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We investigate the various distributions explaining the multidimensional structure of kaon at the level of
its constituents (u and s̄) using the light-cone quark model. The overlap form of wave functions associated
with the light-cone quark model is adopted for the calculations. The generalized parton distributions
(GPDs) of u and s̄ quarks are presented for the case when the momentum transfer in the longitudinal
direction is nonzero. The dependence of kaon GPDs is studied in terms of the variation of the quark
longitudinal momentum fraction, momentum transfer in the longitudinal direction, and total momentum
transfer to the final state of the hadron. The transverse impact-parameter dependent GPDs are also studied
by taking the Fourier transformation of general GPDs. Further, the quantum phase-space distributions,
Wigner distributions, are studied for the case of unpolarized, longitudinally polarized, and transversely
polarized partons in an unpolarized kaon. The Wigner distributions are analyzed in the transverse impact-
parameter plane, the transverse momentum plane, and the mixed plane. Further, to get a complete picture of
the kaon in terms of its valence quarks, the variation of longitudinal momentum fraction carried by quark
and antiquark in the generalized transverse momentum-dependent parton distributions is studied for
different values of transverse quark and antiquark momentum ðk⊥Þ as well as for different values of
momentum transferred to the kaon in the transverse direction ðΔ⊥Þ. This has been done for zero as well as
nonzero skewedness representing, respectively, the absence and presence of momentum transfer to the final
state of the kaon in the longitudinal direction. Furthermore, the possible spin-orbit correlation for u and s̄ in
the kaon is elaborated in the context of Wigner distributions and generalized transverse momentum-
dependent parton distributions.
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I. INTRODUCTION

Quantum chromodynamics (QCD) which is a part of the
StandardModel (SM) describes the formation of the hadron
by including the strong interrelation between quarks,
antiquarks, and gluons. The hadron structure cannot be
derived directly from the structure functions and the non-
perturbative effects of QCD are the key to understand the
complex internal structure of the hadron. This can be
attempted through probing where, by knowing the nature of
the scattering reaction, one can extract the detailed infor-
mation about the structure. The probe chosen for the
interaction with the hadron is a pointlike particle such as
a lepton. The parton distribution functions (PDFs) [1,2] and
the form factors (FFs) [3–6] are the basic ingredients to
understand the internal hadron structure. The extended
information on the internal structure can be explained
through the generalized parton distributions (GPDs)

[7–11] and the transverse momentum-dependent parton
distributions (TMDs) [12,13]: the techniques to understand
the three-dimensional picture of the hadron. The GPDs
depend on three variables, namely, (a) the quark longi-
tudinal momentum fraction x, (b) the momentum transfer in
the longitudinal direction ζ, and (c) the total momentum
transfer to the final state of the hadron t ¼ Δ2. In general,
GPDs are responsible for unraveling the longitudinal and
transverse distribution of partons inside the hadron. The
Fourier transformation of GPDs provides us with the
impact-parameter dependent GPDs carrying the informa-
tion in terms of the transverse distance from the center of
the hadron. The impact-parameter dependent GPDs in the
presence of the transverse momentum in the longitudinal
direction have been effectively discussed [14]. In the
absence of the longitudinal momentum transfer, i.e.,
ζ ¼ 0, the impact-parameter dependent GPDs ðx;b⊥Þ
end up with a probabilistic interpretation of the parton’s
density in the fast moving hadron, where b⊥ is the
transverse impact-parameter distance [15]. Further, since
the GPDs are unable to explain the parton distributions in
terms of the transverse momentum carried by the valence
parton, the TMDs can be defined as they provide the
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information of parton distributions in terms of the parton’s
transverse momentum ðk⊥Þ.
FFs enter into the elastic processes to explain the

nonperturbative dynamics of partons in terms of photon
virtuality. However, the possibility of the occurrence of
inelastic scattering processes increases as compared to the
elastic scattering at high photon virtuality. The deep
inelastic scattering [16] is helpful in the interpretation of
PDFs which explicate the probability of locating the parton
carrying the longitudinal momentum fraction x inside the
hadron. The GPDs explain through various exclusive
processes, the presence of the recoil momentum Δ⊥ as
the hadron has different initial and final states. Such
processes are named as deeply virtual Compton scattering
[17–22] and hard exclusive meson production [23–25]. If
the final state has the unpolarized meson with zero spin,
one needs to measure the longitudinal cross section [9].
Further, the TMDs which are compatible in explaining the
distribution of partons in transverse momentum space are
accessible through semi-inclusive deep inelastic scattering
and Drell-Yan processes [26–30]. The three-dimensional
GPDs are the unification of FFs and PDFs for ζ ¼ 0. The x
integration of the GPDs leads to the FFs which conceal the
location of partons in the transverse direction. Whereas in
the forward limit, Δ⊥ ¼ 0, GPDs produce PDFs.
The quantum phase-space distributions, i.e., Wigner

distributions [31,32], are explained as the position and
momentum-space distributions of partons in the fast mov-
ing hadron. Being limited to the five-dimensional quasi-
probabilistic distributions, Wigner distributions interpret in
terms of probabilistic quantities, i.e., impact-parameter
dependent distributions and TMDs. Furthermore, the
Fourier transformation of the Wigner distributions are
related to generalized transverse momentum-dependent
distributions of partons (GTMDs) [33,34] for ζ ¼ 0.
Generally, GTMDs are named as mother distributions
because GPDs and TMDs can be derived by applying
certain integrations and limits. The quark GTMDs in a
hadron can be measured through the exclusive double
Drell-Yan process where two photons are observed in the
final state along with the hadron. The quark GTMDs have
been extracted for the case of the nucleon by considering all
possible helicities of hadrons and photons [35]. The quark
GTMDs can be extracted from the scattering amplitude for
the process where the dominating contribution is taken for
the transversely polarized photons. The measured quark
GTMDs lie in the Efremov-Radyushkin-Brodsky-Lepage
(ERBL) region, i.e., −ζ < x < ζ. The Wigner distributions
and GTMDs are also important in calculating the spin-
orbital angular momentum (spin-OAM) and spin-spin
correlations. In addition to this, quark orbital angular
momentum is related to the phase-space average of the
Wigner distributions.
The probabilistic distributions, i.e., the GPDs and

TMDs, have been studied widely in the sense of theories

and experiments. The various models which remain suc-
cessful in explaining the GPDs, both for the nucleon and
pion, are the MIT bag model [36], the constituent quark
model with a nonrelativistic approach [37,38] as well as
with relativistic approach [39,40], the meson cloud model
[41], the light-front quark-diquark model [42], and the
AdS/QCD inspired light-cone model [43,44] using the
Bethe-Salpeter approach [45,46]. The GPDs in transverse
impact-parameter space have also been studied widely
[47–51]. Recently, the unified Wigner distributions have
been evaluated extensively using various models by con-
sidering different polarization configurations of quarks and
gluons in the case of a spin-1

2
hadron [52–58]. Further, using

these distributions, the spin-spin and spin-OAM correla-
tions have also been studied [59,60]. Recently, for the pion,
the Wigner distributions have been successfully investi-
gated [61]. Along with the Wigner distributions, the
GTMDs have also been studied for the spin-1

2
as well as

spin-0 hadrons.
In light of the studies done for the case of the pion, we

move a step forward to study the internal structure of the
kaon in the context of its valence partons by adopting the
motivation toward the spin-0 hadron structure [33,62]. It
is important to mention here that even though kaon is a
spin-0 hadron, it is different from the pion in terms of its
constituents that have unequal quark masses (one is light u
and other is heavy quark s̄). Further, the dynamics of
valence partons in a spin-0 meson system are easier to
determine as compared to the spin-1

2
baryon system as

the mesons are composed of a quark-antiquark pair.
However, the experiments are more focused on the
internal structure of the lowest lying pion and nucleon
and there is no experimental data available for the case of
the kaon. However, the kaon sea quark distributions can
induced by including one charged kaon on an isoscalar
target [63]. The kaon-nucleus Drell-Yan process demands
several combinations of valence and sea quarks. The
combination of differently charged kaons, incident on
the isoscalar target, permits one to evaluate valence-
valence interactions separately. In other words, the linear
combinations of cross sections induced by Kþ and K−

lead to valence-valence terms while the interaction of Kþ
with the deuteron gives the sea-valence and sea-sea
interaction terms.
One of the important models which can be used to

investigate the kaon at the level of its constituents is the
light-cone QCD inspired model. The light-cone framework
[64,65] provides a suitable environment for the description
of the hadron’s internal structure when it moves relativis-
tically [65,66]. The light-cone inspired quark model has
been applied to successfully calculate the electromagnetic
form factors and compare them with the experimental data
[67]. The mesonic light-cone Fock state wave functions are
expanded as jMi¼P jqq̄iψqq̄þ

P jqq̄giψqq̄gþ���, where
we choose the minimal Fock state description, i.e., the
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quark-antiquark state, because we study the leading-twist
distributions [68].
In this work, we study the various distributions of the u

quark as well as the s̄ quark in the kaon using the light-
cone quark model (LCQM). We have used the overlap
representation of the light-cone wave functions. While
evaluating the u quark distribution, the other quark, i.e.,
the s̄ quark, is considered as a spectator and vice versa.
First of all, we discuss the generalized distributions of
quark and antiquark in the kaon for ζ ≠ 0. We also discuss
the GPDs in transverse position space, i.e., transverse
impact-parameter GPDs for the case when the momentum
transfer in the longitudinal direction is nonzero ζ ≠ 0.
We also study the case when the momentum transfer in
the longitudinal direction is zero ζ ¼ 0. We discuss
the Wigner distributions with the quark and antiquark
having different polarizations in the kaon. We take the
case where the kaon, however, remains unpolarized
throughout the calculations. We further explain the kaon
GTMDs for the case of ζ ¼ 0 as well as ζ ≠ 0. In the
context of the Wigner distributions and GTMDs, the spin-
orbit correlation of the u quark and s̄ quark in the kaon
has also been studied.
The paper is arranged as follows. We provide the

detailed description about the general framework of the
light-cone quark model and the associated wave functions
in Sec. II. In Sec. III, generalized distributions of the quark
and antiquark in the kaon are presented for ζ ≠ 0 describ-
ing the three-dimensional picture of the kaon. Further, the
impact-parameter dependent GPDs for nonzero skewed-
ness are evaluated by taking the Fourier transformation
from the momentum transferred to the impact-parameter
distance in Sec. IV. We present the definitions of Wigner
distributions in terms of polarization configurations and
the calculations for Wigner distributions, the phase-space
distribution describing the five-dimensional picture of the
kaon for both u quark and s̄ quark in Sec. V. We present
the results in the transverse impact-parameter plane, the
transverse momentum plane, and in mixed space. In
Sec. VI, GTMDs, the mother distributions of valence
partons in the kaon, are discussed for ζ ¼ 0 as well as
ζ ≠ 0. The possible spin-orbit correlation for u and s̄
quarks in the kaon are calculated, plotted, and discussed
in Sec. VII. At the end, we summarize the results in
Sec. VIII.

II. LIGHT-CONE QUARK MODEL

A. General framework

If the light-cone momentum fractions and relative
momentum coordinates of the hadronic constituents are
denoted by xi ¼ kþi =P

þ and k⊥i, then the light-cone Fock
state expansion of the hadronic eigenstate, jMðPþ;P⊥; SzÞi
in terms of its constituent eigenstates jni, is defined as
[68,69]

jMðPþ;P⊥;SzÞi¼
X
n;λi

Z Yn
i¼1

dxid2k⊥iffiffiffiffi
xi

p
16π3

16π3

×δ

�
1−

Xn
i¼1

xi

�
δð2Þ

�Xn
i¼1

k⊥i

�

× jn;xiPþxiP⊥þk⊥i;λiiψλi
n=Mðxi;k⊥iÞ;

ð1Þ

where

ki ¼
�
xiPþ;

ðxiP⊥ þ k⊥iÞ2 þm2
i

xiPþ ; xiP⊥ þ k⊥i

�
: ð2Þ

Here mi are the masses of i numbers of constituents of
the hadron and λi is the helicity of the ith constituent.
In Eq. (1), xiP⊥ þ k⊥i ¼ p⊥i is the physical transverse
momenta term and ψn=M gives the probability amplitudes
for finding the on-shell mass constituents of the meson
[70]. The n-particle Fock states jpi;p⊥ii are normalized
as follows:

hn;p0þ
i ;p

0⊥i; λ0ijn;pþ
i ;p⊥i; λii

¼
Yn
i¼1

16π3pþ
i δðp0þ

i − pþ
i Þδð2Þðp0⊥i − p⊥iÞδλ0iλi : ð3Þ

We use the frame where the general four-vector A ¼
½Aþ; A−;A⊥� components are described as

A� ¼ A0�A3; A⊥ ¼ ðA1;A2Þ and A2 ¼ AþA− −A2⊥:

We choose a symmetric light-cone frame for the calcu-
lations with Δ → −Δ symmetry. The initial and final
four-momenta of the meson in the symmetric frame are
taken as [68,69]

P0 ¼
�
ð1þ ζÞPþ;

M2 þ Δ2⊥=4
ð1þ ζÞPþ ;

Δ⊥
2

�
; ð4Þ

P00 ¼
�
ð1 − ζÞPþ;

M2 þ Δ2⊥=4
ð1 − ζÞPþ ;−

Δ⊥
2

�
; ð5Þ

respectively.
The average four-vector momentum of meson Pμ ¼

ðP0þP00Þμ
2

and the four-vector momentum transfer from the
meson Δμ ¼ P0μ − P00μ are given as

P ¼
�
Pþ;

M2 þ Δ2=4
ð1 − ζ2ÞPþ ; 0⊥

�
; ð6Þ

Δ ¼
�
2ζPþ;−

ζΔ2⊥ þ 4ζM2

2ð1 − ζ2ÞPþ ;Δ⊥
�
; ð7Þ
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where ζ ¼ − Δþ
2Pþ is the skewedness and M is defined as the

meson mass.

B. Light-cone wave functions for the kaon

The two-particle Fock state expansion in Eq. (1) for the
meson (n ¼ 2) can be reduced to

jMðP; SÞi ¼
X
λ1;λ2

Z
dxd2k⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp
16π3

jx;k⊥; λ1; λ2i

× ψλ1;λ2
Sz

ðx;k⊥Þ: ð8Þ

Here λ1 and λ2 describe the helicities of the quark and
antiquark in the meson, respectively.
Since the kaon is a pseudoscalar particle with S ¼ 0, the

light-cone wave functions ψλ1;λ2
Sz

ðx;k⊥Þ in Eq. (8) can be
defined for different combinations of helicities of the quark
and spectator antiquark in the kaon as [68]

ψ↑;↑
0 ðx;k⊥Þ ¼ −

1ffiffiffi
2

p k1 − ik2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ l2

p φðx;k⊥Þ;

ψ↑;↓
0 ðx;k⊥Þ ¼

1ffiffiffi
2

p ð1 − xÞm1 þ xm2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ l2

p φðx;k⊥Þ;

ψ↓;↑
0 ðx;k⊥Þ ¼ −

1ffiffiffi
2

p ð1 − xÞm1 þ xm2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ l2

p φðx;k⊥Þ;

ψ↓;↓
0 ðx;k⊥Þ ¼ −

1ffiffiffi
2

p k1 þ ik2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ l2

p φðx;k⊥Þ; ð9Þ

with

l2 ¼ ð1 − xÞm2
1 þ xm2

2 − xð1 − xÞðm1 −m2Þ2: ð10Þ

The positive (negative) helicity of the quark and the
antiquark spectator is denoted by ↑ð↓Þ. Here, the longi-
tudinal momentum fraction of the quark and the quark
transverse momentum are denoted by x and k⊥, respec-
tively. On the other hand, for the antiquark spectator, these
terms are described by (1 − x) and −k⊥, respectively.

The momentum-space wave function φðx;k⊥Þ in Eq. (9)
is described using the Brodsky-Huang-Lepage method
[67]. We have

φðx;k⊥Þ

¼ A exp

2
64−

k2⊥þm2
1

x þ k2⊥þm2
2

1−x
8β2

−
ðm2

1 −m2
2Þ2

8β2
�
k2⊥þm2

1

x þ k2⊥þm2
2

1−x

�
3
75;

ð11Þ

where the parameters β and A are defined as the
harmonic scale and normalization constant, respectively.
Here m1 and m2 represent the mass of the u quark and s̄
quark in the kaon, respectively. The numerical values of
the parameters used for the calculations are as follows:
m1 ¼ 0.25 GeV, m2 ¼ 0.5 GeV (with the u quark on
shell), β ¼ 0.393 GeV, and A ¼ 74.2.

III. GENERALIZED QUARK AND ANTIQUARK
DISTRIBUTIONS FOR THE KAON (GPDS)

The GPDs are evaluated using the overlap form of
wave functions in the LCQM. To carry out with the
distributions, the support interval −1 < x < 1 is divided
into three regions: (i) the ERBL region −ζ < x < ζ
where both quark-antiquark pairs are involved, (ii) the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
region ζ < x < 1 for the distributions of the quark,
and (iii) the DGLAP region −1 < x < −ζ for
the distributions of antiquark. In this work, we have
focused on the DGLAP regions for evaluating the
distributions of quark and antiquark. In these regions,
the conserved number of particle leads to n → n over-
laps of diagonal elements. For the case of the kaon we
have n ¼ 2 and since it is a spin-0 particle, the number
of GPDs are less as compared to the higher spin
particles. The associated GPD for the kaon, defined
via the off-diagonal matrix elements of the bilocal field
operator, is expressed as [9]

HKðx; ζ; tÞ ¼
1

2

Z
dz−

2π
eixP

þz−hMðP0Þjq̄
�
−
z
2

�
γþq

�
z
2

�
jMðPÞi

				
zþ¼0;z⊥¼0⊥

: ð12Þ

The overlap form of wave functions for the kaon GPD is achieved by operating the quark field operators on the specific
state of the kaon. The 2 → 2 overlaps of wave functions for Hðx; ζ; tÞ are given as

HKðx; ζ; tÞ ¼
Z

d2k⊥
16π3

½ψ�↑;↑
0 ðx00; k00Þψ↑;↑

0 ðx0; k0Þ þ ψ�↑;↓
0 ðx00; k00Þψ↑;↓

0 ðx0; k0Þ

þ ψ�↓;↑
0 ðx00; k00Þψ↓;↑

0 ðx0; k0Þ þ ψ�↓;↓
0 ðx00; k00Þψ↓;↓

0 ðx0; k0Þ�; ð13Þ

where the initial and final momenta (k0⊥ and k00⊥) and longitudinal momentum fractions (x01 and x001) carried by the struck
quark in the symmetric frame in the DGLAP domains ζ < x < 1 and −1 < x < −ζ are given as
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k0⊥ ¼ k⊥1 þ ð1 − x01Þ
Δ⊥
2

; x01 ¼
x1 þ ζ

1þ ζ
; ð14Þ

and k00⊥ ¼ k⊥1 − ð1 − x001Þ
Δ⊥
2

; x001 ¼
x1 − ζ

1 − ζ
: ð15Þ

For the spectator, which is an antiquark here, the initial and
final states of the momenta and corresponding longitudinal
momentum fractions are given as

k0⊥s ¼ k⊥2 − x02
Δ⊥
2

; x02 ¼
x2

1þ ζ
; ð16Þ

and k00⊥s ¼ k⊥2 þ x002
Δ⊥
2

; x002 ¼
x2

1 − ζ
: ð17Þ

It would be important to mention here that for the struck
quark, the momentum and longitudinal momentum fraction
are taken to be k⊥1 ¼ k⊥ and x1 ¼ x, respectively.
However, for the antiquark spectator, the respective param-
eters are k⊥2 ¼ −k⊥ and x2 ¼ 1 − x.
The required conditions that should be satisfied for initial

and final states are

X2
i¼1

x0i ¼ 1; and
X2
i¼1

x00i ¼ 1; ð18Þ

X2
i¼1

k0⊥i ¼ 0⊥; and
X2
i¼1

k00⊥i ¼ 0⊥: ð19Þ

The antiquark GPDs are defined from quark GPDs as [9]

Hqðx; ζ; t; m1; m2Þ ¼ −Hq̄ð−x; ζ; t; m2; m1Þ: ð20Þ

In the above equation, the masses get reversed in the s̄
quark case due to the on-shell mass effect. In other words,
when the quark (antiquark) case is taken into account
m1ðm2Þ is considered to be on shell, wherem1ðm2Þ denotes
the mass of the u quark (s̄ quark). On the other hand, if we
consider the antiquark as an active parton and the quark as
the spectator, the conditions described in Eq. (19) should
remain the same; however, the antiquark momentum will
now be given as k⊥1 ¼ −k⊥ and the longitudinal momen-
tum fraction by the active antiquark will be given as
x1 ¼ −x. In that case, the quark spectator momentum
and longitudinal momentum fraction are taken to be
k⊥2 ¼ k⊥ and x2 ¼ 1þ x, respectively.
In the LCQM, the expressions of the GPD Hðx; ζ; tÞ of

the u and s̄ quarks for the kaon in the DGLAP regions are
expressed as

HðuÞ ¼
Z

d2k⊥
16π3

�
k2⊥ −

ð1 − xÞ2
1 − ζ2

Δ2⊥
4

−
ζð1 − xÞ
1 − ζ2

ðkxΔx þ kyΔyÞ þM0
uM00

u

�

×
φ�
uðx00;k00⊥Þφuðx0;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l00u2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l0u2

q ; ð21Þ

Hðs̄Þ ¼ −
Z

d2k⊥
16π3

�
k2⊥ −

ð1þ xÞ2
1 − ζ2

Δ2⊥
4

−
ζð1þ xÞ
1 − ζ2

ðkxΔx þ kyΔyÞ þM0̄
sM

00̄
s

�

×
φ�̄
sðx00;k00⊥Þφs̄ðx0;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l00̄s 2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l0̄s2

q : ð22Þ

Here, we have

M0
u ¼

1 − x
1þ ζ

m1 þ
xþ ζ

1þ ζ
m2;

M00
u ¼

1 − x
1 − ζ

m1 þ
x − ζ

1 − ζ
m2; ð23Þ

M0̄
s ¼

1þ x
1þ ζ

m2 þ
−xþ ζ

1þ ζ
m1;

M00̄
s ¼

1þ x
1 − ζ

m2 þ
−x − ζ

1 − ζ
m1; ð24Þ

l02u ¼
1 − x
1þ ζ

m2
1 þ

xþ ζ

1þ ζ
m2

2 −
ð1 − xÞðxþ ζÞ

ð1þ ζÞ2 ðm1 −m2Þ2;

ð25Þ

l002u ¼
1 − x
1 − ζ

m2
1 þ

x − ζ

1 − ζ
m2

2 −
ð1 − xÞðx − ζÞ

ð1 − ζÞ2 ðm1 −m2Þ2;

ð26Þ

l02s̄ ¼
1þ x
1þ ζ

m2
2 þ

−xþ ζ

1þ ζ
m2

1 −
ð1þ xÞðζ − xÞ

ð1þ ζÞ2 ðm2 −m1Þ2;

ð27Þ

l002s̄ ¼
1þ x
1− ζ

m2
2 þ

−x− ζ

1− ζ
m2

1 þ
ð1þ xÞðxþ ζÞ

ð1− ζÞ2 ðm2 −m1Þ2:

ð28Þ

There are primarily four parameters used in the calcu-
lations: the mass of the u quark m1 ¼ 0.25 GeV, the mass
of s̄ m2 ¼ 0.5 GeV (with the u quark being on-shell), the
harmonic scale constant β ¼ 0.393 GeV, and the normali-
zation constant A ¼ 74.2. Using these parameters, we have
calculated the unpolarized GPDs Hðx; ζ; tÞ of kaon’s
valence partons corresponding to the u and s̄ quarks for
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the case when skewedness is nonzero, i.e., ζ ≠ 0. First
of all, we have fixed the value of ζ as 0.1 and 0.3 and
have shown the variation of the u and s̄ GPDs with respect
to x for different values of the momentum transfer −t in
Figs. 1(a) and 1(b). We observe that the peak of the
distribution for the u quark shifts toward higher values
of x by when the momentum transfer to the final state (−t)
of the kaon increases. The magnitude, however, ceases with
the increase in the magnitude of the momentum transfer. In
general, the distribution peaks depend on the momentum
transfer to the kaon in the longitudinal direction. The higher
the longitudinal momentum transfer, the higher the con-
centration of quark distributions at the higher longitudinal
momentum fraction carried by the active quark or anti-
quark. A similar effect can be seen for the s̄ quark case,
where the exception lies in the magnitude and polarity.
The reason behind the change in magnitude and polarity
is the heavier mass of the strange quark. The relation
between the flavor decomposition of the kaon is given in
Eq. (20) and it is clear that due to the heavy mass, the
momentum transfer effect is less in the case of the s̄ quark
distribution as compared to that in the u quark. It is
observed that the distribution is maximum when the quark
longitudinal momentum fraction and total momentum
transfer are lower. Further, it can be seen that, at x → 1,
the distribution does not depend on the values of t. This is
because at x → 1, the total longitudinal momentum fraction
is carried by the struck quark, which was first distributed
into all the valence partons in the kaon which makes the
contribution from the partons (except the active parton)
negligible. The same happens with the active antiquark in
the limit x → −1.
In Fig. 2, we have fixed the momentum transfer −t ¼

0.5 GeV2 and presented the GPDs with respect to x for
different values of ζ. We observe that at a lower value of ζ,
the distribution shows a maximum peak with respect to x,
whereas the magnitude of the peak decreases as the value
of ζ increases. The peak also moves toward higher jxj with

the increasing values of ζ. This implies that the longitudinal
momentum fraction carried by the quark depends on the
momentum transfer in the longitudinal direction. As the
longitudinal momentum transfer increases, the con-
centration of quarks moves toward higher values of the
longitudinal momentum fraction; however, the overall
magnitude of the peak decreases.
To get a deeper understanding of the relation between the

parameters, we present the quark and antiquark distribu-
tions of the kaon by fixing the value of x and observing it as
a function of −t and ζ in Figs. 3(a) and 3(b). Here, it can be
seen that at ζ ¼ 0, the distribution is different for the
different total momentum transferred −t to the kaon from
the initial to final state. We also observe that in the s̄ (u)
quark case, the distribution smoothly rises (falls) when ζ
increases.
From the discussions of Figs. 1–3, it can be concluded

that the distribution Hðx; ζ; tÞ is zero for x ¼ ζ and x ¼ −ζ
for the u and s̄ quarks, respectively. The absence of the
distribution in this limit is the supportive domain of the
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–0.5

0.0
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x

HK+ (x, ,t=–0.5 GeV2)

FIG. 2. The variation of the unpolarized kaon GPD H for u and
s̄ quarks as a function of x at constant −t ¼ 0.5 GeV2 and
different values of ζ ¼ 0.05, 0.25, 0.5.
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FIG. 1. The variation of the unpolarized kaon GPD H for u and s̄ quarks as a function of x at different values of −t ¼ 0.02, 0.2,
2.0 GeV2 for skewedness (a) ζ ¼ 0.1 and (b) ζ ¼ 0.3.
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model for evaluating the valence quark (antiquark) distri-
butions which is possible at only lower values of x. At
higher values of x, the sea quarks dominate and experi-
ments are being planned to extend the measurements in this
x region. Even though the evaluation of the total distribu-
tions includes the collective effects of valence and sea
quarks, we are ignoring the contribution coming from the
sea quarks in the present work.

IV. TRANSVERSE IMPACT-PARAMETER
DEPENDENT GPDS

We have now taken the two-dimensional Fourier trans-
formation of the GPD with respect to the transverse
momentum transfer ðΔ⊥Þ, i.e., Δ⊥ → b⊥. The transverse
impact-parameter dependent quark GPD of the kaon in this
case can be expressed as [14]

Hqðx; ζ; bÞ ¼ 1

ð2πÞ2
Z

d2D⊥e−iD⊥:b⊥Hqðx; ζ; tÞ: ð29Þ

Here b⊥ describes the impact-parameter position in the
transverse direction, which comes after applying the
Fourier transformation of the GPD with respect to D⊥.
The variable D⊥ is because of the nonzero skewedness and
is related to Δ⊥ as

D⊥ ¼ P00⊥
1 − ζ

−
P0⊥
1þ ζ

¼ Δ⊥
1 − ζ2

: ð30Þ

The valence partons of the kaon located at the transverse
impact-parameter position b⊥ are probed by assuming the
kaon’s initial and final states to be positioned at a fixed
point but the relative distance between them is changed by
the amount ζb⊥. In the absence of longitudinal momentum
transferred to the kaon, i.e., for ζ ¼ 0, the Fourier transform
of the GPD ðx; 0;−Δ2Þ provides the parton distribution as a
function of x and the transverse position b⊥ [15]. We have

qðx;b⊥Þ ¼
Z

d2Δ⊥
ð2πÞ2 e

−ib⊥:Δ⊥Hqðx; 0;−Δ2⊥Þ: ð31Þ

In Figs. 4(a) and 4(b), we fix the skewedness ζ ¼ 0.2 and
present the three-dimensional picture of the transverse
impact-parameter dependent GPD Hðx; ζ; bÞ with respect
to the longitudinal momentum fraction carried by the quark
(antiquark) xð−xÞ and the distance from the transverse
center of momentum for the s̄ and u quarks. If we let
ourselves observeHwith respect to only b, we find that the
distribution is maximum at the center for both quarks. In
the context of x we observe that, at the point when there is
no transverse distance from the center of momentum of the
kaon, the distribution peaks have dependence on x. The
amplitude of the peak changes with the changing values
of x. While there is no distribution of valence partons in the
kaon at the higher values of b, which implies that if we keep
on increasing the transverse distance, the distribution
becomes negligible. When we compare the distributions
of s̄ and u quarks, it can be clearly seen that the magnitude
of the distribution lies at slightly higher values of jxj for the
case of s̄ as compared to that in the case of u. On the other
side, if one concentrates on the variation of H with respect
to x, one can see that with the increase in transverse
position b, the distribution peak shifts toward the lower
values of jxj.
Furthermore, we present the distribution Hðx; ζ; bÞ as a

function of ζ and b⊥ in Figs. 5(a) and 5(b) by fixing the
value of x at −0.7 and 0.7 for the s̄ and u quarks,
respectively. We notice that the distribution peaks become
wider and the amplitude decreases at the higher values of ζ
for the u quark and s̄ quark. The spread is maximum, when
the momentum transfer in the longitudinal direction is
minimum. It implies that if no longitudinal momentum
transfer is there, the same longitudinal momentum fraction
is carried by the active parton in the initial as well as in the
final state. This leads to the maximum spread for ζ ¼ 0.
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FIG. 3. The variation of the unpolarized kaon GPD H with ζ at different values of −t ¼ 0.05, 0.4, 2.0 GeV2 for (a) −x ¼ 0.7 and
(b) x ¼ 0.7 corresponding to s̄ and u quark, respectively.
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V. WIGNER DISTRIBUTIONS OF THE u QUARK
AND s̄ QUARK IN THE UNPOLARIZED KAON

The quantum phase-space distributions also known as
Wigner distributions describe the five-dimensional picture
of a hadron. Specifically, it defines three momentum and
two position coordinates [52,53] and is defined as

ρ½Γ�ðb⊥;k⊥; x; SÞ≡
Z

d2Δ⊥
ð2πÞ2 e

−iΔ⊥:b⊥Ŵ½Γ�ðΔ⊥;k⊥; x; SÞ:

ð32Þ
In the Drell-Yan frame (Δþ ¼ 0), the Wigner operator or
correlator Ŵ½Γ�ðΔ⊥;k⊥;x;SÞ at fixed light-cone time zþ¼0
is defined by

Ŵ½Γ�ðΔ⊥;k⊥;x;SÞ¼
1

2

Z
dz−d2z⊥
ð2πÞ3 eik·z

×



MðP00;SÞ

				ψ̄
�
−
z
2

�
ΓW ½−z

2
;z
2
�ψ
�
z
2

�				MðP0;SÞ
�				

zþ¼0

;

ð33Þ

where Γ denotes the twist-2 Dirac γ-matrices γþ, γþγ5,
iσjþγ5 (j ¼ 1 or 2, depending on the polarization direction
of quark) corresponding to the unpolarized, longitudinally
polarized, and transversely polarized partons. The initial
(final) momentum state and spin of hadron is described by
P0ðP00Þ and S, respectively. The symbol W ½−z

2
;z
2
� describes

the Wilson line which ensures the SU(3) color gauge
invariance of the operator Ŵ. As we have restricted
ourselves to the calculations of the kaon distributions
in the present work, the kaon being a pseudoscalar
meson will remain unpolarized throughout the calculations
(S ¼ 0). Therefore, spin will not be included in Eqs. (32)
and (33).
By combining the different polarization configurations

of the quark within the unpolarized hadron (having
spin-0), the Wigner distributions are defined as follows
[61]. For the unpolarized quark in the unpolarized hadron,
we have

ρUUðb⊥;k⊥; xÞ ¼ ρ½γþ�ðb⊥;k⊥; xÞ; ð34Þ

FIG. 5. The 3D plots showing the variation of the transverse impact-parameter dependent parton distributionHwith respect to ζ and b
at (a) −x ¼ 0.7 for the s̄ quark and (b) at x − 0.7 for the u quark.

FIG. 4. The 3D plots showing the variation of the transverse impact-parameter dependent parton distribution H of the (a) s̄ quark
and (b) u quark, with respect to x and b for a fixed value of ζ ¼ 0.2.
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for the longitudinally polarized quark in the unpolarized hadron, we have

ρULðb⊥;k⊥; xÞ ¼ ρ½γþγ5�ðb⊥;k⊥; xÞ; ð35Þ

and for the transversely polarized quark in the unpolarized hadron, we have

ρjUTðb⊥;k⊥; xÞ ¼ ρ½iσjþγ5�ðb⊥;k⊥; xÞ: ð36Þ

By using Eq. (1) in Eq. (33), we get the Wigner correlation operator Ŵ½Γ�ðΔ⊥;k⊥; xÞ for Γ ¼ γþ; γþγ5; iσjþγ5 in the overlap
form as

Ŵ½γþ�ðΔ⊥;k⊥; xÞ ¼
1

16π3
½ψ�↑;↑

0 ðx;k00⊥Þψ↑;↑
0 ðx;k0⊥Þ þ ψ�↓;↑

0 ðx;k00⊥Þψ↓;↑
0 ðx;k0⊥Þ þ ψ�↑;↓

0 ðx;k00⊥Þψ↑;↓
0 ðx;k0⊥Þ

þ ψ�↓;↓
0 ðx;k00⊥Þψ↓;↓

0 ðx;k0⊥Þ�; ð37Þ

Ŵ½γþγ5�ðΔ⊥;k⊥; xÞ ¼
1

16π3
½ψ�↑;↑

0 ðx;k00⊥Þψ↑;↑
0 ðx;k0⊥Þ − ψ�↓;↑

0 ðx;k00⊥Þψ↓;↑
0 ðx;k0⊥Þ þ ψ�↑;↓

0 ðx;k00⊥Þψ↑;↓
0 ðx;k0⊥Þ

− ψ�↓;↓
0 ðx;k00⊥Þψv

0ðx;k0⊥Þ�; ð38Þ

Ŵ½iσjþγ5�ðΔ⊥;k⊥; xÞ ¼
1

16π3
ϵij⊥½ð−iÞiψ�↑;↑

0 ðx;k00⊥Þψ↓;↑
0 ðx;k0⊥Þ þ ðiÞiψ�↓;↑

0 ðx;k00⊥Þψ↑;↑
0 ðx;k0⊥Þ

þ ð−iÞiψ�↑;↓
0 ðx;k00⊥Þψ↓;↓

0 ðx;k0⊥Þ þ ðiÞiψ�↓;↓
0 ðx;k00⊥Þψ↑;↓

0 ðx;k0⊥Þ�: ð39Þ

The explicit expressions for quark Wigner distributions in the kaon using Eqs. (32), (37), (38) and (39) are given as

ρuUUðb⊥;k⊥; xÞ ¼
1

16π3

Z
dΔxdΔy

ð2πÞ2 cosðΔxbx þ ΔybyÞ
�
k2⊥ − ð1 − xÞ2Δ

2⊥
4

þ ðð1 − xÞm1 þ xm2Þ2
�

×
φ†
uðx;k00⊥Þφuðx;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l2u

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l2u

q ; ð40Þ

ρuULðb⊥;k⊥; xÞ ¼
1

16π3

Z
dΔxdΔy

ð2πÞ2 sinðΔxbx þ ΔybyÞð1 − xÞðkyΔx − kxΔyÞ
φ†
uðx;k00⊥Þφuðx;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l2u

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l2u

q ; ð41Þ

ρuUTðb⊥;k⊥; xÞ ¼ −
1

16π3

Z
dΔxdΔy

ð2πÞ2 sinðΔxbx þ ΔybyÞðð1 − xÞm1 þ xm2Þð1 − xÞΔy
φ†
uðx;k00⊥Þφuðx;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l2u

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l2u

q : ð42Þ

The flavor decompositions of valence partons in the kaon are associated with each other through the relation

ρuðb⊥;k⊥; x; m1; m2Þ ¼ −ρs̄ðb⊥;−k⊥;−x;m2; m1Þ: ð43Þ

The explicit expressions for Wigner distributions of the antiquark after implementing Eq. (43) and the conditions, we get

ρs̄UUðb⊥;k⊥; xÞ ¼ −
1

16π3

Z
dΔxdΔy

ð2πÞ2 cosðΔxbx þ ΔybyÞ
�
k2⊥ − ð1þ xÞ2 Δ

2⊥
4

þ ðð1þ xÞm2 − xm1Þ2
�

×
φ†
s̄ðx;k00⊥Þφs̄ðx;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l2s̄

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l2s̄

q ; ð44Þ
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ρs̄ULðb⊥;k⊥; xÞ ¼
1

16π3

Z
dΔxdΔy

ð2πÞ2 sinðΔxbx þ ΔybyÞð1þ xÞðkxΔy − kyΔxÞ
φ†
s̄ðx;k00⊥Þφs̄ðx;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l2s̄

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l2s̄

q ; ð45Þ

ρs̄UTðb⊥;k⊥; xÞ ¼
1

16π3

Z
dΔxdΔy

ð2πÞ2 sinðΔxbx þ ΔybyÞðð1þ xÞm2 − xm1Þð1þ xÞΔy
φ†
s̄ðx;k00⊥Þφs̄ðx;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l2s̄

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l2s̄

q : ð46Þ

Since the Wigner distributions are interpreted with ζ ¼ 0,
the initial and final state momenta and longitudinal
momentum fractions can be used by putting ζ ¼ 0 in
Eqs. (14)–(19).
Further, we can obtain the purely transverse Wigner

distributions by integrating them over x as

ρUXðb⊥;k⊥Þ≡
Z

dx ρUXðb⊥;k⊥; xÞ; ð47Þ

where X denotes the different polarizations of partons
(quark or antiquark) and U stands for kaon being unpo-
larized. By taking certain limits, Wigner distributions in the
impact-parameter plane (b⊥ plane) and the transverse
momentum plane (k⊥ plane) can be explained. In addition,
the distributions in the mixed plane, commonly known as
mixed probability densities ρðbx; kyÞ or ρðkx; byÞ, can also
be explained through

Z
dbydkxρUXðb⊥;k⊥Þ ¼ ρUXðbx; kyÞ; ð48Þ

or

Z
dbxdkyρUXðb⊥;k⊥Þ ¼ ρUXðkx; byÞ: ð49Þ

The variables surviving in the mixed distribution, which
actually show the correlation between the transverse
momentum and transverse coordinate of the quark (anti-
quark), are not protected by the uncertainty principle.
Therefore, they are known to describe the probabilistic
distributions.
In Figs. 6–8, we present, respectively the results of

Wigner distributions of the unpolarized, longitudinally
polarized, and transversely polarized u quark as well as
the s̄ quark in the unpolarized kaon. In our numerical
calculations, the active quark (antiquark) is considered to
be the u quark (s̄ quark), and the spectator is the s̄ quark
(u quark). Corresponding to Eqs. (40)–(42) for u and
Eqs. (44)–(46) for s̄, we plot the results in the impact-
parameter plane, momentum plane, and mixed plane. In
the impact-parameter plane, we show the plots of ρUU
[Figs. 6(a) and 6(b)], ρUL [Figs. 7(a) and 7(b)], and ρUT
[Figs. 8(a) and 8(b)] by taking the fixed transverse
momentum as k⊥ ¼ k⊥êy where k⊥ ¼ 0.2 GeV.

Similarly, in the transverse momentum plane we plot
ρUU [Figs. 6(c) and 6(d)], ρUL [Figs. 7(c) and 7(d)], and
ρUT [Figs. 8(c) and 8(d)] by choosing the impact-parameter
coordinate along êy, i.e., b⊥ ¼ b⊥êy and b⊥ ¼ 0.4 GeV−1.
Further, for themixed planewe plot ρUU [Figs. 6(e) and 6(f)],
ρUL [Figs. 7(e) and 7(f)], and ρUT [Figs. 8(e) and 8(f)].
From Fig. 6, where the unpolarized Wigner distribution

in the impact-parameter plane, momentum plane, and
mixed plane have been plotted for the u quark on the left
panel and for the s̄ quark on the right panel, we observe that
in the case of s̄ the distribution is more concentrated at the
center in contrast to the u quark. The distributions in both
cases have opposite behavior. From Figs. 6(a) and 6(b), the
distribution in the impact-parameter plane for the case of s̄
does not remain circularly symmetric at the higher values of
the transverse coordinates of the b⊥ plane, whereas in case
of the u quark, it shows symmetry. This is due to the effect
of the heavier mass of the active s̄ quark. We observe that
the probability of the rotation of the quark (antiquark) to
move in either the clockwise direction or the anticlockwise
direction is the same. Further, in Figs. 6(c) and 6(d), the
distributions ρUU are presented in the momentum plane.
The distributions in this case are observed to be circularly
symmetric for both u and s̄, but the concentrations are in the
opposite direction. In the case of distributions in the mixed
plane ρðbx; kyÞ, the u and s̄ quark distributions are axially
symmetric. The spread is, however, more dispersed in the
case of the u quark as compared to the s̄ quark. At the
center, i.e., at bx ¼ ky ¼ 0, the probability density for the u
quark is maximum while in the case of the s̄ quark it is
minimum. The distribution ρUU is related to the unpolar-
ized TMD f1 and unpolarized GPD H, when integrated
upon certain limits.
The results of Wigner distributions for the longitudinally

polarized quark (antiquark) in the unpolarized kaon viz.
ρUL are shown in Fig. 7. In the impact-parameter plane, the
distributions show the dipole behavior and the behavior is
positive for bx > 0 for both quark and antiquark, as shown
in Fig. 7(a) and 7(b). However, in the transverse momentum
plane, shown in Figs. 7(c) and 7(d), it reverses the direction
and ρUL is positive for bx < 0. In the mixed plane (bx, ky),
we observe a quadrupole behavior of the distributions in
both cases with the same polarities as shown in Figs. 7(e)
and 7(f). A positive distribution is observed in the region
where the product of bx and ky is greater, whereas it is
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negative where the product is negative. For the probability
density we have

ρULðbx; kyÞ
�
>0 if bx � ky > 0

<0 if bx � ky < 0
: ð50Þ

No TMD or GPD is present corresponding to ρUL.
Generally, this Wigner distribution is related to OAM,
but for the pseudoscalar meson, the net quark and antiquark
spin and OAM are zero.
We plot the unpolarized-transverse distribution ρjUT of u

and s̄, respectively, on the left and right panels in Fig. 8.
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FIG. 6. The unpolarized Wigner distribution ρUU of the u quark (left panel) and the s̄ quark (right panel) for the kaon in the impact-
parameter plane (a) and (b), the transverse momentum plane (c) and (d), and the mixed plane (e) and (f).
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The distribution ρjUT sheds light on the quark/antiquark
distribution when the quark is transversely polarized in
an unpolarized kaon. Here j describes the polarization
direction of the quark (antiquark). We take the quark/
antiquark polarization along the x axis. We notice a strong
correlation between the transverse coordinate and the
perpendicular polarization direction of the quark/antiquark.

From Eqs. (42) and (46), we observe that the distribution
vanishes if we consider the quark/antiquark spin direction
along the direction of the quark/antiquark transverse
coordinate. The distribution displayed in the impact-
parameter plane shows a dipolar behavior for both the
quark and antiquark but with opposite polarities. This is
clear from Figs. 8(a) and 8(b). Further, in the transverse

(a) (b)

(c) (d)

(e) (f)

FIG. 7. The unpolarized-longitudinal Wigner distribution ρUL of the u quark (left panel) and the s̄ quark (right panel) for the kaon in
the impact-parameter plane (a) and (b), the transverse momentum plane (c) and (d), and the mixed plane (e) and (f).
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momentum plane [Figs. 8(c) and 8(d)], ρ1UT is observed to
be more focused at the center (px ¼ py ¼ 0) in the case of s̄
whereas it is more extended to the periphery in the case of
the u quark distribution. The distribution shows a dipolar
behavior in mixed space due to its symmetry in the
momentum plane as well as in the impact-parameter plane.

Here, we choose the plane (kx, by) instead of (bx, ky),
because it leads to the Dirac Delta function δðΔyÞ in the

case of ρjUT , when the Fourier transformation is taken. ρjUT

relates to the T-odd Boer-Mulder TMD h⊥1 and the T-odd
GPD ET at the TMD limit and the impact-parameter
dependent distribution limit, respectively. But we are not

(a) (b)

(c) (d)

(e) (f)

FIG. 8. The unpolarized-transverse Wigner distribution ρjUY of the u quark (left panel) and the s̄ quark (right panel) for the kaon in the
impact-parameter plane (a) and (b), the transverse momentum plane (c) and (d), and the mixed plane (e) and (f).
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able to extract any TMD or GPD in the present work,
because we have not considered any gluon contributions.

VI. GENERALIZED TRANSVERSE MOMENTUM-
DEPENDENT DISTRIBUTIONS OF u

AND s̄ QUARKS IN THE KAON

The twist-2 GTMDs related to the unpolarized pseudo-
scalar meson with spin-0 are connected with the Wigner
correlator or operator as [33]

Ŵ½γþ� ¼ F1; ð51Þ

Ŵ½γþγ5� ¼ iϵij⊥ki⊥Δ
j
⊥

M2
G̃1; ð52Þ

Ŵ½iσjþγ5� ¼ iϵij⊥ki⊥
M

Hk
1 þ

iϵij⊥Δi⊥
M

HΔ
1 ; ð53Þ

with the antisymmetric tensor ϵij⊥ ¼ ϵ−þij, ϵ0123 ¼ 1 and
σab ¼ i

2
½γa; γb�. All the leading-twist GTMDs are functions

of six variables and we have ðx; ζ;k2⊥;k⊥:Δ⊥;Δ2⊥Þ. There
are four complex-valued twist-2 GTMDs in the case of the
spin-0 hadron, whereas in case of the spin-1

2
there are 16.

The explicit expressions of u quark GTMDs for ζ ≠ 0 in
the kaon are evaluated from

FðuÞ
1 ¼ 1

16π3

�
k2⊥ − ð1 − x0Þð1 − x00ÞΔ

2⊥
4

þ x00 − x0

2
ðkxΔx þ kyΔyÞ þM0

uM00
u

�

×
φ†
uðx00;k00⊥Þφuðx0;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l00u2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l0u2

q ð54Þ

G̃ðuÞ
1 ¼ −

M2

16π3
ð2 − x0 − x00Þ

2

×
φ†
uðx00;k00⊥Þφuðx0;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l00u2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l0u2

q ð55Þ

HkðuÞ
1 ¼ −

M
16π3

½M0
u −M00

u�
φ†
uðx00;k00⊥Þφuðx0;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l00u2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l0u2

q ;

ð56Þ

HΔðuÞ
1 ¼ M

16π3

�
M0

u
ð1 − x00Þ

2
þM00

u
ð1 − x0Þ

2

�

×
φ†
uðx00;k00⊥Þφuðx0;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l00u2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l0u2

q : ð57Þ

The s̄ quark GTMDs in the kaon are related to the u quark
distributions as Eqs. (20) and (43). We have

Fuðx; ζ;k2⊥;k⊥:Δ⊥;Δ2⊥; m1; m2Þ
¼ −Fs̄ð−x; ζ;k2⊥;−k⊥:Δ⊥;Δ2⊥; m2; m1Þ: ð58Þ

The s̄ quark twist-2 GTMDs for ζ ≠ 0 are explicitly
evaluated from

Fðs̄Þ
1 ¼ −

1

16π3

�
k2⊥ − ð1 − x0Þð1 − x00ÞΔ

2⊥
4

þ x00 − x0

2
ðkxΔx þ kyΔyÞ þM0̄

sM
00̄
s

�

×
φ†
s̄ðx00;k00⊥Þφs̄ðx0;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l00̄s 2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l0̄s2

q ; ð59Þ

G̃ðs̄Þ
1 ¼ M2

16π3
ð2− x0− x00Þ

2

φ†
s̄ðx00;k00⊥Þφs̄ðx0;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l00̄s 2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l0̄s2

q ; ð60Þ

Hkðs̄Þ
1 ¼ M

16π3
½M0̄

s −M00̄
s �

φ†
s̄ðx00;k00⊥Þφs̄ðx0;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l00̄s 2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l0̄s2

q ; ð61Þ

HΔðs̄Þ
1 ¼ −

M
16π3

�
M0̄

s
ð1 − x00Þ

2
þM00̄

s
ð1 − x0Þ

2

�

×
φ†
s̄ðx00;k00⊥Þφs̄ðx0;k0⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥00 þ l00̄s 2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥0 þ l0̄s2

q : ð62Þ

The details of the longitudinal momentum fractions and
transverse momenta carried by the quark (antiquark) have
already been given in Sec. III in Eqs. (14)–(19).
In the present work, we have presented the quark and

antiquark GTMDs of the kaon with respect to the longi-
tudinal momentum fraction carried by quark x and anti-
quark −x. We have studied two cases: (a) the variation of
GTMDs with respect to x for ζ ≠ 0 where ζ ¼ − Δþ

2Pþ is the
parameter corresponding to the transfer of the momentum
to the kaon in the longitudinal direction and (b) the
variation of GTMDs with respect to x for ζ ¼ 0. It is well
known that the so-called mother distributions, i.e.,
GTMDs, are reducible to the GPDs and TMDs after
suitable integrations. For the case when ζ ≠ 0, only the
GPDs can be extracted since there is no parameter
corresponding to the longitudinal direction in the case of
TMDs (TMDs do not include ζ contribution).
In Fig. 9, we have presented the variation of GTMDs

of the u and s̄ quarks in the kaon corresponding to
Eqs. (54)–(57) and Eqs. (59)–(62), respectively. Since
the distributions have the support interval −1 < x < 1,
we restrict ourselves in the DGLAP regions (−1 < x < −ζ)
for the antiquark and for the ðζ < x < 1Þ quark. In the left
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 9. The plots of GTMDs F1ðx; ζ;k2⊥;k⊥:Δ⊥;Δ2⊥Þ, G̃1ðx; ζ;k2⊥;k⊥:Δ⊥;Δ2⊥Þ, Hk
1ðx; ζ;k2⊥;k⊥:Δ⊥;Δ2⊥Þ, and HΔ

1 ðx; ζ;k2⊥;k⊥:
Δ⊥;Δ2⊥Þ for ζ ¼ 0.1with respect to x for u and s̄ quarks at different values of k⊥ with fixedΔ⊥ ¼ 1 GeV ((a), (c), (e), and (g)) as well as
at different values of Δ⊥ with fixed k⊥ ¼ 0.2 GeV ((b), (d), (f), and (h)).

STUDY OF KAON STRUCTURE USING THE LIGHT-CONE … PHYS. REV. D 100, 074008 (2019)

074008-15



panel of Fig. 9, we have plotted the u quark and s̄ quark
distributions F1, G̃1, Hk

1, and HΔ
1 for fixed values of

ζ ¼ 0.1 and Δ⊥ ¼ 1 GeV and at different values of k⊥
at k⊥ ¼ 0.05, 0.2 and 0.3 GeV. In all the distributions, we
observe that for both quark and antiquark the distribution
peaks shift toward the lower values of x and the magnitude
also lowers down with the increasing of the quark trans-
verse momentum. For the cases of F1, G̃1, and HΔ

1 , the
effect of the s̄ quark is in the opposite direction as compared
to the u quark [Figs. 9(a), 9(c), and 9(g)]. The exception lies
in the case of Hk

1 [Figs. 9(e) and 9(f)] where the distribu-
tions remain negative for both the quark and antiquark in

the kaon. In all the cases, at x ¼ ζ, when the momentum
fraction carried by the quark (antiquark) is equal to the
momentum transferred to the kaon in the longitudinal
direction, the distributions vanish. As the longitudinal
momentum transfer to the kaon increases, so will the shift
in the peaks of the distributions with increasing quark
(antiquark) transverse momentum. On the right panel of
Fig. 9 [Figs. 9(b), 9(d), 9(f), and 9(h)], the quark (antiquark)
GTMDs in the kaon for ζ ≠ 0 are displayed at a constant
value of k⊥ ¼ 0.2 GeV and by varying Δ⊥. Unlike the
distribution, the behavior of the u and s̄ quarks, by varying
k⊥ and keeping Δ⊥ constant, the distribution peaks move

(a) (b)

(c) (d)

(e) (f)

FIG. 10. The plots of GTMDs F1ðx; 0;k2⊥;k⊥:Δ⊥;Δ2⊥Þ, G̃1ðx; 0;k2⊥;k⊥:Δ⊥;Δ2⊥Þ, and HΔ
1 ðx; 0;k2⊥;k⊥:Δ⊥;Δ2⊥Þ with respect to x

for u and s̄ quarks at different values of k⊥ with fixed Δ⊥ ¼ 1 GeV ((a), (c), and (e)) as well as at different values of Δ⊥ with fixed
k⊥ ¼ 0.2 GeV ((b), (d), and (f)).

SATVIR KAUR and HARLEEN DAHIYA PHYS. REV. D 100, 074008 (2019)

074008-16



toward the higher values of x when the total momentum
transferred to the kaon is increased. The magnitude of the
distribution, however, decreases when the total momentum
transfer to the final state of kaon is increased. Here, the
magnitude of the s̄ quark is less as compared to the u quark.
The difference in the quark and antiquark distributions
shifts for ζ ≠ 0 is due to the heavy on-shell mass of the
active antiquark as well as the momentum transfer to the
kaon in the longitudinal direction leading to the depend-
ence of the mass of the active quark on the distributions
when the total momentum transfer to the kaon is fixed.
In Fig. 10, we show the graphical presentation of

GTMDs F1, G̃1, HΔ
1 for ζ ¼ 0. For ζ ¼ 0, the complex-

valued twist-2 GTMDs reduce to 3 in number as is evident
from Eqs. (56) and (61). The distribution peaks show the
same behavior for both u and s̄ quarks when k⊥ is varied
and Δ⊥ is kept constant except for the magnitudes and
polarities. This implies that there are no on-shell mass
effects when the longitudinal momentum transfer is absent.

On the other hand, when the momentum transfer to the
kaon is varied by keeping k⊥ constant, the effect on the
distributions corresponding to x remains same as for ζ ≠ 0.
It is known that the GTMDs corresponding to ζ ¼ 0 are the
Fourier transformations of Wigner distributions. Therefore,
the Wigner distribution ρUU corresponds to the unpolarized
GTMD F1, from which one can evaluate the other un-
polarized probabilistic distributions. As G̃1 relates to ρUL, it
would lead to the spin and orbital angular momentum
correlation, the detailed description of which has been
discussed in the next section.

VII. SPIN-ORBIT CORRELATION

Following the study of the spin-orbit correlation of the
quark in a proton [55,59,71,72] and pion [61], we study the
spin-orbit correlation of the u and s̄ quarks in the kaon.
The correlation between the quark spin and quark OAM is
defined in terms of an operator as [55,59]

Cq
z ðb−;b⊥; kþ;k⊥Þ ¼

1

2

Z
dz−d2z⊥
ð2πÞ3 eik:zψ̄q

�
b− −

z−

2
;b⊥

�
γþγ5ðb⊥ × ð−i∂↔⊥ÞÞψq

�
b− þ z−

2
;b⊥

�
: ð63Þ

The quark spin-orbit correlation in terms of Wigner
distributions can be written as

Cq
z ¼

Z
dxd2k⊥d2b⊥ðb⊥ × k⊥Þzρ½γþγ5�ðb⊥;k⊥; xÞ: ð64Þ

Following Eq. (35), we can write the above equation in
terms of the Wigner distribution of a longitudinally
polarized quark in an unpolarized kaon as

Cq
z ¼

Z
dxd2k⊥d2b⊥ðb⊥ × k⊥ÞzρULðb⊥;k⊥; xÞ: ð65Þ

The unpolarized-longitudinal Wigner distribution is para-
metrized in terms of the GTMD G̃1 as

ρULðb⊥;k⊥; xÞ ¼
1

M2
ϵij⊥ki⊥

∂
∂bj⊥

G̃1ðx; 0;k2⊥;k⊥:b⊥;b2⊥Þ;

ð66Þ

where

G̃1ðx; 0;k2⊥;k⊥:b⊥;b2⊥Þ

¼
Z

d2Δ⊥
ð2πÞ2 e

−iΔ⊥:b⊥G̃1ðx; 0;k2⊥;k⊥:Δ⊥;Δ2⊥Þ: ð67Þ

In terms of GTMDs, the definition of the quark spin-orbit
correlator is given as

Cq
z ¼

Z
dxd2k⊥

k2⊥
M2

G̃1ðx; 0;k⊥; 0; 0Þ: ð68Þ

The case Cz > 0 favors the alignment of the quark spin and
OAM. Otherwise, for Cz < 0, it leads to the antialignment
of the quark spin and OAM.
In Fig. 11, we have plotted the correlation Cz with

respect to the longitudinal momentum fraction x. Here we
study how the correlation between the spin and OAM varies
with x. There seems to be a strong correlation between the
s̄ quark spin and OAM near the central values of the
longitudinal momentum fraction carried by the s̄ quark,
i.e., −x. However, for the u quark, the correlation peak
is negative and is observed at lower values of the quark

u–quarks
–

–quark

–1.0 –0.5 0.0 0.5 1.0
–0.6

–0.4

–0.2

0.0

0.2

0.4

0.6

x

C
z

FIG. 11. The spin-orbit correlation ðCzÞ of the u quark and s̄
quark in the kaon with respect to x.
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longitudinal momentum fraction, i.e., x. When Cz is
integrated upon x, the value comes out to be Cs̄

z ¼ 0.176
and Cu

z ¼ −0.234, which implies that the s̄ quark OAM is
parallel to the s̄ quark spin and u quark OAM is antiparallel
to the u quark spin. If we compare these results with the
previous studies for the case of the proton, it is found that
the spin-orbit correlations for u and d quarks are negative
and antialigned in both the cases in the light-front quark-
diquark model inspired from AdS/QCD [55,59]. In the
light-cone constituent quark model and light-cone chiral
quark-soliton model, Cz is positive for both quarks in the
case of the proton [71]. Recently, the spin-OAM correlation
has been discussed for the pion in the light-cone quark
model (in Ref. [61]), where they have Cq

z ¼ −0.159 with
the quark spin being antiparallel to the quark OAM. Our
results are in line with these observations.

VIII. SUMMARY AND CONCLUSIONS

In this paper, we have studied the various dimensional
distributions of u and s̄ quarks in the kaon using the light-
cone quark model. We evaluate three-dimensional prob-
abilistic generalized parton distributions for the valence
u and s̄ quarks by considering the presence of the
longitudinal momentum transferred to the kaon’s final
state (ζ ≠ 0). Also, the quasiprobabilistic distributions,
the Wigner distributions and the mother distributions
GTMDs, are also discussed for the case of u and s̄ quarks
in the kaon. The momentum-space wave function used in
the present work is associated with the Brodsky-Huang-
Lepage prescription. The parameters used in the present
work are able to give experimentally consistent results of
electromagnetic form factors. As the support interval for
the distributions is −1 < x < 1, we chose the DGLAP
regions, −1 < x < −ζ and ζ < x < 1, respectively, for the
antiquark and quark. Here, x defines the longitudinal
momentum fraction carried by the parton. For the calcu-
lations of the u quark distribution, the s̄ quark is considered
as a spectator, and vice versa.
For the case of the unpolarized GPD of quark and

antiquark for nonzero skewedness, we study the distribu-
tion as a function of the variable x by considering different
values of −t in one case and with different values of ζ in the
other case. A shift in the distribution peak is observed along
higher magnitudes of xwhen there is an increase in the total
momentum transfer to the kaon. The height of the peak,
however, decreases. We have also presented the variation of
GPD as a function of x but at a fixed −t ¼ 0.5 and different
values of ζ. We observe a high peak at the lower value ζ.
Therefore, if the momentum transfer along the longitudinal
direction is less, the spread is found to be maximum.
Further, we discussed the quark and antiquark distributions
at x ¼ 0.7 and x ¼ −0.7 as a function of ζ for different
values of −t. It is observed that at ζ ¼ 0 the distribution is
different for different total momentum transferred to the
final state of the kaon. In all the cases, we observe that the s̄

quark amplitudes are comparatively large and in the
opposite direction to the case of u quark.
The relation of the impact-parameter dependent GPDs

are derived by taking the Fourier transformation of unpo-
larized GPD and they have been studied as a function of x
and transverse distance from the center of the kaon, i.e., b⊥.
We observe the absence of the distribution of valence
quarks when the transverse distance from the center of the
kaon is large. On the other hand, it is maximum when the
transverse distance is small. Another important observation
for the distribution of u and s̄ quarks is that the spread
moves toward the lower x for higher values of b⊥. The
distribution peak of the s̄ quark is localized at higher values
of x as compared to the u quark which is because of the
heavier active quark mass in the case of the bars quark.
Further, the 3D distribution for the transverse distance
distribution as a function of ζ and b⊥ at a constant value of
the longitudinal momentum fraction x (for quark) and −x
(for antiquark) is maximum when no momentum is trans-
ferred to the final state of the kaon for both quarks.
For ζ ¼ 0, the impact-parameter dependent GPD converts
to give the parton distribution qðx;b⊥Þ. The spread is
increased when the antiquark longitudinal momentum is
higher toward negative polarities and in the middle of the
transverse impact parameter. While for the quark, the
spread is near the center with respect to the quark
longitudinal momentum fraction.
Further, the transverse Wigner distributions ρðb⊥;k⊥Þ

for the unpolarized kaon, with the unpolarized, longitudi-
nally polarized, and transversely polarized composites, i.e.,
the u quark and s̄ quark, have been presented graphically in
the transverse impact-parameter plane, transverse momen-
tum plane, and mixed plane. For ρUU, the distribution
comes out to be circularly symmetric about the center in the
b⊥ and k⊥ planes. However, in the mixed plane, the axially
symmetric distribution is observed. The ρUL displays a
dipolar distribution in the b plane as well as in the k⊥
plane. The quadrupole distribution is observed in the mixed
plane which is related to the spin-orbital angular momen-
tum correlation of partons in the kaon. The polarization
direction was taken along the x axis to evaluate ρjUT , i.e.,
j ¼ 1. A dipolar distribution was observed in the transverse
impact-parameter plane and the mixed plane whereas a
circularly symmetric distribution in the transverse momen-
tum plane focused at the kx ¼ ky ¼ 0. The spread is more
concentrated in the case of s̄ which is because of the heavy
mass of the strange quark in comparison with the up quark.
The polarities seem to be opposite for both as the relation
consumes the negative sign for strange quark distributions.
The exception lies in case of ρUL. The strong correlation
between the partons and kaon are well indicated by the
phase-space distributions in the context of the transverse
momentum and transverse impact-parameter coordinates.
The probabilistic distributions are possible to extract from
the Wigner distributions upon certain limits.
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Furthermore, GTMDs related to the Fourier transforma-
tion of Wigner distributions for ζ ¼ 0 and entitled as
mother distributions, help in extracting the corresponding
GPDs and TMDs by applying some limits. We have
investigated the relation of unpolarized kaon GTMDs
with x at different values of k⊥ and Δ⊥ for u and s̄
quarks. There are four GTMDs for the case of the kaon: F1,
G̃1,Hk

1, andH
Δ
1 . In all the observations, we get to know that

by increasing the quark (antiquark) transverse momentum
k⊥, the distribution peaks move backward toward the lower
values of x with a decrease in their magnitudes. While
observing the distributions corresponding to x at different
Δ⊥, the trend becomes opposite. By increasing the momen-
tum transfer Δ⊥, the distribution peaks move forward
toward the higher values of x while the magnitudes
decrease. The u quark and s̄ quark distributions have
opposite polarities except for the case of Hk

1. The distri-
bution Hk

1 become zero for ζ ¼ 0. GTMD F1 is related to
the Wigner distribution ρUU through the Fourier trans-
formation and further, at certain limits, GPD H and TMD
f1 come into picture. There is no GPD or TMD corre-
sponding to ρUL and G̃1 but they are instead connected to

the spin-orbit correlation Cz. The values come out to be
Cz ¼ 0.176 for the s̄ quark and Cz ¼ −0.234 for the u
quark. From this it can be concluded that the s̄ quark’s
spin and OAM are antialigned whereas the u quark’s spin
and OAM are aligned to each other. Also no GPD and
TMD related to ρjUT and Hk

1 and HΔ
1 are present in this

model which is because of the absence of any gluon
interaction.
To conclude, the results presented in the manuscript can

perhaps be substantiated further by future measurements
for the kaon where the quark GTMDs can be extracted
through the exclusive double Drell-Yan process where the
final state must carry the two virtual photons. The GPDs
can be accessible through deeply virtual Compton scatter-
ing and DVMP processes.
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