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The geometry of small causal diamonds is systematically studied, based on three distinct constructions
that are common in the literature, namely the geodesic ball, the Alexandrov interval and the light cone cut.
The causal diamond geometry is calculated perturbatively using Riemann normal coordinate expansion up
to the leading order in both vacuum and nonvacuum. We provide a collection of results including the area of
the codimension-two edge, the maximal hypersurface volume and their isoperimetric ratio for each
construction, which will be useful for any applications involving the quantitative properties of causal
diamonds. In particular, by solving the dynamical equations of the expansion and the shear on the light
cone, we find that intriguingly only the light cone cut construction yields an area deficit proportional to the
Bel-Robinson superenergy density W in four-dimensional spacetime, but such a direct connection fails to
hold in any other dimension. We also compute the volume of the Alexandrov interval causal diamond in
vacuum, which we believe is important but missing from the literature. Our work complements and extends
the earlier works on the causal diamond geometry by Gibbons and Solodukhin [Phys. Lett. B 649, 317
(2007)], Jacobson, Senovilla and Speranza [Classical Quantum Gravity 35, 085005 (2018)] and others
[J. Myrheim, CERN Report No. CERN-TH-2538, 1978; M. Roy, D. Sinha, and S. Surya, Phys. Rev. D 87,
044046 (2013); I. Jubb, Classical Quantum Gravity 34, 094005 (2017)]. Some potential applications of our

results in mathematical general relativity and quantum gravity are discussed.
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I. INTRODUCTION

Feynman interpreted the Einstein field equation as
directly relating radius excess of some small spatial ball
with the matter energy contained within, while holding the
area the same as in flat Minkowski space [1]. It suggests the
essence of spacetime dynamics is captured by the geometry
of a small causal diamond. Following the same philosophy,
there are some proposals demonstrating that the Einstein
field equation can be derived from the entanglement
equilibrium [2] or the quantum speed limit [3] using the
causal diamond setup. The causal diamond setup also plays
an important role in the study of quantum gravity. It has
been used in causal set theory [4-9], holography [10-12]
and cosmology [13,14]. In most applications, however, the
geometry of the small causal diamond is resolved at the
order of Ricci curvature. It is thus worth studying the
geometry at higher order in vacuum to open up more
applications of causal diamonds.

Causal diamond is a somewhat broad term and its exact
construction differs in different applications. One notable
recent work using causal diamond is by Jacobson et al.
[2,15], in which the Einstein field equation is related to the
entanglement equilibrium associated with the geodesic ball
causal diamond (GCD). The edge area deficit of GCD is

“jinzwang @phys.ethz.ch

2470-0010/2019/100(6)/064020(14)

064020-1

governed by the Einstein tensor. By hypothesizing that the
vacuum entanglement entropy in a small geodesic ball is
maximal at fixed volume with respect to variations in both
geometry and quantum fields, Jacobson derives the full
nonlinear Einstein equation. It is then natural to ask what a
higher order perturbation might imply according to the
maximal vacuum entanglement hypothesis. One expects at
higher order the gravitational superenergy characterized by
the Bel-Robinson superenergy W (to be defined later) should
be the relevant quantities that control the GCD geometry.
However, the geometric perturbation does not behave nicely
at higher order as shown in [15], so ball deformations are
considered in [15] using the Alexandrov interval construc-
tion and various other consistent prescriptions. On the other
hand, one can take a different perspective by treating the
Alexandrov interval as another construction of causal
diamonds (ACD) parallel to the geodesic ball construction.
In fact, the standard notion of causal diamond usually refers
to the Alexandrov interval. ACD already receives a lot of
attention in earlier works [4,5,7,16]. However, none of the
investigations on ACD extend to higher order of perturba-
tions, in particular, the leading order in vacuum. Filling this
gap will certainly help extend the various applications of
ACD to the vacuum cases, for instance in causal set theory.
Furthermore, we also consider a third construction, the light
cone cut, which is used in evaluating the small sphere limit of
various quasilocal mass (QLM) proposals [17-22]. One can
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construct a causal diamond from the light cone cut (LCD) by
taking its domain of dependence. One notable feature of the
QLM is that it should give the stress tensor and Bel-
Robinson superenergy W in nonvacuum and vacuum
respectively at the small sphere limit. It is natural to expect
that the geometry of LCD has a nice connection with W in
vacuum. We will show, perhaps surprisingly, that among the
three constructions, only the light cone cut construction in
four-dimensional spacetime yields the result that the edge
area deficit is proportional to the superenergy W.

In this work, we unite all three constructions under the
same setting of causal diamonds. Since almost all studies of
the causal diamond geometry so far restrict to the leading
order in the presence of matter, we aim to provide a
collection of higher order results that could be of interest
for any applications involving the quantitative geometric
features of causal diamonds. In order to compute the
perturbations of the causal diamond geometry, one could
try the “special case” method used in [6,16], where the
causal diamond geometry is evaluated in example space-
times and universal geometric variations can be drawn out.
This method, though convenient, is difficult to generalize to
higher order for our purposes. Hence, we adopt the same
framework used by [15] in studying GCD to probe the
geometry of ACD in Riemann normal coordinates (RNC).
Such higher order results are made possible by using
Brewin’s results of general RNC expansions computed
by Cadabra [23]. The latter is a powerful tool that allows
the small geometries of causal diamonds to be perturba-
tively probed at an arbitrary order of interest. In the case of
LCD, as opposed to the method used to investigate the
GCD and ACD, we solve the Raychaudhuri equation and
the evolution equation of the shear to evaluate the area of
the light cone cut. We give explicit results for the area of a
codimension-2 causal diamond edge A, the maximal
hypersurface volume bounded by the causal diamond edge
V and the respective isoperimetric ratio / between the edge
area and the maximal volume. We investigate both non-
vacuum and vacuum cases for small ACD and LCD, and
relevant GCD geometry calculated in [15] will also be
mentioned for completeness. Furthermore, the d-volume
V(@ of the Alexandrov interval causal diamond in vacuum
is computed, extending the result in [16]. This particular
result is missing from the literature and could have direct
applications in the causal set approach to quantum gravity.

In Sec. II, we first introduce some preliminary notions
relevant to our discussions, such as the electromagnetic
decomposition of the Weyl tensor, the Bel-Robinson tensor
and superenergy density W. In Sec. III, we give the three
different constructions of causal diamonds. In Sec. IV, we
review and add some results regarding the geometry of
small causal diamonds in nonvacuum. Section V contains
the new results for the vacuum causal diamonds. We also
compute the total volume of ACD in Sec. VI. Finally in
Sec. VII, we briefly discuss the applications of our results.

We use the following index notation: a,b,c,... for
abstract index notations; u,v,a,...=0,1,...,d—1 for
RNC expressions concerning the full spacetime;
i,j,k,...=1,...,d—1 for codimension-1 objects and
A,B,C,...=2,...,d—1 for codimension-2 objects. For
the sake of brevity, we shall sometimes drop the Big O error
term in our results, such as O(l92), where the expansion
order is understood.

II. PRELIMINARIES

We are interested in variations of the causal diamond
geometry as compared to its flat space counterparts. In
nonvacuum, the geometric variations are characterized by
Ricci-related quantities, like R, R,;,, G,;. In vacuum, the
Ricci tensor vanishes so the spacetime geometry is char-
acterized by the Weyl tensor C,;,.,. The geometric quan-
tities of interest, such as area and volume, have leading
order expansions in terms of the squares of the Weyl tensor,
and they can be categorized by the electromagnetic decom-
position of the Weyl tensor. Our discussions on the
electromagnetic decomposition shall only concern relevant
notions that we need. One can refer to [24] for more details.

Given some timelike vector U* at O, one can decompose
the Weyl tensor at O into spatial tensors on any hypersur-
face orthogonal to U“ at O. These spatial tensors are
referred to as the electric and magnetic parts. In adapted
coordinates with respect to U where the unit normal has
coordinates U# = 6’0‘, the electric-magnetic decomposition
is defined as

Eij = Coioj» Hji = Coiji Diju = Ciji, (1)
where Ej; is the electric-electric part, H;j is the electric-
magnetic part and D;j; is the magnetic-magnetic part. The
unique tensor with the dominant property [25] and quad-
ratic in the Weyl tensor is the Bel-Robinson tensor, defined
in arbitrary dimension by [24]

1
T opea = Caecfcbedf =+ Caedfcbecf - Egabcgecfcgedf
1 1
- Egcdcuegfchegf + ggahgcdcefghcefgh' (2)
Given a timelike vector U at O, the associate super-
energy density is defined as W := T, ,U*U"U°U? and it
has been shown to characterize various quasilocal masses
of the vacuum gravitational field in the small sphere limit
[17-22]. So we can write W as

1 1
W =— |E?+ H?>+-D?|, 3
2[ . ] 3)

Where E2 - EijEij, H2 = Hiijijk’ D2 - Dijleijkl’
In four dimensions, one recovers the original Bel-
Robinson (BR) tensor [22]
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T ipea = Caecfcbedf + *Caecf * Cbedf’ (d = 4) (4)
which is defined in a way similar to how the electromag-
netic stress tensor is built from the electromagnetic tensor.
The BR tensor in four dimensions enjoys many nice
properties, such as being traceless, totally symmetric and
divergence-free in vacuum [24]. The superenergy is
W=E*+B, (d=4) (5)
where B;; :=1e;,HX, and D* = 4E* when d = 4.

This form suggests the name “superenergy” density
analogous to the field energy in electrodynamics, but with
a different dimension. It is in parallel with the fact that in
vacuum the BR tensor is divergence-free. In fact, using
dimensional analysis, one can argue that in four-
dimensional vacuum any Lorentz invariant quasilocal mass
expression for a small sphere must be proportional to W at
leading order [22]. This justifies the interpretation of W
as some gravitational energy. We will investigate three
causal diamonds in vacuum and study how the geometric
quantities associated with them are related to the electro-
magnetic densities £2, H>, D? and particularly the super-
energy W.

We close this section by introducing some important
expressions and identities that will be useful later in the
calculations. The metric expansion in RNC up to
the curvature squared order [23] is given in terms of the
Riemann curvature tensor at the RNC origin O:

1 v 1 v
gaﬁ(x) = Nap — gxﬂx Raﬂﬂu - gxﬂx xpvﬂRavﬂp
2
+ XM x¥xPx° (45R pawRyppo — 20 VMV Rapﬁg).
(6)

The volume and area integral involves integration over
solid angles and the following result [26] will be handy to
use in our calculations later:

/ dgdnil...nik:
Sd

/ dQun’ - nik = 0. (k odd), (8)
Sd

Qu(d-1!"

(d + k — 1)1 iz (k even) (7)

where n‘() is the unit spatial vector with n'n; = 1, {0,} is

the angular coordinates on the d-sphere S%, Q,; = % i
the volume of unit d-sphere S¢ and 5( . is defined

iyip-iy
recursively for even k:

S — (k+ 1)186M

iy igy (7 iviaeiy)”

8 00 (9)

iy j*

6. 80

=iy lk

—5.6%

L Ziyiy-eiy

5 is the usual Kronecker delta 0;j and the second

ij
equality above is due to the fact that 55{({)2-.-ik
totally symmetric. We will frequently use the following in

later calculations:

so defined is

54

klmn —

5k16mn + 5km61n + 5kn5ml (10)

In vacuum, we also have the following properties
concerning the electromagnetic decompositions of the
Weyl tensor.

Eii:Hijl':O, (lla)
Dyt = —Cio;° = Cigjo = Eyj. (11b)
H2

HX. sz15” = 5 (11¢)
Hk IHmin§<4) _ 3 H2 11d
i kimn — 5 ’ ( )
EMEm™S)  —2F?, (11e)

k1 (4) 3.5 2
D, D”'”’”éklmn = ED + E~, (11f)
§gWkmng, ,Cy,, i = 0. (11g)

III. THREE CONSTRUCTIONS
OF CAUSAL DIAMONDS

The standard causal diamond, the Alexandrov interval
causal diamond is the intersection region of two light cones,
with one oriented upwards (future directed) and the other
downwards (past directed). The joint of intersection has the
topology of $%~2, and we shall refer to them as the diamond
edge. One can generalize the standard definition by starting
from a given edge S and define the domain of dependence as
the causal diamond. This is motivated by the fact that it is the
edge that captures the subtle geometric features of the causal
diamond. In this work, three distinct constructions of the
diamond edge found in the literature are considered. Starting
from a closed, spacelike, codimension-2 surface S that is
homeomorphic to S92, and an arbitrary spacelike hyper-
surface £ with X = S, we define the causal diamond Dy as
the domain of dependence Dy := D(X). Note that D(X) is
independent of what X we choose as long as it is spacelike
and has the edge S as boundary. The causal diamond defined
in this way coincides with the notion of causally closed/
complete set in algebraic quantum field theory [12,27], and
also resembles the entanglement wedge in AdS/CFT [28].
This is also how a geodesic ball causal diamond is defined in
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[2]. Therefore, we believe our definition in terms of the
domain of dependence associated with the edge is more
general than the usual notion of causal diamond as the
Alexandrov interval, thus facilitating more potential appli-
cations. Our definition also resembles the light-sheet con-
struction by Raphael Bousso’s covariant entropy bound [11].
His construction is more sophisticated as S can be some
arbitrary codimension-2 surface whereas we only consider
the closed surface that has a topology of sphere.

We shall investigate three constructions of the diamond
edge, and they give the geodesic ball causal diamond
(GCD), the Alexandrov interval causal diamond (ACD),
and the light cone cut causal diamond (LCD). Each causal
diamond has an associated orientation and we shall use a
normalized timelike vector U* € ToM to characterize it,
where O is the reference point associated with the diamond.
We will later set up RNC at O and thus call it the diamond
origin. It is located in the center of GCD and ACD, whereas
it sits at the lower tip in LCD.

The causal diamonds Dy are defined from the following
edge constructions (see Fig. 1 for illustrations):

GCD.—The edge in GCD is defined as the (d — 1) ball
with geodesic radius /, with the geodesics emanating from
O and orthogonal to U“. Its boundary is the edge S;, where
the subscript denotes the size parameter /.

ACD.—The edge in ACD is defined with a timelike
geodesic interval y(p,q) from p to ¢ with the affine
parameter running from —/ to /. O is the midpoint of
y(p, q) and U“ is the unit tangent to the geodesic at O. The
edge S; is the intersection of the two light cones §; =
I"(p) N I~ (g) and the resulting causal diamond is thus the
Alexandrov interval I*(p) N1~ (q), where I*(-) denotes

the chronological future/past of a point and I i() denotes
its boundary.

LCD.—Lastly, the edge in LCD is defined as the light
cone cut. More precisely, given O and U?, the future-
directed null vector ¢ is normalized as U,/ = —1 and the

(a) GCD

(b) ACD

(c) LCD

FIG. 1. Three causal diamond constructions are illustrated here.
The size parameter [ (green), orientation U? (yellow), diamond
edge §; (blue) and diamond origin O are indicated for each causal
diamond. X specifies the spacelike hypersurface with maximal
volume and its domain of dependence D(X) defines the causal
diamond Dy,.

level set of parameter distance / along the null rays defines
a light cone cut S; and it serves as the edge of LCD.

Note that apart from the origin O and the orientation U*,
each diamond has a size parameter /, which refers to distinct
quantities in the three constructions. Nevertheless, we
denote the edge as S; in all three constructions to keep
the notation consistent. Also note that all three constructions
are identical in Minkowski spacetime, and we obtain the
same causal diamond if the size parameters /I’s are set equal
[29]. Therefore, the way we defined the size parameter for
each construction is indeed consistent. One can think of /
being small and the order counting in perturbative expres-
sions throughout is based on the power of [. Also, we will
only study small causal diamonds, where the size / is much
smaller than the curvature scale, such that we can do
calculations using the RNC expansions and we do not need
to worry about caustics or conjugate points.

The above causal diamonds are used by people in dif-
ferent contexts. The GCD is the one used by Feynman to
interpret the Einstein equation and recently used by
Jacobson to derive the Einstein equation from entanglement
equilibrium [2,15]. The ACD is perhaps the most standard
causal diamond and it is a natural object to consider in
causal set theory [4-9]. Its geometric properties are inves-
tigated in different contexts by Gibbons and Solodukhin
[16,30,31]. LCD or more precisely the light cone cut itself
[32] is the standard construction of the small sphere in
various quasilocal mass proposals [17-22], and its quali-
tative features are studied in terms of the light cone
comparison theorem by Choquet-Bruhat et al. [33].

We will be mainly interested in the geometry related to the
diamond edge, namely, the (d — 2) volume of the edge that we
henceforth refer to as area A, the maximal hypersurface
volume V bounded by the edge and the isoperimetric ratio /
between them. We will calculate their variations with respect
to the causal diamond of the same size in Minkowski
spacetime. We use the notation

B Qd—z Ja-1

VP ,
d—1

A = Q1972 (12)
to denote the maximal hypersurface volume and edge area in
Minkowski spacetime. One probably wonders whether the
different recipes for causal diamonds actually differ in the
perturbative order that we are interested in. The answer is
definitive and the distinction is more manifested at leading
order in vacuum. Nevertheless, one can already partially
distinguish them in the presence of matter as we shall now
discuss.

IV. THE NONVACUUM CASE

In the presence of matter, the earlier studies investigated
area/volume deficits of causal diamonds, in particular GCD
and ACD. The relevant quantities that govern the geometry
of small diamonds are Ricci related quantities defined at the
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diamond origin O, where the 0-component refers to the
basis aligning with the orientation U“ of the diamond. Here
we review some known results and add some new results
concerning LCD. We shall consider causal diamonds of
some varied size [/ + X,,, where X, is the size ambiguity
with respect to the size / in Minkowski spacetime. More
explanation and elaboration will be provided later in
context. We assume the Einstein field equation G, =
82GT ,;, throughout this section.

A. Geodesic ball causal diamond

Jacobson showed [2] that for a small GCD with radius [
and orientation U“, the volume and area deficits are

d+1 d+1

SV = — Qd—Zl G()() __ 8ﬂGQd_zl TOO, (13)
3(d-1)(d+1) 3(d-1)(d+1)

_ Qd_zldGOO _ SﬂGQd_zld

3(d-1)  3(d-1)

0A =

Too.  (14)

where G is the component of the stress energy tensor
along the orientation of the diamond G,,U‘U®, and
similarly for other such quantities throughout the paper.
Therefore, the FEinstein equation can be viewed as an
equation relating the area/volume deficit of the GCD edge
with the stress energy density. This is how Feynman
interpreted the Einstein equation in Sec. 11.2 of [1,34],
and is also part of Jacobson’s argument in deriving the
Einstein equation from the condition of maximal entangle-
ment entropy associated with GCD.

We can compute the isoperimetric ratio between the area
and volume given by the following formula:

\PA% Gool?

e (A/AVYE Hayarn o). (13

The isoperimetric ratio is defined such that / =1 in flat
spacetime, and we see that its variation is also proportional
to GOO'

B. Alexandrov interval causal diamond

ACD is the most commonly used causal diamond. It
serves as a very useful and natural setup in causal set
theory. The geometry of a small ACD has been studied by
Gibbons and Solodukhin [16]. For an Alexandrov interval
of length 2/, we have the variations of maximal hypersur-
face volume and edge area at leading order:

Qd—2ld+l (R _ (d — 1)ROO)

sV = @ 1) +O(142),  (16)
d(R — (d—
5A = — a2l (g(d Edl) DRo) | o4y, (17)

How is ACD different with GCD at this order? In fact,
one can relax the GCD radius from being fixed and

consider deformations of the geodesic ball in GCD

and make it ACD. Take the radius in GCD to be

r=1+ 6(5‘?1) I, and one will find that they match exactly

with 6V, 6A above [(16) and (17)]. Therefore, one can think
of the ACD as the scaled GCD. This match is only possible
at this order, i.e., the leading order in nonvacuum, and we
shall see later that at higher order, the edge in ACD also
deviates along the U“ direction away from the geodesic ball
orthogonal to U?, making the two causal diamonds
incomparable.

Motivated by the above considerations, one can in general
relax fixing the size parameter / with respect to the Minkowski
diamond, but rather introduce a size ambiguity as [ + X,,,
where the subscript m stands for matter. This is also done in
[15] when considering more general variations of GCD. We
canset X,, ~ O(I*) such that the dimensionless variations due
to the size ambiguity X,,/I ~ O(I?) are of the same order as
the variations due to curvature Ryyl?, RI>, Gyl?>. Here, we
take the simplification that X,, does not have angular
dependence. Since X,, /[ is chosen at the same order as the
leading order of our interest, there is actually no loss of
generality by assuming X, to be spherically symmetric, as the
angular dependence will average out after integration even-
tually. Accommodating X,, gives us the flexibility to fix any
other geometric quantities, like area, volume or more sophis-
ticated ones. We can thus extend all the results by appending
an ambiguity variation term X, to the curvature variations,
and we will see the usefulness of explicitly stating the
ambiguity in some examples later. Nevertheless, if one is
only interested in variations when the size parameter is fixed,
the size ambiguity X, can be set as zero. Later in discussions
of the vacuum case, a similar ambiguity at higher order X, is
introduced as well.

Let us take the example of ACD just mentioned, X, is an
ambiguity on the proper length between two vertices of the
diamond. The variations §V’, 54" due to X,, can be readily
computed from the flat space values

5‘// = Vb(l + Xm) - Vb(l) = Qd—Zld_ZXm’ (18)
SA = A(1+X,,) = A"(I) = Qu,1%3(d - 2)X,,.  (19)
Appending these to (16) and (17),

Q" (R = (d = 1)Ryy)

SV =
6(d>—1)

+ Qd—Zld_ZXm7 (20)

QI (R = (d=4)Ry)

oA = 6(d—1)

+ Qd—2ld_3 (d - 2)Xm~

(1)

Taking X,, = —6(1;{0])[3 gives the GCD results. Also

notice the minus sign here. This is the reverse of turning
GCD to ACD as pointed out above.
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We see that the area/volume deficits cannot both be
proportional to T, in ACD with any choice of X,,, but it
turns out that the surplus of isoperimetric ratio / between
them does [16]:

v/vhoo Gool? -

T a/anyE

8ﬂ'GT00[2
d-2)(d+1)
(22)

(d=2)(d+1)

The isoperimetric ratio is independent of an overall change
in the size of the causal diamond, so X, is not manifested in
the variation above. This is therefore not surprising that this
isoperimetric ratio is the same as the one of GCD in (15).

C. Light cone cut causal diamond

The geometry of a small LCD in arbitrary dimension has
not been systematically studied even in nonvacuum, except
that, qualitatively, comparison theorems regarding the area
of the cut have also been given in [33]. Here we intend to
compute the edge area and maximal hypersurface volume
of the LCD. In addition, we also give a recipe for
associating a nonvanishing volume form to the light cone
itself and compute its volume under this prescription.

Recall the construction of the light cone cut. One starts
with 74, U% € To(M), where U“ is the timelike vector
which defines the orientation of the causal diamond, £“ is
the null generator of the light cone. The affine parameter /
of the null congruence is normalized by imposing
U,/* = —1. We choose the basis of T,(M) such that
U* = (1,0,0,0), £# = (1,n'), n'n; = 1. The RNC is set
up around the tip of light cone O and the coordinates of a
generic point p on the light cone are x*(p) = (L, In'),
where [ is the parameter distance between p and O. The
light cone cut which defines the edge S; of LCD is the locus
of points with the affine parameter distance / on the light
cone. Hence, [ controls the size of the causal diamond and
we shall calculate the relevant quantities up to order O(I*).

1. Edge area

By solving the Raychaudhuri equation and the evolution
equation of the shear, the edge area deficit in small LCD is
shown to be

_Qy,l(dRy +R)

oA= 6(d—1)

Q13 (d=2)X,, +O(1%).
(23)

We defer the calculation details to Sec. VC 1 where we
solve the equations to higher orders of perturbations that
cover both vacuum and nonvacuum cases.

2. Maximal hypersurface volume

We can also make an attempt to evaluate the maximal
hypersurface volume enclosed by the light cone cut §;. In

Minkowski spacetime, the maximal slice corresponds to the
geodesic ball with radius /. We expect that the perturbed
maximal hypersurface deviates from the geodesic ball. One
can treat the light cone cut as the corrugated boundary of
some deformed geodesic ball. In order to have good control
of the deviation, we shall assume that the causal diamond
with orientation U“ has spherical symmetry. With this
assumption, the maximal slice is either a geodesic ball
orthogonal to the geodesic generated by U? or a cone-
shaped spacelike hypersurface with a conical singularity.
The latter cannot have maximal volume, so we end up with
a ball that deviates from the flat ball only radially.

To evaluate the deviated geodesic ball volume, we first
need to locate the deformed geodesic ball with the light
cone cut as its boundary. We do so by changing from the
RNC centered at the light cone vertex O to another RNC
centered at O’, which is [’ parameter distance away
following the geodesic generated by U“ We use the
following transformation formula between RNCs to the
leading order [23],

1
X*(p) = Ax* + gR”m,ﬂx”O,Ax“Axﬂ, (24)

where x#(p), x*(p) denote the coordinates of a generic
event p in O’-RNC and O-RNC respectively; x’(‘), is the
coordinates of event O’ in O-RNC; and Ax* = x*(p)—
x’(‘),. We have left out a possible local Lorentz transform in
the tangent space, which is not relevant for our coordinate
transform.

Take p to be some point in the light cone cut, it has
x*(p) = (I, In"). We also have x7, = (I',0). Since we
should choose !’ in such a way that the ball deviates from
the flat ball only radially, and the radial geodesics are
orthogonal to U¢, so in RNC we should set x°(p) = 0. By
substitution to the above equation, we have

1 o 1 .
)C/k(p) = lnk + gROikjnanl/lz — §R0k0in’(l — l/)l/l (25)
with the constraint
1 o
)C/O(p) =[- l/ - gROinn’nfl'lz =0. (26)

The above constraint gives I’ = [ — 1 Ro;n'n/I> + O(I*).
Plugging it into (25) gives

1 o 1 o
x(p) = In* + §R0ikj”'”]l3 - §Rok0iRoJ'ozn’ﬂ’n115

1 -
- § RO,»ijOmO,,n’nfn’"n"ls . (27)
This above expression does not capture a radial deviation
yet. Because of spherical symmetry, we can set x*(p) =
rn’® with some radius . We can fix r by taking the inner
product on both sides of the above expression:
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=12+ 0(0%, (28)
where we have taken the average over Q;_,, so we have
x*(p) = '~ (29)

Hence, the nontrivial term is beyond the order of interest, so
the conclusion is that the geodesic ball is effectively not
deviated at leading order in vacuum and we have the ball
boundary sitting at x'(p) = (0, In*). Its volume deficit is
purely due to the metric change and is given by (13).
However, later we see that these perturbation terms do
contribute in vacuum. Hence, we have the maximal hyper-
surface volume deficit of a spherical symmetric LCD:

Q1" Gy

OV = -1+ )

+ Q172X + O(1912). (30)

It is less meaningful to compute the isoperimetric ratio for
LCD here as the above volume is only valid assuming
spherical symmetry. Hence, we leave this out for
future works.

Motivated by [2], there is a good reason to fix the volume
rather than the size parameter. We can check if we can
connect the volume deficit to Ty, by holding volume
constant rather than the size parameter /. This is the case
for GCD, and thus ACD as argued above. Holding volume
fixed corresponds to a variation in the size parameter, by
solving 6V(X,,) = 0, we have

6V|,

Xp=——i,
m Q, 142

(31)

where V|, means holding size [ fixed, ie., V|, =
- % Too- Now using (23), we can readily compute

the area holding the volume fixed:

d-2
ALy = 8A[; + Qu ol (d - 2)X,, = 6A|, - T5V|l,

Q! (d* —d+4)Ry + 3R
T 6(d>—1) ’ (32)

which unfortunately fails to connect directly with the stress
energy tensor.

We hereby summarize and collect all the results
mentioned and computed in this section into Table I below.
The first row is the Minkowski reference of the geometric
quantities, which is the same for all three diamond
constructions. The other entries are the corresponding
variations to the flat space values. We have set X,, =0
to keep the table clean.

TABLE 1. The leading order geometry of small causal dia-
monds in nonvacuum. The first row shows the geometry in flat
Minkowski background and the rows below give the leading
order deviations of the edge area, the maximal hypersurface
volume and the isoperimetric ratio for each diamond in non-
vacuum.

Maximal
hypersurface  Isoperimetric

Background Edge area A volume V ratio /
Md Qd_2ld_2 Qd%lld_l 1
GCD _ Q019G _ Q451" Gy Go”

3(d-1) 3(d-1)(d+1) (@=2)(d+1)
ACD _ Qo (R+(d=4)Ry) _ Qup " (R+(d—=1)Ryo) Gool?

6(d-1) 6(d—1) @=2)(d+1)
LCD _Qd—zld(dexﬁR) _ Q1" Gy

6(d—1) 3(d=1)(d+1)

V. THE VACUUM CASE

We shall now work with Ricci-flat spacetime and we are
interested in the order of the fourth derivative of the metric.
In vacuum, the Riemann tensor equals the Weyl tensor and
we will use R,;,., and C,,., interchangeably. As in the
nonvacuum case, we introduce a size ambiguity [ + X, to
the size parameter in all three constructions, where the
subscript v stands for vacuum. We set X, ~ O([°), such that
the dimensionless perturbation X, /I ~ O(I*) is at the same
order as other perturbative quantities characterized by E*[*,
H?1*, D?I* due to curvature. X, introduces the flexibility to
fix any other geometric quantity of interest besides the size
parameter at the same order. In the following we will
evaluate areas and volumes with the size fixed, and then
append the variation due to X, in the end. Nevertheless, if
one is only interested in variations when the size is fixed,
the size ambiguity X, can be set as zero.

A. Geodesic ball causal diamond

GCD has been studied by Jacobson et al. in [15], so we
simply summarize their results here. The hypersurface
volume variation is

Qd—Z Jd+3
B@F—lﬂd+$[_

D> H?> E?

6V - - + —:| + Qd_2ld_2XL,,

§ 2 '3
(33)

and the edge area deficit is

5A = Qd—zl‘m) {_ pr_H E

— —| + QL3 (d-2)X,,.
15(-1)| 8 2+3}+ a2l d=2)X,
(34)

As for the nonvacuum results, we have appended the size
ambiguity terms accordingly. We see that as opposed to the
GCD in nonvacuum, here the variations are not always
negative definite and thus not proportional to W as given in
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(3). Jacobson et al. also considered various plausible
deformations of the geodesic ball motivated from different
perspectives. The deformation considered coincides with the
prescription of ACD and the leading order deformation is
specified as 6r = ¢ Pn'n/E;;. The second order variation is
unspecified and denoted as X in [15] and our investigation of
ACD in the next subsection shall fill in this gap. Lastly, the
isoperimetric ratio surplus can be readily computed:

(3D* + 12H? - 8E?)I*

I a3+ d=-2)

+o(B). (395

B. Alexandrov interval causal diamond

In ACD, our task is to first fix the coordinates of the
edge. Since the two vertices p, g of ACD are given, we treat
it as a geodesic boundary value problem. By putting the
constraints of the vanishing arclength of the null geodesics
sitting at the light cone, we can solve for the coordinates of
the edge in the RNC base at the center O of the diamond.
The arclength of a generic geodesic interval starting at x*
and ending at x* 4+ Ax* in RNC [23] has the following
expression up to the order of interest:

1 1
L? = n, Ax*Ax’ — gRWyﬁx“x/} AxFAXY — E (VuRypap + 2V R,y XX xP AxH Ax?

1 1 2 1
- <E RypvoRaip” + 60 vaDR a/)/ﬂ) XX Axt Ax Ax*AxP + (E RyopoRupi” = 20 vavﬂ Rﬂ/)v/1> X xP P x* Axt Axt

2 1
+ ( Rypja - v(ﬂvﬂ)Rl/pa/l> xﬂxpx’le“Ax”Ax“. (36)

~R —
45 Habe 20

RNC is set up around the midpoint O of the geodesic interval y(p, g). We choose the basis of T(M) such that
the time direction is set to be the orientation of the diamond. Hence ¢, p have coordinates (+/, 0,0, 0) respectively, and
the edge S; is located at x = (¢, 7(0)n’) where n' is normalized n'n; = 1. (@), () are unknown coordinate

components describing the time and radial directions respectively, which depends on the angular coordinates {6, }.
We have

xgp = (£1,0,0,0), Ax¥ =X —xy, = (1(0) F L r(0)n"), (37)
and we can now plug these into (36) and set L?> = 0. This gives us two equations and each corresponds to null

generators emanating from the top ¢, and bottom p of the causal diamond. Solving them simultaneously for #(6), r(6)

yields the equations that describe the edge.
The solutions are

1 o 1 o 1 1 o o o
r(0) = l+6E,~jn’n-’l3 +=—n-VEn'n/l*+—P [—((llEijElk +4H," H,)n'nin'n* —8E,H ! n'nin* + 4E'E;in'n)

24 120 |3

+ 2nkaV0Eijninj + VOVOEijninj + nlnkvlvkE,»jnin/} + 0(16),

1 . 1 1 .
10) = =55 VoEyn'nl* + <_E”H/k +mkaoEU) n'nInE + O(I°).

45

We see that at the leading order in nonvacuum O(P),
there are radial deviations from flat geometry but no
temporal ones, which only kicks in when considering
leading order in vacuum O(/°). This timelike deviation
(39) complicates our evaluation of the edge area and the
volume of the maximal hypersurface. Nevertheless, we can
circumvent the complications at this perturbative order.
Since the geodesic ball orthogonal to U? maximizes the
spatial volume in flat space, we can assume that the
maximal hypersurface in ACD is of the form that perturbs
the geodesic ball. The variations of the geometric quantities

(38)

(39)

|
of interest associated with the perturbed ball will be
characterized by the I, [*, I’ terms in (38) and (39). In
particular, the contributions due to the 4, I° can be
calculated already by averaging over the solid angles,
because any combinations of these two terms with other
perturbative terms will have order higher than O(/°). Note
that in (39) the /* term average to zero in vacuum and the /°
term will vanish according to (8).

Therefore, we can safely ignore these perturbations in
the time direction, and the ACD at this order is thus
effectively equivalent to GCD with a radius variation. Note
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that at leading order in nonvacuum, the ACD can be
converted to deformed GCD exactly and one can think
of them being equivalent up to scaling, but here they are
only effectively equivalent in terms of those integral
quantities of interest, namely the volume and the area.
After averaging, (38) simplifies to

(2d + 13)E* + 3H?
180(d? — 1)

1 o
r(0) = l—l—gEijn’nfl3 + B+ 0(1°).

(40)

We have argued that the ACD edge can be effectively
treated as a deformed geodesic ball. The induced metric £;;
on the ball is

1 1
hij(x) = 6;; — > x*x' Ry j — gxkxlxmkailjm

ij 3

+ xkxlxm —ER i1Romi
45 0kil*}Om jn

2 1
+ERpkilRijn _2_kaleimjn> + O(xs)' (41)

To compute the edge area, we need the pullback metric

on the edge:

o
qaB = 0,

o
5, 005

_or(0)n' or(0)n’
Slg;w|51 - aeA h

TGB ijs (42)

where r(0) is given by (40).
The maximal hypersurface volume and the edge area
integrals in spherical coordinates are given by

()
V= / Vhd*lx = / dQy_» / drri=2Vh, (43)
0

A= /\/add_zgz ld_2/ de—Z\/a- (44)
S

The integrals are calculated in [15], and we simply quote
their results:

d—2)YY,;
V=V(l)+ AV +Q, 173 {1X+7< d2) ; J
r d+4
—————YUE;;| + O(I*™), 45

A=A(l) + AA + Q1% {(d -2)IX

d>-3d+4 . Pd

YiY; ————YUE,;| + O(14+3),
-1 P32 -1) ”}jL( )

(46)

with 6V, AA given by (33) and (34). Y;;,, X are radius
deformation r = [+ Y;;n'n/ 4+ X.

Compared with (40), we can substitute

j°

P (2d + 13)E? + 3H?
Y. =—E = > ,
180(d> — 1)

ij 6 ijs
into (45) and (46) to obtain the variations

(14d* +28d — 34)E* + 6(d + 1)H*> — 3D?

V=20Q, 360(d—1)(d+1)(d+3)
+Qu ol (d=2)X, + O(1), (47)
SA = Q  ,19+2 (14d> — 32d — 4)E? + 6(d — 4)H*> — 3D?

360(d — 1)(d + 1)
Q12X + O(143). (48)

Note that here the size ambiguity X, has nothing to do with
X. The latter was treated as a size ambiguity of GCD in [15]
but fixed by ACD geometry here. We see that including the
higher order variation X, as suggested in [15], does not help
make the area deficit proportional to W. Another interesting
quantity to consider is the isoperimetric ratio I. As
discussed for the nonvacuum ACD, oI is proportional to
the stress-energy tensor at leading order. It is therefore
plausible that 6/ in vacuum is proportional to the super-
energy at leading order:

9A%
((—2d* +2d + 16)E? + 12H? + 3D?)I*
72(d +3)(d + 1)(d = 2) ’
(12W — (d + 1)(d = 2)E})I*
36(d +3)(d+1)(d-2)

=1+ (49)

where in the last line we have substituted in W according to
(3). Unfortunately, this ratio variation fails to directly
connect with the W unlike in the nonvacuum case.

C. Light cone cut causal diamond

We first compute the area of the cut in vacuum for
arbitrary spacetime dimension d, which has not been
investigated before to our knowledge.

1. Area of the light cone cut

There are two ways of computing the area. The first
entails solving evolution equations of the optical quantities
on the light cone. It uses the dynamical behaviors of the
light cone and is less demanding in terms of calculations, so
we are going to follow this method. The second method is
conceptually simpler, only demanding the pullback metric
on S; in RNC and then the area integral, but the calculation
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is much lengthier [35]. Since we shall also demonstrate the
area in the nonvacuum case (23) with the same method, we
will not assume the Ricci tensor vanishes a priori in this
subsection.

Denote the covariant derivative of the null generators as
B,, :=V,Z,. One can decompose B,, into the twist,
expansion and shear. The light cone has vanishing twist.
The expansion and shear are defined by the following:

=B =V, (50)

1 .
(ab) = mghab, (51)

o

Gab =

where © denotes the transverse projection given by
h§, = 8} + N, + €N, (52)
where N¢ is a null vector field on the light cone obeying

N, = -1, V,N* = 0. (53)
In RNC, following the LCD setup outlined in earlier
sections (¢* = (1,n'), U* = (1,0,0,0)), we have

Nt = (1/2,-n'/2), hy = §,8,(8; —n'n;),  (54)
where the repeated i, j here are not summed. Hence in RNC
hy is block diagonalized with 0 @ (5; —n'n;), so it only
projects to the spatial part as expected [36].

The expansion of the null geodesic congruence governs
the rate of change of the light cone cut area. Denote the
pullback metric on the cut S, to be g, p, and its volume form
satisfies

NN (55)

where the dot represents the derivative with respect to the
affine parameter / of the null generators.

With vanishing twist on the light cone, the Raychaudhuri
equation and the evolution equation for shear in arbitrary
dimension d read [37]:

2 1 .
b= Rarr (50
2 .

06,, — Ccedfhfl'f"hsz, (57)

Oup = —

d=2

where C.4¢ is the Weyl tensor and we shall use a shorthand
for the partly projected Weyl term,

Cup = Ceoarh§t°hit7 (58)

Note that the Weyl tensor which appeared in the shear
evolution equation should be defined at x* = [¢*.

Nevertheless, we still use the tensor C..,; evaluated at
the origin, because the difference between the Weyl tensor
at / and the origin can be safely ignored for our leading
order calculations later. In RNC, the nonzero components
of C,, can be computed using (54). Because of the
projection, only the spatial parts C;; are nonzero:

Cij = El] - 2l’lkEk(l'l’lj> + n,-njE]knlnk - 2H<l~j)knk
+ Zn(iHlj)knlnk + D,-kjlnknl. (59)

Since we are only interested in perturbative solutions to
(56) and (57), the ordinary differential equations can be
solved by a power series ansatz. It is known that the light
cone expansion is given by & = (d —2)/I in Minkowski
spacetime. Substituting it into (57) yields 6, = —C,;,1/3 at
the leading order. Therefore, we propose the following
ansatz:

. d—2
0(l) = —tatalt P+ e3P+ 0(1*),  (60)

Ca
(1) = — 3b [+ k>4 kP 4+ O(1%).  (61)

Plugging into (56) and (57) and solving them simulta-
neously up to O(P*) gives

s d=2 Ryt " (d—2)ChpC + (Rt t")>

3
o)== 3 45(d—2) i
(62)
N o Cab 2CabRcdfCl’ﬁd 3
bup(l) = =571 P B. (63)

We are only interested in the expansion to compute the
volume form ,/g. We shall once again use an ansatz:

Va4 = Qo172 (14 il + g P 4 g3 + q4l*) + O(1973).
(64)
Plugging in the ansatz and (62) into (55) yields

a pb
\/azﬁd—zld_z <1 —L)bz ‘ 2

(2d—4)C,C* + (12— 5d) (R, *¢")?
h ; 360(d—2) } 14)' (65)

Now we are ready to compute the edge area. We first
show (23), and we only need the first two terms in (65):
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R, €7
\/_dxd2 ldz/de_z LAy 2
s, 6
d—1)Ryy + R';
_ g (1= @ DRw £ R
(1=

—-1)
dRyy + R
— A1 = 00 2 d+1
= < 6(d_1)1 + 004", (66)

which gives the result (23).
In vacuum, R, = 0 and (65) reduces to

Cab Cab

Vi = Q142 (1 - W’4> +O(143). (67)

Computing C,,C“ is lengthy and we state the result here:

C.,C% = E* - 2FE; kEk n'n/ + 2E; D! ' en'nk
+ E,jElkn n/n + 4Hkl H(kl) n n/
—2H;" jH 0’ ‘ninn*

+ D’"i"ijl,lknin/nlnk. (68)
Finally, the integration yields

C Cab
A=192 [ dQ, (1 -2 ),
/S, "‘2< 180 >

2(d* 4+ 2)E? + 3D* + 6dH?)I*
:Ab<1—(( +2)E +3D" + )>, (69)

360(d?> - 1)
which in particular when d =4, with D> =4E?
H? = 2B, it gives

200Q,
225

200Q,

A= —
0 225

(E*+B*) = -

w.  (70)

whereas it is not proportional to W in any other spacetime
dimension.

The negative definite area variation can be understood
using the light cone cut comparison theorem in the case of
the energy condition being satisfied trivially [33]. This area
deficit in four dimensions was partially implied by the
volume form mentioned in studies of quasilocal mass
[17,18,20,21]. Their calculations are carried out in the
Newman-Penrose formalism and therefore only restricted
to d = 4. We here show that this nice connection between
area deficit and LCD surprisingly holds only in dimen-
sion four.

If we relax the identification of the size parameter / with
reference to the Minkowski spacetime, introducing a size
ambiguity X, gives the general result of the light cone cut
area deficit:

2(d* + 2)E* + 3D* + 6dH?
360(d*> - 1)
+ Q1473 (d - 2)X, + O(1443), (71)

SA = —Q  ,14+2

2. Maximal hypersurface volume

The maximal hypersurface volume is straightforward to
evaluate following exactly the same procedure given in the
nonvacuum case. We state the results here and the details
can be found in [35]. The volume variation assuming
spherical symmetry is

sV — Q1973 (—(40d + 112)E? + (d + 2)12H? — 3D?)
B 360(d*> —1)(d + 3)
+ Q972X + O(194). (72)

Again, we will not compute the isoperimetric ratio of
LCD here as the above hypersurface volume is only valid
under spherical symmetry. We close this section by
summarizing all the results in the table below. We see that
none of the quantities have a direct connection with W (3)
in all dimensions. To keep the expressions as simple as
possible, we set the size ambiguity X, to be zero.

VI. VOLUME OF ACD IN VACUUM

The total volume of ACD has been computed in [16] up
to the leading order in nonvacuum. Since the volume
variation of ACD provides a link between the continuum
geometric quantities like Ricci scalar curvature and the
discrete counting of k-chains in causal set theory [5], it is
worth working out the volume expansion to leading order
in vacuum. The result could also be used to test the discrete
causal set action for an ACD region [7].

The d-volume integral can be expressed as the sum of the
upper cone volume and lower cone volume:

o= f f [
+/d£2d_2/_l th

where #(0) locates the diamond edge as given by (39). Via
imposing vanishing (36) on the light cone, similar to how
(38) and (39) are obtained, the light cone boundary r*(¢, 0)
of ACD is given by the following equation:

\/g_]rd 2dr

0)
Vordi=dr,  (73)

E.ninl E.E.n‘nin‘n*
ri(l,g):(l:':t){l+ l/Zn l2+ ij Ik;4nnn l4

EXEyn'ni Pry B(l F t)’n'n’
45 90

X (E/Ej; + [H{" H . — EijElk}”l”k)}v (74)

064020-11



JINZHAO WANG

PHYS. REV. D 100, 064020 (2019)

TABLE II.

The leading order geometry of small causal diamonds in vacuum. The first row shows the geometry in flat Minkowski

background and the rows below give the leading order deviations of the edge area, the maximal hypersurface volume and the

isoperimetric ratio for each diamond in vacuum.

Background Edge area A Maximal hypersurface volume V Isoperimetric ratio /
Md Qd_ZZdjz 2 g2 de_l:_; 2 g2 2 1 2
GCD O, 2 R R (=
d-2 15(d*—1) d—2 15(d>=1)(d+3) 3(d+3)(d+1)(d-2)

ACD Q. Jd+2 (14d*>-32d—4)E*+6(d—4)H*-3D Q. d+3 (144> +28d-34)E*>+6(d+1)H*-3D? ((—2d*+2d+16)E*+12H*>+3D*)I*

d-2 360(d—1)(d+1) d—2 360(d—1)(d+1)(d+3) 72(d+3)(d+1)(d-2)
LCD _Q, 2 (2(d*+2)E*+3D?+6dH?) _Q, 43 ((40d+112)E2~12(d+2)H*+3D?) .

d—2 360(d>—1) d=2 360(d?>—1)(d+3)

where + indicates the upper cone and — indicates the lower
cone and they simply differ by the sign of ¢. Note that the
above expression is the abridged version, where we omit
terms that will be irrelevant in the integration later
according to (11). One can find the full expression in
[35]. As a sanity check, one sees that at the edge (0, n) =
t(0) agrees with (40) as expected.

Following a similar argument in calculating the maximal
hypersurface volume of ACD, only the averaged #(0),
which is zero, will be relevant. Therefore, we can simplify
the integrals, and the upper and lower cones contribute the

same
I r(1.0)
yd) =2 / dQ, ., / dr / drr®=2/g, (75)
0 0

(7d3 + 584> + 146d + 108)E2 + 6(d + 2)(d + 6)H? — 3(d + 2)D?/2

1
= 1= 5o (B2 (QE™ Dy - 4HFH

-+ 2EikEkj)nin-7r2t2 + r4(EijE,k - 2Hiijlmk
+ D’”l-”ijlnk)n"njn’nk}. (77)
Again, we have kept only the relevant terms. Note that the

leading order of the above expansion is already of order R?,
so we can divide the integral into two parts:

1 1 -t
yid) = - — / dQ,, / dr / drri25,/g
90 o Jo

[ r(1,0)
+2/d§2d_2/ dt/ drrd_z, (78)
0 0

where we have kept the first term of r™ = [ — ¢ in the first
integral and 6,/g is given by (77) above.
The final result is

with
1
Vi=1- 180 C", % Cpao X XV XP X0, (76)
|
2Q, 514
V(d) — d(ddi—zl) + Qd_21d+4

where the first term is the flat space d-volume and the
second term is the variation due to curvature.

VII. DISCUSSION

The leading order causal diamond geometry is inves-
tigated perturbatively in our work, both in vacuum and
nonvacuum. It systematically complements and extends the
earlier investigations in [4-6,15,16]. We have summarized
our results in Tables I and II above, and hopefully this
glossary will be useful to those who work with causal
diamonds. There are still a few missing pieces from our
results. We are not aware of a general technique to determine
the maximal surface given some arbitrary closed boundary.
It would be interesting to find a way of doing this and then lift
the spherical symmetry assumption in our analysis of the
maximal hypersurface volume in LCD. One may also be

90(d = 1)(d+ 1)(d + 2)(d + 3)(d + 4)

+ 0193, (79)

|
interested in the nonvacuum expansions up to the same order
as we explored in the vacuum case. We have left them out,
but they can be done simply by keeping all those Ricci terms
that are set to zero in vacuum. In principle, following the
same method outlined in our work, one can compute the
geometry of the small causal diamond up to an arbitrary
order of interest. For that, one needs higher order RNC
expansions. Doing this by hand is a daunting task, but
fortunately they can be computed by a powerful tool, Cadabra,
following the guidelines provided by Leo Brewin [23].
Nevertheless, we can hardly think of any cases where a
higher order result will be useful. Furthermore, one can
apply the same methods to probe the geometry of small
causal cones, which are constructed by intersecting a light
cone with a spacelike hypersurface. This is partly done in [6]
and one can work out higher order geometries following the
same strategy as we tackle causal diamonds.
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We do not attempt to interpret our results here, rather we
would like to discuss some potential applications of small
causal diamonds. Since the three causal diamond construc-
tions have a wide range of applications in studying
gravitational theory, our discussion here does not mean
to be comprehensive. One can also refer to the discussions
in [15,16].

Following the theme of [15], we want to look for a causal
diamond construction that yields the area deficit propor-
tional the Bel-Robinson superenergy density W in vacuum.
LCD turns out to be the only construction that gives such a
nice relation exclusively in dimension four. However, LCD
is not so nice that the same relation with the stress tensor
fails in nonvacuum. It is still possible that one can directly
connect the area deficit with Ty, or W, with the size
ambiguity X,, determined by holding some quantities fixed
in any of the three causal diamonds, or even with another
different recipe for causal diamond.

Since LCD is commonly used in the small sphere limit of
quasilocal mass, it would be interesting to see whether the
connection between various QLM proposals still obeys
the small sphere limit in arbitrary dimensions. Provided the
QLM proposals could admit higher dimensional general-
izations, such as the generalized Hawking mass and the
Brown-York mass as proposed in [38], one can apply the
same techniques used in our calculations to such proposals
to verify the small sphere limits. Since the area deficit hints
at four dimensions being somewhat unique, it could be that
the small sphere limit of QLM’s also fails to be proportional
to W in vacuum in dimensions other than four.

We fixed the ACD geometry by solving the geodesic
boundary value problem for the light cones, and then
computed the integrals. Our methods of probing ACD can
be applied to causal set theory. For example, ACD is used
to test the boundary term contribution in the causal set
action [7]. It turns out that in Minkowski spacetime, the
Benincasa-Dowker-Glaser causal set action [8] evaluated in
ACD contributes an amount proportional to the edge area.
It would be interesting to check, using the same machinery
as in Sec. VI, if the same holds true in general vacuum
spacetime. Another case where ACD is used is in calculat-
ing the discrete Ricci curvature and Ricci scalar in terms of
counting of k-chains in a causal set sprinkled from a small
ACD [5]. One can generalize their results to higher order, to

obtain the casual set counterparts of other geometric
quantities like the electromagnetic decompositions of the
Weyl tensor E2, H?, D? and the Bel-Robinson superenergy
density W.

There are other plausible applications of our result.
Causal diamonds appear in discussions of holography
[10,11]. Our results concerning the edge area could be
useful in bounding the covariant entropy in some causal
diamond shaped regions, when the curvature scale is larger
than the diamond size. Moreover, by considering the
quantum speed limit of quantum operations inside a causal
diamond, Seth Lloyd is able to derive the Einstein field
equation [3]. It would be interesting to see how one can
generalize his arguments to higher order in a vacuum causal
diamond, and then possibly connect with the geometry
results given in this work. Lastly, recall that we define the
causal diamond as the domain of dependence of the edge,
generalizing the standard Alexandrov interval causal dia-
mond definition. We believe our definition is a more natural
way to understand causal diamonds as it coincides with the
notion of causally closed set in algebraic quantum field
theory [12,27], and resembles the entanglement wedge in
AdS/CFT [28]. Although the actual diamond is not the
main object of interest in our work except for ACD, we
believe our definition could be potentially useful in other
applications.
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