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We consider the metrics of general relativity, whose energy-momentum tensor has bounded support
where it is continuous except for a finite step across the corresponding boundary surface. As a
consequence, the first derivative of the metric across this boundary could perhaps present a finite step
too. However, we can assume that the metric is C' class everywhere. In such a case, although the partial
second derivatives of the metric exhibit finite (no Dirac § functions) discontinuities, the Dirac é functions
will still appear in the conservation equation of the energy-momentum tensor. As a consequence, strictly
speaking, the corresponding metric solutions of the Einstein field equations can only exist in the sense of
distributions. Then, we assume that the metric considered is C! class everywhere and is a solution of the
Einstein field equations in this sense. We explore the consequences of these two assumptions, and in doing
so we derive the general conditions that constrain the jumps in the second partial derivatives across the
boundary. The example of the Oppenheimer-Snyder metric is considered and some new results are obtained
on it. Then, the formalism developed in this exploration is applied to a different situation, i.e., to a given
generalization of the Einstein field equations for the case where the partial second derivatives of the metric

exist but are not symmetric.
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I. INTRODUCTION: GENERAL
CONSIDERATIONS

In a well-known formalization of general relativity,
Lichnerowicz [1] assumes the following two postulates:
(1) The space-time manifold is C? class, that is, in any two
overlapping charts, the corresponding coordinate trans-
formation functions and their first and second derivatives
are continuous. (2) In admissible coordinates, the metric is
required to be C' class, and its first derivatives are required
to be piecewise C2 class." This C? character means in
particular that, out of some discontinuity surface, the
second and third derivatives of the metric exist and are
continuous such that, out of this surface, the Einstein field
equations and the Bianchi identities, respectively, can be
written out. By definition, admissible coordinates are such
that the second derivatives of the above coordinate trans-
formation functions are piecewise C? class; that is, their
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'Here, the required piecewise C2 class character of the first
derivatives of the metric has the following specific sense: These
first derivatives are simply continuous everywhere instead of
being piecewise continuous. This is a consequence of having
assumed that the metric is C' class.
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third and fourth derivatives exist but could be discontinuous
through some 3-surfaces. This kind of coordinate definition
is consistent with the above postulate (2) for the metric.
Notice that, out of the boundary surface, the postulate
allows, in particular, for the existence of continuous second
and third derivatives of the metric. Then, this continuous
character remains preserved, irrespective of the coordinates
used, provided that we use admissible coordinates in the
sense just defined, since then the resultant Jacobian matrix
will be piecewise (3 class. See also [2].

There is a dubious justification for this postulated C!
character of the metric in the current literature [3]: In the
Newtonian limit, the ten gravitational potentials reduce to
the Newtonian potential satisfying the Poisson equation,
whose physical solution for a finite and bounded source is
well known to be C! class. Later, however, Lichnerowicz
[4] required only the continuity of the metric when studying
shock gravitational waves.

In any case, if the metric is continuous but is not C' class
everywhere, the second derivatives of the metric will be
somewhere Dirac 6 functions, and then this metric could be
a solution of the Einstein field equations (EFEs) only in the
sense of distributions, or otherwise said, a weak solution of
these equations.

All this makes it interesting to clarify in which specific
circumstances we could state the C!' postulate for the metric
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in an admissible coordinate system. One of the aims of the
present paper is to address such a clarification, but before
entering perfunctorily into it in this Introduction, let us
briefly comment on some references.

In Ref. [5], a given hypersurface X is considered where
the energy-momentum tensor has a part that behaves like a
Dirac ¢ function: a “thin shell” or “surface layer.” Then, in
the same reference, the corresponding weak metric solu-
tions of the EFEs, continuous across the X hypersurface, are
considered. In the particular case of a “boundary surface”
characterized by a finite step in the energy density, and thus
a case where this Dirac ¢ part vanishes, the metric solutions
lead to the Darmois-Israel matching conditions, that is, the
continuity of the intrinsic metric and the extrinsic curvature
across the boundary surface [6,7]. Some precedents on the
subject can be found in [8]. See more recently [9], where
some previous results on the subject of the matching
conditions and the field equations in the sense of distri-
butions are generalized.

It is easy to see that requiring these Darmois-Israel
conditions in Gauss coordinates leads to the C' character of
the metric in these coordinates (see, for instance, [2]). This
does not mean that the above postulate (2) of Lichnerowicz
on this metric character will be necessarily satisfied, since
this postulate requires in particular that the coordinates
used be admissible ones (see again [2]). However, the
reciprocal is true: If this postulate (2) of Lichnerowicz was
satisfied, the metric would be C! class in Gauss coordinates,
and these Gauss coordinates would be admissible too (see
p. 61 of [1]).

Let us go back to our clarification attempt mentioned
above: Under what specific circumstances could we postu-
late that a metric solution of EFEs is C' class? As stated in
the Abstract, the metrics considered in the present paper
will be the ones with bounded support for the energy-
momentum tensor 7T,4, this tensor being everywhere
continuous except for a finite step across its boundary
surface. Despite the presence of the support boundary
surface, in the present paper we assume the metric to be C!
class across this boundary surface, and we explore the
consequences of such an assumption. Notice then that,
because of the EFEs, the second derivatives of such a
metric across the boundary surface will not present Dirac &
functions but only finite jumps (Sec. II). However, some
Dirac ¢ functions will still appear in the equation express-
ing the conservation of the energy-momentum tensor
because of the finite discontinuities of this tensor. Thus,
in all, the assumed kind of metric could only be the solution
of the EFEs in the sense of distributions, that is, a weak
solution of these equations. Hence, in line with Ref. [5], we
require our metrics to satisfy EFEs in this sense. As we will
see, this will be compatible with our C' class metric
assumption and will give us some specific information
about the discontinuities across the boundary surface of the
metric second derivatives in relation to the discontinuities

of the energy-momentum tensor and its first derivatives
(Secs. IIT and IV). In all, one of our results here is that, for
the kind of energy-momentum tensor that we are consid-
ering, there is always a large family of metric solutions of
the EFE that satisfy the C' class metric postulate in some
coordinates that could be admissible ones. This result is
compatible with the above-mentioned result (see, for
instance, [10]) of the theory of the gravitational potential,
that the standard solution of the Poisson equation for a
suitable source is C' class. On the other hand, it can be
compared with the result we commented on above: For a
boundary surface (diferent of the above defined ‘“‘surface
layer” or its equivalent “thin shell”’), the matching
Darmois-Israel conditions are satisfied. This comparison
needs to be made having in mind the relation between these
matching conditions and the Lichnerowicz ones (see [2]).

For the sake of completeness, we refer here to the items
considered in Secs. V and VI. In Sec. V, we consider the
example of the Oppenheimer-Snyder (OS) metric [11] in
the coordinates of Szekeres [12] where this metric exhibits
explicitly its C' class character, and we prove that these
coordinates are admissible ones. Further, in Sec. VI,
leaving the question approached up to now, i.e., the one
related to the stated Lichnerowicz conditions, we apply
the formalism developed in this approach to a different
problem concerning the generalization of the EFEs for the
case where the second partial derivatives of the metric exist
but do not commute [13], that is, the case in which the
Schwartz theorem is no longer valid. Then, we find the
relatively simple equations to which the jumps of these
second partial derivatives obey and comment on its possible
interest. Finally, in Sec. VII we summarize our findings.
In the Appendix, we make explicit some calculations in
relation to the OS metric in Szekeres coordinates, and we
prove that the corresponding Jacobian is everywhere non-
vanishing, and further that the first derivatives of the metric
are piecewise C? class—two results that are not present in
Ref. [12]. In all, the essential result obtained jointly in Sec. V
and the Appendix is that the OS metric in Szekeres
coordinates satisfies postulate (2) of Lichnerowicz.

We use signature +2. Greek indices take values from
0 to 3 and latin indices from 1 to 3. The gravitational
constant and the speed of light are taken equal to 1. The
sign conventions adopted when defining the curvature and
Ricci tensors are the ones used in Ref. [14].

II. THE EFES AND ITS DISCONTINUOUS PART
Let it be the EFEs:

1
Ra[}' =8 (Ta/} - ET;gaﬂ> = 87[5(1/}’ (1)

where with the suitable global sign, the Ricci tensor
becomes
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1
Egﬂk(agkgu/} - a;zucga[)’ - a(zlﬁguk + a}%ﬂgk(l)

+ ¢”gn0(FZAFgD - FZ/IFZ,B>’ (2)

R ap —

where 8§ﬂgm, = 0,049, As stated in the Introduction, we
will consider a bounded energy-momentum tensor every-
where continuous except in the boundary surface, where it
can present finite discontinuities, i.e., steps. Despite this,
we will assume that the metric is C' class and explore the
consequences of this assumption. Then, in the EFEs, we
will have discontinuous finite jump functions for the
second metric derivatives that will be present only in the
part of the Ricci tensor R,; containing these second
derivatives of the metric. We will write Rgﬁ for this
discontinuous part. Then, in accordance with (2), we will
have

1
R(Z} = Egﬂk(agkgﬂﬂ - 8}%/(.90{,5 - 8(21/)'g;uc + 8/24/ng11)' (3)

Thus, across the boundary surface, the EFEs imply that
the R(ll)ﬂ discontinuity must be equal to 8z times the
discontinuity of the S,; tensor. Thus, we write

[Rgﬂ] = 87[S,4). 4)

More precisely, if ®(x*) = 0 is the equation of the boundary
surface, we define [RY;] = RDy|o_o+ — Roy|p_o- and sim-
ilarly for [S;].

III. ENERGY-MOMENTUM CONSERVATION IN
THE DISTRIBUTIONAL SENSE

In the preceding sections, we have assumed that the
metric is C' class across the boundary surface of the energy-
momentum tensor. Consequently, the second derivatives of
the metric present finite discontinuities across it to deal
with the corresponding finite discontinuities of this tensor.
Then, Dirac 6 functions will appear in the third derivatives
of the metric. This means that the divergence of the Einstein
tensor G, = Ry — %Rgaﬂ only vanishes identically in the
sense of distributions. Now, let us assume this kind of
vanishing and consider the corresponding vanishing of the
divergence of the energy-momentum tensor. We will have

V, T4 = 0. (5)

Here, T7; presents a finite discontinuity across the boundary

surface. Then, Dirac 6 functions will appear in the ordinary
first derivatives of this tensor across this boundary, imply-
ing that (5) is only true in the sense of distributions.

Let us denote by V,T%(3) the part of V,T§ containing
the 0 and only the 6 terms. Obviously, because of (5), this
part vanishes. On the other hand, since the metric is C I class
and T, only presents finite discontinuities, we will have in
an obvious notation V,T3(8) = 0,T5(6). Thus,

0,T%(5) = . (6)

Then, because of the finite discontinuity of T in its
boundary, we can write

T4 = T4(® < 0)H (@) + TH(® > 0)Hg(®). (7)

where H; and Hjy are the corresponding Heaviside
functions, that is,

H (®<0)=1, H; (®>0)=0 (8)
and
Hp(®<0)=0, Hp(®>0)=1. 9)
Then, we have
0,75 = 0,T(® < 0)H, (@) + 0,T3(® > 0)H(®)
+ [T515(@)0,®, (10)
where we have taken into account that dH; /d® = —5(®)

and dHp/d® = §(D).
Hence, (6) becomes

[T5]10,P5(P) = 0, (11)
that is,
[T§]n, =0, (12)

with n, the unit vector n, = % assumed to be spacelike,
ie., g%
other similar expressions henceforth is the same as the one
displayed in (4).

nang = 1. The meaning of the notation 7] and

IV. THE HADAMARD DISCONTINUITIES OF THE
SECOND DERIVATIVES OF THE METRIC
AND THE LICHNEROWICZ POSTULATE

In [15], Hadamard proves the following well-known
result: Let it be a function f(x*) continuous everywhere
whose first partial derivative d,,f is finite and discontinuous
across the boundary surface ®(x*) = 0. Then, it is easy to
see that

[aaf] = KN, (13)

where « is a given function of x* defined on the boundary
surface ® = 0.

In our case, we have the functions 0,9, that we have
assumed to be continuous everywhere, while the second
partial derivatives of the metric become piecewise con-
tinuous; that is, these second partial derivatives will have in
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general finite discontinuities across the boundary surface
® = 0. Then, because of this Hadamard result, we will
have

{a%ygaﬂ] = Kﬂaﬁnl’ (14)

with «,,; some given functions of x* defined on ® =0
symmetric in the (@,f) indices. But, assuming the
Schwartz theorem about the mixed partial derivatives,
[Gﬁﬂgaﬁ} is, in particular, symmetric in both indices 4, p.
Hence, (14) becomes

[aﬁﬂgaﬂ] = Kaﬂnﬂnw (15)

where k4 stand for suitable functions of x* defined on
® = 0, symmetric in the (a, /) indices.

Then, substituting (15) in (4), taking into account (3), we
obtain

Ky = Kyu"ny — kn¥n, +knyn, = =16z, (16)

where k = ¢k,

Now, the first question to consider is to check if Egs. (16)
and (12) are compatible: We are going to see that the
answer is positive. To begin with, in an obvious notation,
(12) can be written as [S§|n, —5[S]n; = 0. Consequently,
it should be [G§]n, = 0, with Gj the Einstein tensor; that is,
it should be

Relns — 5 [Rlny = . (17)

But, having in mind the left-hand side of (16), it is
straightforward to verify that (17) is actually an identity.
This completes the proof of the claimed compatibility.
Notice, by the way, that the algebraic Eq. (16) actually
allows for solutions. Thus, for instance, k;, = —16z[S /1,4], is
a particular one. Another particular solution is considered
in the next section.

In all, in the present case of a finite energy-momentum
tensor with bounded support, allowing for a jump across
the corresponding bounding surface, we have assumed the
existence of local C! class solutions of the EFEs. Then, we
have been able to separate from the corresponding general
integration of these equations the particular calculation of
the second metric derivatives’ jumps on the boundary
surface as linear functions of the corresponding steps in
the energy-momentum tensor, in accordance with the
algebraic relation (16) (notice that, although in general,
in the EFEs, the second derivatives of the metric depend in
particular on the first derivatives, it is not the case for the
corresponding jumps).

This result becomes consistent with the above
assumption, that is, with the assumed existence of C!
metric solutions. Actually, Eq. (16) comes from Eq. (4),

both equations being defined across @ = (. The remaining
EFEs across @ = 0 are (R,;3) = 87(S,5) with the notation
(Rup) = Roploor + Roploo- and similarly for (Sgp).
However, these equations do not involve the [97,gq
jumps, but using the just defined notation, they only
involve the counterparts (aﬁﬂgaﬁ) that are independent of

[8%”%/,]. In all, the complete EFEs across ® = 0 do not

require any new conditions that could enter in contradiction
with the above-required ones, that is, with Egs. (16) and
(12) plus the definition (15). Then, since Egs. (16) and (12)
are mutually compatible [actually, (12) is identically
satisfied if (16) is satisfied] and (16) allows actually for
solutions, Eq. (16) becomes a necessary condition for
having, in our case, C' class metric solutions. But whether
the coordinates, in which this C' character is displayed, are
or not admissible coordinates will have to be tested aside
for every space-time considered. Similarly, the C> character
of the first derivatives of the metric [remember postulate
(2)] should be tested too. See the particular case of the OS
metric in Szekeres coordinates [12] at the end of the next
section and in the Appendix, where the verification of
postulate (2) is finally completed.

V. EXAMPLE OF THE OPPENHEIMER-SNYDER
METRIC

Let us consider the well-known solution of the EFEs, the
OS metric [11]. In [12], coordinate systems are derived
where this metric is globally C' class, but it is not shown to
verify postulate (2). In this section, we will apply to
this particular case the previous general results obtained.
But, beforehand, let us obtain a suitable family of explicit
solutions of the algebraic Eq. (16). In order to do this, we
will use the following five symmetric tensors, [T, n,m;,
Gop(® = 0), nvp + nyv,, and v,v4, all of them defined
over the boundary surface ® = 0, where v, is a unit four-
vector orthogonal to n,. Then, we will write for such
solutions

Kaﬂ = X[Taﬂ] =+ Ynanﬂ + Zgaﬂ(q) = 0)
+ P(n,vp + ngv,) + Qu,vp, (18)
where X, Y, Z, P, and Q are five functions defined on

® =0 to be determined by Eq. (16). Substituting (18)
in (16), we obtain

X[T/lﬂ] + Zg/l,u(q) = O) + QU/I’U/‘
+(X[TS] +2Z + €Q)nyn, = —16x[S;,), (19)

with € = g% v,vp = 1, where we see that the ¥ and P
functions do not appear. In other words, the two functions
are arbitrary, expressing a remaining freedom in the use
of the chosen coordinates. Furthermore, by contracting
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Eq. (19) with »* and having in mind the condition (12),
we find

(X —87)[T}] +3Z +€eQ = 0. (20)

On the other hand, and according to [12], the internal OS
metric can be written

ds? = —d7* + 3 (dp? + p>dQ?), (21)

that is, the well-known Einstein—de Sitter metric, while the
external metric, the Schwarzschild one, in suitable (7', R)
coordinates [16], becomes

4 2
ds? = —d1? + ~— 10

2 2 4/3 102
9(T+R)2/3dR + p3(T + R)*3d?,

(22)

with 3p3 = m, m being the total mass, and R =0 the
boundary surface (see [12]). That is, the boundary equation
® =0 reduces now to R =0. Following [12] let us
consider the coordinate transformation in the internal case:

2 2 2R 1R?
T:T—gTT%Rz, p:p0<1+—————. (23)

Then, after some calculation, it can be seen that the entire
metric, the internal and the external, in the coordinates
(T,R) is as announced a C' class metric.

On the other hand, in the coordinates (z,p), the only
nonvanishing component of the energy-momentum tensor
is obviously the (00) component, that is, the matter density
u(7). Then, from the coordinate transformation (23), it is
easy to see that the same holds for the coordinates (7', R) on
the boundary surface R = 0. That is, in these coordinates,

Taﬂ|R:0 = 5250 T00|R:0’ (24)

such that Tog|p_g = T%|g_o = #|r—o = #|. For the step at
R =0, we have

[Tap] = Sadplu]. (25)
Further, the unit vector n, becomes in the present case
(0,1,0,0)

ng=—r—m—m=—
\/ ¢ 100sRO,R

with g;,], the corresponding metric component of (22)
calculated for R = 0, that is

= \/911|0(0,1,0,0), (26)

4 p}

911|o =§m- (27)

Equation (26) means in particular that, since the vector v, is
by definition orthogonal to n,, it is necessarily v; = 0.

Then, let us consider the ten equations of (19). Having in
mind (25) and (26) and the fact that v; = 0, it is easy to
verify that, of these ten equations, the only equations that
do not reduce themselves to mere identities are the
four diagonal ones (4, p =4). These four equations
A =1(0,1,2,3) become, respectively,

X[u) = Z + 013 = ~8xlul, (28)
—X[p] +3Z + €Q = —8xlu], (29)
Zgnlo + Quib = —8xu]gxo. (30)
Zgsslo + Qv3 = =8 u]gslo, (31)
a particular solution being
X = —1l6r, Z = —8xlu], 0=0; (32

that is, in accordance with (19), and having in mind that the
functions Y and P of (18) are arbitrary, we finally find for
the corresponding «;,,:

Ky = —16[S;,] + Ymym, + P(nyv, +n,v;). (33)

We will see next that from these ,,, values, in accordance
with the relation (15), we can obtain the corresponding
jumps of the second derivatives of the OS metric in
coordinates of Szekeres. Thus, since in this case the only

nonvanishing component of n, is n; = /g1y, the only
nonvanishing jumps of these second derivatives will be the
jumps of the R second derivatives. That is,

82 gaﬂ
OR?

} = n%Kaﬁ = 011 |0Kaﬁ7 (34)

that, in accordance with the metric (22), becomes

|:azgaﬁ:| 4 p5

R | §W’<a/h (35)

or more explicitly [see (33)],

Pgup] 4 P}
{8R2ﬁ] :§TT(}3(—16H[S{,/;} +Ynany + P(navp +ngva)).

(36)

Then, by consistency, we must be able to choose [x], Y,
P, and v, such that v-n =0, v*> = ¢, in order to satisfy
(36). But, according to Ref. [12], the internal OS metric in

the (7, R < 0) coordinates gfl},) has the form
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9o = 05 + has, (37)

where g((j,) has the form of the external metric [see (22), but
now with R < 0], and A, is a metric deformation such that

hqp and their first derivatives vanish at R = 0 for all 7 > 0.

Because of this form of gfl},), the jump [0?g,/OR*] becomes

0? 0*h

OR? OR?

R=0

In the Appendix, we give the explicit expressions of these
hes components. Thus, the equation that must be consis-
tently satisfied is

82haﬂ 4 p%
R |, o oS (=167(T o) + 87[T7] g
+ Yngng + P(n,vg + ngv,)). (39)

Then, let us see in detail that this is the case. To begin with,
the three equations corresponding to the (a, ) values (0,2),
(0,3), and (2,3) become identically equal to zero. Then, the
equation (0,1) gives Pvy # 0 on account that

D?hg,
OR? |0

= Pvony = Pvo\/g11lo- (40)

while the equations (1,2), (1,3), give, respectively Pv, = 0
and Pv; = 0. Hence, we obtain v, = v3 = 0. This means
that e =v* = g%v,05 = " = —vi=—1. It still
remains the equations (0,0), (2,2), and (3,3), that is,
respectively,

OR? o = 8”|ﬁ]911|0» (41)
0*h
aRiz o = 87911092210 (42)
IR2 o = 8”[/4]911|0933|0- (43)

It is easy to see that Egs. (42) and (43) are equivalent. Then,
we are left with Eqgs. (41) and (42). In order to make them
compatible, we must have

OR?

~ hy
r—o OR?

922 |07 (44)
R=0

which becomes true according to the values of 9*h,,/IR?|,
and 0%hyy/OR?|, (see the Appendix). From (40) and
(A12), taking into account (27), one obtains that Py, =
(8/9)poT~"/3. In all, it remains Eq. (41) which gives

[u] = —p, the minus matter density, as a function of the
time T'; then, from (27), (41), and (A10) we have

1

Gar® #3)

U

as required by the Einstein—de Sitter solution [notice that,
according to (23), T = 7 on the boundary surface R = 0].

Finally, we still have to consider the (1,1) component of
Eq. (39). This component will be satisfied fitting the T
function Y.

The conclusion of all this is that the OS metric in
Szekeres coordinates is a particular case of our assumed
family of metrics satisfying the Lichnerowicz postulate (2).
But, in order to actually conclude this, we need to arrive at
three previous partial conclusions which do not appear in
Ref. [12]. The first of these three conclusions is that an atlas
has to exist where the coordinates used (7, R) are admis-
sible coordinates. Notice that the used polar Szekeres
coordinates need at least two charts to form this atlas.
These two charts could be, for instance, the ones tied to two
given polar axes, respectively. But, in the region where
these two charts intersect the Jacobian of the corresponding
polar coordinates, transformation is completely smooth,
and so the coordinates considered (7, R) are admissible as
we wanted to prove.

The second previous conclusion to achieve is that, in the
(T, R) coordinates, the first derivatives of the metric are C?
class. Finally, the third one is to show that the Jacobian
matrix of the coordinate transformation 7 = T(z,p),
R = R(z,p) does not vanish as it must be required. Both
partial conclusions are reached in the Appendix, where two
typographical mistakes in Ref. [12] are also corrected.

VI. THE CASE OF THE NONCOMMUTATIVE
SECOND PARTIAL DERIVATIVES
OF THE METRIC

In [13], an interesting generalization of general relativity
is presented where the second partial derivatives of the
metric do not commute in some regions of the total space-
time: Here and for the sake of simplicity, in some boundary
surface ® = (. That is, along this boundary, the Schwartz
theorem does not necessarily hold. More specifically, the
second partial derivatives of the metric exist everywhere but
are not continuous along ® = 0. Further, the metric is
assumed to be C' class everywhere.

In this theory, the definition of the Riemann curvature
tensor R',,, remains the same; that is, for any smooth
enough vector field v»,, the noncommutativity of the
covariant partial second derivatives writes down as

V,V,u,-V,V,u,=0,R\. (46)

From this definition, we obtain for the discontinuous part

D
of the curvature tensor R,
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R/?I//}(F (arzwgup - 8(271/9/4/) azygbo' + 821/9#0’) +5 a[/,,; g,uw
(47)

where [-] denotes index antisymmetrization or, more
specifically, 8[20/)] G = 30,0, = 0,0,) G-

But now the majority of the symmetries of R,,,, are
broken with the exception of the skew symmetry of the last
two indices R,,,, = —R,,,,- This implies the existence of
two different Ricci tensors, but only the one defined as

Rvo = gﬂpR;w/)o‘ (48)

has a nonvanishing associated contracting scalar R =
FR .

Nevertheless, we can still define the dual curvature
tensor

*R =

Hupo ’1/41/ o Raﬂpo‘ ’ (49)

| —

where 7 is the Levi-Civita tensor, and from it we can define
the dual Ricci tensor

Ruo’ = gﬂﬂ(*Rﬂu/)o‘)’ (50)
and the dual Ricci scalar
R=g¢°R,,. (51)

From the two scalars R and R plus the corresponding
matter Lagrangian density, a suitable action is built in [13],
whose standard variations lead to the following dynamical
equations generalizing the EFEs

Ry =3 R0 =757 (52)

M2
Riyw) + 37 Rl =312 (53)
p

where (-) denotes index symmetrization, that is, Ry, =
1(R,, +R,,), and [-] has been defined above, M, is the
Planck mass, and M is a mass parameter to be determined
by observations. Finally, T,; is the standard energy-

momentum tensor that is related to the canonical one
O, by the usual assumption [cf. Eq. (42) in Ref. [17] ]:

1
/1 Z— @/41/ + Eva(saﬂu + SHuva _ Sl/aﬂ)’ (54)
where S = —S®* denotes the spin current. In searching
for the failure of parity symmetry in certain extensions of
general relativity theory, a gravitational action term similar

to the one considered in [13] has been introduced (see, for
instance, Ref. [18]) in the past.

Notice that, out of the boundary surface, these general-
ized EFEs become the standard EFEs, that is, (52) with

R, identified with R,

Now, it is mterestmg to remark that the discontinuous
part of R, that we denote here by Rf) contains both
anticommutators 8 596 and commutators E) g 9r0 while

Ry, only contalns commutators. Furthermore, Rw only
contains commutators too. More precisely, having in mind
that ¢** is symmetric in the indices 4, k, we easily obtain

=35 M Yux + 8 (u) gwc - a(zw)gﬂx - a%gk)g/w)

+ gjL a[Ky]gﬂﬂ + Egﬂka[z,(’u]g/{yv (55)
1

Ry, = _gik(aﬁw i+ (9[2M]g,,,c + 03,194)
+5 9’1'(32 19— fkafkﬂ]gzy- (56)

Finally, having in mind that the Levi-Civita tensor is
completely antisymmetric, we easily obtain

(6[20/3] G — a[z,m] gﬂv)

1
- g”ﬁvaﬁ(aﬁ;ﬁ]gay - a[%,—,;]Qﬁu)' (57)

Equations (55)—(57) are neither obtained nor commented
on in the cited Ref. [13], but they have the interest of
showing some decoupling of the dynamical equations (52)
and (53): The first of these equations involves both the
anticommutators and the commutators of the second partial
derivatives of the metric, while the second one involves
exclusively the corresponding commutators. But the struc-
ture of these two dynamical equations is very different:
In the first one, the nonlinear terms in the first partial
derivatives of the metric appear, while in the second one
only the second partial derivatives appear (linearly).
However, if in some given physical situation, these com-
mutators or anticommutators, or both, in the two sides of
the boundary surface, had any physical significance, the
same or even more could be said of the occasional finite
jumps of the second partial derivatives of the metric. These
jumps have been studied in the preceding sections in the
frame of general relativity for C' class metrics: the same
class that has been assumed in the present section. For
these jumps, the dynamical equations (52) and (53) would
give

(58)
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M? . 1
[R v] +_[R I/} :_[vaSa b]’ (59)

where the big bracket [-] not involving indices stands for the
corresponding jump.

The new second equation (59) does not introduce
any simplification to the initial second equation (53), but
contrarily, the new first equation (58) is appreciably simpler
than the initial equation (52) since the nonlinear terms
containing first partial derivatives of the metric have
disappeared. In all, the new dynamical equations general-
izing Einstein field equations, when reduced to the corre-
sponding equations for the jumps of the second partial
metric derivatives, that is to say, when reduced to Egs. (58)
and (59), become dramatically simplified: The first partial
metric derivatives disappear everywhere, and, as a conse-
quence, these equations become linear in the remaining
partial metric derivatives, the second ones. This could be
relevant when trying to compare the new theory to the
observation for strong gravitational fields beyond the
particular linearized case.

Before ending the paper, let us come back to the
Hadamard discontinuities in Sec. IV and more specifically
to Eq. (14). In the case of the present section, this equation
remains true, but we cannot conclude the following
Eq. (15) anymore, since now the jumps [8%149,,,(] are no
longer symmetric in the indices 4 and pu.

VII. SUMMARY OF FINDINGS

In this section, the main findings of the paper are
summarized. Two different topics have been considered.
The first one is approached in Secs. II-IV and the second
one in Sec. VI, while Sec. V is devoted to presenting a
notorious example of the first topic.

This topic deals with the solutions of the EFEs whose
energy-momentum tensor has bounded support, where the
tensor is everywhere continuous except for a finite step
across the boundary surface @ = 0 of the support. Because
of this step, the second partial derivatives of these metric
solutions show necessarily a finite jump across the boun-
dary. Then, we have considered the family of these
solutions whose metrics are continuous everywhere. The
subfamily of this family of metrics, whose first partial
derivatives are also continuous everywhere, is certainly
nonempty, since the Newtonian potential solution of the
Poisson equation for a finite bounded source is well known
to be C! class. Even more, another metric of this subfamily
is also presented in Sec. V. Hence, in Secs. [I-V we have
considered the set of this nonempty subfamily of metrics,
that is, the set of all the above solutions of the EFE assumed
to be C' class, and we have explored the necessary
condition for the existence of such a kind of metrics.
More specifically, using a well-known theorem from
Hadamard [15], we have derived the necessary conditions

that the jumps of the second partial derivatives of the metric
across the boundary surface must satisfy in order to
guarantee the C' class character of the corresponding
metrics. These necessary conditions are the Eq. (16) whose
different actual solutions have been considered in the paper.

It is to be remarked that the stated necessary condition
does not refer properly to Lichnerowicz’s postulate
(2) introduced just at the beginning of the Introduction,
since this postulate aside the C! class character of the metric
requires the use of admissible coordinates and also the C?
class character of the first derivatives of the metric.
Nevertheless, in Sec. V (see the Appendix also) we have
revisited the particular case of the OS metric referred to as a
global Szekeres coordinate system [12], where the metric
shows its everywhere C! class character. Consequently, in
this particular case, our necessary condition for it, Eq. (16),
has to be satisfied. Then, we have verified this condition by
building for the case the corresponding solution of Eq. (16).
Further, we have proved that these coordinates are admis-
sible ones (Sec. V) and also the C? class character of the
first derivatives of the metric (Appendix), thus, proving that
this particular case is an example of a metric satisfying the
entire Lichnerowicz postulate (2). Also, we have taken
advantage of this renewed visit to the OS metric to prove
that the Jacobian of the coordinate transformation leading
from the original Gaussian coordinates of this metric to the
Szekeres ones never vanishes as due. Finally, we have given
the explicit expression of the OS metric in the new
coordinates, and we have pointed out two minor misprints
in the referred paper [12].

The last findings of the present paper are contained in
Sec. VI. In this section, we have considered a recent
generalization of the EFEs [13] to a case where the mixed
second partial derivatives of the metric at the boundary
surface @ = (0 exist but are not symmetric; i.e., the
Schwartz theorem is no longer valid. In other words, the
existing second derivatives of the metric are not continuous,
at least at one of the two sides of ® =0. In this
generalization of the EFEs, the metric is assumed to be
C' class.

The new field equations that generalize the EFE are (52)
and (53) in Sec. VI. Then, in this section, we have shown
that Eqs. (52) and (53) decouple in the following sense:
While Eq. (52) depends on both the commutators and the
anticommutators of the second derivatives of the metric,
Eq. (53) depends only on the commutators. This can be
seen from Egs. (56) and (57), giving the explicit expres-
sions for R[,w] and RM, respectively. Further, we have
pointed out that the structures of Egs. (52) and (53) are very
different: While Eq. (52) include the presence of the first
derivatives of the metric, Eq. (53) do not. So, Eq. (53) are
simpler than Eq. (52). Then, following formally what we
have done in the sections before Sec. VI, in this section we
have focused our attention not on the generalized field
equations but on their jumps, that is, on Egs. (58) and (59),
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which become algebraic equations for the jumps of the
above metric commutators and anticommutators. These
equations are defined across the boundary surface ® = 0
and become particularly simple since they do not depend on
the first derivatives of the metric: Eq. (59) preserves this
non-dependence property already present in its antecedent
Eq. (53), while Eq. (58) gains this simplicity from to their
jumping character. Notice that the reduction of the original
generalized field equations to their jumping counterpart is
not a mere artifact to accede to simpler field equations,
since generally speaking the jumps of the second deriva-
tives of the metric, by themselves, could become particu-
larly interesting.
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APPENDIX: THE OPPENHEIMER-SNYDER
METRIC IN COORDINATES OF SZEKERES

In this Appendix, we summarize the intermediate steps
of the Ref. [12] computations allowing us to obtain the
announced compatibility relation (44). In relation to this
reference, we also take advantage of the occasion to point
out two misprints and also to verify, as due, that the
Jacobian of the coordinate transformation going from
(T,R) coordinates to the Gaussian ones (z,p) never
vanishes, and finally to show that the first derivatives of
the OS metric in (7', R) coordinates are piecewise C? class.

In Ref. [12], Szekeres obtained a coordinate system
(T, R) in which the OS metric exhibits its C! class character
everywhere and, in particular, through the junction surface
R = 0. The OS metric represents a homogeneous cloud of
dust matter radially collapsing. The Jacobian determinant
J(T, R) of the coordinate transformation (23) from (7, R)
coordinates to comoving Gaussian coordinates (z,p) is
given by

2 1 1R

which does not vanish on the space-time region

2 L, R
—ﬁpom) (A1)

“3(V2-1)T<R<0, 373 >—-V2p,R (A2)
defining the whole coordinate domain. For the sake of
conciseness, angular coordinates @ and ¢ adapted to the
spherical symmetry are omitted. Using (7, R) coordinates,
the interior Einstein—de Sitter metric (21) ds? of the colla-
psing OS scenario can be written as a C' class metric de-
formation of the Schwarzschild metric (22) ds% expressed
in terms of Lemaitre coordinates. These coordinates are

adapted to a congruence of free-falling radial observers,
which are asymptotically at rest at spatial infinity. Using the
notation

ds? = ds3 + pido?, (A3)
the line element deformation do? providing the inside OS
solution in the referred (7,R) coordinates takes the
expression

do? = R2T-83AdT? + BdR? + 2RT5/3CdTdR + DdQ?,
(A4)

where A, B, C, and D are functions of 7" and R given by

21 2
AT.R)=—3 [—0 <1 +35F2) —2(1 - F?)*3H?],

3
(AS)
4
B(T,R) = —§{T‘2/3[2F2 — (1= F)*3H?]
+ (T+R)_2/3}, (Aﬁ)
4
C(T,R)E§{1+§F2_(1_F2)4/3H2} (A7)
2R 1R*\?
DT.R)=T*3(1 =F)*3 1+
(. E) ( ) ( 37 9T2>
- (T+R)4/3, (AS)
with
2 1R\2
F2 == 2R2T—8/3 H2 =(1--2)". A

Now, as stated, let us show that the first derivatives of the
OS metric in (T, R) coordinates are piecewise C* class.
In other words, out of the boundary surface R = 0, that is to
say, for R # 0, we must show that the corresponding second
and third derivatives of this metric are continuous. More
specifically, we must show this continuity both for R > 0
and for R < 0: In the first region R > 0, the corresponding
metric is the outer Schwarzschild metric in the (7,R)
coordinates, i.e., the metric (22); in the second region
R < 0, the metric (A4)—(A9). In both regions, an apparent
discontinuity of these second and third derivatives at
T+ R=0 1is present, but this coordinate condition
describes the collapsing singularity that does not belong
to the present differentiable manifold. We can directly
see that there are no more apparent or actual discontinuities
of the second and third derivatives of the metric (22). We
are then left with the region R < 0. The simple examination
of Eqgs. (A5)-(A9) seems to show two possible cases of
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discontinuity in those derivatives and only two cases: for
T =0 and F? = 1, respectively.

Let us first try the case 7' = 0. Let us consider then the
defining coordinate domain (A2). More specifically, the
second of these inequalities, that is, the strict inequality
3743 > —\/2poR. Since we are now in the region R < 0,
this strict inequality says that this time value 7 =0 is
unattainable. Now, let us go to the case F 2 — 1. Because of
the F? definition in the first equation of (A9), F? =1
becomes 37T%3 = —/2p,R, that again becomes unattain-
able because of the above strict inequality.

In all, out of R = 0, the second and third derivatives of
the OS metric in (7, R) coordinates are continuous, as we
wanted to prove.

Then, before ending this Appendix, let us come back to
the pending compatibility relation (44). From the metric
(A4), and using the latter definitions, the second radial
derivatives of the nonvanishing £, components of the
metric deformation p3do? can be straightaway evaluated on
the junction boundary R = 0, giving the result

0hyy 16 ,
- T_8/3,
OR |y 2770

(A10)

hy, 32, 5
e p— T_8/3 1 _ 2T—2/3 , All
IR |, 8170 ( 3% (A1l)
8ho, 16
= —p3T783 Al2
8R2 R0 27p0 ’ ( )
8hyy 16 ,
= ——piT™/3, Al3
aRz R0 27,00 ( )
and 8;};33 lreo = sinzﬁat;fé%z |g_o> indeed, where T,R,0,¢

coordinates are referred to by the indices 0,1,2,3, respec-
tively. Then, the required compatibility relation (44) is
identically satisfied by virtue of (A10) and (A13).

Finally, the first of the two mentioned misprints in
Ref. [12] refers to Eq. (6) of this reference, in whose
left-hand side we must put p instead of r. The second
misprint refers to the equation giving ds* on page 189 of
[12], where we must change R <0 by R >0, and
reciprocally.
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