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We present a theoretical analysis of an electron confined by a Penning trap, also known as geonium, that
is affected by gravity. In particular, we investigate the gravitational influence on the electron dynamics and
the electromagnetic field of the trap. We consider the special case of a homogeneous gravitational field,
which is represented by Rindler spacetime. In this spacetime the Hamiltonian of an electron with
anomalous magnetic moment is constructed. Based on this Hamiltonian and the exact solution to Maxwell
equations for the field of a Penning trap in Rindler spacetime, we derive the transition energies of geonium
up to the relativistic corrections of 1/c?. These transition energies are used to obtain an extension of the
well known g -factor formula introduced by L. S. Brown and G. Gabrielse [Rev. Mod. Phys. 58, 233 1986].

DOI: 10.1103/PhysRevD.100.064029

I. INTRODUCTION

One way to study the properties of a single electron is to
analyze the trapped electron in a well-known electromag-
netic field configuration. However, extracting character-
istics of a free particle from transitions of a trapped one
requires a deep understanding of the trapping conditions.
For this purpose, commonly a Penning trap is used in
modern high precision experiments [1-4]. Such a trap
weakly confines the particle under usage of an electric
quadrupole and a constant magnetic field. For the case of an
electron, this leads to bound states with discrete energy
levels [5,6]. The transitions in such an artificial atom,
called geonium, are used, for example, to determine the free
electron g -factor. This quantity is a dimensionless measure
of the electron’s magnetic moment g in the unit of Bohr
magnetons |ug| = eh/(2m)

=g (1)

While in Dirac’s theory [7] the g -factor is g pipc = 2,
in practice QED effects lead to deviations from this value.
A few years ago, D. Hanneke et al. have reported high
accuracy Penning trap measurements, which determine
g, =2.00231930436146(56) [1,2]. This experimental
result is in outstanding accordance with the calculations
of T. Aoyama et al. [8]. Such an interplay of theory and
experiment can help to test fundamental properties of
quantum field theory and to search for physics beyond
the standard model, see for example [9,10] and references
therein.
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The g,-factor experiments in Penning traps, as they are
carried out by [1,2], are not performed in an isolated
environment, but in the presence of the gravitational field
of the Earth. This gravitational field distorts both, the
electron dynamics and the electromagnetic field configu-
ration of the trap. In this contribution, therefore, we
perform the theoretical analysis of the effects of gravity
on the result of Penning trap experiments. In particular,
we also take into account gravitational effects on the
electromagnetic field of the Penning trap, which in turn
affects the motion of the electron. While gravitational
effects on the bound electron g -factor [11] and the
cyclotron motion of the electron [12] have been consid-
ered, to the best of our knowledge, an analysis of the
gravitational influence on Penning trap experiments have
not been reported before.

In order to understand, how gravity influences Penning
trap experiments, it is natural to describe both, the electron
and the electromagnetic field of the Penning trap, in curved
spacetime. In our study, we will consider the case of a
homogeneous gravitational field, which is a good approxi-
mation for gravity at the surface of the Earth, as we will
discuss in Sec. II A. The Dirac Hamiltonian, which
describes the dynamics of an electron with anomalous
magnetic moment in this spacetime, is obtained in Sec. II B.
While this Hamiltonian can be applied for any electron
velocities and gravitational field strengths, we aim to use it
to describe Penning trap experiments, which are performed
in the non-relativistic regime. Therefore, in Sec. [IC we
perform a Foldy-Wouthuysen transformation to obtain the
non-relativistic Hamiltonian and its 1/c?-corrections. Of
course, this Hamiltonian accounts not only for gravitational
effects, but also for the coupling to the electromagnetic
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field of a Penning trap. In Sec. III A this field is presented as
an exact solution to Maxwell equations in the spacetime of
homogeneous gravity. Using first order perturbation theory,
we determine the eigenenergies of geonium exposed to
gravity up to order 1/c? in Sec. Il B and Sec. I1I C. Finally,
these energies are used to derive an expression for the free
electron g -factor, which generalizes the well-known
results of L.S. Brown and G. Gabrielse. The summary
of our results is given in Sec. IV.

II. ELECTRON IN HOMOGENEOUS
GRAVITATIONAL FIELD

A. The homogeneous gravitational field
in general relativity

On Earth the biggest empirical effect of gravity is the
acceleration of g =9.81 m/s*> pointing downwards. In
the Newtonian theory of gravity, a vector field of constant
acceleration g is a suitable approximation of the gravi-
tational field perceived by this observer. Higher order
effects, accounting for the Earth as a spherical body, can
be neglected in a small environment of the observers
position.

The approximation of a homogeneous acceleration g also
holds in general relativity in terms of the nongeodesic
motion of an observer; Bound to Earth’s surface, the
observer is not able to follow gravity in a free fall. In a
general relativistic framework, the Newtonian gravitational
field of the Earth is replaced by the famous Schwarzschild
spacetime [13]. At the surface of the Earth, this spacetime
can be approximated by so called Rindler spacetime
[14,15], which is merely flat Minkowski spacetime, but
seen by an accelerated observer. At this level of approxi-
mation, there is no spacetime curvature, but a distortion of
spacetime by acceleration.

In order to describe physics perceived by an accelerated
observer, we start with the line element ds? of Minkowski
spacetime and perform a coordinate transformation towards
a coordinate system, that describes the reference frame of
the accelerated observer. The Minkowski line element,
expressed in terms of Cartesian coordinates 7 = (X, ¥, 2)
and proper time 7, reads

ds? = i, di'dx? = d(cr)? — d? —dj® —d2,  (2)

where we introduced the metric tensor (1,,) =
diag(1,—1,—-1,-1). In this sign-convention timelike dis-
tances are described by positive values of the line element
ds? > 0. Moreover, we use Einsteinian sum convention,
which means that a sum is performed from 0 to 4 when
paired Greek letters appear. The index O is set to be the
index of the timelike coordinate.

The coordinates of Rindler spacetime are related to the
coordinates of Minkowski spacetime by

/

X =X,
y =7,
95, - 92
Z/__ET +Z<1—|—2Cz),
2 2 =
Ct:ilo M , (3)
29 ¢t —glecr—72)

as discussed in [14]. Here ¢ is the proper time of the
observer, located in the center of the accelerated frame.
This frame is denoted by the primed coordinates
r=(x.y.7).

In order to describe physical processes in the accelerated
frame, we use the transformation (3) to derive the line
element of Rindler spacetime

2 /
ds? = (1 + gz)d(ct)z

C2

N -1

— dy? - dy? - (1 + 2ngz ) 2. (4)
From now on, we will call ¢ the time and only perform
spatial coordinate transformations, if required by the
geometry of the problem under consideration. For our
further investigation, it is useful to introduce the auxiliary
coordinate u(z') = (v/1 + 2gz’/c* — 1) ¢?/g, as described
in [15], such that the spatial part of the line element is
isotropic

2
ds? = <1 + %) d(ct)? — dx? — dy”? — du?

= guv (u)dxdx”, (5)

As seen from Eq. (5), the line element in the accelerated
frame is coordinate dependent. Therefore, the measure of
time is different at different heights and the factor
(1+ gu/c?) in front of the infinitesimal time step d(ct)
gives rise to the gravitational redshift [14,15]. For vanish-
ing acceleration the Rindler line element (5) reduces to the
Minkowski line element. The same holds in the (x',y)-
plane, where we reach flat Minkowski spacetime asymp-
totically for u — 0. Therefore, it is legitimate to apply
methods of quantum mechanics in Minkowski spacetime in
a small area around the coordinate center and treat the
modifications, caused by deviation from Minkowski space-
time, as corrections later. In our case this assumption is
valid, since we are interested in quantum objects bound
close to ¥ = 0, where typical length scales z' are in the
micrometer domain and, therefore, much smaller than
c?/g ~ ly, which is the typical length scale for the consid-
ered gravitational effects.
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B. Electron with anomalous magnetic moment
in Rindler spacetime

In the previous section, we introduced the spacetime of a
homogeneously accelerated observer, known as Rindler
spacetime. Now we want to pay particular attention to the
dynamics of an electron in this spacetime. Again we start
our analysis in Minkowski spacetime, where the electron
motion is described by the Dirac equation [7]

(ihy*0, — me)y(x*) = 0. (6)

Here y(x¥) is the Dirac spinor, whose four components
represent not only the electron, but also the positron in their
two spin states. The Dirac matrices y* are chosen such, that
their anticommutator generates the metric tensor of the line
element (2) of Minkowski spacetime

rwrey =20, (7)

where the upper index of the Dirac matrices in Eq. (6) is
raised by the inverse metric tensor y* = ny,.

In the following, we transform the Dirac equation (6) to
the frame of an accelerated observer. For this purpose, it is
convenient to start with the Dirac action in Minkowski
spacetime

Sl = [ )i 9, — mee)art, ()

where 7 (x*) =y (x*)y? is the Dirac adjoint of y(x*) and
Jdx* is the integral over all four spacetime coordi-
nates (x*) = (c7, £, 7, 2).

From action (8) the Dirac equation (6) can be obtained
by the principle of stationary action. The next step is to
express the Dirac action in the coordinates (x*) =
(ct,x',y',u) of the accelerated frame, in order to obtain
Dirac equation in Rindler spacetime. This coordinate
transformation of the action requires some attention
[16-18] and, therefore, is discussed in Appendix A.
After the coordinate transformation (3), the action (8) reads

) = [ Wit )0 = mo (o)
x (1 +i—§‘>dx’4, (9)

where the infinitesimal spacetime volume dx* in now
replaced by (1 + gu/c?)dx®. In addition the primed
Dirac matrices in Eq. (9) are spacetime dependent and
have to obey the relation

{7///(”)’ ]/D/(M)} = 29/4’1/(”)1 (10)

instead of the relation (7). Here g,/ (u) is the metric tensor
of Rindler spacetime, defined in Eq. (5). The Dirac adjoint
spinor now reads @' (x) = (y'(x*))"y" ().

Indeed, in the case of Penning trap experiments, the
electron is not only exposed to gravity, but is located in an
electromagnetic field. Therefore, we go the common way to
introduce a minimal coupling to the electromagnetic field
by the replacement of the partial derivative 0, — 0, +i7A,,,
which brings in the four potential A, = (®/c, —A), which
contains the electric scalar potential ® and the magnetic
vector potential A. In our considerations, we will treat these
potentials as classical. With these alterations, the Dirac
action (9) becomes

swv') = [ it ) (0 + 154, ) = me] ')
x <1+i§’>dx’4, (11)

which now is the action for a Dirac electron, in the presence
of an electromagnetic field and seen by a homogeneously
accelerated observer. However, an important feature of
the system is still missing in Eq. (11): the anomalous
contribution to the magnetic moment of the electron.
Therefore, we introduce the anomaly a, which accounts
for the discrepancy between the gyromagnetic ratio
Zpirac = 2 of Dirac theory and the measured value
g, = 2(1 + a), caused by interactions between the electron
and the quantum vacuum. In order to account for this
anomaly, we introduce a nonminimal coupling of the
electron to the electromagnetic field strength tensor
Fyy = 0yAy — 0yA,,. With this additional term the action
reads

swow) = [ ) v ) (9, + 15y )

en i ’ / /
o 0 s = ey )
x <1 +~Z—;‘>dx'4, (12)

where the commutators of the coordinate dependent Dirac
matrices are the generators of local Lorentz transforma-
tions. The structure of the additional term in the action can
be motivated by QED considerations [19]. The action (12)
is discussed in detail for an electron in an inertial system in
[5,20,21] and references therein. Naturally, we recover their
cases in the limit of vanishing acceleration g.

As we discussed above, these steps were performed
in order to derive Dirac equation in Rindler spacetime.
Since we want to give this equation in the Hamiltonian
representation, we separate the spacetime coordinates
(x*) = (ct,x',y',u) into the time parameter ¢ and the
spatial coordinates (x') = (x',y', u), where i’ = 1’ ..., 3.
Furthermore we redefine the Dirac matrices to be
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-1
P=(1+5) 5 =g )

where the constant matrices  and &’ obey the following
relations:
{o.d/} =28,  pa’+a'f=0.  (14)

With these definitions (13) and (14) the relation (10) for the
u-dependent Dirac matrices is satisfied.

We combine the @ to be a vector @ = (a"', o, a') and
define the canonical momentum 7 = p — eA, where p =
—ihV is the momentum operator and V = (9, dy,d,) is
the gradient in the (x’, y’, u)-coordinate system. After these
steps we rewrite the action

s = [ (wlinow') - i ar. (13

By variation of this action we directly obtain the Dirac
equation in Schrodinger form

ihd,|y') = Hly'). (16)

Moreover, the structure of Eq. (15) helps us to construct the
scalar product

gu\~!
(W' ly5) =/wi*w§<1+c—2> dY'dy'du.  (17)
and the corresponding Hermitian Hamiltonian.

H= (1+g?> <ca-7r+mczﬁ—aeﬁB-s>
c m

jaeh
+€(D+lae

e pa-E. (18)
Here the electric and magnetic fields are defined by E =
—V® - 9,A and B = V x A. Moreover, s = — i x a is
the four-spin operator. It is easy to check, that the
Hamiltonian (18) is Hermitian with respect to the scalar
product (17).

C. Nonrelativistic reduction of the Hamiltonian

In the last section, we derived the Hamiltonian of a
relativistic spin 1/2 particle, that moves in Rindler space-
time in the presence of an electromagnetic field. In addition
we introduced the anomalous magnetic moment of this
particle, which accounts for the interaction of the electron
with the quantum vacuum. The Hamiltonian (18), in its
general form, can be applied for any velocities (v < c¢) of an
electron. In this work, however, we concentrate on a
scenario, where the electron is stored in a Penning trap
in a laboratory on Earth. In this case, the velocity v < ¢ is

nonrelativistic and the quantity gL/c?> <1 is a small
parameter, where L is a typical length scale of the experi-
ment. Therefore, we can simplify (18) to be the
Hamiltonian of a nonrelativistic particle and take into
account correctional 1/c? effects only. All higher orders
in 1/c are collected in the Landau symbol O(1/c?) and will
be neglected later.

In what follows, we derive the nonrelativistic reduction
of the Hamiltonian (18). There are many approaches to
construct a nonrelativistic Hamiltonian and its post-
Newtonian corrections, see for example [22] and references
therein. In this work, we derive these corrections by a
Foldy-Wouthuysen transformation [21,23], which is used
to decouple the electronic and positronic sector of H. The
starting point of a Foldy-Wouthuysen transformation is to
rewrite the Hamiltonian in the form

H=mop+E+0, (19)

where the part of the Hamiltonian, which acts on the
electronic and positronic degrees of freedom (d.o.f.) sep-
arately, is called the even part of H:
£ = mgup — <1 +%) BB .s+ed  (20)
c’) m
and the part of the Hamiltonian, which couples the
electronic and positronic sector is denoted as its odd part:

qu iaeh
O:<1+02> ca-7t+2mcﬁa-E. (21)

In the next step, we minimize the contribution of the odd
part by an unitary transformation

H =eVHe W

= H+ W, H| +%[W, W.H]| +---, (22)
where the anti-Hermitian operator W = 0O/ (2mc?) is
chosen, such that [W, fmc?] = —O. Because of this choice,
the odd part O is canceled out in the first two terms in the
right-hand side of Eq. (22). Considering all terms in (22),
which enter H' up to order O(1/¢?), the new Hamiltonian
can be written as

H =mp+E&+ O, (23)
in similarity to Eq. (19). The new even and odd parts read
1 1
&= 5+§[W,O] +§[W, W, €]

+ =W, W, WL ] +0(1 /%), (24)

0| =—

O = W€+ 3.V, 0] 4001/, (25)
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We see, that the former odd part O appears in the
commutators with W only, while the new odd part O’ is
proportional to 1/c in the leading order. To further mini-
mize the order of (/, we can iterate the Foldy-Wouthuysen
transformation until @” = O(1/c?) is reached, such that

H" = me*f+ " + 0(1/c), (26)

where the further iterations do not affect £”=&'+0(1/c?).
Therefore, by calculating (24), we find the Hamiltonian H"”
of the electron with anomalous magnetic moment and its
antiparticle in an accelerated frame and an arbitrary
electromagnetic field with all its corrections in 1/c?:

H" — mczﬂ + umgp + e® (i)
_ﬁs. <(1 +2a)eE—mgﬁ> X 1T (ii)
+/3(1+i—?) (ﬁn —(1+a)eB S) (iii)
I n
_Wﬁ(nz —2eB-s)*+(1+ 20)@Aq)
+%ﬂ(2{s -m,B-n}+[x° B -s])
2
+8ae_3h2ﬂ(v xB)-x
1)
bl BIV(B )] -7+ O(1/), (7)

where we defined the acceleration vector g = (0,0, g). In
the absence of gravity, i.e., for g = 0, all terms in H" are
well known and have been studied extensively, first and
foremost [5,20] and references therein. The presence of
gravity, however, gives rise to additional parts, which have
to be discussed in more detail. As seen from Eq. (27),
gravity enters this Hamiltonian at three points. (i) It gives
the usual Newtonian potential, as it is known from classical
mechanics, (ii) it acts as a correction to the spin orbit
coupling therm and (iii) it induces a redshift of the non-
relativistic kinetic energy and the coupling term between B
and s, which is important for our investigation of gravi-
tational effects on free electron g -factor measurements.

The Hamiltonian (27) acts separately on the electronic
and positronic d.o.f. Therefore, these two sectors are
decoupled up to the desired order O(1/c*). The choice
of sector is made by selecting the positive or negative
eigenvalue of f. In our case we restrict ourselves to the
discussion of the electron only, whose dynamics is
described by H" after the replacement f = +1.

The Hamiltonian H” now contains all effects on the
electron caused by the homogeneous acceleration and the
anomalous magnetic moment and all relativistic effects, up
to the order of 1/c?. It provides two particular limits, which
are well known, either in the theory of Fermions in

nongeodesic motion [16,24-26], or in the physics of traps
[5,20]. In the case of vanishing electromagnetic fields, for
example, we get the Hamiltonian of a free electron in
accelerated motion:

1
Elllgn_l)HW = mc® + umg + <1 + ig) %pz

s-(gxp) +0(1/).
(28)

Here, the relativistic correction of the kinetic energy ~p*,
the gravitational redshift (1 + gu/c?) and the spin-gravity
coupling ~s - (g x p) show up clearly. A detailed discus-
sion of (28) and the physical consequences of the single
terms can be found in [16,24-26]. On the other hand, in the
absence of gravity the Hamiltonian (27) reduces to

1
limH"" = mc? + e® + <2—7c -1+ a) ‘B -s)
g~ m

~ 32 1m3 (m> —2¢B -5)?
(1+2a)2 228 s+ (Exm)
+ 55 (s m)(B - x) +O(1/c), (20)

where we, moreover, assumed a constant magnetic and a
source free electric field. Expression (29) recovers [20] and
has been the starting point for the investigation of relativ-
istic corrections in geonium by Brown and Gabrielse [5]
and Dehmelt [6], whose work we aim to extend by the
consideration of a gravitational field.

III. THE ELECTRON IN A PENNING TRAP

A. The electromagnetic field of a Penning trap
in Rindler spacetime

In the previous section, we derived the Hamiltonian (27)
of an electron with anomalous magnetic moment, affected
by a homogeneous gravitational and an arbitrary electro-
magnetic field. Although, this Hamiltonian can be applied
to any kind of electric and magnetic fields, we want to
apply it to the particular case of the electromagnetic field of
a Penning trap. Therefore we assume an ideal trap potential,
without any imperfections, consisting of a static homo-
geneous magnetic field and a static electric quadrupole
field. Moreover, the Penning trap is placed in the spacetime
of an accelerated observer. Therefore, the electromagnetic
field of the trap is distorted. In order to account for this
distortion, we need to formulate Maxwell equations in
Rindler spacetime. These equations for a sourcefree elec-
tromagnetic field in their covariant form read
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duF* + T, F"Y =0, (30)

in terms of the electromagnetic field strength tensor
Fyy = 0yA, — 0yA, and the Christoffel symbols I'), , =

P
390Gy =5 (14 Z—?)‘l&;,. For more details and the
definition of the Christoffel symbols, see Appendix B.

Equation (30) allows us to calculate the vector potential
A and the scalar potential @, needed in the Hamiltonian
(27). These potentials enter into the four-potential (A,/) =
(®/c,—A), which we assume to be static, i.e., 0A, =0
and, moreover, to satisfy the gauge condition

/ /4, ;o
DAY + T A =0, (31)

Under these assumptions, we can rewrite the spatial part of
Eq. (30) in the form

qu g gu\~!
V-1 )\va|l =2 (1+25) eA,, (32

which determines the vector potential A = (A, A5, A3). In
this expression, moreover, V = (9, dy, 9,) is the gradient
in the coordinate system (x',y’,u). In order to solve
Eq. (32), one has to define explicit boundary conditions.
In the case of a Penning trap configuration, for example, we
demand that A is the vector potential of a constant magnetic
field B) = (B, B,, B3) in the center of the trap. For this
requirement, the solution of (32) is given by

x' Bl(l +g_?>_1
1 C
A= ) ! X B2(1 +%)_1 , (33)
w(u) B;

where

i) =< (1 +‘i—’2‘) log (1 +i—§’>. (34)

9

For vanishing acceleration g = 0, Eq. (33) reduces to the
well known vector potential of a constant magnetic field
—%r’ x B globally. However, the presence of gravity
leads to a distortion of the magnetic field, which is
characterized by the factor (1 + gu/c?).

In the same way, we can find the scalar quadrupole
potential @ of the trap. This potential has to be a solution to
the time-component of Eq. (32), which under gauge
condition (31) becomes

v. Kl +i§‘)_lvq>} —0. (35)

Again the physically relevant boundary conditions have to
be set here. They are chosen such that the potential @ is

determined by a constant, traceless quadrupole matrix Q in
the coordinate center. The corresponding solution to
Eq. (35) is given by

/

=y, f(u) 0 y + Qs3h(u), (36)
f(u)
where
fu) = <1 —I—%)u (37)
and

=
—
<

(3
_i_;‘<1 +%> {1 +i—;‘<1 +%>]} (38)

For vanishing acceleration g = 0, the potential (36) reduces
to the ideal quadrupole potential ' - (Q - ).

Having found the solutions (33) and (36) for the vector
and scalar potential, we are ready now to set up the Penning
trap field configuration. For this purpose, we need to
specify the geometry of the trap. We adopt the coordinate
system such that B, = 0 and introduce the angle 8 between
B© and g. For this choice, the constants B() and Q are
given by

B = (=Bsin6,0, Bcos#) (39)
and
) v 1(3cos(20)—1) 0 3cosfsind
- 1
e="ir 0 0 ’
3cosfsing 0 —3(3cos(20)+ 1)
(40)

where B is the absolute value of B(”) and the quantities V
and L are the typical voltage and spatial length scale of the
Penning trap. Having found the vector and scalar potentials
A and @, we can use them in the exact Dirac Hamiltonian
(18), or in its expanded form (27), as we will do in the next
section.

B. The electron in a Penning trap in Newtonian gravity

We derived the Hamiltonian H"” of an electron with
anomalous magnetic moment in an accelerated frame and
an arbitrary electromagnetic field in Sec. II C. Below, we
want to use this Hamiltonian to describe the electron
dynamics in a Penning trap, distorted by acceleration.
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Therefore, we insert the vector and scalar potentials (33)
and (36) into Eq. (27). For the sake of brevity, we will not
present this lengthy expression here, that contains all
relativistic effects on both, the electron and the trap, up
to the order of 1/ ¢2. In this section, we derive the exact
solution of the eigenvalue problem of the Hamiltonian in
the Newtonian limit of low velocities and weak gravita-
tional fields. Treating 1/c?-effects as first order perturba-
tions, we find the solution of the whole eigenvalue problem
of H", afterwards. Within the Newtonian limit, the non-
relativistic Hamiltonian H, is obtained by considering the
zeroth order in an 1/c-expansion of H"”, only:

H" =Hy+ 0O(1/c), (41)
where

Hy=mc2 +mg-r+er - (Q-r)

LR -y

- §. 42
2m 2m s (42)

In this expression we dropped the auxiliary coordinate u in
favour of the coordinate system r' = (x',y’,7’), given by
Eq. (4). Since u = 7' + O(1/c), this coordinate transfor-
mation allowed us to replace the canonical momentum by
n=p' +Ler' x B and the electromagnetic potentials by
O=r-(0-r)and A =-1r xBO.

Equation (42) closely resembles the well-known
Hamiltonian of a nonrelativistic electron in a Penning trap
[5]. The essential difference is the presence of the
Newtonian potential mg - . The Hamiltonian H, can be
further simplified by performing two additional transfor-
mations. First, we rotate the coordinate system, such that
the z-axis is aligned with the direction of the magnetic field
B, see Fig. 1. This is conventional in the analysis of
Penning trap experiments [5,6]. As a second step, we shift
the coordinate center by a constant vector, such that it
coincides with the new equilibrium position of the electron

FIG. 1. From left to right: Change from laboratory frame with
coordinates (x,y’,z’), where g points into z’-direction, to the
frame of trap geometry with (x, y, z), where the z-axis and B
are aligned. The angle 6 is determined by the relation
g-BY = gBcoso.

Z . 0 C
N S
PCOSQ
_g/ 7 Ll
psing ]
B B

FIG.2. After the rotation, shown in Fig. 1, the coordinate center
is shifted into the new equilibrium position of the electron
motion.

motion, see Fig. 2. Moreover, we apply an unitary trans-
formation H, = U'H,U in order to shift the momentum in
y-direction by a constant value. While a detailed discussion
of these transformations is given in Appendix C, here we
just present the obtained Hamiltonian

- m m 1
H, = mc* + wacz + 3 (a)f — 200%),02 + %Pz
o, mg? 3
-5 (L3 + g,53) + 792 <1 - 200529>. (43)
z

Here, due to the axial symmetry of a Penning trap, it is
convenient to use cylindrical coordinates R = (p, ¢, ().
The momentum operator in this coordinate system is
denoted as P. In Eq. (43), moreover,

w. = eB/m, (44)

w, = \/eV/(mL?). (45)

are the cyclotron frequency @, and the axial frequency w,.

The operator H, now is the well known Hamiltonian of
an electron in a Penning trap [5], except for the very last
term in Eq. (43). This term describes the effect of
Newtonian gravity on the electron and depends on the
orientation of the Penning trap with respect to the accele-
ration g. Since this term is constant, we are able to solve the
eigenvalue problem

Hoﬁbg'n'f’s = Ek.n,f,sqﬁ](;,nf.s (46)

analytically. As the result, we get the well established
energies of the eigenvalue problem of geonium [5], shifted
by this constant gravitational term:

Ek,n,t’,s = mc?

1 1 1
+ hw, (k + E) + hoy <n + 5) - hw,, <f —|—§>

2 3
+%hwcs+% <1 —ECOSQG). (47)
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Here, following [5], k and n are the non-negative integer
quantum numbers of axial and cyclotron oscillation, while
¢£=0,1,2,... and s ==£1/2 account for the angular
momentum and spin projection of the electron onto the
direction of the magnetic field. Moreover, the corrected
or reduced cyclotron frequency w. and the magnetron
frequency w,, are defined by

Wy = (w + /ol - 2a)§) /2, (48)
W, = (wc —\Ja? - 2w§) /2. (49)

Together with the axial frequency w,, these are standard
observables in Penning trap experiments.

As seen from (47), Newtonian gravity leads to a constant
shift of energy levels, only. This shift is independent of the
quantum numbers of the electron in the trap and, therefore,
does not effect frequencies of bound-bound transitions in
geonium. In the next section we will see, that this is not the
case if we take into account relativistic effects.

C. Relativistic energy correction for a gravitationally
influenced electron in a Penning trap

In the previous section we considered the Hamiltonian of
a nonrelativistic electron in a Penning trap in the presence
of a homogeneous Newtonian gravitational field. The
eigenvalues of this Hamiltonian are given by (47), while
the explicit form of corresponding eigenfunctions is given
in Appendix C. In this section we will use these eigen-
functions as a basis for a perturbation analysis in order to
account for relativistic effects. The perturbation H; of the
Hamiltonian H, can be formally written as

A, = B" = Hy+0(1/). (50)

Within first order perturbation theory, the energy correc-
tions can be expressed by

3Bk nzs = (" |(H" = Ho)|¢h" ") +O(1/¢%),  (51)

where similar to the steps, leading to Eq. (43), we apply a
transformation to cylindrical coordinates R = (p, ¢, ()
and perform the unitary transformation A" = H" (R, P) =
U'H"(r',p')U, afterwards. However, in contrast to the last
section, the auxiliary coordinate u = 7’ — gz”/(2¢?) +
O(1/¢?) is now replaced by 7/, taking into account the
relativistic corrections of order 1/c?.

While the energy correction (51) can be applied for any
set of quantum numbers n, k, Z, s, in the following we want
to use these energy corrections in order to investigate the
relativistic effects on g,-factor measurements, as they are
discussed in [1]. In these experiments the transitions
between the lowest energy levels in geonium are driven

under the change of quantum numbers n and s, while
k = ¢ = 0. For this scenario the energy correction reads

1
5E0,n,0.s/h = —g (1 + 2}’1 + 25)26

- % (1+2n+gss5)o1(0) + (1 + n)oy (),
(52)

where ¢ is the special relativistic correction due to cyclotron
motion:

2
hao

me*’

o=

(53)

Moreover, the frequencies

2

g o 3
c.(0) = -2 20 cos? 0 (1 - Ecos2 9> (54)
z

and

92

2c2w

6,(0) = sin? @ (1 - Zsin2(29)> (55)

c
are related to the first order nonvanishing gravitational
effects. In these expressions we assumed ®, = @/ and
neglected all higher orders of @, /.. In order to investigate
the corrections to the g -factor formula introduced by [5]
we will use the energy correction (52) in the next section.

D. Gravitational effect on free
electron g -factor measurements

Having derived the energy (47) of an electron in a
Penning trap and its relativistic correction (52), we are
prepared to discuss the effect of gravity on the result of
free electron g -factor measurements. Therefore, we follow
the steps, performed by L. S. Brown and G. Gabrielse in
order to obtain the g,-factor formula, presented in [5],
which in our case will contain additional corrections. In
their analysis, the g -factor is extracted by the measurement
of two frequencies of transitions in geonium, namely the
anomalous frequency and the reduced cyclotron frequency.
The first one we obtain from the spin-flip transition
between the energy levels (n =1, s=—1/2) and (n =0,
s = +1/2), see Fig. 3. By employing Eq. (47) and Eq. (52),
this frequency can be calculated as

@y = (E+0E)g0+1/2/7 = (E+SE)g0-12/h

= gswc/z_wc’ - (gs/z_ 1)61(9) _62(9)' (56)
In contrast to previous investigations [1,2,5], this expres-
sion now also contains the gravitational correction fre-

quencies ¢(0) and 0,(0). In order to extract the free
electron g -factor from Eq. (56), we can rearrange it
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n=1
(Du' 1
(I)Cr
2 - ! n=0
(Da’
n=1 ~
(I)cl
n=20
s=-1/2 s=+1/2

FIG. 3. Level scheme for spin states and the lowest cyclotron
oscillator states of an electron in a Penning trap. Here, n is the
quantum number of cyclotron oscillation and s = +1/2 refers to
the two spin states of the electron in the Penning trap. The spin-
flip transition @, (56) and the cyclotron transition @, (61), used
to determine the free electron g -factor are marked in red. Due to
the n,s-dependence of the relativistic corrections (52), the energy
levels are not equidistant.

Wy — (wc - wc/) + 0 (0)
2=1 57
g/ + o —0,00) (57)
and further simplify it, using

2

3
. — g = = S 58
Be = @t = Om 2w, (58)

which can be obtained from the definitions of the frequen-
cies (44), (45) and (48), (49). With the help of Eq. (58), we
obtain

2
a)a’ - % + 0 (9)
g/2=1+— 2% . (59)
@, + WC, — 0 (9)

As seen from this expression, the g -factor formula depends
not only on @, but also on w. and w,. Since the latter is
obtained by tracking the mirror charge of the electron [5],
we assume @, to be known and focus on the discussion
of wu.

In the nonrelativistic limit, o, is the frequency of
transitions between the energy levels (n =0, s = 1/2)
and (n =1, s = 1/2). In practice, the frequency of this
transition is affected by relativistic effects, see Fig. 3. This
actually measured frequency will be denoted as @,.. Using
Eq. (47) and Eq. (52), we can express this frequency as

e = (E+6E)g01/2/h— (E+E)00,12/h

o %5 —6,(60) + 0(0). (60)

By this relation, we can express @ in Eq. (59) in terms of
@, and the correction frequencies. In order to further
simplify the g,-factor formula, we make a Taylor
expansion of

2 2
wz a)Z

2op 2@y 1 38/2 + 01(0) — 03(0))
~ “’5,-%(ﬂyeaﬂl(a)-@w)). (61)

2®, W,

In the last step, we insert this expansion in Eq. (59), where
we consider only the leading contributions of &, o, (6) and
6,(0). We finally obtain

g /21 Datold)- »?/ (2‘7(’0/ ., (62)

o +38-0(0) + w?/(20,)

where all gravitational correction frequencies enter the
expression

w

o(0) =3 <—> "01(0) + 02(0). (63)

%

In the case of vanishing acceleration, i.e., g =0, this
equation recovers the known g,-factor formula by L.S.
Brown and G. Gabrielse from [5], while the presence of
gravity leads to additional contributions to this formula. In
order to illustrate this, we can expand Eq. (62) into

0
gs/z = g(Y )/2 + (Sugs/27 (64)
where gEO) is the known expression for the free electron
g,-factor from [5], while the relative shift of g -factor due to
gravity is of the order

8,8 1(g/c)?
g 2 w

(65)

In the recent Penning trap experiments of [1], a cyclotron
frequency of w. =2x-149 GHz is used. For such an
experiment performed in a laboratory on Earth, i.e.,
g =9.81 m/s?, we obtain §,g,/g, ~ 6.1 x 1074,

IV. SUMMARY AND CONCLUSION

In this work we presented a theoretical investigation of
an electron in a Penning trap in the presence of a
gravitational field. In this system we analyzed how the
presence of gravity may affect the result of free electron
g,-factor measurements. Therefore, we considered a single
electron with anomalous magnetic moment in the presence
of electromagnetic fields in the spacetime of homogeneous
acceleration. For this scenario we derived the Hamiltonian
(27), which accounts for the relativistic effects up to order
1/c?. This Hamiltonian has been applied to the electron
dynamics in a gravitational distorted Penning trap, whose
electromagnetic field (33), (36) is given as an exact solution
of Maxwell equations in Rindler spacetime. Making use
of first order perturbation theory, we derived analytical
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expressions for the energy eigenvalues (47), (52) of that
Hamiltonian up to order 1/c?.

A detailed analysis of these energies has shown, that
Newtonian gravity only leads to constant shifts of the
energy levels of geonium. Thus, Newtonian gravity has no
effect on measured transition frequencies. In contrast, the
relativistic effects of order 1/c? lead to relative shifts of the
energy levels. We, therefore, argue that these relativistic
corrections may affect the g -factor measurements, which
rely on transitions in geonium. In order to quantify the
gravitational effects, we derived the expression (62), which
for g = 0 recovers the known g,-factor formula introduced
by L. S. Brown and G. Gabrielse, while for g # 0 it predicts
a shift of the measured g -factor of §,g,/g, ~ 6.1 x 10740,
While this can not be measured in experiments of current
accuracy, it can be enhanced in the case of lower frequen-
cies and higher accelerations and, therefore, may be
important for future studies.

APPENDIX A: COORDINATE
TRANSFORMATION OF DIRAC ACTION
TOWARD RINDLER SPACETIME

In Sec. II B we pointed out, that some attention has to be
drawn to the transformation of the Dirac action toward
Rindler spacetime. The generalization of Dirac equation to
curved spacetime or spacetime of non-geodesic motion is
discussed in a wide range of publications, see for instance
[16-18]. Indeed there are many degrees of freedom—
especially the freedom of an additional spin base trans-
formation of the spinor and/or the Dirac matrices. In this
Appendix, we show the way we have chosen to get the
Dirac action in the form of (9), where the spin base of the
spinor and the Dirac matrices transforms under the spin
representation of the coordinate transformation (3). We
want to emphasize, that this is a choice, that is of advantage
in our case, and by no means an advice how to perform
such a transformation in general.

Starting with the Dirac action (8), we perform the
coordinate transformation (3) in the form of x# = 2 x#',
where spacetime indices transform under the cor)ﬁmon
properties of coordinate differentials. For the derivative
and the volume of the spacetime integral, this means

!

U
0, :%aﬂl, det = (1 +i—§‘)dx/4. (A1)

In addition we want to allow, that the spinor and the
Dirac matrices are affected by a spin base transformation

S = S(x*), which has to be specified later:

Oxt

—1
aMSJ/"( u)S~.

y) =Sy'(), (A2)

Under these assumptions, the Dirac adjoint spinor reads

p(x) = (y ()"’

- ox° ) .

— () S S S (WS (A3)
Ox*

Applying the transformations (A1)-(A3) to the Dirac

action, we obtain

sl = [ ) O
x [ihy* (u) (0 + $710,S) — mely/ (x)
(1 + )dx"‘ (A4)

where we used gx: gﬁ; 5;’, and SS~! = 1. In similarity to

w(x*) = (w(x*))y?, we want the Dirac adjoint spinor to
have the form ' (x*') = (y/(x*))"y% () in the new coor-
dinate system. This leads to the condition

OxY
OxH

S'S

7 (1) =7 (u), (A5)

which is suitable to determine S'S, fixing S up to an
unitary transformation. The used spin base transformation,
which satisfies (A5) is

S= 1/1+—cosh<2 )},0’( )
1 t /
+ smh<29>y3.
u c
V1+%

In terms of the matrices @ and f$, defined in (13) we get

(A6)

S=— 1 pexp (gm) (A7)
1+ 2
where g = (0,0, g). The action (A3) now reads
S’y = / 7 ()
x [ify" (u)(0, + S719,S) — mely! (x)
x (1 +~Z—Z>dx/4. (A8)

Finally the additional term y* (4)S™'8,,S = 0 turns out to
be zero and, thus, Eq. (A7) results in Eq. (9).

APPENDIX B: REMINDER ON
COVARIANT DERIVATIVES

What follows is a short reminder on covariant deriva-
tives, needed to formulate the covariant Maxwell equations
in Rindler spacetime. For a detailed discussion of this topic,
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see for instance [27,28]. The covariant derivative V 4> acting
on a tensor A” with one upper or A, with one lower index, is
connected to the partial derivative by

VA" = 9,A" + T, AP, (B1)
VA, = 0,4, —~ThA,, (B2)

where the Christoffel symbols I', are constructed by first
partial derivatives of the metric

1

Fﬁv = Egpo-(aﬂgtw + abgay - aag;w)' (B3)
Therefore the covariant Lorentz gauge condition for a four-
vector potential A, = (®/c,—A) is

V,AF = 0,AF +T},A? = 0, (B4)
where the indices of A* = ¢"*A, are risen up with the
inverse metric ¢*“. The same way the electromagnetic
field strength tensor with two upper indices F* =
¢"g°F,, is constructed from F,, =9d,A, —0,A,. The
covariant derivative of this quantity is

V,F* = §,F® + T%,F' + ThF*,  (B5)

V, F* = 0,F*" +TY,Fr, (B6)
where in the special case of the vacuum Maxwell equa-
tions V,F#* = 0, for p = v in (B6) the term I, F*° =0
vanishes, which gives Maxwell equations in the form
of Eq. (30).

APPENDIX C: TOWARD GEONIUM IN
NEWTONIAN GRAVITY

In this Appendix we discuss the steps and transforma-
tions, leading to the Hamiltonian (43), its energies E,, ; /.
and the corresponding eigenfunctions ¢, . Therefore,
the starting point is H, from (42), which is the Hamiltonian
of geonium, affected by a homogeneous gravitational field:

Hy=mc +mg-r +er (Q-r)

+ i”2 ¢8s

- =SB0 g,
2m 2m s

(C1)

(1) In the first step, we rotate the coordinate system from
the laboratory frame with the coordinates r' =
(x,y',7'), where the 7'-axis points into direction
of g, to the frame of trap geometry withr = (x, y, z),
where the z-axis and B(*) are aligned:

/

x' = xcos0 — zsind, v =y,

7 =zcosf + xsin6. (C2)

064029-11
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This transformation introduces the angle 6 between
the direction of acceleration and the magnetic field,
as it is shown in Fig. 2. The Hamiltonian (C1) in the
rotated system reads

Hy = mc* + mg(zcos 0 + xsin6)

eV 1
— (%2 +y* = 27%) + —p?

412 2m

e’B? 5>, o ¢B eg,B

—_— - [, = . C3
+8m (x> +y7) o3 T oy 3 (C3)

In the second step, the coordinate dependent
Newtonian potential in (C3) is absorbed by an
additional coordinate transformation to coordinates
R = (X, Y, Z), that shifts the coordinate center by a
constant vector, such that it coincides with the new
equilibrium position of the electron motion, as it is
shown in Fig. 2:

x =X+ 2gsin0/w?, y=7Y,

z=27Z-gcosO/w?, (C4)
Moreover, we have to absorb the upcoming constant
shift of the linear momentum in Y-direction by an unitary
transformation U(Y)=exp(imgsinfw, Y /(hw?)) of
the Hamiltonian H,=U(Y)"HyU(Y) and the elec-
tron wave function ¢(R) = U(Y)¢py(R). After that,
the coordinate dependent Newtonian potential in H,,
is replaced by an additive constant value:

Hy = mc® + %wgﬁ + % (@2 — 202) (X2 + Y?)
1 ,
+ %Pz 5 (L3 + g453)
’ 3
+2 <1 —00529), (C5)
w3 2

where we replaced the electromagnetic quantities by
the frequencies (44) and (45). Expressing R in
cylindrical coordinates

X = pcosg, Y=psing, Z=¢, (C6)
we obtain the Hamiltonian A, as shown in (43). The
solution ¢*%5(R) = U(Y )™ (R) to the eigen-
value problem (46) is

¢k.n,f,s (R) :LU(pSin(p)ei(f—”)"’R”f (p)Wk(C) |s> s

N
()

where
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(C8)

2
ho?

mw; (1+£-n)/2 25!
Rnf(p):<2h> \Ver

mm-/)2 maw;
—w Ly St C9
x e pt L ( T4 ) (€9)

mw.\ 1/427k/2 g mw
o= e F ()

(C10)

0 sin O .
U(psing) = exp (zmg sin Ow,.p s1n(p>

where we defined w; = \/w? —2w? and have
used the Laguerre polynomials £27", the Hermite
polynomials 7, and the spin basis |s) = |+1/2).
The wave functions (C7) are normalized with respect

to the scalar product (¢|d,)o = [ ¢ipopdpdedl.
We are allowed to apply first order perturbation theory as

usual in flat space, using the scalar product (¢, |¢5),, since
the result would coincide with the energy corrections,
obtained from scalar product (17) to desired order. The
justification of this procedure is motivated very detailed
in [29].
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