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We examine the achronal averaged null energy condition (ANEC) for a class of conformal field theories
(CFT) at strong coupling in curved spacetime. By applying the AdS=CFT duality, we find holographic
models which violate the achronal ANEC for 3þ 1 and 4þ 1-dimensional boundary theories. In our
model, the bulk spacetime is an asymptotically AdS vacuum bubble solution with neither causality
violation nor singularities. The conformal boundary of our bubble solution is asymptotically flat and is
causally proper in the sense that a “fastest null geodesic” connecting any two points on the boundary must
lie entirely on the boundary. We show that conversely, if the spacetime fails to have this causally proper
nature, then there must be a naked singularity in the bulk.
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I. INTRODUCTION

The classical null energy condition (NEC) Tμνlμlν ≥ 0
for all null vectors l at all points is the key condition for the
proof of the singularity theorems, topological censorship
theorem, and other important theorems in classical general
relativity. Although it is satisfied for typical classical matter
fields, the NEC can be violated when one considers
quantum field effects. For example, when one spatial
dimension is compactified, hTμνilμlν becomes negative
along the null geodesic of the closed S1 circle, where
hTμνi is the vacuum expectation value of the stress-energy
tensor. In general, any locally formulated energy conditions
can be violated by quantum field effects.
The averaged null energy condition (ANEC) is an

alternative condition which is nonlocally formulated and
states that

Z
∞

−∞
hTμνilμlνdλ ≥ 0; ð1:1Þ

for every complete null geodesic with tangent vector lμ,
where λ is the affine parameter. It has been shown that the

ANEC is satisfied for some cases, e.g., minimally coupled
scalar fields in Minkowski spacetime [1,2] in 4-dimensions
and in curved spacetime [2,3] in 2-dimensions. For further
examples in which the ANEC holds, see Refs. [4,5].
However, it has been shown that for a conformally coupled
scalar field, the ANEC can be violated for any chronal null
geodesics in Schwarzschild spacetime [6]. This example of
ANEC violation has led Graham and Olum [7] to propose
the achronal ANEC, which states that the ANEC should
hold for every complete achronal null geodesic but not
necessarily on chronal null geodesics. Here, an achronal null
geodesic refers to a null geodesic curve on which no two
points can be connected by a timelike curve. A complete
achronal null geodesic is also called a null line. Further
studies, however, revealed cases in which the achronal
ANEC can also be violated [8,9]. This fact suggests the
possibility of, e.g., the formation of exotic objects such as
wormholes, since the achronal ANEC is crucial for the proof
of singularity theorems and topological censorship.
It is interesting to study whether the achronal ANEC is

violated in a strongly coupled field theory in the framework
of the AdS=CFT duality. In this context it was recently
shown in [10] that the achronal ANEC holds for a class of
conformal field theories in the boundary Minkowski
spacetime. This is consistent with the numerical verifica-
tion of the achronal ANEC for colliding planar shock wave
solutions [11].
Applying the AdS=CFT duality, an example of NEC

violation in curved space was recently found in [12], in
which the gravity dual is a vacuum AdS black hole
solution, and the boundary spacetime describes a wormhole
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geometry which connects two asymptotically flat uni-
verses. In this example, as the bulk solution asymptotically
approaches the planar Schwarzschild-AdS solution, the
corresponding boundary thermal states render hTμνilμlν
strictly positive in the asymptotic region of the boundary
spacetime. Therefore even though the NEC is locally
violated near the wormhole throat, the achronal ANEC
is kept preserved. This suggests that the achronal ANEC
may always hold in a thermal state with asymptotically flat
boundary spacetime.
In this paper, we further examine the achronal ANEC for

a class of strongly coupled field theories in asymptotically
flat curved spacetimes in the framework of the AdS=CFT
duality. If and when there exists a timelike curve in the bulk
that connects two points on a boundary achronal null
geodesic, one can say that the corresponding boundary
theory admits an acausal signal. We shall reveal some
possible relations between the achronal ANEC, weak
cosmic censorship, and acausal propagation of signals,
provide some examples of an achronal ANEC violation
without acausal signals and finally discuss what happens
when there are acausal signals.
We first give examples of a violation of the achronal

ANEC in d ¼ 4 and 5 boundary spacetimes with respec-
tively, dþ 1 ¼ 5 and 6 bulk solutions of the vacuum
Einstein equations with a negative cosmological constant.
Our strategy is similar to Ref. [9]. In the case of d ¼ 4, we
startwith a vacuumbubbleAdS solution, also called theAdS
soliton, as our 5-dimensional bulk spacetime.We show that a
certain choice of conformal factor for a conformally flat,
d ¼ 4 boundary spacetime induces a gravitational con-
formal anomaly [13], which leads to the violation of the
achronal ANEC. For d ¼ 5 spacetimes, there is no gravi-
tational anomaly.We construct a regular 6-dimensional bulk
vacuum bubble solution with a curved d ¼ 5 boundary
spacetime. The resulting boundary stress-energy tensor
shows that the NEC on the boundary is violated but the
ANEC on the boundary still holds. Then, by choosing a
suitable conformal factor, we show that the achronal ANEC
in the conformally transformed system can be violated.
It is worth mentioning that both of our two examples are

“causally proper” in the sense that there is no bulk timelike
curve that could connect any two points on each achronal
null geodesic on the boundary, implying a “fastest null
geodesic” connecting any two points on the boundary must
lie entirely on the boundary. In addition, there is no
pathological behavior in the boundary spacetime: it is in
fact geodesically complete and asymptotically flat. It is
then interesting to consider what would possibly happen if,
on the other hand, the causally proper nature is not satisfied.
We will show by using the Gao-Wald theorem [14] that if
the geometry under consideration fails to be causally proper
while preserving the NEC in the bulk, then there must
appear a naked singularity; the weak cosmic censorship
must fail.

In the next section we consider the achronal ANEC
in d ¼ 4 boundary theory. In Sec. III, we construct a
6-dimensional perturbed bubble solution which leads to the
violation of the ANEC. A proposition which connects the
bulk cosmic censorship and the causally proper nature is
presented in Sec. IV. Section V is devoted to summary and
discussions.

II. VIOLATION OF ACHRONAL ANEC
IN EVEN DIMENSIONS

In this section, we explore the ANEC in a 5-dimensional
holographic model. In d-dimensional boundary theory with
d even, the bulk metric is expressed in the Fefferman-
Graham coordinate system:

ds2 ¼ 1

z2

�
dz2 þ

�X∞
n¼0

gðnÞμνzn þ zd ln z2hμν

�
dxμdxν

�

ð2:1Þ

with the boundary metric ds2∂ ¼ gð0Þμνdxμdxν located at
z ¼ 0 [13]. Here, the logarithmic term only appears for
even dimensions, and gð2kþ1Þμν ¼ 0 for any integer k
satisfying 0 ≤ 2kþ 1 < d. The holographic stress-
energy tensor hTμνi includes conformal anomalies, and it
is given by

hTμνi ¼ gð4Þμν −
1

8
gð0Þμνfðgαð2ÞαÞ2 − gαð2Þβg

β
ð2Þαg

−
1

2
gð2Þμαgαð2Þν þ

1

4
gð2Þμνgαð2Þα; ð2:2Þ

where the gravitational constant G4 is set to be 4πG4 ¼ 1
and the index is raised and lowered by the boundary metric
gð0Þμν. The coefficient gð2Þ is induced by the Ricci tensor on
the boundary metric ds2∂ [13], so we consider a conformal
transformation of the boundary metric dŝ2∂ ¼ aðxμÞ2ds2∂
and investigate whether the achronal ANEC can be violated
for the boundary conformal field theory. Note that in a
conformally flat spacetime, any null geodesics are achro-
nal. We are interested in the boundary metric where the null
geodesics are complete in both future and past directions
and the left-hand side (l.h.s.) of Eq. (1.1) converges. We
consider a conformal factor aðxμÞ satisfying the following
conditions; Condition A
(1) aðλÞ is everywhere regular (at least twice differ-

entiable) and positive-definite.
(2) At λ → �∞, aðλÞ approaches some finite positive

constant values.
where λ is the affine parameter of the null geodesic.

A. Achronal ANEC for a simple case

We start with a 5-dimensional vacuum bubble solution
with the metric,
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ds2 ¼
�
r2 −

r40
r2

�
dχ2 þ dr2

ðr2 − r4
0

r2Þ
þ r2ðdx2 þ dy2 − dt2Þ;

ð2:3Þ

where χ ∈ ½0; π=r0�, and the (conformal) boundary metric
is ds2∂ ¼ −dt2 þ dx2 þ dy2 þ dχ2. A good place to start is
to consider first the case where a depends on x only. As
done in the cosmological case [15], one needs to make a
change of coordinates ðr; xÞ → ðz; ρÞ to bring (2.3) to the
Fefferman-Graham coordinate (2.1) with the boundary
metric dŝ2∂ ¼ aðxÞ2ds2∂ .
Introducing new coordinates z and ρ as

1

r
¼ z

�
1

aðxÞþα1ðxÞz2þα2ðxÞz4þ�� �
�
;

xðρ;zÞ¼ ρþβ1ðρÞz2þβ2ðρÞz4þ�� � ;
aðxÞ¼ aðρÞþa0ðρÞβ1ðρÞz2

þ
�
a0ðρÞβ2ðρÞþ

1

2
β21ðρÞa00ðρÞ

�
z4þ��� ; ð2:4Þ

the bubble metric (2.3) is reduced to the Fefferman-Graham
metric (2.1) under the conditions

α1ðρÞ ¼ −aðρÞβ21ðρÞ; α2ðρÞ ¼
a0ðρÞ4 − 2r40aðρÞ4

16aðρÞ9 ;

β1ðρÞ ¼
a0ðρÞ
2aðρÞ3 ; β2ðρÞ ¼ −

a0ðρÞ3
8aðρÞ7 ;…; ð2:5Þ

where a0 ¼ ∂ρa. For our purpose, the other higher order
coefficients are not needed, as we are only concerned with
the derivation of Eq. (2.2). The coordinate transformation
just corresponds to choosing a different foliation from the
original bubble solution (2.3).
Each coefficient in the Fefferman-Graham metric is

given by

gð0Þμν dxμdxν ¼ aðρÞ2ð−dt2 þ dρ2 þ dy2 þ dχ2Þ;

gð2Þμν dxμdxν ¼ −
a0ðρÞ2
2aðρÞ2 dt

2 þ 2aðρÞa00ðρÞ − 3a0ðρÞ2
2aðρÞ2 dρ2

þ a0ðρÞ2
2aðρÞ2 ðdy

2 þ dχ2Þ;

gð4Þμν dxμdxν ¼ 4r40aðρÞ4 þ a0ðρÞ4
16aðρÞ6 ð−dt2 þ dy2Þ

þ −12r40aðρÞ4 þ a0ðρÞ4
16aðρÞ6 dχ2

þ dρ2
1

16aðρÞ6 f9a
0ðρÞ4 þ 4aðρÞ½r40aðρÞ3

− 3a0ðρÞ2a00ðρÞ þ aðρÞa00ðρÞ2�g: ð2:6Þ

Substituting the above coefficients into Eq. (2.2), one
obtains

hTtti¼−
4r40aðρÞ4þ5a0ðρÞ4−4aðρÞa0ðρÞ2a00ðρÞ

16aðρÞ6 ;

hTρρi¼
4r40aðρÞ4−3a0ðρÞ4

16aðρÞ6 ;

hTyyi¼
4r40aðρÞ4þ5a0ðρÞ4−4aðρÞa0ðρÞ2a00ðρÞ

16aðρÞ6 ;

hTχχi¼−
12r40aðρÞ4−5a0ðρÞ4þ4aðρÞa0ðρÞ2a00ðρÞ

16aðρÞ6 : ð2:7Þ

Note that hTμ
μi ≠ 0 unless aðρÞ is constant. This is the

effect of the conformal anomaly, which appears only for
even dimensions. Now consider the null geodesic generator

l̂ ¼ 1

a2ðxÞ ð∂t þ ∂xÞ ð2:8Þ

on the conformal boundary. Since the boundary metric is
conformally flat, and the null geodesic orbit does not
change for any conformal transformation, the null geodesic
curve generated by l̂ is achronal on the boundary theory.
Under the condition A, the l.h.s. of Eq. (1.1) is

evaluated as

I ¼
Z

∞

−∞
Tμνl̂

μl̂νdλ

¼
Z

∞

−∞

aðρÞa0ðρÞ2a00ðρÞ − 2a0ðρÞ4
4aðρÞ8 dρ

¼
Z

∞

−∞

a0ðρÞ4
12aðρÞ8 dρ ≥ 0; ð2:9Þ

where we used condition A to derive the last equality by
integration by parts. This means that the achronal ANEC is
satisfied for any conformal factor aðρÞ satisfying the
asymptotic boundary condition A.

B. Violation of achronal ANEC
for a generic scale factor a

In this subsection we consider the case of generic scale
factor aðt; x; yÞ, which depends on t, x, and y. Introducing
new coordinates x̂μ (μ ¼ 0, 1, 2) and z as

1

r
¼ z

�
1

aðxÞ þ α1ðxÞz2 þ α2ðxÞz4 þ � � �
�
;

xμðx̂; zÞ ¼ x̂μ þ βμ1ðx̂Þz2 þ βμ2ðx̂Þz4 þ � � � ; ð2:10Þ

we obtain the Fefferman-Graham metric (2.1) under the
conditions
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βμ1 ¼
∇μa
2a3

; βμ2 ¼−
∇μað∇aÞ2

8a7
;

α1 ¼−
ð∇aÞ2
4a5

; α2¼
−2r40a4þðð∇aÞ2Þ2

16a9
;…; ð2:11Þ

where ∇ is the covariant derivative with respect to the
metric ds2 ¼ −dt2 þ dx2 þ dy2, and ð∇aÞ2 ¼ ∇μa∇μa.
Now, let us define a ¼ eω and suppose jωj ≪ 1. Then,

the null-null component of the stress-energy tensor
becomes

hTμνil̂μl̂ν ≃
1

4
½−ðω;yt þ ω;xyÞ2

þ ω;yyðω;tt þ 2ω;xt þ ω;xxÞ� þOðω3Þ: ð2:12Þ

As an example, if one takes ω as

ω ¼ ϵe−ðt2þx2þy2Þ; ð2:13Þ

with ϵ ≪ 1, we obtain

hTμνil̂μl̂ν¼−2ϵ2e−2ðt2þx2þy2ÞfðtþxÞ2þ2y2−1gþOðϵ3Þ:
ð2:14Þ

It is easily checked that there exist null lines which
can violate the ANEC. For instance, consider the curve
y ¼ 1, x ¼ t. For this, the l.h.s. of Eq. (1.1) yields a
negative value as

Z
∞

−∞
hTμνil̂μl̂νdλ ≃ −

3
ffiffiffi
π

p
2e2

ϵ2 < 0; ð2:15Þ

So, the ANEC is violated along the x ¼ t null line.
Note that the averaged value of the null-null component

of the Ricci tensor is also negative along any y ¼ const line,

Z
∞

−∞
Rμνl̂

μ l̂νdλ ≃ −
3

4

ffiffiffi
π

p
ϵ2e−2y

2 þOðϵ3Þ: ð2:16Þ

That the value is always negative is in accord with the
achronality of the null line, which does not allow a pair of
conjugate points on it. The situation is very similar to the
case of conformally coupled scalar field in a conformally
flat spacetime [9].
It is easily checked by the bubble metric (2.3) that the

bulk spacetime is causally proper because the tangent
vector k ≔ ∂t þ C1∂x þ C2∂r on the bulk causal curve γ
satisfies C1 ≤ 1 and the equality holds only for the
boundary null geodesic with C2 ¼ 0.

III. VIOLATION OF ACHRONAL
ANEC IN ODD-DIMENSIONS

In the previous section, we have shown that the achronal
ANEC can be violated in the boundary CFT theory with

even dimension, due to the conformal anomaly. When d is
odd, the conformal anomaly terms disappear and the stress-
energy tensor becomes just the coefficient [13]

hTμνi ¼
d

16πGd
gðdÞμν ð3:1Þ

in the Fefferman-Graham coordinate system (2.1). The
stress-energy tensor is conformally covariant under the
conformal transformation dŝ2∂ ¼ a2ds2∂ , just being confor-
mally rescaled with no additive terms. Therefore, unless the
NEC is violated (i.e., hTμνi is negative at some point on the
boundary), the achronal ANEC cannot be violated (subject
to condition A on the conformal factor). In what follows,
we set d=16πGd ¼ 1, for simplicity.
We start with the following 6-dimensional bubble

solutions

ds2 ¼ 4

25r20

�
r2 −

r50
r3

�
dχ2 þ dr2

r2 − r50=r
3

þ r2ðdx2 þ dy2 þ dw2 − dt2Þ: ð3:2Þ

where r ∈ ½r0;∞� and χ ∈ ½0; 2π�. The stress-energy tensor
(3.1) contracted by the null vector n ¼ ∂t þ ð5r0=2Þ∂χ

becomes negative (see Appendix for ϵ ¼ 0),

hTμνinμnν ¼ −r20 < 0: ð3:3Þ

Although the ANEC (1.1) is violated along the S1 circle,
this does not mean that the achronal ANEC is also violated
because the closed orbit is not achronal. On the other hand,
along the null line with null tangent vector l ¼ ∂t þ ∂x,

hTμνilμlν ¼ 0: ð3:4Þ

This suggests that the perturbation of the bubble spacetime
(3.2) could induce a nonzero stress-energy tensor which
locally violates the NEC along the achronal null geodesic
and hence potentially lead to ANEC violation. We note that
one may desire instead to consider a perturbation of the
Poincaré AdS solution (r0 ¼ 0) rather than the bubble
solution, since it is much simpler and Eq. (3.4) is still
satisfied. In that case, however, pp-type curvature singu-
larities are generally expected to occur on the horizon for
generic perturbations [16]. On the other hand, one expects
the bubble spacetime to be stable [17] In the next
subsection, we consider the perturbation of the bubble
solution (3.2).

A. The perturbed variables

Let us consider the slightly deformed bubble solution by
adding to (3.2) the following static metric perturbations:

δgμν ¼ 2ϵr2ðHημνSþHTSμνÞ; δgχχ ¼ ϵfχχS; ð3:5Þ
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where ϵ is a small positive parameter and the Greek indices
μ; ν;… denote the specific choice of coordinates x, y, w, t
used in (3.2). Here, fχχ ; H;HT are functions of r, and S, Sμ,

and Sμν are defined in terms of ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ w2

p
and a

real positive parameter k by

S ¼ sin kρ
ρ

;

Sμ ¼ −
1

k
DμS; Sμν ¼

1

k2
DμDνSþ 1

4
ημνS; ð3:6Þ

with the covariant derivative operator Dμ associated with
ημν. Note that S is regular at ρ ¼ 0 and limρ→∞S ¼ 0,
guaranteeing the asymptotic convergence of the l.h.s. of
Eq. (1.1), as we will show later. Note also that S satisfies

DμDμSþ k2S ¼ 0; ð3:7Þ

where one may view the above deformation (3.5) as the
Wick-rotated version of a restricted class of the scalar-type
metric perturbations of the 6-dimensional Schwarzschild-
AdS metric. Then, following the formulas of [18], one can
derive the equations that determine the three perturbation
variables fχχ ; H;HT :

ðr6 − r50rÞg00ðrÞ þ
�
7r5 þ r50

2

�
g0ðrÞ − k2r2gðrÞ

þ 4ð2r5 þ 3r50ÞH0ðrÞ ¼ 0;

ðr6 − r50rÞH00ðrÞ þ 2ðr5 − r50ÞH0ðrÞ − 1

2
ðr5 − r50Þg0ðrÞ

þ k2r2

8
gðrÞ ¼ 0; ð3:8Þ

with

HTðrÞ ¼
8

3k2r2
ð8r5 − 3r50ÞH0ðrÞ − 4HðrÞ

þ 8

3k2r2
ðr5 − r50Þg0ðrÞ −

2

3
gðrÞ; ð3:9Þ

where g is defined as

fχχ ¼
4

25r20

�
r2 −

r50
r3

�
gðrÞ: ð3:10Þ

Let us expand the functions H and g near r ¼ ∞ as

HðrÞ ¼ h0 þ
h1
r
þ h2

r2
þ h3

r3
þ � � � ;

gðrÞ ¼ c0 þ
c1
r
þ c2

r2
þ c3

r3
þ � � � : ð3:11Þ

Substituting these into (3.8), each coefficient is
determined by

c1 ¼ h1 ¼ c3 ¼ h3 ¼ 0;

c2 ¼ −2h2 −
c0k2

8
;

c4 ¼
k2

32
ð16h2 þ k2c0Þ; h4 ¼ −

k2

256
ð16h2 þ c0k2Þ;

c5 ¼ −8h5; � � � : ð3:12Þ

The regularity condition at the bubble radius r0 is given
by [19]

∇μðξ2Þ∇μðξ2Þ
4ξ2

→ 1; ξ2 ≔ gð∂χ ; ∂χÞ: ð3:13Þ

This implies that gðr0Þ ¼ 0. Note that Eq. (3.8) does not
contain HðrÞ, so h0 is a free parameter which does not
affect the bulk solution. However, achronality along a null
geodesic will enforce a relation between h0 and h2, as
shown below. Hence, there is only one free parameter
characterizing the boundary metric at infinity. We solve
these equations numerically and plot them in Fig. 1. We
also provide an analytic solution for r0 ¼ 0 in Appendix B
which serves as a good approximation for large k ≫ r0.

B. The boundary metric and the stress-energy tensor

Thanks to the restricted form of our perturbation (3.5),
one can transform the metric into the Fefferman-Graham
form by the coordinate transformation:

rðzÞ ¼ 1

zð1 − r5
0
z5

10
Þ
þOðz−7Þ: ð3:14Þ

Then, the boundary metric gð0Þμν is given by

FIG. 1. The functions gðrÞ=c0 (thick), HðrÞ=c0 (dashed),
HTðrÞ=c0 (dot-dashed) for k ¼ 2r0.
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gð0Þμνdxμdxν ¼
4

25r20

�
1þ ϵc0

sinðkρÞ
ρ

�
dχ2 −

�
1− 16ϵh2

sinðkρÞ
k2ρ

�
dt2

þ
�
1þ 8ϵ

k4ρ3
f2kð8h2 þ k2h0Þρ cosðkρÞ− ðk2h0ð2− k2ρ2Þ þ 2h2ð8− 3k2ρ2ÞÞ sinðkρÞg

�
dρ2

þ ρ2Fðdθ2 þ sin2θdϕ2Þ þOðϵ2Þ; ð3:15Þ

where

F ¼ 1 −
8ϵ

k4ρ3
½−kð8h2 þ k2h0Þρ cosðkρÞ

− fk2h0 þ h2ð8 − 2k2ρ2Þg sinðkρÞ�: ð3:16Þ

The stress-energy tensor is obtained from the metric
coefficient gð5Þμν in the Fefferman-Graham expansion
(2.1), as explicitly shown in Eq. (A1). As expected, the
trace of the stress-energy tensor is zero, up to OðϵÞ, i.e.,
gð5Þμμ ¼ Oðϵ2Þ since the trace anomaly is zero.
Now, let us examine the ANEC along a radial null

geodesic lμ ¼ ð0; lt; lρ; 0; 0Þ. Up to OðϵÞ, the geodesic
equations of motion give

lt ¼ 1þ16ϵh2 sinðkρÞ
k2ρ

;

lρ ¼ 1þ 4ϵ

k4ρ3
½4h2k2ρ2 sinðkρÞ− ð8h2þh0k2Þf2kρcosðkρÞ

− ð2−k2ρ2ÞsinðkρÞg�: ð3:17Þ
Then, the null-null component of the stress-energy tensor is
obtained from Eq. (A1)

hTμνilμlν ¼ ϵK
2kρ cosðkρÞ − ð2 − k2ρ2Þ sinðkρÞ

ρ3
þOðϵ2Þ;

ð3:18Þ
where

K ≔
4f−2k2h5 þ ðc0k2 − 8h2Þr50g

3k4
: ð3:19Þ

As expected, the NEC is locally violated unless K ¼ 0. On
the other hand, the ANEC (1.1) is satisfied, up to OðϵÞ
because

Z
∞

−∞
hTμνilμlνdλ ¼ Oðϵ2Þ; ð3:20Þ

where λ is the affine parameter of lμ.
For the boundary metric gð0Þμν , the higher order corrections

in ϵ can be set to zero by the following argument. Let us
denote the bulk metric by Φ.1 It can be expanded by

Φ ¼ Φ0 þ ϵΦ1 þ ϵ2Φ2 þ ϵ3Φ3 þ � � � : ð3:21Þ

The equations of motion for the variables are obtained from
the vacuum Einstein equations as

LΦ1 ¼ 0;

LΦi ¼ SiðΦ1;Φ2;…;Φi−1Þ; i ¼ 2; 3;…; ð3:22Þ

where L is a linear second order differential operator, and
Si is a function of the variables Φj; j ¼ 1; 2;…; i − 1. One
can formally construct the solutionΦi asΦi ¼

R
GSid6x in

terms of the Green function G of the linear operator L
satisfying LG ¼ δðx − x0Þ. The boundary conditions of G
are the regularity condition at the bubble radius and the
normalization condition at infinity. So, the perturbed

boundary metric δgð0Þμν for higher corrections in ϵ can be
always set to zero.
We can check that the achronality along the null geodesic

curve of lμ follows from choosing the parameter h0 in
Eq. (3.11) as

h0 ¼ −8
h2
k2

: ð3:23Þ

In this case, the boundary metric reduces to

gð0Þμνdxμdxν¼
4

25r20

�
1þϵc0

sinðkρÞ
ρ

�
dχ2

þ
�
1−16ϵh2

sinðkρÞ
k2ρ

�

× ½−dt2þdρ2þρ2ðdθ2þsin2θdϕ2Þ�: ð3:24Þ

Note that χ ¼ const hypersurface is conformally flat. This
means that any two points along the null curve with the
tangent vector lμ cannot be connected by a timelike curve
within the χ ¼ const hypersurface. Since ∂χ is a spacelike
Killing vector orthonomal to lμ, the null geodesic curve is
also the fastest causal curve among the causal curves with
the tangent vector l0μ ¼ lμ þ Að∂tÞμ þ Bð∂χÞμ with A, B
some constants (A is non-negative and can vanish only
when B ¼ 0), thereby guaranteeing the achronality of the
null geodesic curve. For k ≠ 0, one can always enforce
the condition (3.23). Furthermore, in Fig. 2, we show that
(3.19) never vanishes for c0 ≠ 0. This implies that the1Here, we omit the indices for simplicity.
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achronal ANEC can be violated after a conformal trans-
formation, as shown below.

C. Conformal transformation

In the Fefferman-Graham form, the perturbed metric
(3.5) is written by

ds26 ¼
dz2 þ gμνðρ; zÞdxμdxν

z2
: ð3:25Þ

As done in Sec. II, one can transform the metric into a
different Fefferman-Graham form

d̂s26 ¼
dZ2þ ĝμνðξ;ZÞdx̂μdx̂ν

Z2
; x̂μ ¼ ξ; t; θ; φ ð3:26Þ

with a boundary metric

ĝμνðξ; 0Þdx̂μdx̂ν ¼ a2ðξÞgμνðρ; 0Þdxμdxν; ð3:27Þ

for an arbitrary scale factor aðξÞ.
As the coordinate transformation, we make an ansatz;

zðξ;ZÞ¼Z

�
1

aðξÞþα1ðξÞZþα2ðξÞZ2þ�� �
�
;

ρðξ;ZÞ¼ ξþβ1ðξÞZþβ2ðξÞZ2þβ3ðξÞZ3þ�� � : ð3:28Þ

By substituting these into Eq. (3.25) and keeping the metric
form (3.26), each coefficient is determined by

α2iþ1¼β2iþ1¼0 for i∈0;1;2;…;

α2¼−
a02

4a5R0

; β2¼
a0

2a3R0

;

α4¼
2a2a02R2þa04

16a9R2
0

;

β4¼−
a0

16a7R0

f2R0ð2a2R2þa02Þþaa0R0
0g;…; ð3:29Þ

where Ri is the coefficient in the expansion of gρρ,

gρρ ¼ R0ðξÞ þ R2ðξÞz2 þ R4ðξÞz4 þ � � � : ð3:30Þ

Under the coordinate transformation, the boundary
metric satisfies Eq. (3.27) and the stress-energy tensor is
transformed into

T̂μν ¼
1

a3ðξÞTμν: ð3:31Þ

Since this is the conformal transformation on the boundary
metric, the achronal null geodesic orbit does not change
and the tangent vector is transformed by

l̂μ ¼ 1

a2ðξÞ l
μ: ð3:32Þ

Hence, the averaged null energy condition is transformed
into

Z
∞

−∞
hT̂μνil̂μl̂νdλ̂ ¼

Z
∞

−∞

1

a5
hTμνilμlνdλ; ð3:33Þ

where we used the fact that dλ̂ ¼ a2dλ for the affine
parameter λ̂ for the null geodesic in ð∂M; ĝÞ. This implies
that for a suitable choice of the scale factor a, this becomes
negative unless K ¼ 0 in Eq. (3.19). As an explicit simple
example, choose

aðξÞ ¼ ð1þ b2e−k
2ξ2Þ−1=5 ð3:34Þ

for real b which gives

Z
∞

−∞

1

a5
hTμνilμlνdλ

¼−2k2b2K
� ffiffiffi

π
p
ffiffiffi
e4

p −πErf

�
1

2

��
ϵþOðϵ2Þ< 0: ð3:35Þ

For the conformally transformed boundary metric (3.27),
the null-null component of the Ricci tensor becomes

R̂μνl̂
μl̂ν ¼ ΓþOðϵÞ: ð3:36Þ

The leading order term Γ is determined by the ϵ ¼ 0 flat
boundary metric. This is explicitly written as

FIG. 2. The function K in the bubble spacetime. Notably, this
never vanishes, as shown in the inset.
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Γ ¼ 3

a6
ð2a02 − aa00Þ: ð3:37Þ

At leading order, l̂ is given by l̂ ¼ ð∂t þ ∂ξÞ=a2. Imposing
a as

lim
ξ→�∞

aðξÞ ¼ 1; ð3:38Þ

one obtains

Z
∞

−∞
R̂μνl̂

μ l̂νdλ̂ ¼
Z

∞

−∞

3

a4
ð2a02 − aa00ÞdξþOðϵÞ

¼ −3
Z

∞

−∞

a02

a4
dξþOðϵÞ < 0 ð3:39Þ

by integration by parts. This means that the average of the
null-null component of the conformally scaled Ricci tensor
is always negative, which is the same as in the even-
dimensional case.

D. The generic condition in the bulk

Compared with the bubble solution with high sym-
metry in Sec. II, it is not immediate obvious whether or
not the perturbed bubble solution is causally proper.
However, as shown in the Gao-Wald theorem [14], the
condition of being causally proper is always satisfied
provided that the following three conditions are satisfied
in the bulk:
(1) the NEC holds for the bulk null geodesics,
(2) no causal pathologies are observable from the

boundary, e.g., singularities or regions of causality
violation,

(3) the null generic condition holds for the bulk null
geodesics2

The only nontrivial check is the final condition 3, as the
perturbed vacuum spacetime automatically satisfies the
first and the second conditions. If there existed a bulk
null geodesic orbit with tangent vector ka that connects
two points on the boundary achronal null geodesic with
the tangent vector lμ, the orbit of ka would have to be
sufficiently near the conformal boundary, and hence, kz

would be small, i.e., kz ¼ OðϵÞ because we consider only
perturbations of the bubble spacetime (3.2) which are
causally proper. The Weyl tensor in the bulk behaves as
Ccadbkakb ∼ Caμbνlμlν ¼ OðϵÞ. For example,

Cχμχνlμlν ∼ ϵ
2kρ cosðkρÞ − ð2 − k2ρ2Þ sinðkρÞ

ρ3
: ð3:40Þ

Then, the null geodesic would necessarily pass through a
point in which the generic condition is satisfied. This is
impossible by the theorem [14].

IV. TIME DELAY AND THE WEAK COSMIC
CENSORSHIP IN AdS

Interestingly, a violation of the ANEC in curved space-
time does not necessarily indicate the occurrence of some
causal pathology. In fact, our examples of curved boundary
spacetimes with ANEC violation are causally proper, as we
have shown within the perturbative framework by using the
Gao-Wald theorem [14]. However, these results are state-
ments that concern only the boundary spacetime. In the
context of the AdS=CFT duality, one might be more
interested in the question of what happens in the bulk
when the boundary spacetime does not satisfy certain
physically reasonable conditions (e.g., ANEC, or the
causally proper nature) or vice versa. In this section, we
consider possible consequences in the bulk spacetime when
the boundary fails to satisfy the causally proper nature.
Following arguments similar to those in the Gao-Wald
theorem, we deduce the following Proposition concerning
weak cosmic censorship in asymptotically AdS spacetimes.
Proposition.—Suppose ðM; gabÞ is an asymptotically

AdS spacetime, which can be conformally embedded in
an unphysical spacetime ðM̃; g̃abÞ so that with a smooth
function Ω in M̃, we have g̃ab ¼ Ω2gab and Ω ¼ 0 on the
timelike boundary ∂M in M̃. Suppose ðM; gabÞ satisfies the
following conditions,

(i) the NEC and the null generic condition,
(ii) M̄ ≔ M ∪ ∂M is strongly causal, and ∂M itself is

globally hyperbolic.
If there is a causal curve in M̄ from a point p ∈ ∂M
connecting to a point q ∈ Eþðp; ∂MÞnfpg which passes
through points in the bulk M (i.e., which is not entirely in
∂M), then there must be a past-incomplete null geodesic
curve inM from a point of ∂M. That is, there is a singularity
in M visible from a boundary point in the future of p,
implying a violation of weak cosmic censorship.
Proof.—Let us consider p ∈ ∂M and Eþðp; ∂MÞ. Let q

be a point in Eþðp; ∂MÞnfpg and λ be a null geodesic
generator of Eþðp; ∂MÞ that connects p and q. Then, by
assumption, there exists a future-directed causal curve μ in
M̄ from p to the future endpoint q, passing through the bulk
M. Now suppose that μ is a null geodesic generator of
_Jþðp; M̄Þ. Then, μ must be an achronal null geodesic and
also be complete as it connects the two points p, q at
infinity (∂M). However, if μ is a complete null geodesic in
M, it would admit a pair of conjugate points due to the
condition (i), and hence fail to be an achronal null geodesic,
according to the proposition 4.5.12 in [20]. Thus, μ cannot
be a null geodesic generator of _Jþðp; M̄Þ. By the propo-
sition 4.5.10 in [20], p and q can be joined by a timelike
curve, implying in particular that the future end point q of μ

2The null generic condition is the statement that any
null geodesic with the tangent la contains a point where
l½aRb�cd½elf�lcld ≠ 0. For the vacuum case, the Riemann tensor
can be replaced with the Weyl tensor.
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cannot be in Eþðp; M̄Þ. Then, since λ ∩ Eþðp; M̄Þnfpg ≠
∅ by the condition (ii), there must be a future end point r of
λ ∩ Eþðp; M̄Þ such that r ∈ J−ðq; ∂MÞnfqg and r is
intersected by a bulk null geodesic generator γ of
_Jþðp; M̄Þ, which entirely lies in M except their end points
on ∂M.
If γ had a past endpoint, γ would be a generator of

Eþðp; M̄Þ with the past endpoint p. But, this is a contra-
diction, since there would be a pair of conjugate points
along γ between p and r, and hence γ could not be a
generator of Eþðp; M̄Þ, again by the proposition 4.5.12 in
[20]. Thus, γ has no past endpoint. If γ were past-complete
inextendible null geodesic, there would be a pair of
conjugate points along γ which also leads to contradiction.
So, γ must terminate at a singularity in the past direction.
Since γ is future directed from p ∈ ∂M, this singularity is
visible from q, that is, nakedly singular. ▪
It may be instructive to see a concrete example. For the

negative mass planar Schwarzschild-AdS spacetime,
Eþðp; ∂MÞ is intersected by a bulk null geodesic generator
(dashed curve) of _Jþðp; M̄Þwhich terminates at singularity,
as shown in Fig. 3.

V. SUMMARY AND DISCUSSIONS

In this paper, we have explored possible interplay
between the achronal ANEC, the causally proper nature
of bulk and boundary spacetimes, and the weak cosmic
censorship within the context of AdS=CFT duality. We
have shown that the achronal ANEC can be violated in
holographic theories by vacuum bubble AdS solutions.
In Sec. II, we have shown a violation of the achronal
ANEC in 4-dimensional boundary CFT due to the con-
formal anomaly. Since the boundary spacetime is a curved
spacetime, the violation does not conflict with the proof of
the ANEC in the flat boundary spacetime [10]. As shown in
the Gao-Wald theorem [14], our examples are “causally
proper” in the sense that a “fastest null geodesic” connect-
ing any two points on the boundary must lie entirely on the
boundary. This means that there is no acausal signaling in
the boundary theory, which is not physically permitted.

In Sec. III, we have shown the violation of the
achronal ANEC in 5-dimensional CFT by perturbing the
6-dimensional vacuum bubble spacetime. In this case, since
the boundary is 5-dimensional, there is no conformal
anomaly. The extent of the violation is small since the
null-null component of the boundary stress-energy tensor is
proportional to the amplitude of the perturbation. So, it
would be interesting to investigate if the ANEC is also
violated beyond the perturbation. One of the candidates is
the vacuum bubble solution with a wormhole geometry in
the boundary spacetime. In the thermal state, the vacuum
black hole solution with a wormhole throat on the boundary
has been numerically constructed [12]. Even though the
ANEC is not violated by the existence of the infinite
thermal energy in the asymptotic flat region, negative null
energy appears near the throat, caused by the negative
curvature on the horizon. This leads us to speculate that the
ANEC would be violated for a vacuum bubble AdS
solution with a wormhole throat, as there is no asymptotic
positive null energy.
It would be interesting to pursue whether the achronal

ANEC for strongly coupled field theories is also violated in
a self-consistent way, that is, the question of whether the
achronal ANEC is violated when the semiclassical Einstein
equations are imposed for the field theories. This self-
consistent ANEC problem has been extensively studied by,
e.g., Flanagan and Wald [21]. However, in the framework
of the AdS=CFT duality, the boundary geometry is given as
a boundary condition for the problem in question, rather
than a spacetime determined through the Einstein equa-
tions. For this reason, we cannot immediately answer the
question of whether or not the self-consistent version of the
ANEC is also violated by using the AdS=CFT duality.
Nevertheless, since the null-null component of the boun-
dary stress-energy tensor can take an arbitrary large
negative value, due to the choice of the conformal factor
[9], we speculate that the self-consistency condition would
not be able to prevent the violation of the achronal ANEC.
In general relativity, via the Raychaudhuri equations, the

ANEC is directly related to the (averaged) null convergence
(curvature) conditions (ANCC) and is used to study the
dynamics of null geodesic congruences. As mentioned
above, in the AdS=CFT framework, the stress-energy
tensor cannot in principle be connected to the spacetime
curvature. To address geometric properties of the boundary,
we have directly examined the null-null component of the
curvature tensor in our boundary spacetime, and shown that
the ANCC is also violated.
In Sec. IV, we have presented a Proposition which

connects the cosmic censorship in the AdS bulk to the
causally proper nature of our holographic system.
According to the proposition, acausal propagation of
signals in the boundary theory implies the occurrence of
a naked singularity in the bulk. In [22], Hawking and
Penrose type singularity theorems [20] have been revisited

FIG. 3. The solid and dashed lines represent λ ∈ Eþðp; M̄Þ and
γ ∈ _Jþðp; M̄Þ, respectively. γ terminates at the singularity.
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in asymptotically AdS spacetimes, and the essential
role of the strong gravity condition (i.e., the existence of
a trapped set) in the bulk has been discussed. The above
proposition may be viewed as a different type of singularity
theorem which does not need to impose the strong gravity
condition in the bulk, but which, instead, invokes the
causally proper nature, as an alternative condition that
involves sensible causal interactions between the bulk and
the conformal boundary. This may give some new insights
into possible applications of the AdS=CFT duality, in
particular new connections between bulk and boundary
causality.
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APPENDIX A: STRESS ENERGY TENSOR FOR
d = 5-DIMENSIONS

For general g0, h0, the stress tensor is

gð5Þμν dxμdxν¼−
16r30
125

�
1þ ϵ

�
10

h5
r50

þc0

�
sinðkρÞ

ρ

�
dχ2þ r50

5

�
−1þ ϵ

�
8h2þ5k2

�
−8

h5
r50

þc0

��
sinðkρÞ
3k2ρ

�
dt2

þ r50
5

�
1þ ϵ

3k4ρ3

�
8k

�
−
10k2h5
r50

þ8h2þk2ð5c0þ6h0Þ
�
ρcosðkρÞ

þ
�
−64h2þk2

�
80h5
r50

−8ð5c0þ6h0Þþ3ð8h2þk2ð5c0þ8h0Þρ2Þ
��

sinðkρÞ
��

dρ2

þ r50
5

�
ρ2þ 4ϵ

3k3

�
10k2h5
r50

−8h2−k2ð5c0þ6h0Þ
�
cosðkρÞ

þ ϵ

3k4

�
32h2þk2

�
−
40h5
r50

ð1−k2ρ2Þþ20c0þ24h0−8h2ρ2−5c0k2ρ2
��

sinðkρÞ
ρ

�
ðdθ2þ sin2θdϕ2ÞþOðϵ2Þ:

ðA1Þ

APPENDIX B: ANALYTIC SOLUTION FOR r0 = 0

Despite being unstable to generic perturbations, it is
useful to note that Eq. (3.8) can be solved analytically when
r0 ¼ 0. The solutions are

gðrÞ ¼ c0
3

e−k=rðk2 þ 3krþ 3r2Þ
r2

HðrÞ ¼ h0 þ
c0 − gðrÞ

8

¼ −
c0
24

�
1þ e−k=rðk2 þ 3krþ 3r2Þ

r2

�

HTðrÞ ¼ −4h0 −
3c0 þ gðrÞ

6

¼ c0
18

�
3 −

e−k=rðk2 þ 3krþ 3r2Þ
r2

�
ðB1Þ

The second equalities are for the choice h0 ¼ −8h2=k2. For
any h0, this solution leads to

K ¼ −
k3

135
c0: ðB2Þ

At large k, the solution for r0 ≠ 0 is approximately equal to
the vacuum solution confirming that K never vanishes in
the perturbed bubble spacetime. The boundary metric is (to
all orders in ϵ)

gð0Þμν dxμdxν¼ 4

25r20

�
1þ ϵc0

sinðkρÞ
ρ

�
dχ2

þ
�
1− ϵ

c0
3

sinðkρÞ
ρ

�

× ½−dt2þdρ2þρ2ðdθ2þ sin2θdϕ2Þ�: ðB3Þ
and

lt ¼ lρ ¼
�
1 − ϵ

c0
3

sinðkρÞ
ρ

�
−1
: ðB4Þ

For our previous choice of conformal factor aðξÞ ¼
ð1þ b2 expð−k2ξ2ÞÞ−1=5, we find thatZ

∞

−∞
hTμνilμlνdλ ≈ −ϵð3.78 × 10−3Þk5b2 þOðϵ2Þ < 0:

ðB5Þ
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