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Space-based gravitational wave detectors cannot keep rigid structures and precise arm length equality, so
the precise equality of detector arms which is required in a ground-based interferometer to cancel the
overwhelming laser noise is impossible. The time-delay interferometry method is applied to unequal arm
lengths to cancel the laser frequency noise. We give analytical formulas of the averaged response functions
for tensor, vector, breathing, and longitudinal polarizations in different TDI combinations, and obtain
their asymptotic behaviors. At low frequencies, f < f,, the averaged response functions of all TDI
combinations increase as f> for all six polarizations. The one exception is that the averaged response

functions of ¢ for all six polarizations increase as f* in the equilateral-triangle case. At high frequencies,
f > f,, the averaged response functions of all TDI combinations for the tensor and breathing modes fall
off as 1/f2, the averaged response functions of all TDI combinations for the vector mode fall off as

In(f)/f?, and the averaged response functions of all TDI combinations for the longitudinal mode fall as
1/f. We also give LISA and TianQin sensitivity curves in different TDI combinations for tensor, vector,

breathing, and longitudinal polarizations.
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I. INTRODUCTION

Gravitational waves (GWs) are disturbances of space-
time predicted by Einstein’s general relativity. In Einstein’s
theory of general relativity, GWs propagate at the speed
of light with two transverse polarization states. In alternative
theories of gravity, GWs may have up to six polarizations
and the propagation speed may differ from the speed of
light [1-9]. The detections of GWs by the Laser
Interferometer Gravitational-Wave Observatory (LIGO)
Scientific Collaboration and the Virgo Collaboration opened
anew window to test general relativity and probe the nature
of gravity in the strong field regime [10-16]. The ground-
based detectors, such as Advanced LIGO [17,18], Advanced
Virgo [19], and KAGRA [20,21], operate in the high
frequency band (10-10* Hz). However, there are many
important gravitational wave (GW) sources such as coa-
lescing galactic binaries, coalescing supermassive black
hole binaries, and secondary GWs from ultra-slow-roll
inflation [22,23] emitting GWs with low frequency
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(mHz-1 Hz). The detection of low frequency GWs will
help address numerous astrophysical, cosmological, and
theoretical problems. The proposed space-based detectors
such as LISA [24,25], TianQin [26], and TaiJi [27] probe
GWs in the frequency band of millihertz, while DECIGO
[28] operates in the frequency band of 0.1-10 Hz.

For ground-based interferometric GW detectors, we do
not need to worry about the frequency dependence of the
antenna response because the wavelength of in-band GWs is
larger than the arm length of the detector. For space-based
interferometric GW detectors, the distance between space-
craft (SC) is comparable or even larger than the wavelength
of in-band GWs and it is impossible to maintain the precise
equality of the arm lengths. Since in the interferometric
measurements, laser frequency noise dominates the
expected GW signals by several orders of magnitude, it
experiences different time delays in the arms and hence will
not cancel out when the beams are recombined. Time-delay
interferometry (TDI) proposed in [29,30] is a technique
applied to unequal arm lengths that significantly reduces this
laser frequency noise. By synthesizing virtual equal arm
interferometric measurements with TDI, the laser frequency
noise was brought below the GW signals [31]. Furthermore,
a rigorous and systematic procedure based on algebraic
geometrical methods and commutative algebra was pro-
posed to cancel the laser frequency noise [32]. In the first
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generation of TDI, a static array is assumed. The second
generation of TDI applies to a rotating and flexing configu-
ration with arm lengths varying linearly in time. Recently,
the effects of the flexing-filtering coupling on the TDI
residual laser noise for LISA was considered [33]. In [34],
the authors discussed the clock-noise calibration of the
phase fluctuations of the onboard ultrastable oscillators for
the second generation formulation of TDI. For more dis-
cussion on TDI algorithm and its application to LISA, please
see [35-53] and references therein.

In this paper, we discuss the frequency response of TDI
combinations for space-based GW interferometers by
averaging the transfer functions over source directions
and polarizations. For equal arm space-based interferomet-
ric detectors without optical cavities, an analytical formula
for the averaged response function of the tensor mode was
derived in [54] and the generalization to other polarizations
was obtained in [55]. The averaged response function for
all six possible polarization was also discussed in [56] by
numerical simulation. For LISA, the averaged response
functions of TDI combinations for all six possible polari-
zation were obtained with numerical simulation in [57].
An analytical formula for the averaged response function
of the tensor mode for unequal arm space-based GW
detectors was derived in [58]. The purpose of this paper
is to extend the discussions on the averaged response
functions in [54,55,58] to different TDI combinations for
all polarizations so that analytical expressions are derived
to understand the asymptotic behaviors of the averaged
response functions.

The paper is organized as follows. In Sec. II we discuss
the antenna response functions of TDI combinations. The
analytical formulas for averaged response functions of
different TDI combinations are derived and the asymptotic
behaviors of the averaged response function are analyzed in
Sec. III. The discussion on the averaged response functions
for equal arm space-based interferometric GW detectors
to massive gravitons and the analytical formulas for differ-
ent TDI combinations are presented in the Appendixes A
and B. In Sec. IV, we give the sensitivity curves for LISA
and TianQin. The paper is concluded in Sec. V.

II. ANTENNA RESPONSE FUNCTIONS

A. Polarization tensors
For a GW propagating along the direction Q(6, ¢), we
introduce two perpendicular unit vectors p and g to from
the orthonormal coordinate system such that Q= D X q.

To account for the rotational degree of freedom around Q,
we introduce the polarization angle y to form two new
orthonormal vectors,

F=cosyp + sinygq, = —sinyp + cosyq. (1)

With the orthonormal basis, the six polarization tensors are
defined as

z |
GW| _
|Q
Y
SC,
N o
Iy
T SCy
O y

X

FIG. 1. One-way Doppler tracking. GWs propagate along €
and the laser beam transmits along 72 between two spacecrafts
SC, located at 7, and SC, located at 7,. The arm length between
SC; and SC, is L.

+ A A A X _ AnA A A
€ =TIilj =58, e =18 + 8,75,

X _ A A pay A y o A A A ~

e = FiQj + 7, € = §,Q; +Q;5,

b _ o~ A A I A A

er; = Fify+ 3,8, e;; = Q. (2)

In terms of the polarization tensor, the GW signal is
hii(f) =>4 eAhA( t), where A =+, X, x, v, b, [ stands
for the six polarizations.

B. The transfer function for one-way transmission

Figure 1 shows the schematic geometry for one-way
Doppler tracking. The laser beams travel between SC; and
SC, with the distance L along the unit direction 7, the one-
way distance change due to GWs propagating along the

unit direction Q is [58]

5L — Z i sinfwL(1 — AQ)/Z]
A,l,j C()(l 'Q‘)

% e~ iOL(1--Q+2Q7,/L)/2 pA (f)

= LivielT(w. 7 - QRA(f), (3)

A,l,j

where w = 2z f is the angular frequency of GWs. We take
the speed of light ¢ = 1, and the transfer function 7' (w, 71 -
Q) for one-way Doppler tracking is [59,60]

sinjwL(1 -
wL(1-7-

T(w.7- Q) Q)/2] e ioL(1-A-Q+2Q:7, /L) /2

o5

Q) /2] e—iwL(l—ﬁ‘Q+2Q~72/L)/2’

(4)

where sinc(x) = sin(x)/x, 7, is the location of SC,. In the

1
:Esinc[a)L(l — 0

low frequency limit, @ — 0, we have T(w, 7 - Q) — 1/2.
For GWs with the propagation speed v, different from the
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FIG. 2. Schematic configuration of a space-based, unequal arm
interferometric GW detector. The spacecrafts are labeled as 1, 2,
and 3, and the spacecraft 1 (SC,) is located at the origin. The
optical paths between two SC pairs are denoted by L, and the unit
vectors along the path are 71,, with the index a corresponding to
the opposite SC.

speed of light ¢, the transfer function is presented in
Appendix A. As discussed in Appendix A, the effect of
propagation speed is negligible for space-based GW
detectors, so we do not consider it for TDI.

C. Response functions

Figure 2 shows the schematic configuration of a space-
based, unequal arm interferometric GW detector. The SC is
labeled as 1, 2, 3, and SC; is located at the origin. The arm
lengths between SC pairs are L, L,, L3 and the unit vectors
with the indicated orientation along the optical paths are 71,
where L, and 71, are opposite to SC, and the index a = 1,
2, 3 labels the SCs. Note that Lii; + L,ii, = Liiis.
Following [31,39], we denote y,,, as the relative frequency
fluctuations time series measured from reception at SC,
with transmission from SC; (d # a and d # b) along L, as
shown in Fig. 3. For example, ys; is the relative frequency
fluctuations time series measured from reception at SC,
with transmission from SC, along L;, and the other five
one-way relative frequency time series are obtained by
cyclic permutation of the indices: 1 -2 —3 — 1.
Similarly, the useful notation for delayed data streams
are y315 = y31(t = La), y3123 = y31(t = Ly — L3) = y31.32-

By using Egs. (3) and (4), we get the GW response for
the six TDI signal [31]

SC,

y,,(0)
70 .

¥,®
¥y, (D
SC, Yos(®)

FIG. 3. Six data beams y,,(#) exchanged between SCs.

Yap(Tp) = —— = —Zga” heAT o (Tp)hA(f). (5
A,i,j
1.1 1 o
T1o(Tp) =5sine | Suy (1-p) | e (=) 2=t To) - (6)
11 1 oo s i o
T53(Tp)=5sine| Jur(1-p) | iy (1=p2) (2=l tTo) - (7)

1 1 . .
TSZ(TD):ESinC 5”3(1_”3) e—lus(l—ﬂs)/Z—l(ﬂ3M3+TD)’ (8)

. |1
T51(Tp) = sme [2 5(1 +/¢3)] —ius(14ps)/2=iTp —(9)

1 . 1 ) .
T]3(TD) = 55111(; |:2u1 (1 + /41):| e_lul(1+/’1)/2_l(ﬂ2”2+TD)’

(10)
1. |1 . .
T2] (TD) = ESIHC |:§ I/tz(l + ﬂ2>:| e_IMZ(lJrﬂZ)/Z_ZTD, (11)

where ¢, =L,/L,, L, is the expected arm length,
u=wlL, u,=wlL, = g,u, u,=n, -Q, and Tp is the
corresponding time delay. For example, Tp = u; + u, for
¥33.12- Note that to recover the results for y,;, in [30,31], we
need to multiply Eq. (5) by u because we use the fractional
change SL/L.

The signal in the arm of the interferometric GW
detector is

s(f) =Y _FARy(f). (12)

A

where F4 is the angular response function for polarization
A. Averaging over source direction and polarization angle,
we get the averaged response function RA(f),

_L n 2 27 5 .
RA(f) _8ﬂ2£ A A |FA(f,0,¢.w)|* sin 0dOdpdy .
(13)

For the TDI a combination [30,31],
functions F4(f, 0, ¢,y) are defined as

the response

A = Y — I = Iy =y
A

Similarly, the response functions for other TDI combina-
tions can be derived.
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FIG. 4. Schematic diagrams for TDI X, P, E, U, a, and { with the others in each class determined from cyclic permutation of indices.
Solid lines denote the path corresponding to the plus terms, and dashed lines denote the other path corresponding to the minus terms.

ITII. ANALYTICAL FORMULAS OF AVERAGED
RESPONSE FUNCTIONS

There are six different TDI combinations: the six-pulse
combination (a, f, y), the fully symmetric (Sagnac)
combination ({), the unequal arm Michelson variables
(X, Y, Z), the beacon (P, Q, R), the monitor (E, F, G),
and the relay (U, V, W) [30,31]. We show them in Fig. 4.
Combining Egs. (5), (13), and (14), we can derive the
averaged response functions for all polarizations and all TDI
combinations. By assuming uniform distribution of the
sources over the celestial sphere, the averaged response
functions were plotted in [57] via Monte Carlo integration
with 4000 source position/polarization state pairs per
Fourier frequency bin and 7000 Fourier bins across the
LISA band. In this section, we derive analytical formulas for
the averaged response functions and analyze their asymp-
totic behaviors. We work in the source coordinate system
and follow the notation used in [54,55]. In particular,
uy =cos, = (urcoso+sind,sinecose)Ls /Ly —pur Ly /Ly,
13 =cosb; = p,coso +sinbé, sinocose,  p, = cos0O,,
K| = sin@, coso — u, sinocose, and k, = (sind, cos 6—
upsinocose)Ly/Ly —sinh,L,/L,. € is the angle between
the plane containing 7, and Q and the plane of the
interferometer, o is the opening angle between two
arms, and coso = (L3 + L% — L3)/(2L,L3). Si(x) is the

sine-integral function, and Ci(x) is the cosine-integral
function. In the low frequency limit, u = wL, — 0,

4 A’
i(2u) = 2u — ——+—— !
Si(2u) — 2u 9+75+0(u),
. , ut 2ub P
Ci(2u) » In(2u) + yp —u +€_E+O(u ), (15)

where yg is Euler number. In the high frequency limit,
u— oo,

7
Si -,
i(u) > 5

Ci(u) — 0. (16)

A. Unequal arm Michelson combination

The unequal arm Michelson variables X, Y, and Z use
only four beams, and two laser beams exchanged between
two of the SCs are not used. The GW response for X is
X =y 30— Y2303 Y31 2~V 1 33 Y330~V 323 HY31 VST -
The GW responses for Y and Z are obtained by the cyclic

. . . gw __ ,9W g gw
permutation of the indices, Y =Y13.133 — V31311 TY12.33

qw gw _gw gw . gw gw 9w W
Y301 T Y313~ Yiag TV —Viz> and Z% =y3 511 = V15 100+

gw gw gw gw gw qw
Y2301~ V1322 Vi1~ Y212+ Y13 —Y23-  The  averaged
response functions of X are
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1
u?RY (u) = u?R¥(u) = 2sin®u3 {(1 + cos?u,) (— -

1 2
+ 2sin?u, | (1 + cos?uz) | = —— | + sin®us + .
3 u u

2 2sin(2
—2> + sin®u, + 7s1n(3 MZ)}
u3 u

3 2

2 sin(2u3)}

3

27 251n asmze
——s1n Uy sin ”3/ d€/ dﬂz( )WX(M 13), (17)
I
1
RS (u) = R (u) = 4sin’u; [ZyE =5+ 21In(2u,) — 2Ci(2u,) — gcos(2u2)
, 1 2\  4(1+ cos’u,) . 5
+28in2uy) | — == | + ———5—"| +4sin’u, |2y — 5+ 2In(2u;3)
uy Uy us
1 1 2 4(1 2
— ~cos(2u3) — 2Ci(2u3) + 2 sin(2us) (— - —3> + Lﬁ””]
3 us  uy u3
4 n Hzﬂ% 1
- ;sm Uy Sin uz de dﬂz (1- 1 _ ﬂx(ﬂz H3), (18)
1 2 2sin(2
u?R% (u) = 4sinus [(1 + cos?u,) <— - —2) + sin?(u,) + 7sm(% MZ)}
3 i,
1 2 2sin(2 2 2z 1
+ 4sin’u, [(1 + cos?uz) <3 - 2) + sin®(u3) + s1n(3u3)} — = sinu, sin uz / de/ dpony (pa. p3),  (19)
u3 u3 n 0 -1

11
u?RY (u) = sin’u3 {15 =9y —91In(2u,) + (? —yE— ln(2u2)> cos(2u,)

+ (9 + cos(2u,))Ci(2uy) + (2uy + sin(2u,))Si(2u,) + 8 sin(2u,) (i -—

3 2
us u uy

1 > _8(1+ coszuz)]

11
+ sinu, {15 =95 —9In(2u3) + <? —YE— ln(2u3)> cos(2u3) + (9 + cos(2u3))Ci(2u3)

cosu
+ (2uy + sin(2u3))Si(2us) + 8 sin(2u3) <i3 - i) - 8(”723)}

us

21
—-— s1n U, Sin Uz de

nNx (,“2, ,U3)

where

Similarly, we can obtain the averaged response functions
R} and R} by cyclic permutation of arm lengths
(u; = upy = uz — uy) from R4. The integrals need to be
calculated numerically.

From Egs. (17)-(20), it is easy to show that in the low
frequency limit, @ — 0, R4 « @?. In the high frequency
limit, we find that Ry o 1/@? for the tensor and breathing
modes, Ry « 1/w for the longitudinal mode, and Ry
In(w)/w? for the vector mode. The high frequency behav-
iors are the same as those for the equal arm interferometric
GW detector without optical cavities derived in [55].
We show the averaged response functions of the TDI

us

M2ﬂ3’7X Ho. 13)
(1=m)(1 = p3)’

= pop3[c0s uy — cos(urpy)][cos uy — cos(uzps)] + [sin uy — py sin(uop )|[sin us

u3

(20)

— u3sin(uspz)]. (21)

|
combinations X, Y, and Z for space-based interferometers
with equal arm lengths in Fig. 5. As shown in Fig. 5, at
frequencies equal to half-integer multiples of 1/L,, the
averaged response functions for all polarizations are zero
due to the overall factor sin® u in Egs. (17)-(20), so the
response of the detector is subtracted to zero at those
frequencies. Since a tensor signal propagating perpendicu-
larly to the light beam interacts with the light during the
brief instance its wave front crosses the light beam, and a
scalar longitudinal wave propagating along the light beam
affects the light during the time it travels the entire arm
length L, the averaged response to the scalar longitudinal
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FIG. 5.

Averaged response functions of different TDI combinations for tensor, vector, breathing, and longitudinal modes. We assume

equal arm lengths with L, = L, = L5 = L,. After multiplying u* due to the definition we used in Eq. (5), these results are consistent

with Fig. 3 in [57].

wave is significantly larger than that to the tensor signal
when the wavelength of GWs is shorter than the arm
length [57].

B. Beacon combinations P, Q, R

For the TDI Beacon combinations P, Q, and R, one SC
emits a laser only and does not receive the laser from the
other two SCs. The GW response for P is P9 = y3; ,—
Y333 = Y2 Y133+ 1203 — a2 V53511 — Vo The
GW responses for Q and R are obtained by the cyclic
permutation of the indices. The analytical expressions for
the averaged response functions of P are presented in
Appendix B 1. From Egs. (B1)—(B4), it is easy to see that in
the low frequency limit, R} « @”. In the high frequency
limit, we find that Rp o 1/w? for the tensor and breathing
modes, Rp « 1/w for the longitudinal mode, and Rp
In(w)/w? for the vector mode, which are the same as those
for the equal arm interferometric GW detector without
optical cavities derived in [55]. We show the averaged
response functions of the TDI Beacon combinations P, Q,
and R for space-based interferometers with equal arm
lengths in Fig. 5. From Fig. 5, we see that the averaged
response functions for all polarizations are very small at

frequencies equal to integer multiples of 1/L, due to the
factor 1 —cosu and sin® u in Egs. (B1)—~(B4).

C. Monitor combinations

For the TDI monitor combinations E, F, and
G, one spacecraft only receives laser and will not emit
laser beams to the other two spacecrafts. The GW response
for E is E™=y{y, —yi33 — Vs T Y52 V50—
Yol — Y5 + 5. The GW responses for F and G are
obtained by the cyclic permutation of the indices. The
analytical expressions for the averaged response functions
of E are presented in Appendix B 2. From Egs. (B9)-
(B12), it is easy to see that in the low frequency limit,
R% « @?. In the high frequency limit, we find that Ry «
1/@” for the tensor and breathing modes, Ry  1/w for
the longitudinal mode, and Ry o In(w)/@? for the vector
mode, which are the same as those for the equal arm
interferometric GW detector without optical cavities
derived in [55]. We show the averaged response functions
of the TDI monitor combinations E, F, and G for space-
based interferometers with equal arm lengths in Fig. 5.
From Fig. 5, we see that the averaged response functions
for all polarizations are very small at frequencies equal to

064033-6
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integer multiples of 1/L, due to the factor 1 — cosu and
sin”u in Eqgs. (B9)—(B12).

D. Relay combinations

For the TDI relay combinations U, V, and W, one
spacecraft receives a laser beam from another one, and
emits a laser beam to the remaining one. The GW response
for U'is U™ =3} 113-¥31 3~ Y2123 T130 — V323 V5001~
¥5, +¥75. The GW responses for V and W are obtained by
the cyclic permutation of the indices. The analytical expres-
sions for the averaged response functions of U are presented
in Appendix B 3. From Eqgs. (B17)-(B20), it is easy to see
that in the low frequency limit, R}, o w*. In the high
frequency limit, we find that R,  1/w* for the tensor
and breathing modes, R;; « 1/w for the longitudinal mode
and Ry o In(w)/w? for the vector mode, which are the same
as those for the equal arm interferometric GW detector
without optical cavities derived in [55]. We show the
averaged response functions of the TDI monitor combina-
tions U, V, and W for space-based interferometers with
equal arm lengths in Fig. 5. From Fig. 5, we see that the
averaged response functions for all polarizations are very
small at frequencies equal to integer multiples of 1 /L, due to
the factor 1 — cos u cos 2u and sin” u in Egs. (B17)—(B20).

E. The a, f, y (six-pulse) combinations

For the TDI combinations «, f, and y, all six laser
beams are used. The GW response for a is
a® =3\ =¥ + Y52 — Y3+ Y2 — V33,3 The GW
responses for f# and y are obtained by the cyclic permutation
of the indices. The analytical expressions for the averaged
response functions of a are presented in Appendix B 4.
From Eqgs. (B24)—(B27), it is easy to see that in the low
frequency limit, R4 « w?. In the high frequency limit, we
find that R, o< 1/w” for the tensor and breathing modes,
R, « 1/w for the longitudinal mode and R,  In(w)/w?
for the vector mode, which are the same as those for the
equal arm interferometric GW detector without optical
cavities derived in [55]. We show the averaged response

|

P, = (3x1071 ms™2)2 {1 - (

functions of the TDI combinations «, 3, and y for space-
based interferometers with equal arm lengths in Fig. 5.
From Fig. 5, we see that the averaged response function for
breathing mode is almost zero at frequencies equal to
integer multiples of 1/L, because the integral term almost
cancels the constant 4 + 4/3 in Eq. (B26).

F. Fully symmetric (Sagnac) combination

The fully symmetric (Sagnac) TDI combination {
uses all six laser beams. The GW response for { is
{7 = Y50 = ¥o33 T ¥i33 = Y11 + Y311 — ¥y The ana-
lytical expressions for the averaged response functions of ¢
are presented in Appendix B 5. From Egs. (B32)—(B35), it

is easy to see that in the low frequency limit, R} « w®.

However, for the equilateral-triangle case L; = L, = Ly =
L,, R?  o”. In the high frequency limit, we find that R, x
1/w* for the tensor and breathing modes, R; o 1/ for the
longitudinal mode, and R; « In(w)/w® for the vector
mode, which are the same as those for the equal arm
interferometric GW detector without optical cavities
derived in [55]. We show the averaged response functions
of the TDI Sagnac combination ¢ for space-based inter-
ferometers with equal arm lengths in Fig. 5. From Fig. 5,
we see that the averaged response function for the breathing
mode is very small at frequencies equal to integer multiples
of 1/L, because the integral term almost cancels the
constant 4 +4/3 in Eq. (B34).

IV. SENSITIVITY CURVES

Armed with the averaged response functions for
different TDI combinations, we are ready to plot the
sensitivity curves. For LISA, the single-link optical met-
rology noise is [61]

Poms = (1.5 x 10711 m)2 [1 + (2 I;Hzﬂ HZ ', (22)

and the acceleration noise is

) B I

Dividing them by L2 and L2(2zf)* respectively, we get the shot and proof mass noises

Sshot = 3.6 x 107! [1 + (

ng()f mass __ 924 x 10—52 <%)4 [1 + (

2 mHz

e
%ﬂ [1 + (8 Iﬁ Hzﬂ Hzl. (24)

For TianQin, the position and acceleration noises are S, = 107>*m?/Hz and S,, = 1073 m? s™*/Hz [26]. So the shot and

proof mass noises are
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FIG. 6. LISA sensitivities of different TDI combinations for tensor, vector, breathing, and longitudinal polarizations. We take

L] :L2:L3:25X 109 m.
S =333 x 1074 Hz,

H 2
SProof M _ 5 14 5 10750 (Z) Hz ', (25)
f

The noises in TDI combinations are [31]

Pg = [8 Sinz(?’ﬂfL) + 16Sin2(ﬂfL)]S5r00f mass | 6S§,h°t,

(26)
P; = 24sin?(zfL)S°T ™™ o5t (27)
PX = [8sin®(4xfL) + 32 sin?(2zf L))o mass

+ 16 sin? (27 fL) S, (28)

P = [85in? (2 /L) + 32 sin (2 fL)] S5 ™
+ [8sin®(2zfL) + 8sin®(wfL)] Sy, (29)

. . roof mass

PE = [32sin*(zfL) + 8sin®(2zfL)|S}

+ [8sin*(zfL) + 8sin?(2zfL)| S, (30)

PY =[16sin*(zfL) + 8sin*(2zfL)
+16sin?(3zf L)oot mes
+ [4sin?(zf L)+ 8sin*(2xfL) +4sin®(3xfL)]S;™".

(31)

The sensitivity curve for the tensor mode is

pi 1P

Sh=— " =1
Ry + RS 2R}

(32)

where k = a, {, X, P, E, U. The sensitivity curve for the
vector mode is

PX 1Pk
= = (33)
R+ Ry Ry
The sensitivity curve for the breathing mode is
Pk
Sk =2, (34)
n Ri
The sensitivity curve for the longitudinal mode is
Pk
Sk=-1. (35)
n R;{

Figure 6 shows LISA sensitivities of different TDI combi-
nations and Fig. 7 shows TianQin sensitivities of different
TDI combinations. As noted in [57], there is a lack of
sensitivity of the TDI combinations  and ¢ to the breathing
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FIG. 7. TianQin sensitivities of different TDI combinations for tensor, vector, breathing, and longitudinal polarizations. We take

Li=L,=Ly;=173x10% m.
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PHYS. REV. D 100, 064033 (2019)

FIG. 8. Averaged response functions of massive gravitons for tensor, vector, breathing, and longitudinal polarizations. We consider
equal arm interferometric GW detectors (L = 1.73 x 10® m for TianQin is used) without optical cavities in the arms.
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mode at frequencies equal to integer multiples of 1/L,.
However, for the unequal arm Michelson, beacon, monitor,
and relay TDI combinations, at frequencies where the
signal is lost the noises also cancel out, so there is no
problem of lack of sensitivity at those frequencies. In
Ref. [57], the sensitivity is defined as the GW amplitude
required to achieve a signal-to-noise ratio 5 in a one-year

integration time, so the amplitude is about 5v/3.17 x 1078 =
8.9 x 10~* smaller. Taking into account this factor and the
difference in the assumption about noise levels and arm
lengths, the results in Fig. 6 are consistent with those shown
in Fig. 4 in Ref. [57].

V. SUMMARY AND CONCLUSIONS

We obtain analytical formulas for the averaged response
functions of massive gravitons for tensor, vector, breathing,
and longitudinal polarizations. For space-based GW detec-
tors, the frequency is much larger than the mass of
gravitons constrained by the observations, so the propaga-
tion speed of GWs does not differ much from the speed of
light and its effect on the averaged response functions is
negligible. On the other hand, because the distance between
SCs is comparable or even larger than the wavelength of in-
band GWs and it is impossible to keep the precise equality
of the arm lengths, the TDI technique is needed to reduce
the laser frequency noise by synthesizing virtual equal arm
interferometric measurements. We give analytical formulas
for the averaged response functions of different TDI
combinations for tensor, vector, breathing, and longitudinal
modes which are consistent with those obtained by
numerical simulation. With the analytical expressions,
we obtain the asymptotic behaviors of the transfer func-
tions. At low frequencies, f <« f. = 1/(2zL,), the aver-
aged response functions of all TDI combinations increase
as f2 for all six polarizations. The one exception is that the
averaged response functions of ¢ for all six polarizations
increase as f* in the equilateral-triangle case. At high
frequencies, f > f,, the averaged response functions of all
TDI combinations for the tensor and breathing modes fall
off as 1/, the averaged response functions of all TDI
combinations for the vector mode fall off as In(f)/f?, and
the averaged response functions of all TDI combinations
for the longitudinal mode fall as 1/f. By using the
analytical expressions for the averaged response functions
of all TDI combinations, we plot the frequency dependent
response functions for tensor, vector, breathing, and longi-
tudinal polarizations with equal arms, we also plot the
LISA and TianQin sensitivity curves with different TDI
combinations for tensor, vector, breathing, and longitudinal
polarizations.
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APPENDIX A: THE TRANSFER FUNCTION
FOR MASSIVE GRAVITONS

For GWs with the propagation speed v, which is
different from the speed of light ¢, the transfer function
T(f.7-Q) for a single round trip in the arm is [57,62]

r(7.-0) = 3 {sine| Lo (1= 01001
cexp[ih (348000
sine[ 1 (14 -8/ ()]
cexp i (148 8/ |

(A1)

where f* = ¢/(2zL) is the transfer frequency, L is the arm
length of the detector, and here we write out ¢ explicitly.
For massive gravitons, the propagation speed for GWs

is vy, (0) = cy/1 —m2/w’.

Choosing the source coordinate system, we calculate the
averaged angular response function for equal arm inter-
ferometric GW detectors without optical cavities in the
arms, and the results are

n o 2r
R (u) = R*(u) = H(u) — 167m2 | deA do,sin®(0
x [sin?(6,) — 2sin?(o)sin®(e)|n(u), (A2)
R () =2H (1)~ / de / 40, 5in* (0, ) sin® (0, n(u),

(A3)
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R*(u) =R*(u)

2
:12W5{12113Wcos(u) [4vqw(u2_1)sin< u >+u u> +4) cos<1}u>] +2(2-3v2,)u’cos(2u) + 6(2— 902, )u?
u . ’ qw
vl u u v} 1—v,,
+ﬁ(l —v2,)[u+ sin(u) cos(u)] [Si (u+v—> —Si <u v_>] —ng [5-902, + (1 —v2,)cos(2u)] {m( g )
gw

1+ v,
+Ci(ut+—) -ci ! /Z”d/”da in(6,) sin(26, ) cos(6,)
1\ U 1 ——I/t € sin sin COS
Vg Vg 8 0 ! ! ! :

+2u{6 (u?+2)sin(u )sin<L>—120 usin(u cos(
Ugw

x [cos (o) sin(8; ) — sin(c) cos(6; ) cos(e)]n(u), (A4)
Rl(u)z%sm(u)ws< L:) —Zi’fsin(u)sin (i) —%cos( )cos (%)

2

. =
+T‘Z2(SU§W+1)COS(2L¢) " £ (2uvg, =20 ﬁw—kuz)cos(u)sin(£)

v2 . [ u u
+m {1 — 90}, +6v7, +20), sin(u)sin <v_gw> + 20}, cos(u)cos (@) }

2 9 1= w i : :
+7COS( 142) + V3 |:C1 (u + > -Ci <—— u) +In % ] + = +s1n(u)2005(u) V3, |:Sl (L—k u) —Si (u—iﬂ
8u Vg Vg I+vg, 4u Vgyy Vg

1 2n T
——2/ de/ df, sin(0,)cos* (0, )cos?(8,)n(u), (AS)
8ru 0 0

2

245

{3u (7-902,) +u*(5—302,) cos(2u) — 121>’ sin(u>cos<i>

Vg
+ 6u vy, sin(u)[(u? +2)v2, — u?] sm(v )—|—6cos( )(4vzwu2—41JZW—2vgwu2)sin(UL>
gw aw

v
1 9:: (v_tz}w - 1)[(1},(2}w - 1) COS(2M) +9U%}w - 1]

+6cos(u)(uv2, +4uvl, —u)cos <UL> } +
g

w 6u’
1-v,, 2 in(2 . .
X [Ci<u+ u) C1<—u>+ln< % )]4— u+sm2( u>vgw(véw—1)2[51<u+u>—Sl<u—u>],
Vg Vg L+ vy, 16u Vg Vg

(A6)

n(ut) = {[cos(u) —cos(up, )] [cos (1) — cos (ups) Jpyaz + [sin(u) — puy sin(upy )] [sin(u) = pa sin(upe) |}/ [(1 =) (1 = p3)].
(A7)

My = €080}/ Vg, Hy = cos6,/v,,, and cos @, = cosccos @ + sincsind, cose. In the massless or high frequency limit,
g, = ¢ and we recover those results in [55]. In the low frequency and massless limits, m, < @ < 2zf,, we get R* =
R* = R* = RY =sin?¢/5 and R” = R' = sin? 6/15. On the other hand, in the limit @ — m,, we get R* = 0. We show the
results of the averaged response function for equal arm interferometric GW detectors without optical cavities in the arms in
Fig. 8. Since the observations constrain the mass of gravitons to be m, < 5.0 x 10723 eV [63] and space-based GW
detectors operate in the mHZ frequency, we have m, < @ and the effect of the propagation speed is negligible as shown
in Fig. 8.
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APPENDIX B: AVERAGED RESPONSE FUNCTIONS

1. Beacon combinations P, Q, R

The averaged response functions of P are

4 2 sin(2uy) ) 8 2 2 sin(Ruy)  sin(2uz3)
2 p+ 2 px 2

u“R;), =u"Ry =|1—cosu;cos(u, —u3)| |=———+ ~+sin“u +

P P [ 1 ( 2 3)] {3 u% u? 1 3 u% u% u% u%

1 [t 2 Zsinosinle
8m.J 0 1- ﬂl

4 K1 K,sinZosin’e 2 Zsinosine 2sinosin’e 2sinosin’e

(1=pi)(1-p3) 1—p3 =3 1=43
N 4 4 12 .
u* R} = u”Ry, =2[1 —cosu; cos(uy — u3)] 2y5—?+—2—2(C1(2u1)—ln(2u1))—|— ——— | sin(2u,)
uj up  uy
28 4 4 1 2 1 2
+2$in2M1 |:47/E— + + (C1(2u2) +C1(2M3) —ln(4u2u3)) + <———3> sin(2u2) —+ <___3> Sin(2M3):|
3 u U Uy Uz uj
1 /1 e MMk [k1k2 + (g3/g1)sin* osin’e]uy pi3 Hal3K,
+— dm/ de{ nd+ Sn;+ “nz+ n o,
2z )1 "o T=pi (=) /1=p3 (1=p})(1=p3) S -)1-3
(B2)
4 2 sin(uy) i 8 2 2 sin(Ruy)  sin(2us)
u?R% = 2[1 — cos u; cos(uy — u3)] {g 2 + = ] + 2sin’u, {g—u—%—u—%—i— 2 + "
1 d Zﬂd 0 Lol 42 4 .3 B3
+4 Mo e{np +np +np +1p}, (B3)
7T.J)-1 0

37

u?RL = [1—cosu; cos(uy —u3)] [ 6

4 1 2 2 . . .
—4dyp— p +§cos(2u1) + <E_u_> sin(2u;) +4(Ci(2u;) —In(2uy)) + u181(2u1)]
1 1

4 1 22\ . 22\ .
u—%+§(cos(2u2) +cos(2u3)) + (;_u_> sin(2u,) + <—3—_> sin(2u3)

2 U2 uz uz

4

37
+Sin2ul |: 3 87E
103

+4(Ci(2uy) + Ci(2u3) = In(4usu3)) + > Si(2u5 ) + u3Si(2u3)]

2 i HiH5 K3 133
— | du / de{ %+ nh+ ns+ s (B4)
/ ? =22 (=) (1-3)"" (=) (1=pd)™" " (1= ) (1-p3)""

where

np = 2(1 = p7)[cos uy — cos(uy — uz)][cos(uyp;) — cos uy] cos(uypy + iy — uzps) (BS)

. 1 1 1
7111028(1+Mz)5m”15m5(uz—uzﬂz) {(1+M1)Sm5(u1—ulﬂl)5m§(u1—M2+143)
1 1 o1 1
XCOSE(MM+M2/42+M3—2M3M3)—(1—M1)Sm§(”1+M1ﬂ1>51n§(141+M2—”3)COS§<M1/11+M2M2—“3) (B6)
) . ! ! 1
’1P:8(1+/43)51n”151n§(“3—u3ﬂ3) (1—/‘1)51115(“1+M1M1>Sm§(u1+u2—u3)

1 ! 1 1
XCOSE(“lﬂl — tty +2uppy — uzpz) — (1 +ﬂ1)51n§(”1 - ”1/41)51115(”1 —M2+”3)COS§(M1/41 +up —M3ﬂ3)} (B7)
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. 1 ! 1
mp = =8(1 + o) (1 + p3)sinu, sin (uz — uppr) 5105(“3 — usi3) cosy (uy = uppty — uz + usp3) (B8)

Similarly, we can obtain the averaged response functions R*é and R4} through the cyclic permutation
Uy —> Uy > Uz = Uyp.

2. Monitor combinations

The averaged response functions of E are

4 2 in(2 8§ 2 2 in(2 in(2
WRE = 2R = [1 — cos u; cos(uty — i3] ___2+sm( 3M1) + sin?u, ___2__2+s1n( 3u2) +s1n( 3M3>
3wy uy 3 u; uj u; u3
1 /1 2z 2(g3/g1)*sin’osin’e 4(g3/ g1 )k 1k,sin?osin’e
+— [ du / de{no—k{ 7l +
8r.)1 g L=} ¢ (1 =) (1= p3)
2(g3/g1)?sin’osin’e 2sin’osin’e\ | , 2sin asmze 3
1- 1- l—-—— , B9
+( = o) | (1-21 ) (89)
2px _  2pY 14 4 ) 1 2\ .
u*RY = u*Ry =2[1 —cosu cos(uy — u3)] 2yE—?+u—%—2(C1(2u1)—ln(2u1))+ W@ sin(2uy)
28 4 4 1 2 1 2
+2sinu, {47/5——4— 5 +—5—2(Ci(2uy)+Ci(2u3) — In(duyus)) + (———2> sin(2uy) + <———2> sin(2u3)}
3 MZ 3 uy M2 us I/t3
2 2 )
g HT H1HaKy 1, [kika +(g3/g1)sin*osineluips Mo 3Ky 3
—dﬂz/d€{ Ng+ g+ ng+ Ng s
/ — " (=) 1= (1= (1-123) N2
(B10)
4 2 sm(2u1) 8 2 2 sin(Ruy)  sin(2us)
2Rh = 2[1 — —u)] |2 == N L gin2, S - S -
u*RY. = 2[1 — cos uy cos(uy — u3)] [3 u%—f— = + 2sin?u; 373 u%—k i + i
L/ o 0 |l 4,2 4 3
+1 ldﬂz | de{ny +ng +ng + g}, (B11)

37 4 1 22 . . .
u?RL = [1—cosu; cos(uy —u3)] [Z—4y5 —u—%—l—icos(Zul) + (u_?_u_l) sin2u; +4(Ci(2u;) —In(2u;)) + u181(2u1)}

37 4 4 1
+sin’u, {?—8y5——2——2+5(cos(2u2) +cos(2u3)) +4(Ci(2u,) + Ci(2uz) —In(4uyus))
u; u3
2 2\ 20 2 . . .
- <u___3> sin(2u,) — (———3) sin(2u3) + u,Si(2u,) +M3SI(2L¢3):|
2 M2 us ug
1 2 ut 5 K3 H3H3
+— du / de{ Lonl+ ne+ ne+ n (B12)
4w )y L=pui) ™ (=) (1=p3) " (L=pg)(1=p3) " (1= p3) (1= p3) ™"
where
My = 2(1 = ui)[cos uy — cos(uy — u3)][cos(uu1) — cos uy] cos(uypy + uppy — uspz), (B13)

. ! ! 1 1
e = 8(1 — pp) sinuy s1n§(u2 + Urpir) {(1 — H1) Sin 5 (uy + uypy) sin 5 (ur = uy + u3) cos5 (urpy + uzpy + u3)

! ! 1
= (14 m) sz("{l —uip) smi(ul + up—u;) cos 3 (urpy + uapty — uz — 2usp3) (B14)
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. 1 1 1 1
My = 8(1 — p3) sinu SIHE(M + uzp3) | (1 + ) Slnz(”l — upy) Smi(”l +uy — u3) COSE(ulﬂl — Uy — uzp3)

1 1 1
- (1=m) Smi(”l + uypy) Smi(ul — ur+u;3) cosy (urpy + uy + 2uppy — usp3) (B15)

. ! 1 1
My = = 8(1 = pp) (1 = p3)sinuy smi(uz + Uspts) s1n§(u3 + usp3) COSE(Mz + Uopty — uz — uzp3). (B16)

Similarly, we can obtain the averaged response functions R4 and R{ through the cyclic permutation u; — uy — u3 — u,
3. Relay combinations

The averaged response functions of U are

27027 2 3 3
3 u; uj u u3

4 2 sin(Zul)] +sin?

8 2 2 sin(2 sin(2
WRG=u’R};=[1- cosulcos(u2+u3)][3 " p [ + (u2)+ (u3)]

1 1

1 /1 2z 2(g3/g1)*sin®osin’e
. d d 0 1
+87T/—1 MA e{nU—I—[ 1= v

N |:4(g3/g1)K21K25in2(;Sin2€+ (1 2(g3/g1)?sin 6S11’12€> (1_251n205i2n2€>]n%]+ (1_251n26512n2€> 77%]} (B17)
(1=p1) (1= p3) L—pi -3 =3

14 4 1 2
u?RY, = u? R}, =2[1 —cosu; cos(uy + u3)] [275 —?+—2— 2(Ci(2u;) —1In(2uy)) + <———3> sin(2u1)}
ui Uy uy
1 2
———) sin(2u3)]

. 28 4 4 . . 1 2\ .
—|—251n2u1 [4]/1;——+—2+—2—2(C1(2u2)—|—C1(2u3) —ln(4u2u3)) + <———3> Sln(2u2) + ( 3
3 u3 u, U3 us Uy
k165 + (g3/ g1 )sin®osin’e]u ps 2+ HoM3K] 773 }

1/' 2z i HipaKo
+— dﬂz/ d€{ ny + +
27 )2 o =3 (1=p2) /1= 42 o (L=} (1=3) (I=p3)v/1-p3

—H
(B18)
4 2 s1n(2u1) 8 2 2 sin(2uy)  sin(2us3)
2Rb —2J1 — IR 2si =
u*Ry = 2| cosulcos(u2+u3)][3 u%_'— " + 2sin? |3 277 3 + =
(B19)

1 1 2z
+E/ldﬂzA de{nl, +ny +ny + 1y}

37 4 1 2
MzRé/ = [l —COoSuy COS(M2 + M3)} |:F—4}/E ——2+5C052M1 - (———%> Sin2u1 +4(C1(2M1) —ln(2M1>) + MISI<2M1):|
uy Uy u

37 4 4 1
+sin?u, [?—SyE—; - 2(cos(2u2) +cos(2u3)) +4(Ci(2uy) + Ci(2u3) —In(4ususz))
2 U3

2 2 2 2
- <———3) sin2u, — <— — | sin(2u3) + u,Si(2u,) + u3S1(2u3)]
us M3
2 K HiH> K3 K343
du, / de{ 1Y+ n,+ n+ s (B20)
/ 1= (=) (1=3)" " (=) (1=43)"Y " (=) (1-43) ™Y

where
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ny = 2(1 — pi)[cos uy — cos(uy + u3)][cos(uy ;) — cos uy| cos(uypy + uppy — usps)

. ! ! ! 1
ny = 8(1 = pp) sinuy s1n§(u2 + uspty) [(1 — 1) s1n§(u] + uypy) Smi(ul — Uy —uz) X Cosi(”l/"l + Uopty — u3)

! ! 1
- (1+m) sy (uy —upy) siny (uy +us + u3) cos5 (urpy + uapty + uz — 2143/13)] (B21)

. 1 ! | 1
ny = 8(1 4 p3) sinu, SIHE(M — uspi3) [(1 ) smi(ul +uypy) Smi(ul —uy— M3)XCOS§(”1M1 + U + 2uzpy — uzp3)

! ! 1
—(1+m) Smi(”l —uipy) Smi(”l +uy +us3) 0055(”1% —Up— M3ﬂ3)] (B22)
X L, 1 1
ny = 8(1 = pp)(1 + p3)sinu, 51n§(u2 + Urpr) Slng(% - Uzp3) cos3 (uy + urpy + Uz — uzp3). (B23)

Similarly, we can obtain the averaged response functions R{ and R, through the cyclic permutation
Uy —> Uy > Uz = Uy.

4. The a, B, y (six-pulse) combinations

The averaged response functions of a are

1 1 1 in(2 in(2 in(2 1 1 i
WPRE —i2R:—2— L _ _+sm( up) +sm( uy) +sm( ;43) N {(_24__) cosit, _Slnuz} cos (g +113)
u;

2 3 3 3
uy uy  uj 2u; 2u; 2u 3 u;
2

1 1 i
+ K2+> cosus—m;h] cos(uy +uy) + / dﬂz/ d€{'7a { 292/ )%sin osin e] N
us 3 u3 1—pi

sinZosin? 2sin?esin sin?osin? 2sinosin?
+ Kl 2(g3/91)sin’c €> (1_ o €>+ (93/91)K1ka8in°0 6]7734‘(1— o . €)'I§}, (B24)
1—ui -3 (1= ) (1-43) 1—p3

1 1 1 1 2
M2R£ZMZR£:6]/E—14+4 —2+—2+—2 —2[C1(2u1)+Cl(2u2)+C1(2u3)—ln(8u1u2u3)]+ — 3 Sin2u1
uy  us o uj up

1 2\ . 1 2 1 2 1 2 .
+({——=)sin2up + | ——— sin2uz +2cos(uy +-u3) | | 5 —— | cosuy — | ———5 | sinu,
uy u; us u3 3 u3 uy u3

1 2 |
+2cos(uy +uy) 37 ) cosis— s sinus
3 30Uz

o L2
I Hipaks [K1k2 + (g3/g1)sin”osin’e|p s Hal3K |
—/ dﬂz/ de{ 12113+( L+ 2 =1y ¢

=212 (1= p3)(1-p3) C-dV1-8

(B25)

1 1 1 sin(2u sin(2u sin(2u 1 1 1.
u2R3_4—2(u—%+u—+—2>+ 231)4— (2)+ (33)+2{<¥+§>cosu2—;smu2]cos(ul—l—u3)

k 3
us 1 u us 2 2

2
2
11 L e o 0 ol 2 4 3
+2|| =+ 3 ) cosus = —sinuy cos(uy + uy) + in du, de{ng + ng + na + 12t (B26)
us ux T )1 0
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37 1 1 1
uRl, = ——6y; -2 <—2 + =+ —2> + = [cos(2u;) + cos(2uy) + cos(2u3)]
u u3

where

4 1 U

L 1 : o1y .
+ (u—?—u—l> sm(Zul) -+ (u—%—u—2> sm(2u2) —+ (u_%_u_3) s]n(2u3)

. : . 1 . .
+ 2[Ci(2uy) + Ci(2uy) + Ci(2uz) — In(8uyuyuz)| + 5 [, Si(2uy) 4 u,Si(2u,)
4

1 2 1
+ u3Si(2usz)] + [23/5 ~3 + 275 (Ci(2uy) — ln(2u2))} cos(uy + u3) cos iy
2
2 2 1 1 4 2 1
+ |:— -3 —Sl(zu2):| COS(H] + l/t3) sin U + |:§]/E - g + = 5 (C1(2M3) - ln(2u3))] COS(MI + l/l2) COS U3
uz

2 2
+ {— S —Si(2u3)} cos(uy + uy) sin u

! 2 I Hims s pa43
duy de{ no+ My + n:+ - ny . (B27)
/_ 0 (L=pi)? ™ (=) =p3) ™ (L=p)(1=p3) ™ (1= p3)(1 = p13)

Mo = (1= pi)[cos uy — cos(uypy)] cos (uypy + uy + uspty — uz — uspis) (B28)
1 1 1 1
e = 2(1 4 1) Slni(m —uypy) | (1 + p2) Smi(uz — Unfr) cosy (1 + uypy + uy + uspty — 2uzp3)
1 1
= (1= ) sin (us + uzp) COSE(W — Uiy — Uy — Uppy + 2u3 + 2u3p3)
1 ! 1
-2(1—m) sy (ur 4+ uypr) |(1+ p2) s1n§(u2 = Uslly) X cos5 (uy = uypty = uy — uppiy + 2u3)
! 1
= (1= ) sin (us + uspts) COSE(”I +upy + Uy + uopy) (B29)

1 1 1
e =2(1 = py) Smi(ul + uypy) [(1 + u3) SIHE(Mg — usi3) COSE(”I — uipy = 2uypy + U3 + uzpz)

1 1
— (1= u3) sin3 (u3 + uzp3) cos 5 (1 + wrpy + 2uy + 2uppy — uz — U3/¢3)}
! 1 1
=2(1+m) sz(”l — i) | (1 + p3) s1n§(u3 — U3p3) COSE(Ml +upy + 2uy — uz — usp3)

1 1
= (1 —p3) ) (u3 + usps) cosy (uy = wypy + uz + 143/13)] (B30)

! 1 1
Mo = 2(1 = a) sin 5 (uz + urptr) [(1 + H3) Smi(“s — uzp3) 0055@”1 + Uy — Uppiy + U3 + usp3)
1 1
= (1= p3) sin (u3 + usp3) cosy (ua + uppy — uz — usp3)
! 1 1
= 2(1 + p2) siny (uy = uopty) | (1 + p3) sy (uz — usp3) cosy (up = uapty — uz + usp3)

! 1
= (L=p3) sin 5 (u3 + uzp3) cosy (2uy + uy + uppy + uz — M3/¢3)] (B31)

Similarly, we can obtain the averaged response functions RZ‘ and RJ’} through the cyclic permutation u; — u, — uz — u;.
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5. Fully symmetric (Sagnac) combination

The averaged response functions of { are

1 1 1 sin(2uy)  sin(uy) = sin(2uz)
2R =R =2 ———__ _ —
TR i ui w3 + 2u3 2u3 2u%

L 1 +1 1nu2 1 +1 sinu; ( )
— cosu cos(u; —u —+= | cosuz — cos(u; —u
2 3 2 3 u% 3 3 ug 1 2

2r 2
(g3/91 )?*sin*csin’e
—/ d#z/ de{ng [1 S 2 ]n}
1

N Kl 2(gs/g;)*sin’osin? ) (1 _ 2sin asmze)+4(g3/g1)1<11<2sin2(;sin2e] - <1 —w>ﬂ2}v (B32)
1—pi 1—p3 (1=pi)(1=43) 1—p3

1 1 1 . . .
MZRK: = quy 67/E - 14+4 (uz +u—%+u—%> —2[(:1(2141) +C1(2M2) +C1(2u3)
1

—In(Suyyu5)] + (i—%> sin(2u; ) + (i—%) sin(2u,) + (i—%) sin(2us)

uy U Uy u; u3
o 1 2 1 2\ . ( )42 1 2 1 2\ . ( )
——— |cosu, — | ——— | sinu, | cos(u; —u ——— |cosuz— | ——— | sinusz | cos(u; —u
3 u% 2 i M; 2 1 3 3 M% 3 s u; 3 1 2
[ n i HiHaKr [k1k5 4 (g3/g1)sin* osin’eluy ps HaM3Ky
+— dﬂz/ de{ n ;71 %+ 773
27 )1 HE (=) /145 (1 =) (1=p3) =@
(B33)

R = 4~ 2<i2 N iz N %) N sin(23u,) N sin(23u2) N sin(23u3)
T U u; u3

1 1 1. 1 1 1 .
+2|(—5+5 ) cosuy ——sinu, | cos(uy —uz) +2|(— +5 | cosus — —sinuz | cos(uy — u,)
u; 3 u3 uy 3 u3

1 1 2n
+ E/—] dmA de{n? +nt +nt +n}. (B34)

37 1 1 1
WRL =" —6yp =25+ +
4 wi w3

L 1y 11 .
(i) i+ (=) e+ (G- e
1

> + % [cos(2uy) + cos(2uy) + cos(2u3)]

1 4 2 1 2 2 1

t|5rE—7 1+ 3 2 (C1(2u2) In(2u,)) | cos(uy — uz) cos uy + |— —— — =Si(2u,) | cos(u; — u3) sin u,
2 3 u uy Uy 2
1 4 2 . 2 2 1. .

+ |=yg — —2 (C1(2u3) —1n(2u3))| cos(u; — up) cosuz + |— — — = —Si(2u3) | cos(u; — u,) sin u3
2 3 u3 us  uzy 2

2 W3 HiH3 5 133
— dﬂz/ de{ i SN2+ nt+ n:+ n} (B35)
/ (L= (A=p)(1=pd) " (A=) (1—p)™c (1= (1-pud) ™

where

772 = (1 = pi)[cos uy — cos(uypy)] cos(uypy — uy + urpty + uz — usp3) (B36)
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1 ! 1
ng=2(1+pu) sy (uy —uypy) [(1 + ) Slng(“z — Uypi) COSE(M — Uiy + Uy — Uppty — 2uz + 2uzp3)

1 1
—(1=m) sin3 (uz + uzptr) COSE(M +ugpy — uy + urpy — 2”3#3)]

! ! 1
=2(1 =) Smi(”l +upy) [(1 + H2) s1n§(u2 — Usjly) COSE(”I +upy = uy + uypy)

1 1
—(I=m) siny (uz + urptp) X COSE(”I — Uy Uy — Ugy — 2”3)]

(B37)

1 1 1
m=2(1-m) s> (uy + upy) [(1 + u3) s1n§(u3 — uzp3) COSE(M + gy + 2uopy = 2uy + uz — uzp3)

! 1
- (1 —p3) sin (u3 + uzp3) cosy (uy —wypy = 2uopty — uz + ”3#3)]

1

1 1
=2(1+m) Smi(”l — upy) [(1 + H3) s1n§(u3 — Uuzp3) COSE(W —uipy — U3+ u3p3)

2

! 1
= (1=u3) sin3 (u3 + uzp3) cos 5 (uy + uypy — 2uy + uz — M}ﬂs)]

(B38)

L1 1 1
;= 2(1 = uy) sy (uz + uzpr) [(1 + p3) smi(u3 — uspi3) cosy (2uy = uy + uppy — u3z — usp3)

! 1
- (1 —ps3) s1n§(u3 + uzpz) 0055(% + Uppy — Uz — M3M3)}

! 1 1
= 2(1 + pa) sin (uy — uppy) [(1 + u3) s1n§(u3 — uzp3) COSE(Mz — Unjty — Uz + Uzps)

2

! 1
- (1 —ps3) s1n§(u3 + uzp3) 0055(2% — Uy = Uply — Uz + M3M3)] .

(B39)
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