ð0Þ

; ð108Þ

with v0 and vZ0 being the “bare” parameters corresponding
to the charged and neutral would-be NG boson decay
constants v and vZ. The GHEFT Lagrangian loses its
ability to predict the T parameter if we introduce inde-
pendent counterterms for v and vZ.
On the other hand, if we assume that the counterterms for

v and vZ are related to each other,

v20 ¼ v2ð1þ δvÞ; v2Z0 ¼ v2Zð1þ δvÞ; ð109Þ

then ρ is calculated as

ρ ¼ v2

v2Z

1þ δv þ 4
v2 Π11ð0Þ

1þ δv þ 4
v2Z
Π33ð0Þ

ð110Þ

and we regain a counterterm-independent prediction for
the parameter ρ,

ρ ¼ v2

v2Z
ð1þ αT̃Þ; ð111Þ

with

αT̃ ≔ 4

�
1

v2
Π11ð0Þ −

1

v2Z
Π33ð0Þ

�
: ð112Þ

In what follows, we calculate Π11, Π33, and Π3Q at the
one-loop level in the GHEFT and derive the required
conditions to ensure the UV finiteness of Eqs. (105),
(106), and (112). We apply a background-field method
[133–138] to calculate the vacuum polarization functions to
keep the gauge invariance. See Appendix C for the details
of the calculation. Although UV divergences associated
with tadpole diagrams exist inΠ11ð0Þ andΠ33ð0Þ, as shown
in Fig. 1, we assume that these UV divergences are
canceled by the corresponding tadpole counterterms.

1. Scalar loop

Let us start with the scalar loop corrections to the
vacuum polarization functions. The relevant Feynman
diagrams are shown in Fig. 2, which are evaluated to be

Πφφ
3Qðp2Þ ¼ 1

ð4πÞ2
�
−2

X
i;j

ðw̄i
3Þ;jððw̄j

3Þ;i þ ðȳjÞ;iÞ

× B22ðp2; m2
i ; m

2
jÞ

þ
X
i;j

ðw̄i
3Þ;jððw̄j

3Þ;i þ ðȳjÞ;iÞAðm2
i Þ
�
; ð113Þ

and

Πφφ
bc ðp2Þ ¼ 1

ð4πÞ2
�
−2

X
i;j

ðw̄i
bÞ;jðw̄j

cÞ;iB22ðp2; m2
i ; m

2
jÞ

þ
X
i;j

½ðw̄i
bÞ;jðw̄j

cÞ;i þ ḡijðw̄k
bÞðw̄l

cÞR̄kilj�Aðm2
i Þ
�
;

ð114Þ

FIG. 2. Feynman diagrams for Πφφ
11 , Π

φφ
33 , and Π

φφ
3Q. The internal

lines correspond to φ fields.

FIG. 1. Feynman diagrams for tadpole contributions to Π11ð0Þ
and Π33ð0Þ and their counterterms.
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for b, c ¼ 1, 2, 3. Here ðw̄i
aÞ;j and ðȳiÞ;j denote the

covariant derivatives of the Killing vectors at the vacuum,

ðw̄i
aÞ;j ≔ ðwi

aÞ;j
���
ϕ¼ϕ̄

; ðȳiÞ;j ≔ ðyiÞ;j
���
ϕ¼ϕ̄

: ð115Þ

A and B22 are loop functions defined as

i
ð4πÞ2 Aðm

2Þ ¼
Z

d4k
ð2πÞ4

1

k2 −m2
; ð116Þ

i
ð4πÞ2 B22ðp2;m2

1; m
2
2Þ

¼
Z

d4k
ð2πÞ4

kμkν
ðk2 −m2

1Þfðkþ pÞ2 −m2
2g

�����
gμν

: ð117Þ

2. Scalar-gauge loop

We next calculate the Feynman diagrams shown in
Fig. 3. In the ’t Hooft–Feynman gauge, we obtain

ΠφV
3Qðp2Þ ¼ 0 ð118Þ

and

ΠφV
bc ðp2Þ

¼ −
4

ð4πÞ2
�X
a¼1;2

X
i;j

ḡijðGWaÞibðGWaÞjcB0ðp2;M2
W;m

2
i Þ

þ
X
i;j

ḡijðGZÞibðGZÞjcB0ðp2;M2
Z;m

2
i Þ

þ
X
i;j

ḡijðGAÞibðGAÞjcB0ðp2; 0; m2
i Þ
�
; ð119Þ

for b, c ¼ 1, 2, 3. Here ðGWaÞib, ðGZÞib, and ðGAÞib are
defined as

ðGWaÞib ≔ gWðw̄i
aÞ;jw̄j

b ða ¼ 1; 2Þ; ð120Þ

ðGZÞib ≔
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2W þ g2Y
p ½g2Wðw̄i

3Þ;j − g2YðȳiÞ;j�w̄j
b; ð121Þ

ðGAÞib ≔
gWgYffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2W þ g2Y

p ½ðw̄i
3Þ;j þ ðȳiÞ;j�w̄j

b; ð122Þ

and

M2
W ¼ g2W

4
v2; M2

Z ¼ g2W þ g2Y
4

v2Z: ð123Þ

B0 is defined as

i
ð4πÞ2 B0ðp2;m2

1; m
2
2Þ

¼
Z

d4k
ð2πÞ4

1

ðk2 −m2
1Þfðkþ pÞ2 −m2

2g
: ð124Þ

3. Gauge and Faddeev-Popov ghost loop

Finally, we calculate the contributions that are indepen-
dent of the scalar interactions. The relevant Feynman
diagrams are depicted in Fig. 4. In the ’t Hooft–
Feynman gauge, we find that the gauge bosons contribu-
tions are given by

ΠGauge
11 ðp2Þ ¼ ΠGauge

22 ðp2Þ

¼ 4

ð4πÞ2 ½−AðM
2
WÞ − c2WAðM2

ZÞ − s2WAð0Þ þ 2p2ðc2WB0ðp2;M2
Z;M

2
WÞ þ s2WB0ðp2; 0;M2

WÞÞ

þ 4ðc2WB22ðp2;M2
Z;M

2
WÞ þ s2WB22ðp2; 0;M2

WÞÞ�; ð125Þ

FIG. 3. Feynman diagrams for ΠφV
11 , Π

φV
33 , and Π

φV
3Q . The internal

lines correspond to φ and gauge fields.

FIG. 4. Feynman diagrams for ΠGauge;cc
11 , ΠGauge;cc

33 , and
ΠGauge;cc

3Q . The wavy and dotted lines correspond to gauge fields
and Faddeev-Popov ghost fields, respectively.
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ΠGauge
33 ðp2Þ ¼ 8

ð4πÞ2 ½p
2B0ðp2;M2

W;M
2
WÞ

þ 2B22ðp2;M2
W;M

2
WÞ − AðM2

WÞ�; ð126Þ

ΠGauge
3Q ðp2Þ ¼ 8

ð4πÞ2 ½p
2B0ðp2;M2

W;M
2
WÞ

þ 2B22ðp2;M2
W;M

2
WÞ − AðM2

WÞ�; ð127Þ

and the Faddeev-Popov (FP) ghost contributions are
calculated as

Πcc
11ðp2Þ ¼ Πcc

22ðp2Þ

¼ 2

ð4πÞ2 ½AðM
2
WÞ þ c2WAðM2

ZÞ þ s2WAð0Þ

− 4ðc2WB22ðp2;M2
Z;M

2
WÞ þ s2WB22ðp2; 0;M2

WÞÞ�;
ð128Þ

Πcc
33ðp2Þ ¼ −

4

ð4πÞ2 ½2B22ðp2;M2
W;M

2
WÞ − AðM2

WÞ�;

ð129Þ

Πcc
3Qðp2Þ ¼ −

4

ð4πÞ2 ½2B22ðp2;M2
W;M

2
WÞ − AðM2

WÞ�:

ð130Þ

Here sW and cW are

sW ¼ gY
gZ

; cW ¼ gW
gZ

; gZ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2W þ g2Y

q
: ð131Þ

B. Finiteness of the oblique corrections

We are now ready to derive the UV finiteness conditions
for the oblique correction parameters at the one-loop level,
i.e., the finiteness of Eqs. (105), (106), and (112).
To estimate the UV divergences, we regularize the

loop functions A, B0, and B22 by employing dimensional
regularization. The loop functions are expanded as

Aðm2Þ ¼ −Λ2 þm2 ln
Λ2

μ2
− ð4πÞ2ArðmÞ; ð132Þ

B0ðp2; m2
1; m

2
2Þ ¼ ln

Λ2

μ2
þ ð4πÞ2Brðm1; m2; p2Þ; ð133Þ

B22ðp2; m2
1; m

2
2Þ ¼ −

1

2
Λ2 þ 1

4

�
m2

1 þm2
2 −

p2

3

�
ln
Λ2

μ2

þ 1

4
ð4πÞ2B0rðm1; m2; p2Þ; ð134Þ

where the terms proportional to Λ2 and lnΛ2 correspond
to the terms proportional to 1=ð2 −DÞ and 1=ð4 −DÞ,
respectively. D and μ denote the spacetime dimension
and the renormalization scale, respectively. Ar, Br, and B0r
are Λ-independent (μ-dependent) functions. The explicit
expressions for the Λ-independent functions are given
in Ref. [99].

1. S and U parameters

Let us focus on the UV divergences in Eqs. (105) and
(106). Combining the results derived in Sec. VA and
Eqs. (132)–(134), we find that the UV-divergent parts of S
and U are given as

Sdiv ¼ −
1

12π
ðw̄i

3Þ;jðȳjÞ;i ln
Λ2

μ2
; ð135Þ

Udiv ¼
1

12π
ððw̄i

1Þ;jðw̄j
1Þ;i − ðw̄i

3Þ;jðw̄j
3Þ;iÞ ln

Λ2

μ2
: ð136Þ

The gauge-boson loops do not contribute to the one-loop
divergences in the parameters S and U. These results are
thus identical to the results computed in the gaugeless
limit [96,97].

2. Π11ð0Þ and Π33ð0Þ
The UV divergences in Eq. (112) other than the tadpole

contributions can also be extracted using Eqs. (132)–(134).
We obtain

�
1

v2
Π11ð0Þ −

1

v2Z
Π33ð0Þ

�
div

¼
�
1

v2
Π11ð0Þ −

1

v2Z
Π33ð0Þ

�
Λ2

þ
�
1

v2
Π11ð0Þ −

1

v2Z
Π33ð0Þ

�
lnΛ2

; ð137Þ

where

�
1

v2
Π11ð0Þ −

1

v2Z
Π33ð0Þ

�
Λ2

¼ −
1

ð4πÞ2
�
1

v2
ðw̄i

1Þðw̄j
1Þ −

1

v2Z
ðw̄i

3Þðw̄j
3Þ
�
R̄ikjlḡklΛ2;

ð138Þ

and
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�
1

v2
Π11ð0Þ −

1

v2Z
Π33ð0Þ

�
lnΛ2

¼ 1

ð4πÞ2
�
1

v2
ðw̄i

1Þðw̄j
1Þ −

1

v2Z
ðw̄i

3Þðw̄j
3Þ
�

× f−4g2Wðw̄k
aÞ;iðw̄l

aÞ;jḡkl − 4g2YðȳkÞ;iðȳlÞ;jḡkl

þ R̄ikjlðM̃2Þklg lnΛ
2

μ2
; ð139Þ

with ðM̃2Þkl being the scalar boson mass matrix in the ’t
Hooft–Feynman gauge:

ðM̃2Þij ≔ ḡikḡjlV̄ ;kl þ g2Wðw̄i
aÞðw̄j

aÞ þ g2YðȳiÞðȳjÞ;
V̄ ;ij ≔ V ;ij

���
ϕ¼ϕ̄

: ð140Þ

VI. PERTURBATIVE UNITARITY VS
FINITENESS CONDITIONS

We are now ready to discuss the implications of
perturbative unitarity on the one-loop finiteness of the
oblique correction parameters. We first concentrate on the
parameter S, the UV divergence of which is given by
Eq. (135). As we stressed in Sec. IV, since there are no
obvious connections between the Riemann curvature tensor
(geometry) Rijkl and the SUð2ÞW ×Uð1ÞY Killing vectors
(symmetry) wi

a and yi, the relation between perturbative
unitarity R̄ijkl ¼ 0 and the one-loop finiteness of S is not
obvious in Eq. (135).
We note, however, that the scalar manifold should

be invariant under the SUð2ÞW ×Uð1ÞY transformations,
and thus the Killing vectors should satisfy the Killing
equations,

0 ¼ ðwk
aÞgij;k þ ðwk

aÞ;igkj þ ðwk
aÞ;jgik;

0 ¼ ðykÞgij;k þ ðykÞ;igkj þ ðykÞ;jgik: ð141Þ

There do exist connections between the geometry (Rijkl)
and the symmetry (wi

a and yi) embedded in the Killing
equations (141). Moreover, the Killing vectors wi

a and yi

should obey the SUð2ÞW ×Uð1ÞY Lie algebra,

½wa; wb� ¼ εabcwc; ½wa; y� ¼ 0; ð142Þ

with

wa ≔ wi
a

∂
∂ϕi ; y ≔ yi

∂
∂ϕi : ð143Þ

The connections can be studied more easily if we use a
Riemann normal coordinate (RNC) system around the
vacuum ϕ̄, in which the metric tensor gijðϕÞ can be
expressed in a Taylor-expanded form around ϕ̄ as

gijðϕÞ ¼ δij −
1

3
R̄ikjlφ

kφl þ � � � ; ð144Þ

with

δij ¼ ḡij ¼ gijðϕÞ
���
ϕ¼ϕ̄

; R̄ijkl ¼ Rijkl

���
ϕ¼ϕ̄

: ð145Þ

Solving the Killing equations (141) in terms of the Taylor
expansion around the vacuum,

wi
a ¼ w̄i

a þ ðw̄i
aÞ;jφj þ 1

2!
ðw̄i

aÞ;jkφjφk þ � � � ; ð146Þ

yi ¼ ȳi þ ðȳiÞ;jφj þ 1

2!
ðȳiÞ;jkφjφk þ � � � ; ð147Þ

we find that the Taylor expansion coefficients satisfy

0 ¼ ḡikðw̄k
aÞ;j þ ḡjkðw̄k

aÞ;i; ð148Þ

0 ¼ ḡikðȳkÞ;j þ ḡjkðȳkÞ;i; ð149Þ

ðw̄i
aÞ;jk ¼

1

3
ðR̄i

jkl þ R̄i
kjlÞw̄l

a; ð150Þ

ðȳiÞ;jk ¼
1

3
ðR̄i

jkl þ R̄i
kjlÞȳl; ð151Þ

..

.

There are certainly connections between the geometry Rijkl

and the symmetry wi
a and yi in Eqs. (150) and (151).

However, Eqs. (150) and (151) are not enough to clarify the
relation between perturbative unitarity and the S-parameter
coefficient in Eq. (135). Note that the S-parameter coef-
ficient is written in terms of the first covariant derivative of
the Killing vectors ðw̄i

aÞ;j and ðȳiÞ;j. We need physical
principles to relate ðw̄i

aÞ;j and ðȳiÞ;j to the second deriv-
atives ðw̄i

aÞ;jk and ðȳiÞ;jk. Actually, the SUð2ÞW ×Uð1ÞY
Lie algebra (symmetry) (142) plays this role. Plugging
Eqs. (150) and (151) into Eq. (142), we obtain

ðTaÞji ¼
1

2
εabcð½Tb; Tc�Þji þ

1

2
εabcðw̄k

bÞðw̄l
cÞR̄i

jkl; ð152Þ

0 ¼ ð½Ta; TY �Þji þ ðw̄k
aÞðȳlÞR̄i

jkl; ð153Þ

with Ta and TY being matrices denoting the first derivatives
of the SUð2ÞW × Uð1ÞY Killing vectors at the vacuum,

ðTaÞji ≔ ðw̄i
aÞ;j; ðTYÞji ≔ ðȳiÞ;j: ð154Þ

It is now easy to show that
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trðT3TYÞ ¼
1

2
ε3bctrð½Tb; Tc�TYÞ þ

1

2
ε3bcðw̄k

bÞðw̄l
cÞR̄i

jklðTYÞij

¼ 1

2
ε3bctrð½Tc; TY �TbÞ þ

1

2
ε3bcðw̄k

bÞðw̄l
cÞR̄i

jklðTYÞij

¼ −
1

2
ε3bcðw̄k

cÞðȳlÞR̄i
jklðTbÞij þ

1

2
ε3bcðw̄k

bÞðw̄l
cÞR̄i

jklðTYÞij

¼ 1

2
ε3bcðw̄k

cÞðw̄l
3ÞR̄i

jklðTbÞij þ
1

2
ε3bcðw̄k

bÞðw̄l
cÞR̄i

jklðTYÞij: ð155Þ

In the last line of Eq. (155) we used the fact that Uð1Þem is
unbroken at the vacuum (47), i.e.,

0 ¼ w̄i
3 þ ȳi: ð156Þ

Equation (155) can be rewritten in the covariant form

ðw̄i
3Þ;jðȳjÞ;i ¼

1

2
ðε3bcðw̄k

cÞðw̄l
3ÞR̄i

jklðw̄j
bÞ;i

þ ε3bcðw̄k
bÞðw̄l

cÞR̄i
jklðȳjÞ;iÞ: ð157Þ

In a similar manner, we obtain the divergent coefficient in
U [Eq. (136)],

ðw̄i
1Þ;jðw̄j

1Þ;i− ðw̄i
3Þ;jðw̄j

3Þ;i
¼ 1

2
ðε1bcðw̄k

bÞðw̄l
cÞR̄i

jklðw̄j
1Þ;i− ε3bcðw̄k

bÞðw̄l
cÞR̄i

jklðw̄j
3Þ;iÞ:
ð158Þ

Combining Eqs. (135), (136), (157), and (158), we find

Sdiv ¼ −
1

12π
ðε3bcðw̄k

cÞðw̄l
3ÞR̄i

jklðw̄j
bÞ;i

þ ε3bcðw̄k
bÞðw̄l

cÞR̄i
jklðȳjÞ;iÞ ln

Λ2

μ2
; ð159Þ

Udiv ¼
1

12π
ðε1bcðw̄k

bÞðw̄l
cÞR̄i

jklðw̄j
1Þ;i

− ε3bcðw̄k
bÞðw̄l

cÞR̄i
jklðw̄j

3Þ;iÞ ln
Λ2

μ2
: ð160Þ

The relation between the symmetry and the geometry
hidden in Eqs. (135) and (136) is now unveiled in
Eqs. (159) and (160). The one-loop divergences of both
S and U are proportional to the Riemann curvature tensor
R̄ijkl at the vacuum. Once the four-point tree-level unitarity
is ensured, i.e., R̄ijkl ¼ 0, the one-loop finiteness of S and
U is automatically guaranteed in Eqs. (159) and (160).4

The physical implications of the S and U parameter
formulas (159) and (160) can be studied more closely. Note
that both of them vanish when

ðw̄k
bÞðw̄l

cÞR̄ijkl ¼ 0; ð161Þ

which does not require R̄ijkl ¼ 0. What does the condition
(161) imply? Combining the equivalence theorem and the
results presented in Sec. III, we see that the condition (161)
ensures the tree-level unitarity of the high-energy p-wave
scattering amplitude in the

πbπc → φiφj ð162Þ

channel. In the high-energy limit, the amplitude (162)
corresponds to the Vb

LV
c
L → φiφj scattering amplitudes

because of the equivalence theorem. Here Va
L stands for

the longitudinally polarized massive gauge bosons, V1;2
L ¼

W1;2
L and V3

L ¼ ZL. The one-loop finiteness of S and U
does not require a completely flat scalar manifold: the
scattering amplitudes φiφj → φkφl other than the NG
boson channels may still violate the tree-level unitarity.
Once the p-wave tree-level unitarity in the channel (162) is
somehow ensured, it is potentially possible to construct
strongly interacting EWSB models without violating the
one-loop finiteness of S and U.
Moreover, as we see in Appendix D, the covariant

derivative of the Killing vector ðwi
cÞ;j is related to the

light-fermion scattering amplitudes

ff̄ → φiφj: ð163Þ

Here f (f̄) stands for light quarks or leptons (light
antiquarks or antileptons). The coefficients in front of
the logarithmic divergences in Eqs. (159) and (160) can
be expressed in the form

ðwk
bÞðwl

cÞR̄i
jklðw̄j

aÞ;i: ð164Þ

This suggests that, assuming negligibly small tree-level
Oðp4Þ contributions, precise measurements of S and U can
be used to constrain the high-energy scattering amplitudes
in the

4The relation between the one-loop S divergence and the
flatness of the scalar manifold was also pointed out in Ref. [96] in
the context of the HEFT framework, in which the connection can
be seen more manifestly than in the GHEFT framework.
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Vb
LV

c
L → φiφj and ff̄ → φiφj ð165Þ

channels, which can be tested in future collider experi-
ments.
Finally we make a comment on the UV finiteness

condition of Eq. (137). We find that the UV finiteness
of Eq. (137) is not ensured solely by the flatness of the
scalar manifold. For example, even if we assume that the
scalar manifold is completely flat and v ¼ vZ at the tree
level, the extra condition

½ðw̄i
1Þðw̄j

1Þ − ðw̄i
3Þðw̄j

3Þ�½g2Wðw̄k
aÞ;iðw̄l

aÞ;jḡkl
þ g2YðȳkÞ;iðȳlÞ;jḡkl� ¼ 0: ð166Þ

is required to ensure the finiteness of the one-loop
T-parameter correction. The Georgi-Machacek model
[35–38] is an example of models where the condition
(166) is not satisfied. We need to introduce independent
counterterms for v and vZ in these models.

VII. SUMMARY

We have formulated a generalized Higgs effective field
theory that includes extra Higgs particles other than the
125 GeV Higgs boson as a low-energy effective field
theory describing electroweak symmetry breaking. The
scalar scattering amplitudes are expressed by the geometry
(Riemann curvature) and the symmetry (Killing vectors) of
the scalar manifold in the GHEFT. The one-loop radiative
corrections to electroweak oblique corrections are also
expressed in terms of the geometry and symmetry of the
scalar manifold. By using the results, we have clarified the
relationship between perturbative unitarity and the UV
finiteness of oblique corrections in the GHEFT.
In particular, we have shown that once the tree-level

unitarity is ensured, the S and U parameters’ one-loop
finiteness is automatically guaranteed. The tree-level per-
turbative unitarity in the scalar amplitudes requires the
scalar manifold to be completely flat at the vacuum. On
the other hand, the one-loop finiteness of the electroweak
oblique corrections does not require complete flatness.
These findings enabled us to verify that the tree-level
unitarity condition is stronger than the one-loop UV
finiteness condition in extended Higgs scenarios.
We also found the coefficients of S and U parameter

divergences [Eqs. (157) and (158)] have a connection with
the particle scattering amplitudes which can be measured in
future collider experiments.
We emphasize that future precision measurements of the

discovered Higgs couplings, cross section, and oblique
parameters are quite important for investigating the geom-
etry and symmetry of the scalar manifold in the generalized
Higgs sector. Combining collider and precision experimen-
tal data with our effective theoretical approach, we should
be able to obtain new prospects for physics beyond the SM.
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APPENDIX A: A SYMMETRY-GEOMETRY
DICTIONARY

The metric tensor gijðϕÞ in the geometrical form of the
Lagrangian [Eq. (37)] can be computed from the symmetry
form of the Lagrangian [Eq. (30)]. We obtain

g11 ¼ G11 −G13π
2 þ 1

3
ð−G11π

2π2 þ G12π
1π2Þ

þ 1

4
G33π

2π2 þOððπÞ3Þ; ðA1Þ

g12 ¼ G12 þ
1

2
ðG13π

1 −G23π
2Þ

þ 1

6
ðG11π

1π2 þ G22π
1π2 −G12π

1π1 − G12π
2π2Þ

−
1

4
G33π

1π2 þOððπÞ3Þ; ðA2Þ

g13 ¼ G13 −
1

2
G33π

2 þ 1

6
ð−G13π

2π2 þ G23π
1π2Þ

−G1I½iQϕ�IJϕJ

�
1 −

1

6
π2π2

�
þ 1

2
G3I½iQϕ�IJϕJπ2

−
1

6
G2I½iQϕ�IJϕJπ1π2 þOððπÞ3Þ; ðA3Þ

g22 ¼ G22 þG23π
1 þ 1

3
ð−G22π

1π1 þ G12π
1π2Þ

þ 1

4
G33π

1π1 þOððπÞ3Þ; ðA4Þ

g23 ¼ G23 þ
1

2
G33π

1 þ 1

6
ðG13π

1π2 −G23π
1π1Þ

−G2I½iQϕ�IJϕJ

�
1 −

1

6
π1π1

�
−
1

2
G3I½iQϕ�IJϕJπ1

−
1

6
G1I½iQϕ�IJϕJπ1π2 þOððπÞ3Þ; ðA5Þ

g33 ¼ G33 − 2G3I½iQϕ�IJϕJ þ GIJ½iQϕ�IK½iQϕ�JLϕKϕL;

ðA6Þ

g1I ¼ G1I þ
1

2
G3Iπ

2 −
1

6
G1Iπ

2π2 þ 1

6
G2Iπ

1π2 þOððπÞ3Þ;
ðA7Þ

g2I ¼ G2I þ
1

2
G3Iπ

1 þ 1

6
G1Iπ

1π2 −
1

6
G2Iπ

1π1 þOððπÞ3Þ;
ðA8Þ
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g3I ¼ G3I −GIJ½iQϕ�JKϕK; ðA9Þ

gIJ ¼ GIJ: ðA10Þ

Note that the scalar multiplet ϕi in the geometrical form
Lagrangian (37) contains both the NGB bosons π1, π2, π3

and the Higgs bosons ϕI as its components, i.e.,

fϕig ¼ fπ1; π2; π3;ϕIg: ðA11Þ

The SUð2ÞW ×Uð1ÞY Killing vectors wi
a and yi are

introduced through the covariant derivative (44) in the
geometrical form Lagrangian (37). These Killing vectors
can be determined from the infinitesimal SUð2ÞW ×Uð1ÞY
transformation properties (4), (5), and (19). They are

ðw1Þ1 ¼ 1 −
1

3
π2π2 þOððπÞ4Þ; ðA12Þ

ðw1Þ2 ¼
1

3
π1π2 þOððπÞ4Þ; ðA13Þ

ðw1Þ3 ¼ −
1

2
π2 −

1

24
ðπ1π1 þ π2π2Þπ2 þOððπÞ4Þ; ðA14Þ

ðw1ÞI ¼ −
1

2
π2½iQϕ�IJϕJ −

1

24
ðπ1π1 þ π2π2Þπ2½iQϕ�IJϕJ

þOððπÞ4Þ; ðA15Þ

ðw2Þ1 ¼
1

3
π1π2 þOððπÞ4Þ; ðA16Þ

ðw2Þ2 ¼ 1 −
1

3
π1π1 þOððπÞ4Þ; ðA17Þ

ðw2Þ3 ¼
1

2
π1 þ 1

24
ðπ1π1 þ π2π2Þπ1 þOððπÞ4Þ; ðA18Þ

ðw2ÞI ¼
1

2
π1½iQϕ�IJϕJ þ 1

24
ðπ1π1 þ π2π2Þπ1½iQϕ�IJϕJ

þOððπÞ4Þ; ðA19Þ

ðw3Þ1 ¼ π2; ðA20Þ

ðw3Þ2 ¼ −π1; ðA21Þ

ðw3Þ3 ¼ 1; ðA22Þ

ðw3ÞI ¼ ½iQϕ�IJϕJ; ðA23Þ

ðyÞ1 ¼ 0; ðA24Þ

ðyÞ2 ¼ 0; ðA25Þ

ðyÞ3 ¼ −1; ðA26Þ

ðyÞI ¼ 0: ðA27Þ

APPENDIX B: N-POINT AMPLITUDE

Let us consider the Taylor expansion of the scalar
manifold metric tensor gijðϕÞ around the vacuum point ϕ̄i,

gijðϕÞ ¼ ḡij þ Ḡijkφ
k þ 1

2
Ḡijklφ

kφl þ 1

3!
Ḡijklmφ

kφlφm

þ 1

4!
Ḡijklmnφ

kφlφmφn þ � � � ; ðB1Þ

with ϕi ¼ ϕ̄i þ φi. The Taylor coefficients can be
expressed in terms of the covariant derivatives of the
Riemann curvature tensor in RNC. They are [139,140]

ḡij ¼ δij; ðB2Þ

Ḡijk ¼ 0; ðB3Þ

Ḡijkl ¼
2

3
R̄iklj; ðB4Þ

Ḡijklm ¼ R̄iklj;m; ðB5Þ

Ḡijklmn ¼
6

5
R̄iklj;mn þ

16

15
R̄ikloR̄o

mnj

..

. ðB6Þ

with

R̄ijkl ≔ Rijkl

���
ϕ¼ϕ̄

; R̄ijkl;m ≔ Rijkl;m

���
ϕ¼ϕ̄

;

R̄ijkl;mn ≔ Rijkl;mn

���
ϕ¼ϕ̄

; � � � : ðB7Þ

The one-particle-irreducible on-shell N-point amplitude
Mð12 � � �NÞ can thus be expressed5 as

iMð12 � � �NÞ ¼ −
i
2

X
m<n

smnḠðiminÞði1i2���ǐm���ǐn���iNÞ; ðB8Þ

in the gaugeless flat-potential (V ¼ 0) scalar model. Scalar
particles are all massless in this model. The indices inside

5Equation (B8) can be regarded as a geometrical manifestation
of Weinberg’s soft-theorem in on-shell amplitudes. See, e.g.,
Ref. [141] for a recent review on the computational techniques of
various on-shell amplitudes including nonlinear sigma models.
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the parentheses are understood to be totally symmetrized.
The inverted hats on top of ǐm and ǐn in the sequence
i1i2 � � � ǐm � � � ǐn � � � iN denote the absence of the corre-
sponding indices, i.e.,

i1i2 � � � ǐm � � � ǐn � � � iN ¼ i1i2 � � � im−1imþ1 � � � in−1inþ1 � � � iN:
ðB9Þ

In this Appendix we show that perturbative unitarity up
to the N-point amplitudes requires

R̄i1i2i3i4 ¼ 0; R̄i1i2i3i4;i5 ¼ 0;

R̄i1i2i3i4;i5i6 ¼ 0; � � � R̄i1i2i3i4;i5���iN ¼ 0: ðB10Þ

The scalar manifold needs to be completely flat at least
in the vicinity of the vacuum. It should be stressed here
that, even though we already have a compact expression for
the N-point amplitude (B8), it is nontrivial to obtain the
unitarity condition (B10) since the generalized Mandelstam
variables smn need to satisfy the momentum conservation
conditions

XN
n¼1

smn ¼ 0 ðB11Þ

and the conditions coming from the four-dimensional
spacetime (Gram determinant conditions) [142]. We need
to make full use of the Riemann tensor’s symmetry to
deduce our conclusions (B10).
N ¼ 4.—Let us start with the four-point scattering

amplitude. We compute the amplitude in the limit

s ≔ s12 ¼ s34 ¼ −s13 ¼ −s24 ≠ 0; s14 ¼ s23 ¼ 0:

ðB12Þ

Clearly, the momentum conservation conditions (B11) are
satisfied in Eq. (B12). The Gram determinant conditions do
not give extra conditions for N ¼ 4.
In the above limit, the four-point on-shell amplitude

behaves as

Mð1234Þ ∝ sAð1234Þ; ðB13Þ

with

Að1234Þ ≔ fð12Þjð34Þg þ fð34Þjð12Þg
− fð13Þjð24Þg − fð24Þjð13Þg: ðB14Þ

Here we introduce an abbreviation for the Riemann
curvature tensor,

f12j34g ≔ R̄i1i3i4i2 : ðB15Þ

Again, the indices inside parentheses are understood to be
totally symmetrized.
Considering the amplitude (B13) for large s, we see that

perturbative unitarity requires

Að1234Þ ¼ 0: ðB16Þ

Using the Riemann curvature tensor’s symmetry

f12j34g ¼ −f32j14g ¼ −f14j32g ¼ f34j12g ¼ f21j43g
ðB17Þ

and the first Bianchi identity

f12j34g þ f13j42g þ f14j23g ¼ 0; ðB18Þ

the coefficient Að1234Þ can be computed as

Að1234Þ ¼ 2fð12Þjð34Þg − 2fð13Þjð24Þg
¼ f12j34g þ f12j43g − f13j24g − f13j42g
¼ f12j34g − f13j42g þ f14j23g − f13j42g
¼ −3f13j42g: ðB19Þ

It is now easy to see that perturbative unitarity requires the
Riemann curvature tensor to vanish at the vacuum,

R̄i1i4i2i3 ¼ 0: ðB20Þ

Taking the external lines i1;…; i4 as arbitrary, the result
(B20) requires R̄ijkl ¼ 0, which is enough to guarantee
perturbative unitarity in the arbitrary four-point amplitudes
given in the form of Eq. (B8). The considerations in the
limit (B12) thus provide necessary and sufficient conditions
for perturbative unitarity in the four-point amplitudes.
N ¼ 5
We next consider the five-point scattering amplitude.

Again, we consider the amplitude in the limit

s ≔ s12 ¼ s34 ¼ −s13 ¼ −s24 ≠ 0;

s14 ¼ s23 ¼ s15 ¼ s25 ¼ s35 ¼ s45 ¼ 0: ðB21Þ

Note that the fifth particle is considered to be very soft.
We introduce an abbreviation for the covariant derivative

of the Riemann curvature tensor,

f12j34; 5g ≔ R̄i1i3i4i2;i5 : ðB22Þ

The five-point amplitude in this limit behaves as

Mð12345Þ ∝ sAð12345Þ; ðB23Þ
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with

Að12345Þ ≔ fð12Þjð34; 5Þg þ fð34Þjð12; 5Þg − fð13Þjð24; 5Þg − fð24Þjð13; 5Þg: ðB24Þ

Using

fð12Þjð34; 5Þg ¼ 1

3
fð12Þjð34Þ; 5g þ 1

3
fð12Þjð35Þ; 4g þ 1

3
fð12Þjð45Þ; 3g; ðB25Þ

we obtain

Að12345Þ ¼ 1

3
ffð12Þjð34Þ; 5g þ fð34Þjð12Þ; 5g − fð13Þjð24Þ; 5g − fð24Þjð13Þ; 5gg

þ 1

3
ffð43Þjð25Þ; 1g − fð42Þjð35Þ; 1gg þ 1

3
ffð34Þjð15Þ; 2g − fð31Þjð45Þ; 2gg

þ 1

3
ffð21Þjð45Þ; 3g − fð24Þjð15Þ; 3gg þ 1

3
ffð12Þjð35Þ; 4g − fð13Þjð25Þ; 4gg: ðB26Þ

The first line in Eq. (B26) can be easily computed using the
result for the four-point amplitude. The second and third
lines can also be computed in a manner similar to Eq. (B19).
We find

Að12345Þ ¼ −f13j42; 5g − 1

2
f42j53; 1g − 1

2
f31j54; 2g

−
1

2
f24j51; 3g − 1

2
f13j52; 4g: ðB27Þ

Equation (B27) can be simplified further with the help of
the second Bianchi identity,

f12j34; 5g þ f14j35; 2g þ f15j32; 4g ¼ 0: ðB28Þ
We obtain

Að12345Þ ¼ −f13j42; 5g − 1

2
ff24j35; 1g þ f25j31; 4gg

−
1

2
ff13j45; 2g þ f15j42; 3gg

¼ −f13j42; 5g þ 1

2
f21j34; 5g þ 1

2
f12j43; 5g

¼ −2f13j42; 5g: ðB29Þ

The perturbative unitarity in the five-point amplitude thus
requires

R̄i1i3i4i2;i5 ¼ 0: ðB30Þ

It is easy to see that Eq. (B30) gives necessary and
sufficient conditions for perturbative unitarity in the five-
point amplitudes.
N ¼ 6
It is now straightforward to derive perturbative unitarity

conditions for the six-point amplitude Mð123456Þ. It turns
out that considering the limit

s ≔ s12 ¼ s34 ¼ −s13 ¼ −s24 ≠ 0 ðB31Þ

are enough. Generalized Mandelstam variables other than
s12, s34, s13. and s24 are taken to be zero. Note that the fifth
and sixth particles are both considered to be very soft in this
limit. Note also that this choice of Mandelstam variables is
consistent with the momentum conservation constraints
and the Gram determinant constraints.
We already know that the Riemann curvature tensor R̄ijkl

vanishes at the vacuum thanks to the perturbative unitarity
of the four-point amplitude. We therefore concentrate
on the R̄ijkl;mn term in Eq. (B6). The six-point amplitude
coming from the R̄ijkl;mn term in Eq. (B6) behaves as

Mð123456Þ ∝ sAð123456Þ; ðB32Þ

with

Að123456Þ ≔ fð12Þjð34; 56Þg þ fð34Þjð12; 56Þg
− fð13Þjð24; 56Þg − fð24Þjð13; 56Þg:

ðB33Þ

Here we introduce the abbreviation

f12j34; 56g ≔ R̄i1i3i4i2;i5i6 : ðB34Þ

Using

fð12Þjð34; 56Þg

¼ 1

6
fð12Þjð34Þ; ð56Þg þ 1

6
fð12Þjð56Þ; ð34Þg

þ 1

6
fð12Þjð35Þ; ð46Þg þ 1

6
fð12Þjð46Þ; ð35Þg

þ 1

6
fð12Þjð36Þ; ð45Þg þ 1

6
fð12Þjð45Þ; ð36Þg; ðB35Þ
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we obtain

Að123456Þ ≔ A1 þ A2 þ A3 þ A4; ðB36Þ

with

A1 ¼
1

6
ffð12Þjð34Þ; 56g þ fð34Þjð12Þ; 56g − fð13Þjð24Þ; 56g − fð24Þjð13Þ; 56gg; ðB37Þ

A2 ¼
1

6
ffð12Þjð35Þ; 46g þ fð12Þjð45Þ; 36g þ fð34Þjð15Þ; 26g þ fð34Þjð25Þ; 16g

− fð13Þjð25Þ; 46g − fð13Þjð45Þ; 26g − fð24Þjð15Þ; 36g − fð24Þjð35Þ; 16gg; ðB38Þ

A3 ¼
1

6
ffð12Þjð36Þ; 45g þ fð12Þjð46Þ; 35g þ fð34Þjð16Þ; 25g þ fð34Þjð26Þ; 15g

− fð13Þjð26Þ; 45g − fð13Þjð46Þ; 25g − fð24Þjð16Þ; 35g − fð24Þjð36Þ; 15gg; ðB39Þ

A4 ¼
1

6
ffð12Þjð56Þ; 34g þ fð34Þjð56Þ; 12g − fð13Þjð56Þ; 24g − fð24Þjð56Þ; 13gg: ðB40Þ

Here we used the fact that the covariant derivatives are commutable, justified by the vanishing curvature tensor R̄ijkl ¼ 0 at
the vacuum. The A1 term can be easily computed by using the result for Að1234Þ. The A2 and A3 terms can be computed in a
manner similar to the computation of Að12345Þ. We obtain

A1 ¼ A2 ¼ A3 ¼ −
1

2
f13j42; 56g: ðB41Þ

The A4 term can be computed as

A4 ¼
1

12
ff12j56; 34g þ f12j65; 34g þ f34j56; 12g þ f34j65; 12g

− f13j56; 24g − f13j65; 24g − f24j56; 13g − f24j65; 13gg

¼ 1

12
ff12j56; 34g þ f12j65; 34g þ f43j65; 12g þ f43j56; 12g

þ f16j53; 24g þ f15j63; 24g þ f45j62; 13g þ f46j52; 13gg

¼ 1

12
fðf12j56; 34g þ f16j53; 24gÞ þ ðf12j65; 34g þ f15j63; 24gÞ

þ ðf43j65; 12g þ f45j62; 13gÞ þ ðf43j56; 12g þ f46j52; 13gÞg:

Applying the second Bianchi identity, it can be simplified further to obtain

A4 ¼ −
1

12
ff13j52; 64g þ f13j62; 54g þ f42j63; 15g þ f42j53; 16gg

¼ −
1

12
ff31j25; 46g þ f26j31; 45g þ f24j36; 15g þ f35j24; 16gg

¼ −
1

12
fðf31j25; 46g þ f35j24; 16gÞ þ ðf26j31; 45g þ f24j36; 15gÞg

¼ 1

12
ff34j21; 56g þ f21j34; 65gg

¼ −
1

6
f13j42; 56g: ðB42Þ
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The second Bianchi identity is used in the first and fourth
lines in the above calculation. Combining these results, we
find that the six-point amplitude can be expressed in the
simple form

Að123456Þ ¼ −
5

3
f13j42; 56g: ðB43Þ

The perturbative unitarity condition in the six-point ampli-
tude Að123456Þ ¼ 0 can now be written in terms of the
covariant derivative of the Riemann curvature,

R̄i1i4i2i3;i5i6 ¼ 0: ðB44Þ

It is straightforward to generalize the calculation pre-
sented above to perturbative unitarity conditions in the
N-point amplitude,

R̄i1i4i2i3;i5i6���iN ¼ 0: ðB45Þ

Since the Taylor expansion coefficients of RijklðϕÞ are
required to vanish at any order, the N-point perturbative
unitarity requires the Riemann curvature to be

RijklðϕÞ ¼ 0; ðB46Þ

at least in the vicinity of the vacuum. However, there may
exist essential singularity type corrections to Eq. (B46)
without affecting the Taylor expansion coefficients of
RijklðϕÞ.

APPENDIX C: BACKGROUND-FIELD METHOD

In this Appendix we briefly summarize the interaction
terms used in the calculation of the vacuum polarization
functions in the background-field method at the one-loop
level. For a review of the background-field method, see
Refs. [133–138].
We start with the lowest-order [Oðp2Þ] gauged nonlinear

sigma model Lagrangian (37). Let us first decompose ϕi,

Wa
μ, and Bμ into the background fields and the fluctuation

fields as

ϕi ≔ ϕ̃i þ ξi −
1

2
Γ̃i
jkξ

jξk þ � � � ; ðC1Þ

Wa
μ ≔ W̃a

μ þWa
μ; ðC2Þ

Bμ ≔ B̃μ þ Bμ; ðC3Þ

where ϕ̃i, W̃a
μ, and B̃μ are the background fields. The

dynamical fluctuation fields are denoted by ξi,Wa
μ, and Bμ.

Γ̃i
jk represents the Christoffel symbols for the metric gij at

ϕ ¼ ϕ̃. The metric tensor and the Killing vector fields are
expanded as

gij ¼ g̃ij þ
1

3
R̃ikljξ

kξl þ � � � ; ðC4Þ

wi
a ¼ w̃i

a þ ðw̃i
aÞ;jξj þ

1

3
R̃i
kljw̃

j
aξkξl þ � � � ; ðC5Þ

yi ¼ ỹi þ ðỹiÞ;jξj þ
1

3
R̃i
kljỹ

jξkξl þ � � � ; ðC6Þ

where g̃ij and R̃ikjl denote the metric and the Riemann
curvature tensor evaluated at ϕ ¼ ϕ̃, respectively. w̃i

a and ỹi

are the SUð2ÞW andUð1ÞY Killing vectors, while ðw̃i
aÞ;j and

ðỹiÞ;j are the covariant derivatives of the Killing vectors

evaluated at ϕ ¼ ϕ̃.
The Lagrangian (37) is expanded as

L ¼ Lð0Þ þ Lð1Þ þ Lð2Þ þ � � � ; ðC7Þ

where LðnÞ is of order n in the fluctuation fields.
The quadratic terms Lð2Þ are given as

Lð2Þ ¼ −
1

2
Wa

μð−D̃2δabη
μν þ D̃νD̃μδab − g2Wg̃ijw̃

i
aw̃

j
bη

μν − gWW̃cμνεabcÞWb
ν −

1

2
Bμð−∂2ημν þ ∂ν∂μ − g2Yg̃ijỹ

iỹjημνÞBν

þ gWgYWa
μðg̃ijw̃i

aỹjημνÞBν þ
1

2
ξið−D̃2g̃ij − D̃μϕ̃

kD̃μϕ̃lR̃kilj − Ṽ ;ijÞξj þ 2gWWa
μðg̃jkðw̃k

aÞ;iD̃μϕ̃jÞξi

þ 2gYBμðg̃jkðỹkÞ;iD̃μϕ̃jÞξi − gWg̃jiw̃
j
aðD̃μWa

μÞξi − gYg̃jiỹjð∂μBμÞξi; ðC8Þ

with ημν being the spacetime metric. Here we define

D̃μWa
μ ≔ ∂μWa

μ − gWεabcW̃b
μWc

μ; ðC9Þ

D̃μϕ̃
i ≔ ∂μϕ̃

i þ gWW̃a
μw̃i

a þ gYB̃μỹi; ðC10Þ

D̃μξ
i≔∂μξ

iþ Γ̃i
kjð∂μϕ̃ÞjξkþgWW̃a

μðw̃i
aÞ;jξjþgYB̃μðỹiÞ;jξj;

ðC11Þ

Ṽ ;ij ≔ V ;ij

���
ϕ¼ϕ̃

: ðC12Þ
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In order to compute radiative corrections, we introduce
the gauge-fixing action

LGF ≔ −
1

2αW
Ga

WG
a
W −

1

2αY
GYGY; ðC13Þ

where

Ga
W ≔ D̃μWa

μ − gWαWg̃ijw̃i
aξ

j; ðC14Þ

GY ≔ ∂μBμ − gYαYg̃ijỹiξj; ðC15Þ

with αW and αY being gauge-fixing parameters for SUð2ÞW
and Uð1ÞY symmetry, respectively. In the one-loop calcu-
lation performed in Sec. VA, we take αW ¼ αY ¼ 1
(’t Hooft–Feynman gauge).
We then obtain

Lð2Þ þ LGF ¼ −
1

2
Wa

μ

�
−D̃2δabη

μν þ
�
1 −

1

αW

�
D̃μD̃νδab − g2Wg̃ijw̃

i
aw̃

j
bη

μν − 2gWW̃cμνεabc
�
Wb

ν

−
1

2
Bμ

�
−∂2ημν þ

�
1 −

1

αY

�
∂μ∂ν − g2Yg̃ijỹ

iỹjημν
�
Bν þ gWgYWa

μðg̃ijw̃i
aỹjημνÞBν

þ 1

2
ξið−D̃2g̃ij − D̃μϕ̃

kD̃μϕ̃lR̃kilj − αWg2Wg̃ljg̃kiw̃
l
aw̃k

a − αYg2Yg̃ljg̃kiỹ
lỹk − Ṽ ;ijÞξj

þ 2gWWa
μðg̃jkðw̃k

aÞ;iD̃μϕ̃jÞξi þ 2gYBμðg̃jkðỹkÞ;iD̃μϕ̃jÞξi: ðC16Þ

We also need to introduce the FP action

LFP ≔ igWc̄aW
δGa

W

δθbW
cbW þ igYc̄Y

δGY

δθY
cY þ igYc̄aW

δGa
W

δθY
cY

þ igWc̄Y
δGY

δθbW
cbW ðC17Þ

associated with the gauge-fixing term, where

δGa
W

δθcW
≔ −

1

gW
½ð∂μδad − gWεabdW̃bμÞð∂μδ

dc − gWεdecW̃e
μÞ

þ g2WαWg̃ijw̃
i
aw̃

j
c� þOðξÞ ðC18Þ

δGa
W

δθY
≔ −gWαWg̃ijw̃i

aỹj þOðξÞ; ðC19Þ

δGY

δθbW
≔ −gYαYg̃ijỹiw̃

j
b þOðξÞ; ðC20Þ

δGY

δθY
≔ −

1

gY
ð∂2 þ g2YαYg̃ijỹ

iỹjÞ þOðξÞ: ðC21Þ

LFP is expanded as

LFP ¼ iððD̃μc̄aWÞD̃μcaW − g2WαWg̃ijw̃
i
aw̃

j
bc̄

a
Wc

b
WÞ

þ iðð∂μc̄YÞ∂μcY − g2YαYg̃ijỹ
iỹjc̄YcYÞ

− igWgYαWc̄aWg̃ijw̃
i
aỹjcY

− igWgYαYc̄Y g̃ijỹiw̃
j
acaW þ � � � ; ðC22Þ

where

D̃μcaW ≔ ∂μcaW − gWεabcW̃b
μccW; ðC23Þ

D̃μc̄aW ≔ ∂μc̄aW − gWεabcW̃b
μc̄cW: ðC24Þ

In Eq. (C22) we only show the quadratic terms of the
fluctuation fields.
The one-loop corrections to the electroweak gauge boson

vacuum polarization functions ΠAðp2Þ can be evaluated by
using the quadratic Lagrangian, Lð2Þ þ LGF þ LFP. In
Sec. VA we calculate the one-loop diagrams where the
internal lines are the fluctuation fields or FP ghosts.

APPENDIX D: f f̄ → φiφj AMPLITUDE

The four-point scalar boson scattering amplitudes are
described by the Riemann curvature tensor R̄ijkl and the
covariant derivatives of the potential V̄ ;ij, V̄ ;ijk, and V̄ ;ijkl at
the vacuum in the nonlinear sigma model, as we show in
Sec. III. Therefore, these tensors can be measured through
the measurements of the scalar boson scattering cross
sections.
When we consider a gauged nonlinear sigma model, the

derivative ∂μϕ
i is replaced by the covariant one ðDμϕÞi,

ðDμϕÞi ≔ ∂μϕ
i þ gVVμviðϕÞ; ðD1Þ

with Vμ and viðϕÞ being a gauge field and its corresponding
Killing vector. The gauge coupling strength is denoted by
gV in Eq. (D1). If the Killing vector viðϕÞ does not vanish at
the vacuum,

v̄i ≔ viðϕÞ
���
ϕ¼ϕ̄

≠ 0; ðD2Þ
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this implies that the gauge symmetry is spontaneously
broken, and the gauge boson Vμ acquires a mass,

M2
V ¼ g2Vḡijðv̄iÞðv̄jÞ; ðD3Þ

with

ḡij ≔ gijðϕÞ
���
ϕ¼ϕ̄

: ðD4Þ

The magnitude of the Killing vector at the vacuum,
ḡijðv̄iÞðv̄jÞ, can therefore be determined by measuring
the gauge boson’s mass.
How can we measure the first covariant derivative of the

Killing vector

ðv̄iÞ;j ≔ ðviÞ;j
���
ϕ¼ϕ̄

ðD5Þ

from experimental observables in the gauged nonlinear
sigma model? We address the issue in this Appendix and
show that the process ff̄ → Vμ → φiφj can be used to
determine ðv̄iÞ;j. Here we introduce a spin-1=2 fermion
multiplet f. It couples with the gauge field Vμ through its
covariant derivative

Dμf ≔ ∂μf þ gVVμT
ðfÞ
V f; ðD6Þ

with TðfÞ
V being the charge matrix of the fermion multiplet

f. Note that, in order to keep the Lagrangian gauge
invariant, the fermion current

JμV ≔ f̄γμTðfÞ
V f ðD7Þ

must be conserved,

0 ¼ ∂μJ
μ
V: ðD8Þ

In order to calculate the ff̄ → Vμ → φiφj amplitude, we
consider the gauge interaction Lagrangian

LVϕ ¼ gVVμgijðϕÞð∂μϕiÞvjðϕÞ; ðD9Þ

which can be derived from the nonlinear sigma model
kinetic term,

1

2
gijðϕÞðDμϕÞiðDμϕÞj ∈ L: ðD10Þ

Expanding the scalar manifold metric gijðϕÞ and the Killing
vector vjðϕÞ by the dynamical excitation field φi, we obtain

gijðϕÞ ¼ ḡij þ φkḡij;k þ � � � ; ðD11Þ

vjðϕÞ ¼ v̄j þ φkðv̄jÞ;k þ � � � ; ðD12Þ

with

ḡij;k ≔
∂

∂ϕk gij

����
ϕ¼ϕ̄

; ðv̄jÞ;k ≔
∂

∂ϕk v
j

����
ϕ¼ϕ̄

ðD13Þ

and

ϕi ¼ ϕ̄i þ φi: ðD14Þ

The interaction Lagrangian (D9) can be expanded as

LVϕ ¼ gVVμḡijð∂μφiÞðv̄jÞ
þ gVVμð∂μφiÞφkðḡijðv̄jÞ;k þ ḡij;kðv̄jÞÞ þ � � � :

ðD15Þ

Note that on-shell amplitudes are not affected by total
derivative terms in the Lagrangian. The interaction
Lagrangian (D15) can thus be replaced by

L0
Vϕ ¼ LVϕ −

1

2
∂μðgVVμφ

iφkðḡijðv̄jÞ;k þ ḡij;kðv̄jÞÞÞ
¼ gVVμḡijð∂μφiÞðv̄jÞ − gVð∂μVμÞφiφkðḡijðv̄jÞ;k þ ḡij;kðv̄jÞÞ

þ 1

2
gVVμð∂μφiÞφkðḡijðv̄jÞ;k þ ḡij;kðv̄jÞ − ḡkjðv̄jÞ;i − ḡkj;iðv̄jÞÞ þ � � � : ðD16Þ

On the other hand, it is straightforward to show that

gijðvjÞ;k − gkjðvjÞ;i ¼ gijðvjÞ;k þ gijΓ
j
klv

l − gkjðvjÞ;i þ gkjΓ
j
ilv

l

¼ gijðvjÞ;k þ
1

2
½gil;k þ gki;l − gkl;i�vl − gkjðvjÞ;i −

1

2
½gkl;i þ gik;l − gil;k�vl

¼ gijðvjÞ;k þ gil;kðvlÞ − gkjðvjÞ;i − gkl;iðvlÞ: ðD17Þ
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Here the affine connection Γj
kl is defined by

Γj
kl ¼

1

2
gjmðgml;k þ gkm;l − gkl;mÞ: ðD18Þ

It is now easy to see that

L0
Vϕ ¼ gVVμḡijð∂μφiÞðv̄jÞ − gVð∂μVμÞφiφkðḡijðv̄jÞ;k

þ ḡij;kðv̄jÞÞ þ
1

2
gVVμð∂μφiÞφkðḡijðv̄jÞ;k − ḡkjðv̄jÞ;iÞ

þ � � � : ðD19Þ

Thanks to the fermion current conservation, the term
proportional to ∂μVμ does not contribute to the ff̄ → Vμ →
φiφj amplitude. It is now easy to show that

Mðff̄ → Vμ → φiφjÞ ∝ ðḡikðv̄kÞ;j − ḡjkðv̄kÞ;iÞ
g2Vδ

ab

s −M2
V
:

ðD20Þ

The first covariant derivative of the Killing vector, ḡikðv̄kÞ;j,
thus plays the role of the Vμ − φi − φj interaction vertex in
the ff̄ → Vμ → φiφj amplitude.
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