PHYSICAL REVIEW D 100, 065021 (2019)

Faster-than-light signaling in the rotating-wave approximation
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We present new results on the causality violations introduced by the rotating wave approximation
commonly used in quantum optics and high-energy physics. We find that the causality violations and
faster-than-light signaling induced by the approximation have “fat tails,” i.e., they are polynomially
decaying with the distance from the light-cone of the emitter. Furthermore, we also show that the
fundamental problems with the incompatibility between the approximation and relativity are not cured even
in the long interaction time regime (where the approximation is often taken). This renders the
approximation unsuitable for any regime where we are concerned about relativistic causality and
information transmission via the electromagnetic field.
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I. INTRODUCTION

Early on in the study of quantized light and its interaction
with matter it became evident that there was a need for
approximations that would allow one to reduce the inherent
complexity of quantum electrodynamical approaches to
the light-matter interaction. It was therefore quickly deter-
mined that certain approximations could be made to
facilitate predictions and intuition in most experimentally
achievable regimes. The first of these intuitive steps would
be to replace the minimal coupling model by the dipole
model [1] and a larger step would involve the study of
scalar field interactions rather than electromagnetic field
interactions, together with the reduction of the matter
systems (typically atoms) to two-level quantum systems.
We know that such approximations can capture most of the
relevant features of the light-matter interaction where
angular momentum exchange is not involved [2,3]. This
motivated the study of the simpler Unruh-DeWitt type
couplings in scalar field theories as a simplified, yet
effective, form of the light-matter interaction. Concretely,
this interaction is described by the following interaction
picture Hamiltonian:

Ay = (6" + e 67)d(y. 1). (1)

where 6% are the raising and lowering operators of the
detector and Q is the frequency of the energy gap between
the ground and excited state of the detector.

Within certain disciplines, e.g., quantum optics, this
model can still be unnecessarily complex for the purpose of
modelling observable experiments; therefore, it is common
practice to implement further approximations to the already
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simplified Unruh-DeWitt model. The two most popular
ones are the single-mode (or few-mode) approximation
(SMA) and the rotating wave approximation (RWA). They
are used extensively in quantum optics [4], but they are also
a fundamental part of some scattering theory techniques in
high-energy physics such as Fermi’s golden rule [5]. A few-
mode approximation has been already shown to be incom-
patible with a relativistic description of the light-matter
interaction and leads, unsurprisingly, to faster-then-light
predictions that are not present in the fully covariant Unruh-
DeWitt model [6,7].

We will turn our attention in this manuscript to the RWA
instead. This approximation, (implicitly) employed early
on by Fermi himself (Eq. (51) of [8]), can be illustrated by
first expanding the field in (1) into plane wave modes for a
3 + 1D flat spacetime:

(ei9t5+ + e‘im&_)c[;(y, t)

&’k . . . -
_ —i(w—Q)r+iky 5 A+ i(w—Q)r—ik-y 4T A—
/ 20 o e o

+ emiQtky g gy Gt Qb gT gt (2)

where d; and dlz are the usual annihilation and creation
operators satisfying that all commutators between them are
zero except for [&k,d;] = 8 (k —k'). The usual (RWA)
argument goes as follows: given that w, Q > 0, the terms of
the form e+ (@~ (rotating terms) oscillate much slower
than terms of the form e* @+ (counterrotating terms).
Given that to compute time evolution, the Hamiltonian
must ultimately be integrated over time, the RWA involves
neglecting the counterrotating terms, reasoning that, once
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integrated over a long enough time, their highly oscillatory
behaviour will be dominated by the relative “stationary”
terms of the rotating terms. This leaves

(eiQI&+ +€_igt6_)$<y,t)

&’k ; i i i
RgA/7(6—1(w—§2)t+1k'}’&k8+_i_e'(w_g)l_lk.y&z&_)-

(27)3*\ 20
3)

This model is easy to understand even from a classical point
of view since it has built-in some (misplaced) intuition
coming from the early times of spectroscopy and
Kirchhoff’s spectroscopy laws [9], i.e., the idea that the
absorption of 1 photon leads to a single atomic excitation
and vice versa and that an atom in its ground state cannot
get excited via photon emission. In particular when coupled
with the single-mode approximated Hamiltonian this
model seems to respect classical notions of energy con-
servation. However, it would be a misconception to think
that the counterrotating terms do not conserve energy: the
Hamiltonians in the Schrédinger picture are time indepen-
dent and therefore they conserve the expectation of energy
at all times. One should realize, however, that single-photon
states and the excited and ground state of the atoms are not
eigenstates of the interaction Hamiltonian and therefore
they do not have a well-defined value of energy and hence
the total Hamiltonian eigenstates will not include the
eigenstates of the free theories (such as the ground state
of the atom and the vacuum of the field), so the whole
energy conservation argument of the RWA cannot be
carried out a priori to establish the model’s Hamiltonian.

In spite of the issues associated with the rotating wave
approximation and the single mode approximation, they
have been commonly used in condensed matter [10] as well
as in quantum optics [11] in the form of Jaynes-Cummings
models or as rotating-frame approximations. Due to the
frequent use of finite size cavities within these commun-
ities, the RWA and SMA are in general good approxima-
tions when causality and relativistic considerations are not
of paramount importance, i.e., extremely long times.

The RWA is indeed very tempting, given the enormous
mathematical simplifications it brings with it as well as the
coincidence with empirical observations from spectral lines
and the seemingly intuitive “conservation of energy”
arguments of the model; however, from a relativist’s
standpoint, it becomes apparent that the RWA modifies a
once local interaction into a nonlocal interaction that, if
taken seriously, would enable superluminal signaling.
Compagno et al. [12,13] demonstrated this nonlocality
with electromagnetic (EM) fields, highlighting the impor-
tance of the counterrotating terms interfering with rotating
terms in order to maintain causality, which was measured
by means of the support of the renormalized stress-energy
tensor propagation.

Whilst looking at the interaction terms themselves (3),
Clerk & Sipe [14] demonstrated that the RWA’s nonlocality
stems from the RWA interaction Hamiltonian’s nonlocality,
a result that is independent of the field measurment device
used. This nonlocality can then be quantified by the
standard approach in relativistic quantum information
where we consider the actual communication between
two particle detectors under the Unruh-DeWitt interaction
(see, among others, [6,7,15-18]).

In this paper we will extend and explicitly quantify what
was hinted in previous works on the RWA’s nonlocality and
superluminal communication. This will first involve a study
of the expectations of energy density and field fluctuations
(¢*), both perturbatively and nonperturbatively, outside of
the interactions light cone extending [12,13] by studying in
detail the decay rate of the nonlocality. We will then revisit
Clerk & Sipe’s calculation on the Hamiltonian’s non-
locality, further highlighting its connection to nonlocalities
of observables. Finally we will explore, from the point of
view of information theory, the communication of two
particle detectors (modeling, e.g., atoms) communicating
under RWA in order to explicitly quantify the presence of
faster-than-light signaling and its rate of decay with the
different scales of the problem. Furthermore, we will
analytically show that even for long times, when the
RWA is supposed to be ultimately valid, there are poly-
nomially suppressed violations of causality as a receiver
increases their distance from the light cone of the emitter,
which means that faster-than-light signaling is therefore
always possible under this approximation even for arbi-
trarily long evolution times. Besides the consideration of
communication protocols, another significant novelty in
this paper is the extensive numerics included to quantify to
what extent the RWA is an acceptable approximation when
relativistic considerations are important.

II. ROTATING WAVE APPROXIMATION

A. Theoretical review

The object of our study are the acausal nonlocalities
introduced into a reasonable relativistic theory as a con-
sequence of the rotating wave approximation. In addition to
determining the exact magnitude of these nonlocalities we
are also interested in if and how the RWA becomes exact in
the long time limit.

Our work will be focused on the scalar field in 3 + 1D,
which in terms of a plane-wave expansion can be written as

) &k B
g{)(x, [) = /_<2ﬂ>3/2 = (e—lwt+1k-xak_|_e1a)t—1kxa;£) (4)

and has 7 as its canonical conjugate momentum, which in
terms of plane-wave modes takes the form
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&k S _
ﬁ(x, l) — _1/ (zn_)3/2 \/Z;)(e—lmlJrlk-xdk _ elmt—]k-xa'\;:)‘

To increase the physicality of the model at the same time
as avoiding spurious divergences, the interaction used will
be a spatially smeared Unruh-DeWitt interaction that, as
has been discussed, captures all the fundamental features of
the light-matter interaction when exchange of angular
momentum between atoms and light is not relevant [2,3]:

(5)

A = 36" + e %6) [ OyFWdr0. (6)

where y (1) is a switching function controlling the duration
of the interaction and its adiabaticity or suddenness, 4 is the
interaction strength, 6% are the detector raising and lower
operators, Q is the detector’s energy gap and F(y), which
has dimensions of [L] 73, is the detector’s smearing that can
be associated to the wave functions of the excited and
ground state of the atom being modeled [2,3]. We will
assume that the smearing function is only non-negligible
for a length scale R (the size of the atom). For convenience,
in this paper we will rewrite this smearing function in terms
of a dimensionless smearing as follows

F0) =6 (%), )

where the dimensionless function G(&) is localized
around |¢] < 1.

As shown in (2) the Unruh-DeWitt interaction has
“rotating terms” e*(“~%)" and “counterrotating terms”
@+ Given that @ >0 and Q > 0 then e*i(@+)
oscillates at least as quickly as e®'¥, therefore any integral
over time (as required for the unitary time evolution
operator) will bound these counterrotating terms by
7(Q), the Fourier transform of y(7). On the other hand,
for contributions from modes where @ ~ €, the rotating
terms hardly oscillate. Therefore the “resonant” rotating
terms are roughly [ diy() large, where y(¢) > 0. Therefore
if y(¢) is on for long times these rotating terms should easily
dominate over the counterrotating terms. With this pro-
gression of logic the RWA would be justified and we could
approximately have

e [orne) [

% (e—l( —Q)Hrlkya 6t +e i(0-Q)1-iky 5 AT A—)’ (8)

where the approximation is expected to work in the very
long time limit.

B. Hamiltonian nonlocality

In order to see the nonlocality of the RWA Hamiltonian it
is useful to express the creation and annihilation operators
in terms of the local operators (4) and (5). Namely,

©)

At d3y —iwt+ik: Cl)A _ i #
k /\/5(2”)3/26 oy <\/_¢(y’ t) \/5 (y’ t))
(10)

Consequently by substitution into (8) we obtain

ARVA :ﬂ;((t)/d3yR13G<£> d3z¢3( )/(gj:;s

x (eiQteik'(y—z)5.+ 4 e—iszte—lk(v—z)&—)

X (el ek 02 gt _ pif =ik (v-2) ). (11)

This analysis is analogous to the one performed by Clerk &
Sipe in [14]. We can extend those results further and
determine the exact polynomial decay of the nonlocality.
We can do so considering that (as shown in Appendix A)
we can write

/ Pe* 0 = (22)38(y - 2), (12)
ek 0-2) 47

&k = , 13

// o ly —z|? (13)

which can be appropriately substituted into (11) such that
we are left with

b4 Z l

2 ora i)
_W(elgt0+ Q1 5 /d3 z|2:| (14)

By means of backward substitution (14) has shown us that
implementation of the RWA introduces a polynomial
nonlocality into the Hamiltonian; and, rather importantly,
this nonlocality has no indication of improving for long-
time limits.

TRWA
HI

III. NONLOCALITIES IN FIELD OBSERVABLES

Whilst we have seen how the RWA Hamiltonian contains
a 1/r? nonlocality, we would like to know how exactly this
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nonlocality translates into possible faster-than-light behav-
ior of field observables. For example, we would like to
know if any coincidental cancellations may improve the
decay rate of the nonlocality in any parameter regimes
either for short or long interaction times.

A. Nonperturbative very short time regimes

1. Time evolution

We begin our considerations of field observables in the
very short time regime. In particular we will consider that
our switching function is proportional to a delta distribution
(see, e.g., [19]), i.e., y(¢) = nd(t), where n is a timescale
quantifying the intensity of the delta-kick. This switching
can be thought of as the limit of Gaussian switching when
the interaction time is taken to be very short as compared
to all other scales in the problem, but the overall intensity
of the coupling over time is kept constant (see e.g.,
appendix D of [20]). Picking this particular switching will
allows us to use nonperturbative tools. Our expectation is to
measure the magnitude of RWA’s shortcomings when the
interaction time is extremely short, i.e., the opposite of the
RWA’s validity criterion. We are also interested to see how
exactly the interaction Hamiltonian’s nonlocality translates
onto the time evolution operator’s nonlocality.

The RWA interaction Hamiltonian, for the d-switching
case takes the form

N ~ 1 y d’k
HRWVA = J5(t /d3 —G<—> /7
! 0 | ©%6\R) | arivae
% (e—i(a)—Q)Hik-ydkaAJr + ei((u—Q)t—ikyaA;E&—)’ (15)
where we recall R is the characteristic length of our

smearing function and 1 := Ay is the overall interaction
strength. In order to compress notation we also define

Flk) = / d%%G(%)eM, (16)
3
a(t) =1 / (mz)(j/ifmﬁ(k)e_i%"' (17)

This allows us to write the interaction Hamiltonian in a very
compact form

HYA = 8(1)(a(n6t (1) +a'(né=(r)).  (18)

where 6% (1) = e*¥6*. Observe that @(t) consists of the
sum of annihilation operators (17), i.e., &(t) acts similarly
to an annihilation operator (annihilating the same vacuum
as all of the dy). This allows us to think of (18) as a sort of
Jaynes-Cummings model, albeit where @(7) and its adjoint
do not satisfy canonical commutation relationships.

Taking advantage of the §-switching we can evaluate the
time evolution operator,

U=Texp (—i/dtlfl%{WA(t)> = exp [—i(aét +a'67)),
(19)
where @ and 6% are evaluated at r = 0. As shown in

Appendix B the exponential above can be expanded and
simplified when acting on the vacuum state:

Ulp)|0) = [flg QT+1, ® TcoskK

_i(?@TdT(O)sin K} |9)]0), (20)

where |¢) is the initial detector state and

[F(R)PT, (21)

K1 = [4(0),4"(0)] = 22 / (2;52@

ie., K>0. flg,e are the projection operators onto the
detector ground and excited state respectively.

Note that in the RWA, (20) yields O and 1 field
excitations, conditional on the initial state of the detector.
This is particularly interesting when comparing with the
nonapproximated full interaction Hamiltonian, which has
the form

ATV = 75(1)6,(1) / d%%G(%) / m)i;fm

% (e—iwtﬂk-ydk + eiwt—ik-ya'*;‘t) (22)

= 8(1)6,(1)(a(t) + &' (1)), (23)
where 6, (t) =e¥6" +e7¥ 5~ This particular Hamiltonian
allows for terms of the form a¢'61, i.e., emission of a field
excitation via a detector excitation. The corresponding time
evolution operator then becomes

U=Texp <—i/ﬁ1dt>

= [4+)(+| ® exp (=i(& + "))
+a")). (24)

where |+) and |-) are the + eigenstates of 6, and &, @' are
evaluated at r = 0. In contrast to the (20), the full interaction
time evolution operator generates phase-space displace-
ments conditioned to the state of the detector, which applied
to the vacuum state generates superpositions of coherent
states and therefore states with multiple field excitations.
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This is in stark contrast with the RWA where only single-
photon excitations are produced.

However, note that if 1 is very small then the coherent
state displacements in (24) approximate zero and one
excitation states, but as the coupling increases the approxi-
mation becomes exponentially worse. In fact the final states
produced by these two Hamiltonians, |yrwa) and |[yga)
have the following overlap:

(wrwa lweam) = <(P|ﬁg|¢>3_K2/2

+ (|1, |@)e %72 (cos K + K sin K)
(25)
|

Pkd K
2

which, regardless of the detector’s initial state, goes to zero
exponentially fast on A.

2. Faster-than-light effects in
physical observables

In this subsection we will focus on the energy deposited
in the field and in the amplitude of the field. In particular we
will evaluate the expectation of the stress-energy density
and the square of the field amplitude. The expectation
values we are interested in finding correspond to the
operators

:f"/w(x, [) T = /ﬁ (kﬂkf, _ nﬂkyk”) [e—i(w—w/)z+i(k_k’).xd;:/&k + ei(w—w’)z—i(k—k/).x&;;ak/
(27)°’V4ww

_e—i(w+w/)z+i(k+k’)-xdk,dk — el

dkd’K’
2 o
1) = / (27)*V4wo

i(w—a')t—i(k—k')

[e—i(w—w’)t+i(k—k’)~xa\'(' i, + ell@—a)i—i(k—k')x A

*aray), (26)

k/ak akdk/

_|_e—i(w+a)')t+i(k+k’)»x ék’ dk + ei(a)—m’)t—i(k—k’)-x d]':, C}l\}:] , (27)

where k, = (w, —k) is a 4-vector. When considering a normalized initial detector state |p) = a,|g) + a,|e) tensored with an

initial vacuum field state, i.e.,

@) ® |0), the final (RWA evolved) state is described by (20). This in turn leads to

L ) o |la,|>sin’K d3kd3k’ M
(.TW(x, 1) rwa =4 e (2x e kﬂkL — %kykfy
% [e—i(w—a/)r+i(k—k’)-x1:~(k/)I:—* (k) + ei(w—w’)z—i(k—k’)-xF(k)p* (k’)], (28)
sinfK 1 2

Pla,?

(1 (x. 1) )rwa =

K? 2(27)°

3
/dk’eimz—ik-xﬁ(k) . (29)

[0

These expressions are nonzero only if a, # 0, that is the detector must be excited in order to deposit energy in the field. In
contrast the final state following the nonapproximated interaction Hamiltonian leads to

. ~ dkdk’ Nuw
(0T (2, ) g = ﬂz/m (kﬂk;/ - %kyk/y)
% (eiwt—ik»xi;‘(k) 4 e—ia)t+ik»xi;** (k))(eim’t—ik’-xﬁ(k/) 4 e—ia)’t+ik’-x]5* (k/)), (30)
- 2 $h, e 2
. . — _ = 7 plot—=ikx _ prlott+ikx x
(02020 = = | [ S () = )| 31)

Note that these results are independent of the detector
energy gap Q (as we would expect from a delta switch-
ing). Let us highlight again a relevant qualitative differ-
ence between the RWA case and the full model: in the
case of the full Hamiltonian, the results are also inde-
pendent of the initial detector state unlike in the RWA.
Indeed, inspection of (28) and (29) vs (30) and (31)
respectively demonstrates two important points. First, the

I
RWA expectation values are dependent on the detector
being excited. The RWA does not permit spontaneous
excitation of a detector via a field excitation emission.
Second, the RWA expectation values take the form
(pi(p; —I—(pj(pj, whilst the full model expectations take
the form (¢; + goj)((plT + ¢;), which is a direct reflection
of the differences in the Hamiltonians (18) and (23).
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- N istribution - — 0o+
A-2RS <: Too (@) :> Energy distribution - No Approx, ¢t = 0

0.5f
0.3§
02f
0.1§
A I
2 4 6 8 10 R
FIG. 1. Energy density distribution immediately following

S-coupling interaction with no approximations. Here G(¢§) =
O(1 —¢), i.e., a hard sphere. Note that the interaction has no
nonlocal field consequences.

3. Numerical results

Using the results above we consider the situation of a
spherically symmetric detector smearing

1 if g <1

. (32)
0 otherwise.

6(¢) - {

i.e., a “hard sphere” extending to radius R. We will use the
lengthscale R as a reference scale to adimensionalize all
the dimensionful parameters in our setup. We will study
numerically the expectation values of the renormalized
energy density, and :432: at =07, ie., immediately
following the S-coupling interaction. Note that (for the
purpose of the RWA to yield a nontrivial result) the detector
is assumed to be initially excited.

In Fig. 1 the renormalized energy density, for the full
interaction model, is plotted as a function of distance from
the detector’s distribution center at time 7 = 0", i.e., just

3-2R6 <: T()O(m) :> Energy distribution - RWA, ¢ = 0T

0.8r
0.6

0.4

L‘ ‘ ‘ ‘ . =l

2 4 6 8 10 B

FIG. 2. Energy density distribution immediately following &-
coupling interaction under the RWA. Here G({) = O(1 - ¢), i.e.,
spherically symmetric with a sudden cutoff. The spike at |x| = R
is a consequence of the F(x) discontinuity. Note the polynomially
decaying tail for |x| > R.

after the &-coupling interaction has taken place. As
expected from a local relativistic theory there is no acausal
propagation or perturbations of energy beyond the support
of the detector distribution (and their support remains
always strictly inside the lightcone of the detector).

In contrast in Figs. 2 and 3 the renormalized energy
density and normal ordered ¢ distributions are plotted
respectively, for the RWA model, at time ¢ = 0". Par-
ticularly noteworthy are the nonzero values for |x| > R,
demonstrating acausal behavior in physically measurable
quantities. Moreover, these acausal tails decay only poly-
nomially, severely limiting the situations when the RWA
can be treated as local in this regime.

B. Perturbative evolution and long time regime

The previous section demonstrated that for extremely
short interaction times the RWA’s Hamiltonian nonlocality
is reflected in the nonlocality of physically measurable field
quantities. However, one may perhaps expect the RWA to
work well when considering long interaction times. We will
see that this is not quite the case, and what the effects of the
RWA on the causality of the model are in the long time
regime.

In this case we consider an extended switching function
and hence the RWA Hamiltonian we use is

ﬁwﬂﬂziﬂﬂ/ﬁwﬁﬂ%%>/6§%%§z

% (e—i(co—Q)H—ikydk&-&- 4 el(o—Q)r=iky ézaf\—)

= () (@(t)6" (1) + &' ()6 (1)), (33)

where we take y(f) =O(r+T/2)-0O(r—T/2), i.e., an
interaction of duration 7" switched on at t = —7/2. Here &
and its conjugate are defined by:

5-2pt <: #(z) :> ¢? distribution - RWA, ¢ = 0+

0.14]
0.12f
0.10f
0.08
0.06]
0.04]
0.02]

2 4 6 8 0 R

FIG. 3. :¢?*: distribution immediately following &-coupling
interaction under the RWA. Here G(¢) = ©(1 —¢), i.e., spheri-
cally symmetric with a sudden cutoff. Note the polynomially
decaying tail for |x| > R.
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Fk) = / &y % G (%) ek, (34)
3
a(r) = A / (2n)(31/—2k\/% Fk)e @a,.  (35)

Under these conditions the corresponding time evolution
operator becomes, up to second order in the Dyson
expansion,

0RWA(t)
— 1o / " dny 2 (1)(@()67 (1) + 61 (1)67(1))

/ dfl/ de, y(t1)x(t2)(a(ty )A%(fz)ﬁeeigm_m
+a'(t)a (tz)H emi—R)) L O(23). (36)

Here H are the detector projection operators onto the
ground and excited state respectively.
In contrast, the full model has a Hamiltonian

Hy(1) = x(1)6.(1)(a(t) + &' (1)). (37)

and the second order Dyson expansion of the time
evolution operator yields

UFULL ‘ﬂ\

/ " dty x(1)8,(1)(@(n) + a7 (1))

/ dn / At (1 )1(1)6,(1)6,(12) (@(1)
+ (1)) (@() + (1)) + O(). (38)

If in the long time regime, it were satisfied that
| ORYA — OFULL|| = 0, then the rotating wave approxima-
tion would be guaranteed to work. Let us analyze this
perturbatively (2nd order) and particularize for the initial
state |y) = [¢)[0):

(UFYA = TP [)]0)

- (M/(z,[)?jzk\/— “(k)a 6" /_oo dt (1) )el@+n

K
+ 22 / R \/_F (k)F* (k') a}ay,

/ dtl/ dfz)( tl

A

x y(ty) (I, i@ R H(@ =) 4 ] eilo-Qn pil@+Q)n)
/ dtl/ dlz aT(l‘z)]fI —iQ(t; -1, )|(ﬂ>|0>

(39)
should converge to zero for long times (l'AIg.e are the usual
ground and excited state detector projection operators). We
will see that this is not the case.

For the first term in (39) the time integral in the T — oo
limit will become a Dirac delta of a positive argument
5(w + ), which after integration over k yields zero.
Therefore, the difference in predictions (39) vanishes to
order O(1) as T — o0; as dictated by the RWA.

However, the quadratic features a double integral over a
semi-infinite domain, which will not yield a delta-like
contribution of an always positive argument. Instead its
contribution is governed by the expression (D4) in
Appendix D. This ensures a persistent nonzero difference
between the RWA and the exact prediction, of order O(4?),
even when T — oo. Notice that this implies that as the
coupling strength approaches nonperturbative regimes, the
RWA validity becomes more and more questionable.

We show below how this difference between the two
models manifests in the field’s observables’ expectation
values, with a focus on causality.

As in Sec. Il A, we consider an initial state given by
(a,lg) + acle)) ® |0) then, as shown in Appendix C, the
second order expectation values are

2
<:fuv(x t) >RWA 4(;ﬂ)6|a€|2[‘]}4,6(‘]l£,€)* + (J/i,e)*']zg,e _’7;41/(‘]}1.6)*-];]/] +O(/13)’ (40)
2
(060w = 555 P + O, (1)
and
(T 0) e = 375 6{%}|al|2[ o L) I =L + (L))
P+ <wa,>*—’%”u%+ (7)) + o), (42)
. e
A0 D =755 D laiPIMIE = M2 = (M2)) + O(F), (43)

4(27) i)
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where
1 &k iwr—ikx [ —i(w—Q)t
Jﬂ.e(x, Z) = ?kﬂF(k)e dtljf(tl)e N (44)
dkd’K’ 2 % iwt—ik-x ,iw'1—ik'-x
Gy = [ S0 PR ()b
= ! A L A L
X/ dr, 1dt2)((t])}((tz)(e_l(w+g)ll_l(a)_Q)ZZ + emil@-Q)n-i(w +Q)t|)’ (45)
| &k oikw [ o
My(x,t) = [ — F(k)e ™%~ dt, y(t))e (@, (46)
() -0
Brdk . g,
M2(x.1) = / K k) F (k)= o=t (47)
0w
00 1 . sy . W]
x / dtl / dtzx(tl)/,L,(tz)(e—l(w-‘rg)l]—l(w -Q)1, 4 e—l(w—Q)fz—l((v +Q)r1)’ (48)
[
with J, . J7, ;. M} and M} differing from those above by a  the energy density and ¢ distributions at 7 = 0", we

swap Q — —Q and F(k) defined in Eq. (16). In the
equations above the repeated Greek subindex and super-
index pairs follow Einstein’s summation convention.

1. Numerical evaluations

As with the d-coupling case we consider the situation of
a spherically symmetric detector spatial distribution (32),
i.e.,, a hard sphere with radius R. We also use sudden
switching, i.e.,

x(1) = 0()6(T —1), (49)

which means that the interaction starts at r = 0 and we
evaluate as if the interaction stops at time t = T, hence T
represents the duration of the interaction. Here, instead of

AT2RY <: Tho(x) :> Energy distribution - No Approx, t = 150 R

Ot = 600
1.5x107
1.x1077F
5.x1078}
‘ ‘ =l
151 152 153 154 155 R

FIG. 4. Energy density distribution from a second order
perturbative interaction where y(f) = ©®()®(T — ) with no
approximations and T = 150R. Here G(¢) =0(1-¢), ie.,
spherically symmetric with a sudden cutoff. Note that the
interaction has no nonlocal field consequences, i.e., no effect
beyond |x| > 151 R. The vertical line at |x| = 151 R indicates the
locality limit.

consider the distributions at t =7 = 150R. This lies
within the RWA criterion 7Q > 1 as we take Q = 4R™!,
such that 7Q = 600. Note that the detector is initially
assumed to be excited.

In Figs. 4 and 5 the normal ordered energy density and
¢* distributions are plotted respectively for the full model
at t=T=150R. The field observable expectations
should be zero outside of the lightcone of the detector.
Hence, from the support of the switching and smearing
functions chosen, the field expectations should vanish for
|x| > 151 R. This is the case for the full model prediction,
as can be seen in the aforementioned figures.

In Figs. 6 and 7 the normal ordered energy density and
¢* distributions are plotted respectively for the RWA model

A2R? <: () :> $? distribution - No Approx, ¢ = 150 R
Qt = 600
1.5x107°

1.x107°

5.x 107"}

L ‘ ‘ ‘ |

151 152 153 154 155 B

FIG. 5. :¢”: density distribution from a second order pertur-
bative interaction where y(t) = ©(¢)O(T — t) with no approx-
imations and 7 = 150 R. Here G(¢) = ©(1 — &), i.e., spherically
symmetric with a sudden cutoff. Note that the interaction has no
nonlocal field consequences, i.e., no effect beyond |x| > 151 R
(to numerical precision). The vertical line at |x| = 151 R indicates
the locality limit.
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A2RA <; Too() :> Energy distribution - RWA, ¢ = 150 R

4.x107} Qt = 600

3.x10*7§

2.x10*7§

1.x1o-7§
3N ‘ A bl
151 152 153 154 155 R

FIG. 6. Energy density distribution from a second order
perturbative interaction where y(z) = ©(¢t)O(T —t) under the
RWA and T = 150R. Here G(¢) = O(1 —¢&), i.e., spherically
symmetric with a sudden cutoff. Note the polynomial decaying
tail for |x| > 151 R. The vertical line at |x| = 151 R indicates the
locality limit.

att =T = 150 R. In this case the violations of causality in
physically measurable quantities is apparent, especially so
in Fig. 7, with an obvious polynomial tail extending well
beyond |x| = 151 R.

The results presented above satisfied the RWA criterion
TQ = 600 > 1, and yet causality violations have not been
lessened. This could be perhaps more surprising than the o-
coupling case, as it is usually stated that “the RWA corrects
itself over long times.” However, due to second order
effects coming from the nested integration in time appear-
ing in terms such as (45), as discussed in the previous
section and in Appendix D, this is not the case. It is worth
noting that Figs. 4 and 6 appear very similar over large
scales, especially when far from the leading edge of the
causal sphere. It is also equally important to note that
Figs. 5 and 7 are wildly different. This can be attributed to
the longer range effects of the qubit and the leading edge of

the causal sphere on ¢*>. However, theoretically for

A~2R2 <: () :> $? distribution - RWA, ¢ = 150 R

Qt = 600
3.x1078 F
25x1078
2.x10°8
15x1078
1.x1078 |
5.x107° F
1 ‘ ‘ ‘ |z
151 152 153 154 155 R

FIG. 7. :¢”: density distribution from a second order pertur-
bative interaction where y(7) = ©(7)®(T — t) under the RWA
and T = 150R. Here G(&) = ©(1 —¢), i.e., spherically sym-
metric with a sudden cutoff. Note the polynomial decaying tail
for |x| > 151. The vertical line at |x| = 151 R indicates the
locality limit.

sufficiently long times the two figures should begin to con-
verge when far from the qubit and light cone surface.
Nevertheless, they will always be different near the light-
cone no matter how long the interaction time. Particularly,
the faster-than-light tails that the RWA wrongfully predicts
will not disappear for large T (See more details in
Appendix D).

IV. COMMUNICATION IN THE RWA:
FASTER-THAN-LIGHT SIGNALING

From the perspective of a relativistic quantum informa-
tion theorist the nonlocalities in the field state make little
impression if they do not translate into causality violations
during exchanges of information. For example, does the
RWA allow for superluminal signaling between 2 detectors
that communicate via “exchanging field quanta”? This
section answers this question by considering two detectors
coupling to the field at different times, communicating with
each other through that interaction. We will see the
emergence and behavior of superluminal signaling when
the RWA is assumed.

The leading order communication between two particle
detectors has been formalized in [7]. We will follow a
similar scheme here comparing the RWA with the full
model in a much more detailed way.

In the case of two detectors the RWA Hamiltonian is
naturally extended to

A0 =) [ @6 (3 ) [ o5 e i

% (e—i(a)—QA)tJr]k-y ClAkUAX te i(@0—Q, ) t—ik-y aA}:&;)

ran) [ 056 (3) [ e

x (e—l(w Q )t+1kyd 5‘+ +e(w Q) t—ik-y A}{A—)

(50)

where A, 5, ¥4 5, G4 p are the interaction strength, switching
function and spatial smearing functions of the two detectors
respectively; and 65, are the usual ladder operators acting
on detectors A and B respectively with their associated
energy gaps £, respectively. Similarly for the full
Hamiltonian:

Aaxa(t) . 3 Yy &’k
R3 UA,x(t dyG R_ 271- 3/2\/_
al

X( —1wt+1kya +elwt—1ky )

YFULL _
HI -

4 ApXe (t) 6 L / &’k
Ry nal Ry) )] (27)¥*V2w
X (e—le—]kya + elwt 1ky )’ (51)
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where we recall that 0 A3k F (k)e-io (53)
. . &K ! :=/ FK e’ dk’
(’)\'qu(l‘) — elg"t@i + e_IQKtGA;, (52) (27[)3/2,/2&)
acting on the subspace of states of detector x. In order to
compress notation we can encompass the Hamiltonians of & if RWA
both cases with the following expression: ‘f’x(t) = { K R (56)
. a, + a; otherwise.
H = ya(0) (83 (01 + 83 (0)
+ ;(B(t)((&g(t)y}B + &g(t)y}g), (53) With this notation we only need to perform one formal
second order Dyson expansion of the time evolution
where operator in order to investigate the possibilities of
superluminal signaling. The corresponding second order
Fo(k) = A / dy — -G, (l) eiky. (54)  Dyson expansion of the time evolution operator takes
R R, the form

U(r)=1- 1/_2 dty (ra(t) (B ()W (t)) + 63 (10 (1)) + 2w (1) (B (1)Ws(11) + 65 (1) (11)))
- / K2 / " (a1 @ ()i (1) + G0 (10)) + 10 0) G (1 (1) + 05 (1) 11)

X (1a(12) (6X () A (12) + 65 (1) (12)) + s (12) (G5 ()75 (12) + G5 ()7 (12))) + O(A3). (57)

As usual we assume the initial field state is the vacuum and we consider the initial state to be a completely uncorrelated
state i.e., p = p, ® Py ® |0)(0]. For brevity we will also define p° = p, ® p,,. Additionally, since we are investigating the
causality of the signaling, we set up the detectors’ switching and smearing functions to be compactly supported and their
domains to be spacelike separated. With the extra assumption that the supports of the switching functions are
nonoverlapping in the frame (7,x), we can denest the time integrals in the same fashion as in [7], and we can assume
WLOG that y, switches on and off before y, switches on in that frame. This plays a large role in simplifying the time
ordered integral above.

Following the application of the time evolution operator we trace out the field and detector 2 and focus our attention on
the reduced density matrix terms that involve communication, i.e., the 4,4, dependent terms. This leads us to

pH(1) = Try(5°) + O(2) + O(%3) + /W dry /oo diy{xa(t1)xs(12)

x Try (63 (11)p°63 (12) (W6 (12), Wa(11)]) + 65 (11)p%65 (
(t2) (s (12). WA (11)]) + 65 (11)P°65 (1) ([
ﬁoéx(ﬁ)([lﬁ ( ) s (12)]) + 63 (12)°65 (1) ([h (1) s (12)])
[a( ) (t1)(]

+ 65 (12)p%65 (1) ([Wh (1) Wk (12)])) + O(43). (58)

where the expectation values are taken over the field vacuum.

At this point we can examine the differences between the RWA and the full model by referring to our definitions in (56).
In the RWA, only expectation values of the form (yw') will be nonzero, meaning that only 1 of the 2 terms in the
commutators above would actually contribute. In these cases we have

_ . d’y,dy, I 2
(). P i) = s [ R () o)

3
X / E d)fz emio(ti=1) pik-(y1=y2) (59)
T w

where the indices « and ¢ take values in {A,B}.
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In contrast, for the full model none of the expectations of
the commutators are zero. Since the i, are self-adjoint in
the full model [see (56)], then all the commutators are of the
form:

v n Full &y, &y, I Y2
(et ke | o (7)o (7

3
% / (zd)fz (e—iw(tl—tz) _ eiw(tl—tz))
T w

X eik'()’l—}’z)‘ (6())

The difference between (59) and (60) is the fact that the
sole exponential 7?27 in the RWA case is replaced by the
difference e’ — ¢1“A’ To understand the implications of
this difference, let us evaluate the following integral:

3
7)°2w 4
do _. . sin(wx|)
_ FiwAr 2\ 2
/ e > (62)

dw . ‘
_ / (2”)22i|x| (e¢1w(At¢\x\) _ e;m;(Ati\xD) (63)

_ 1 (PV. PV,
82 x| \ x|+t |x| -1t

(6(le| + A1) = 5(|x| — A7), (64)

i
+
8r|x|

where P.V. indicates principal value integral when read
under an integral sign.

As can be seen these integrals yield nonlocal polyno-
mially decaying terms that are present in the RWA case and
enable superluminal communication. However, in the non-
approximated model, we have the difference between such
terms, i.e., 71?2’ — @A n this case, the polynomial tails
cancel out and only delta functions on the light cone
remain, as is expected from a nonapproximated (and
therefore causal) interaction theory [7].

A. Quantifying signaling through channel capacity

In this subsection we illustrate with plots for particular
cases the effect of the causality-violating tails in signaling
for the RWA model. For simplicity we use spherically
symmetric detector distributions, the same as in (32), with
detector A centered around x = 0 and detector B centered
around x = d. The switching functions were chosen to have
compact, nonoverlapping supports:

1 if13<1Q <23
2a(0) ={ < (65)

0 otherwise,

1 if 0 <15Q, <10
)(B(t2) = (66)

0 otherwise,

where Q, = Q, = R™'. Also R, = R, = R and the precise
numerical values for the support are chosen to maximize
visibility in the plots.

In Fig. 8 we plot, for the case of the RWA, the magnitude

Cas :/ dtl/ dtz)(A(tl))(B(tZ)

X ([ra(11). 7y (12)]) 21712, (67)
which is the coefficient of &4 p°67. This is a good estimator
for a lower bound on the channel capacity between
detectors A and B. As discussed in [7], when this quantity
is nonzero there is communication between the operator of
detector A and the operator of detector B (i.e., a local
measurement on detector B can reveal information about
the state of detector A through a simple protocol).

As we expect from [7] the communication between 2
detectors arises from the commutators of the 7, operators,
as seen in (58). We see in Fig. 8 how the nonlocality in
these commutators induce a nonvanishing signaling esti-
mator C,, outside the causal contact between A and B
(|d| > 25R), demonstrating communication beyond the
lightcone in the approximated model. The results from
Sec. IIB coincide exactly with Fig. 8 in describing
superluminal communication at |d| > 25R with polynomial
decay.

Conversely in Fig. 9 we plot (67) for a nonapproximated
model. These results are indeed consistent with causality.

I\ 952 Integrated RWA detector response function
AN PR Cyp

o
30 R

P T T S S

5 10 15 20 25

FIG. 8. Integrated RWA detector response function. Here we
used F,(x) =O(R, —|x|) and Fgz(x) =O(Ry;—|x—d|). In
addition the detector interaction times where yy(f,) =1 for
1y € (0,10) and zero otherwise; and y,(¢;) =1 for 1,Q, €
(13,23) and zero otherwise. Given that both detectors have a
radius of R the lightcone should only reach |d| =25R. The
polynomial decay beyond this is a consequence of the RWA. The
vertical line at |d| = R indicates the superior limit of the strong
Huygen’s principle and the vertical line at |d| = 25R indicates the
causal limit. Here R, = R, = R and Q, = Q, = R\
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Integrated no approx detector response function
ATATIR2C,, R pp P

150
1.0 i
05¢
‘ ‘ ‘ ‘ . _ ldl
5 10 15 20 25 30 R
FIG. 9. Integrated no approx detector response function. Here

we used F,(x) = O(R, — |x|) and Fy(x) = O(R; — |x —d|). In
addition the detector interaction times where yy(t,) =1 for
1y € (0,10) and zero otherwise; and y,(7;) = 1 for 1,Q, €
(13,23) and zero otherwise. Given that both detectors have a
radius of R the lightcone should only reach |d| = 25R. Note how
when considering the full model then causality is maintained. The
vertical line at |d| = R indicates the superior limit of the strong
Huygen’s principle and the vertical line at |d| = 25R indicates the
causal limit. Here R, = R, = R and Q, = Q, = R\

In fact a close look at |d| < R verifies the strong Huygens’s
principle [16,21,22] at work.

V. DISCUSSION: THE PERSISTENT VIOLATION
OF CAUSALITY IN THE RWA

From the results and plots above we have seen that the
Hamiltonian nonlocality introduced by the RWA translates
into physically measurable noncausal effects such as non-
causal field expectation values and superluminal commu-
nication between two particle detectors. Remarkably this is
true regardless of how long the interaction lasts.

For very short interactions, we have seen that for the
o-coupling, when considering spherically symmetric
smearings of compact support of the form (32) and under
the assumption |x| > R the expressions (28) and (29) yield

. 42%sin(R?)
(:Too(x,0) ) rwa NW’ (68)
. 222sin?(R?)
.2 )
(19" (x,0)  )rwa ORI (69)

This behavior is perhaps unsurprising given I-AI}{WA has a
1/7? nonlocality, combined with the quadratic nature of @2
should result in a 1/7* nonlocality. As for the stress-energy
tensor, it is composed of 8,4(2)8,,43, i.e., the two derivative
operators act of the canonical commutation relations to
produce a 1/r° nonlocality.

Remarkably, even for long timescales, when considering
perturbative evolution under the assumption |x|>> 7, R
(events far ahead of the lightcone) and when considering

spherically symmetric smearings of compact support of
the form (32), the expectation values (40) and (41)
asymptote to

. 164%sin?(8?)
(:Toolx, t):>RWANW1 (70)
84%sin?(%)

(71)

) .
(1~ (x, t>'>RWAN_9”292|x|4 :

Hence, perhaps not expected under the usual “RWA works
for long times” belief, the asymptotic behavior of the
expectation values is the same for long interaction times as
it is for very short interaction times. The satisfaction of the
RWA’s criterion does not improve the causality violation in
any way.

By applying the same asymptotic analysis and assump-
tions [|d| > t, R,, Ry, and smearings of the form (32)] to
the case of 2 detector communication (59), we find that

a1 W(12)) ~ |di (72)

where |d| is the interdetector spatial distance in the
detector’s comoving frame. This should not be a surprise,
given that the communication capacity is given by the
commutator of the respective field operators and (14) tells
us that this commutation relations will decay as 1/72.

Whilst the presence of a polynomially decaying non-
locality should be a deal breaker for the RWA models we
expect the behavior of “resonant-rotating” terms to be more
significant when considering situations well within the bulk
of the light cone, and where relativistic considerations are
not too important for the physics described. By considering
fixed spatial points away from surface of the “light sphere,”
i.e., far from any causal considerations the RWA will
pointwise converge to the full model, as shown in the
Appendix D. One such example of this would be to
consider cavity setups where the interaction timescales
are larger than the light crossing time of the cavity itself.
However, as the realm of relativistic quantum information
and ultrafast optical experiments expands [23], the useful-
ness of the RWA diminishes and will become unsuitable for
modeling experimental situations.

VI. CONCLUSIONS

We have studied in detail the causality violations of the
rotating wave approximation (RWA). Over the course of
this manuscript we have followed up on the results of
Compagno et al. [12,13] in demonstrating the nonlocal
physical effects of a RWA detector acting on a vacuum
field, greatly extending their results and including an
asymptotic study of detector response in several different
regimes. We have also extended the results of Clerk & Sipe
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[14] by finding the exact asymptotic behavior of the RWA
interaction Hamiltonian’s nonlocality. Our work found that
the light-matter interaction assumes a 1/r> nonlocality
when subject to the RWA, a nonlocality that extends to the
unitary time evolution operator by means of 1/r* and 1/r°
nonlocalities for ¢ (x) and 7 (x) field expectation values.
This polynomial decay is independent of time, demonstrat-
ing that waiting for long times does not fix the causality
violations of the RWA when looking at field observables.

Additionally, we have also studied the fundamental
relativistic quantum information scenario consisting of 2
detectors communicating through their coupling with a
quantum field. In this situation the RWA predicts super-
luminal signaling, introducing a potentially severe 1/r
nonlocality, which becomes particularly important in vac-
uum field experiments, such as entanglement harvesting
[2,24-26]. Again, no matter how long we wait, there are
always polynomial tails that allow for faster-than-light
signaling in the RWA.

The RWA may provide a certain simplification to the
mathematical description of the physics as discussed at

|
o 2n 1
/ &’k / dw / d¢ / dz w?
0 0 -1

At this point we introduce a soft UV cutoff as a regular-
izator to facilitate the w integral. This cutoff takes the form
of e7¢“, where following w integration we will take € — 0.

61k~r el

(0] [0

2 A A 2 ' '
27 [ o (97 — ey = lim 2% [ oo (e9ti=0) = gol-ir=0)
ir es0 ir
(A2)
2 1 1
e=0 1r 1r — € —1r— €
. 2rm 2ir 4x
= 11_%; (‘ 2 82) =z (A4)
|
U="Texp (—i/ﬁldt>
= exp (=i(@6" +a'67))
- (_i)Zn A o n © (_i)2n+l o
= (6ta+6-aN" +Y ———(6Ta+
nz:; (2n)! ;(Zn—i—l)!
(=D s e oS (1)
= II N LT (&Ta)") —
2 oy (@8 +(E0) =12 7=y

065021
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the end of Appendix C; however, the nonlocalities intro-
duced by RWA make it incompatible with any setup with
relativistic considerations are relevant (such is the case in
relativistic quantum information). Furthermore, these con-
siderations are becoming more relevant with the improve-
ment of fast switching light-matter interaction experimental
technologies [23].
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APPENDIX A: RWA HAMILTONIAN
NONLOCALITY INTEGRALS

In Sec. IB we made use of Eqgs. (12) and (13) to
demonstrate that the RWA Hamiltonian has nonlocal inter-
action terms. Equation (12) is standard whilst Eq. (13)
requires a couple of careful considerations. For brevity
letr:=y—z,

_271

eimr _ e—i(ur ) )

d - . d 1wr __ —lwr X Al
/ w “or o 60(6 e ) ( )
[

This leaves us with Eq. (13),
ik-(y—z) 4
/ P = (AS)
® y -z

APPENDIX B: RWA §-SWITCHING UNITARY
TIME EVOLUTION OPERATOR

In Sec. III A we stated that the time evolution operator
generated by the RWA Hamiltonian under a d-switching,
after considering that it will be acting on the vacuum (i.e.,
the time evolution operator restricted to that particular state
of the field), is given by Eq. (20). Its derivation follows:

(B1)
(B2)
5—&%)2714»1 (B3)
(6*(aa")"a + 6-6" (aa")") (B4)
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N (—1)" T (4T 4 27\n A (AT AR - (—1)” AT A SNmA L At AR e
:;(Zn)! (I (a@"a+ K*1)" + T (a'a) )—I;W((#(a a+ K 1)"a+é-a'(a'a+ K*1)"). (B5)

Here I1, == |g)(g], I1, := |e)(e| refer to projection operators on the detector Hilbert space. Note that all the field operators @
are evaluated at ¢ = 0. Further note that

3
K2F o= [a(0), &' (0)] = 22 / : YK Bpd, (B6)

27) 2w

Acting with (B5) on the vacuum we can cancel all terms that annihilate it and therefore

7y 11 = (_l)nA n ~°o (_l)n A AT 20 114 A -GA_OA‘T(O)-
Ul0) = {Hg—i—;(zn)!ﬂel( —1§m0 a'K="||0)y = l'[g—l—l'[ecosK—lTsmK |0), (B7)

where in the final step the time dependence of & is explicitly shown for clarity.

APPENDIX C: FIELD EXPECTATIONS UNDER PERTURBATIVE EXPANSIONS

Here we present a derivation of the expectation values (f,w> and (432) when using second order perturbation theory both
for the full model and under the RWA.

1. Full model expectations

Without the RWA approximation the interaction Hamiltonian is

o) = 06,0) [ @yg56(%) [ G s evtog) ()
where, in order to simplify, we can define
F(k) = /d3yi3G<X> ek, (€2)
R R
a(r) = l/(zﬂ;l/;zkmﬁ(k)e‘iw’dk, (C3)
then
H(1) = x(16.(1)(@ +a). (C4)

The corresponding second order time evolution operator becomes

0=1-i / " dt 1 (1)6,(1) (@(1) + @' (1)

[Se]

- / K2 / "t (1)) (10)6,(12) (1) + 6 (1)) (@02) + (1) + OF), (C5)

where the interaction time is encoded in the shape and support of y(z).
Taking into account that

0. (0)] = 2 [ o Pl et (co

U acting on the vacuum can be simplified to
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N A [e] o0 t N . .
Ul0) = [ﬂ —i/ dty y(11)6,(t1)a" (1) —/ dr /1 di (1)) x (1) (11, €211 =72) +Hg€_lgm_[2))

< (@ matn) 2 [ SE el w e ) o ()

This yields components with 0, 1 and 2 excitations. By taking the expectation values and using that

o eiwtlﬁ-* (k)
[ag. &' (1))] = ﬂmv (C8)

we can write
<3T;w(x» 1) )Fan
o )
et [ an [ ) 010070 4 0,200 R F

et [ [ a0 ) () (1,920 o 1m0 P ) F om0

(5]

te —i(w+o)r+i(k+k')x /

[So]

dll/ dt2){ tl))( l‘z)(H elQ(Il —1) +H e —iQ(1,—1,) )F*(k/)F*(k)( iwt; +io't +eiw’t1+iwt2)

[Se]

+ eilwto)i-ileik)x / " / dty (1 ) (1) (e 4 [T @1 0=0)) F(R') F (k) (emiom =10/t 4 g=iw/n=ions) | (C9)

00

<:¢§2(x, 1) )Fan

8

2 d3kd3k/ i(w—a)t+i(k—k')x *© / iQ(r ) —iQ(t F(k' F* -/t Hot,
- W e ary [t (o) (8) (0D 4 e 0000) F (k) P () e-ifs i

—o0 —o0

Te (- )t—i(k—k')x / dl‘] / dt tl t’ )( 6619 tH— + H e—lQ(tl )F* (k/) (k) —iwt) +Ha't|
_ e—i(w+w’)t+i(k+k’)-x / dt] / d[2)((ll ))((12) (ﬁeeiQ(Zl—IZ) + ﬁge-iﬂ(h-lz))ﬁ* (k’)F* (k)(eiwt,Jriw/tz 4 eiw’t|+i(ulz)
_ Li(w+to ) r—i(k+k')x / dtl / dt2)( tl tz)(f[ —iQ(1,—1) 4 ﬁgeig(z,—zz))F(k/)F(k)(e—iwz,—iw’zz 4 e—iw’tl—iwtz) ) (CIO)

In the equations above the contributions to the expectations from 1 excitation states are those of the form FE*, where as the
remainder, i.e., F' F and F*F*, are contributions from the superposition of 0 and 2 excitation states. Here we assumed that ¢

is larger than the maximum ¢ in the support of y(¢), i.e., they represent the evolution of the stress-energy density after the
detector’s interaction.

In order to simplify this rather long expression and further compare with the RWA, we define the following:

d3k . o ,
Jho(x,1) = / — k, F (k)elor=ikx / dty y(t))e (@, (C11)

()

PR o
J;zw.e(x’ Z)‘ / k k/ (k) (k/) iwt—ikx pio' =ik’ x

/ dll/ dtzj( tl fz)( —i(w+Q)1;—i(0/—Q)15 _i_e—i(w—Q)tz—i(aJ’-s—Q)tl)’ (C12)
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&k - . o .
M (x, 1) = / I f (1) eion-ik / dr, y(1))e-i@-Dn. (C13)

@ co

31431
M(x, 1) = / TR 1) F (k) eior-its o -iv'

ww'
o ' 4 ., : o
X/ dr, /1 dtz)((tl)Z(tz)(e—l(mrg)t,—](m -Q)1, +e—1((u—9)t2—1(a)+9)t1), (C14)

with J} . J%, .. M} and M; differing from those above by a swap Q — —Q. This way

. 2 - . . n I+ .l N
(T D) e =55 D H,-(J},_,»J;’,-—FJIJ-JIEJ—ﬂ(Jl T I T )+ 4 T = (I ) ) 4+ O,

4(271_) e " 2 v v v, H,i u.i 2
(C15)
- 2 .
(1™ (x, 1) g = 4(20) > 2MIP - M? - M¥) + O(2). (Cl6)

ief{e.g}
The projection operators meant that if we consider an initial state given by |0) ® (a,|g) + a,.|e)) then the equations

above simplify to

~ /12 % * n ly* % 7l * n 2 %
(T (2, 1) ) gy = W Z |a;|? (J}uji.i + J};.iji,i - % (J;.i‘]i/ + J;,ijiy) + Jﬁu,i + Jﬁu.i - %(Jy,yi +J75)
i€{e.g}

+ O, (C17)
12

.72 . _ X 1 — & X ~
<.¢(x,t).>Fuu—4—(2”)6i€{§1}la,|2(2lM3|2 M; — M) + O(»). (C18)

2. RWA expectations
The RWA interaction Hamiltonian is [see (8)]

N 1 y &k . . . o
_ 3 7 —i(w—Q)r+iky 4 A+ i(0—Q)t—iky AT A~
(1) = A1) / d IR G<R> / (27)**\ 2w (TGt + BTG, (C19)

where, in order to simplify, we can define

F(k) = / &y % G (%) ek, (C20)
3
a(1) =2 / (zﬂ%ﬂﬁ(k)e‘i(“"ﬂﬁdk, (C21)
then
H(t) = y(1)(a(r)6t + &' (1)67). (C22)

The corresponding second order time evolution operator becomes

0=1-i [ anxn)@me +ao)3e)

o0

- /_oo d /_Il dty (1) (2)(@(t))6" + &' (1)67)(a(12)6* + @'(12)67) + O(2) (C23)

(e8]
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== [ anx@st + a3 - [Tan [7 anoe)@e @, + @ e, + o).
(C24)
where l'AIg’e are the projection operators onto the ground and excited states of the detector respectively. Note the interaction

duration is encoded in the shape and support of x(7).
For compactness we define

Eim i / ® dn g (1)d (1), (C25)

Using that

. dzk .
(@(1,). 64 (1)] = ﬂz/ iy PP etomar, (C26)

the time evolution operator acting on the vacuum state simplifies to

00 = (i+& = [Tan [" anxteeton, [ S iFwpete e, (e

For computational purposes we only need to focus on the & term, given it is the only one with a field excitation. Since we
only have 0 and 1 field excitations, and using that

I F (k)
~ - _ i(w—Q)1,

8 = =it [~ dnee gl S (C28)

the stress energy tensor and 432 expectations reduce to

. A $Prdk n
T, (x, t H/7<kk{, ”Dkk’7>

< u( ) >RWA (271')3 4 a), U

% (e—l(m o )t+i(k—k')x [51’ ﬁ,t/][ak é:] 4 el(@—a)i—i(k—k') [60 dlt][ak’ ]) —‘rO(/l?’), (ng)

o A Bk , )
(:*(x. 1)) pwa =11, /m(€_1<w ek R)yx(E G5 ay, 8] + el mikR)x (E ah(ay E)) + O(2%).  (C30)

Here we assumed that ¢ is larger than the maximum z in the support of y(¢), i.e., post interaction. Also note that these results
require the initial state of the detector to have some excited state component. If the initial state is the ground state then the
expectation of the stress-energy density and the field amplitude squared (normal ordered) are exactly zero. In order to
simplify (C29) and (C30) we use (C11) and (C13), where the expectation values then become

A 2
<:T/w(xs [) : >RWA = Wne [];lt,e*]zl/,*e + J/Iﬁe']zl/.e - ’7/41/‘]},*6];7] + O(/P)’ (C31)
o 2
(80w = 5 e MER +O(F). (€32)

The projection operators meant that if we consider an initial state given by |0) ® (a,|g) + a.|e)) then the equations
above simplify to

. e
<:T,uv(x’ t) : >RWA = m |ae|2[‘]/ll,e‘]1£fe + J/,ltjfe'lzlz,e - ’th}.*e é}’] + O(/P)’ (C33)

065021-17



NICHOLAS FUNAI and EDUARDO MARTIN-MARTINEZ

PHYS. REV. D 100, 065021 (2019)

R 2
(2 (. 1) )rwa = 2020)° |a.[*|Mi]> +O(2%).  (C34)
3. Why RWA?

As shown above the implementation of the RWA avoids
the need to calculate Jﬁw when determining the stress-
energy expectations. The great advantage to this is that a 2D
semi-infinite integral can be avoided, i.e., 0 < ® < oo and
0 < @ < . Unlike the J },.e terms that can be separated,
the terms Jﬁy,e [as shown in (D4)] contain a denominator

that cannot be separated.

APPENDIX D: RWA IN LARGE TIME LIMIT

In the discussion of the main text (Sec. V) the field
expectations are Laurent expanded in the limit |x| > 7, R,
showing that the RWA continues to violate causality in the
long time limit. Here we demonstrate why this occurs.

1. Persistence of RWA causality violations
Consider Eq. (C14), with

xt)=0(+T)-0(-T). (D1)
Again, a handwavy argument can be put together along
the lines of that as 7 — oo then the #; integral will resemble
6(w + Q), and the 1, integral will resemble 5(w — Q) given
the Fourier transform definition of the Dirac 6. This in turn
would mean that in the long time limit the contribution
from that integral would be zero once one integrates over k
since the argument of the delta is always strictly positive,
and hence one can just throw away the contribution from
those counterrotating terms. In the same fashion the
emergent §(w — Q) would allow one to keep only one
frequency in the field (the so-called single mode approxi-
mation) for the integrals involving de-excitation probabil-
ities [e.g., (C11) and (C13)] in the same long time limit.
|

This may be true if we keep the position at which
we evaluate the observables fixed and we take the limit
of large 7. However this will not be true if we take the
limit of long times and long spatial separation simulta-
neously as to evaluate field observables near the light-
cone of the detector. In this particular situation it is
important to consider the terms outside the integrals, i.e.,
elor=ikx pio't=ik'x \which are evaluated at ¢ = T and since as
T — oo these terms will begin to oscillate wildly such as to
unravel the integral definition of the Dirac delta introducing
polynomial decays in @, eliminating the foundations on
which the RWA (and the single mode approximation) and
SMA are based. That is to say, the long time limit of the
integrals of J2 uv.e do not converge uniformly to zero when
considering the external exponentials.

Mathematically, consider the following expression (cen-
tral to J7, . and M?)

1wT ik-x 1wT ik’ x / dll/ dfz)( tl t2)

% ( —i(0+Q)1 (0 —Q)1, + e—l 0—Q)t,—i(o +Q)t|) (DZ)

First note that when evaluating the expectations of T, or

(,{32 that we can swap w <> @’ in the second term of (D2)
without affecting the result of (C17) and (C18) (although
not for the off diagonal stress energy terms). We perform
this swap to simplify the equations in this derivation, i.e.,
the expression becomes

I :=2¢ iwT—ik-x 1wT ik’ x / dl‘l/ dtz)( tl t2)

X e —i(0+Q) 1 —i(e'—

(D3)

When we perform the integrals in question we obtain

sin[(w + Q)7

] = pioT—ikx i T—ik'-x

Here we note that the sinc functions in the brackets usually
pointwise converge to delta functions (as T — o0) and since
w,w',Q >0 then these will naturally be zero, making
Jﬁw — 0 and therefore seemingly demonstrating that the
RWA predictions tend to the full model predictions in the
infinite time limit. However, we must consider the ex-
ponentials outside the brackets. Since we are looking at the
violations of causality near the surface of the light cone and
the interaction lasts from —7 to 7, we must set |x| ~ 2T

4i ei(w’—Q)T
Q- (

_sinf(w + co’)T]) ‘ (D4)

o+ Q w+ao

I
which is the leading edge of the detectors perturbation on
the field.

Therefore, when we consider the integrals in momentum
space in Egs. (C11) and (C13), the oscillatory terms outside
of the t;, t, integrals, near the lightcone, go as e”“7 —
e 2T (this difference between two exponentials emerges
from e** after integrating the angular variables in momen-
tum space). Therefore the terms of (D4) near the lightcone,
approximately oscillate as:
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e—iw’T_eSiw’T

4 | @ DTsin[(w + Q)T] sin[(w + @')T]

iwT—ikx ,i0/T—ik'x
I=¢ e

e—in _e3im’l'

Q—aw

(D5)

o+ Q W+ o

ei(wm’)T_e—i(w—w’+29)r

A quick inspection reveals that within / there will be terms
that oscillate slowly (or not at all), i.e., if |x| =27 +e¢,
terms of the form ¢ will appear that oscillate slowly with
respect to the significant sections of the smearing Fourier
transforms [i.e., F(k)] and other terms within the k,k’
integrals. This of course means that even if 7' — oo the
polynomial decay remains. With more rigorous working it
can be shown that the nonlocality introduced by the RWA
Hamiltonian persists, polynomially decaying from the
surface of the light cone/sphere, similar to the plots shown
in the manuscript. This of course should not be surprising
considering the explicit nonlocality of the interaction
Hamiltonian.

Note, however, that if |x| < 2T then the arguments
above no longer hold and we can take the pointwise limit of
|

M — 2(27)?

i(o+a') x| _ Li(w+ao)(2T+x])

ei((u+w’)T_e—i(u)+w/)T

Dirac 6, i.e., for [x| < 2T: RWA — UdW, as described in
the next section.

2. RWA convergence to the full model

The derivation above showed that the second order
counterrotating terms do not vanish for long times near the
light cone. One can ask under what conditions there are points
where the second order counterrotating terms do vanish.

Consider the counterrotating contributions to the expect-
ation of q32 (C18) which are given by the real part of (C14).
Consider a simple switching of duration 7

xt)=0(t+T)-0(t-T), (D6)

and a spherically symmetric detector smearing. Then

eZi(w’—Q)T+i(w+w’)|x\ _ ei(w+w’)(2T+|x\)

/ do dw’F(w)F<w’>{<wf = Q) [e

kP

(@+)

(0 + Q)

1 ei(w—w’)|x\ _ eZi(a)+w’)T+i(w—a)’)|x\ eZi(w’—Q)T—&-i(aJ—w’)\x\ _ eZi(w+w’)T+i(a)—w’)\x|
‘<w/—sz>{ (+ ) - 0+ 9) }
1 e—i((u—(u')\xl _ eZi((u+w’)T—i((u—w’)\x\ e2i(a}’—Q)T—i(m—w’)\x\ _ eZi(a)Jr(u’)T—i((u—(u’)\xl
_(a)’—Q){ (w0 + o) (0 +Q) }
1 e-il@t)lx| _ pi(w+a)2T-|x])  L2i(0/-Q)T—i(w+a) x| _ pi(o+e’)(2T-x|)
+— : - . (D7)
(0 — Q) (0 + o) (0 + Q)
This can be decomposed in the following way:
M% = Mg,residual(T’x) + Mg,uniform(T’x)’ (D8)
where
2(2”)2 B 5 ei(a}+w’)\x| _ ei(w—m’)\x| _ e—i(w—w’)\x| + e—i(w+a)’)|x| _ ei(a)+w’)(2T—\x|)
M?,residual - W / dwdo’ F<w)F(w/){ (a)/ - Q) (0) + a)’)
ei(w+w’)(2T—\x\) Do
+(w/-9)(w+g)}’ (D9)
2(21)? o — i@+ 2T +x)) | pio(2T+x|)+ie/ RT—f) | gio(2T—|x|)+io! (27+fx])
M? =—— | dwdo’ F(o)F(a'
e,uniform |x|2 / wdw (a)) (a) ) (a)/ _ Q) (w 4 60/)

e—2iQT+iw\x|+im’(2T+|x\) _ ei(w+w’)(2T+|x\) _ e—2iQT+iw\x|+iu/(2T—|x|) + ei(u(ZTJr\x\)+iu/(2T—\x|)

(@ —Q)(w+ Q)

e~ 2QT—iolx|+io/ 2T—|x]) _ ,~21QT—iwlx|+io 2T +x|) | ,iw(2T—|x|)+ia' (2T+x])

(0 —Q)(w+ Q)

}. (D10)
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The complex exponentials in M2 ... always become
highly oscillatory in the limit of very long interaction 7 —
oo (irrespective of the choice of x). This means that the
handwavy argument that the contribution of the counter-
rotating terms goes to zero in such a limit is correct for
these terms:

11mM

=0. (D11)

e,uniform

However, for the term M2 ... there are values of x for
which some of the complex exponentials in the integral
become slowly oscillatory and provide finite contributions
even in the limit of very long interaction times 7' — oo. In
particular, when x =~ 2T (around the boundary of the
lightcone of the detector’s interaction) some of the complex
exponentials in the integral become slowly oscillatory and
will not cancel in the long 7 limit.

As a conclusion, we see that as we evaluate the field
observables deeper into the lightcone of the detector’s
interaction (long interaction times but evaluating in the
timelike are far from the detector’s interaction lightcone
front) the rotating wave approximation becomes more
accurate. When we look at values closer to detector’s
lightcone boundary the approximation fails no matter how
long the interaction time is.

APPENDIX E: RWA SIGNALING—2 DETECTOR
PERTURBATIVE EXPANSION

Here we go step by step over the 2 detector perturbative
expansion, resulting in the reduced density matrix for 1 of
the 2 detectors with the field completely traced out.

(E1)

F(k) = / & % G (%) ek,

The Unruh-DeWitt interaction Hamiltonian has the form

A =) / &Bx G(x)6, (1) / (2@21/72"\/%

% (e—iwt+ik‘xaAk + eiwt—ik~xﬁ£). (E2)

In order to proceed we define the following, if Unruh-
DeWitt coupling:

S &k 2 —iwt 5 B () it
ii=4 [ G P+ Fi e ),
(E3)

if RWA coupling:

Fi (k)e_lwtél\k,

N &k
Wi =4 / m (E4)

c.f. (56).
This way the interaction Hamiltonian becomes

H =y, (0)(65 (s + 63 (10)y7))
+)(B(t) (&B+(t>l/713 + &I;O)li}l:)'

The time evolution operator then looks like

U(r) = 1]A—i/m dty (ra(t) (8 (1) A (1) + 63 ()W (1) + 2w (1) (65 (1) (11) + 65 (1) (1))

/ da, / Aty (ra (1) (B (1) (1) + 65 (1) (1)) + 7a(01) (B (1) (1) + 65 (1) (1)

X (xa(t2) (61 (t2)a(12) + 63 ()WL (12)) + 25 (12) (65 (127 (12) + 65 (1275 (12))) + O(22).

(E6)

By assuming the initial field state is the vacuum and the initial detector states is py, the reduced detector density matrix

becomes

Pq(t) = po +/ dy / Aty {a (1) (12) (63 pobx @ HR) (i, (1), (11)) + GFPo6r @2 (il (1), (1))

+ 61 pob e -

) (i, ()h (1)) + 6xpobre S0 (il (6)yrk (1))

+ 1 (t1)x6 (12) (61 pody €01 (g (1217, (11)) + G o6 e B2 (il (1, )7, (1))

+ 63 poby (B <WB(I2)1/};L(II)> + 65pooze

+ 4 At

—1(9312+9Af1)<

i ()W (1))

+)(B(II)XA(I2)(O-BPOGA6 i@+, t1)<‘/7A(t2)l/7B<tl)> + &;ﬁo&_e_i(g‘*tz_gﬁtl)<‘/A//:(t2>’/713(t1)>

+ 5EPA05X€i(Q“"2_Q”[')<V7A(f2)1l71§(t1 )+ 55/30526_1(QA'2+Q”[')<W ( )ll7
)

+ZB(t1))(B(t2)(0B Pobs g el(nith) <¢B(t2)lﬁB(t1)>

(11)))
12( )U?B(tl)>

65 Poby e

065021-20



FASTER-THAN-LIGHT SIGNALING IN THE ROTATING-WAVE ... PHYS. REV. D 100, 065021 (2019)

+ 65 Po6 € B 0) (i ()W (1)) + 65 Pob e B ) (il (1) (1)) }

o h N . N . .
—/ dll/ Aty {xa (1) a (1) (T1L P =2) (g, (1) Wk (1)) + TTL B0 =2) (i (1 1 (1))

+ pollle

+ Pobr b e OB (i (1 g (1)) + Pobi b3 e
/\+/\

"’)(A(tl))(B(tZ)(O'A 0p Po€ <QAt1+QBl2)<V7A(t1)‘/A/B(t2)> + GAO-B Poe
Q11 +Q315) <

+ 64 65 poe! MR (p (1

DWs(t2)) + 665 poe”
i(@an=t2) (78 (1)

bt
(t

+ poby 61 € Wa(t1)) + Pobs 6%
+ 00 (1) (12) (T2 Ao (=) (4 (1473 (£2)) + TTG poe ™ =02) (i (1 )
+ PolT e %=1 (il (1 )yry (11))) } + O(4)

=28 (g (1) (1) + oa+o+e<9 ) (7 (1)

Q=) (g, ()h (1)) + Pollye =) (@l (1) wa (1))
+IB(Z1))(A<I2)<GB 5:/506 (@) <1/7B(t1)‘/7A(t2)> + GBOA':PAOe (2=t tl)<‘/}g(tl)‘/A’A([2)>
)

+ 6§ 65 poe” B8 (i (1 Wik (1)) + 85 65 poe™ a2t (rd (1) )ik (1
1(Qu10—Q11) <

)+ Pobrbye”
A1) + o6 65 BT B (i (1)1 (1))
=) (51 (1 ) ( 2))
L) () + po

i@+ an) (il (1, 1k (1))

1
5(12)) + Do T12e=% (=) (yry (1, )it (1))

Now in order to gauge the nonlocal effects we consider the following scenario, y occurs before y, and in our frame of
reference their supports do not overlap, same as in [7]. This allows us to eliminate the terms y(#;)y,(#,) from the ordered
integral and allows us to compare terms from the integrals that proportional to 1,4;, note that our choice of switching means
that the time-ordering becomes trivial for 4,4, terms. Furthermore we trace out the second detector and inspect the first

detector’s density matrix,

ﬁA(t) = PAR + O(/ﬁ)

+ 63P06% ([
). s (12)]) + 65 Pobx ([

+TrB<AB+,0AOA:<[l/A/ B
L (n) Wi (0)]) + O(4).

+ 65 P06 (WAt

o) + / an / Aty (1) (12) Try (65

68 ([ (1) s (1)) + 61 pods ([ (1) ira(th)])

(t2), WL (11)]) + 6xP063 ([ (t2) Wk (11)]))
(t) :(fl),lﬁs(fzm +5§ﬁ05:<[1l}A(f1)’l/71§(f2)]>

(E8)

In this last step we have used the cyclic property of the partial trace to arrange terms nicely. All that remains is to evaluate
the commutators, all of which can be accomplished easily, as shown in (59) and (60).
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