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Assuming that inflation is followed by a phase where the energy density of the Universe is
dominated by a component with a general equation of state, we evaluate the spectrum of primordial
gravitational waves induced in the postinflationary Universe. We show that if the energy density of the
Universe is dominated by a component ¢ before big bang nucleosynthesis, its equation of state could
be constrained by gravitational wave experiments depending on the ratio of energy densities of ¢ and
radiation and also the temperature at the end of the ¢-dominated era. Also, we discuss the impact of
scale dependence of tensor modes on the primordial gravitational wave spectrum during the ¢
domination. These models are motivated by beyond Standard Model physics and scenarios for
nonthermal production of dark matter in the early Universe. We also constrain the parameter space of
the tensor spectral index and the tensor-to-scalar ratio, using the experimental limits from gravitational

wave experi ments.
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I. INTRODUCTION

The recent observations of gravitational waves (GWs)
by LIGO and Virgo [1-6] paved the way to observe the
Universe with new methods not based on electromagnetic
radiation. Until now our knowledge about the early
Universe cosmology was limited by electromagnetic waves
back to last scattering surface of photons, some possible
effects of inflationary scenario on the cosmic microwave
background (CMB), and the abundance of light elements
from big bang nucleosynthesis (BBN). Although the
current GW detectors are only sensitive to strong astro-
physical events such as merging black holes or neutron
stars, future experiments are expected to detect much
weaker signatures produced in the early Universe [7,8].
Several space-borne interferometers such as the proposed
ground-based Einstein Telescope (ET) [9], the planned
space-based LISA [10] interferometer, the proposed suc-
cessor experiments BBO [11], (B-)DECIGO [12,13], as
well as the Square Kilometre Array (SKA) [14] telescope
are planned to be operational in the future with the aim of
detecting the primordial GW (PGW) background and the
effect of possible cosmic phase transitions on it.

The existence of a PGW background is one of the
most crucial predictions of the inflationary scenario of the
early Universe [15,16]. The spectrum of the inflationary
GWs that could be observed today depends on two main
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factors: one is the power spectrum of primordial tensor
perturbations generated during inflation, and the other is
the expansion rate of the Universe from the end of
inflation until today. The former defines the initial
magnitude of the GW signature, and it is directly
associated with the detailed properties of inflationary
models. The latter describes how the density of the PGWs
has been diluted in subsequent stages of the cosmic
expansion. Since the amplitude and polarization of PGWs
can be modified by nonstandard cosmological scenarios,
there is a possibility to extract information about the early
Universe using GW experiments [17].

On the one hand, concerning the PGW spectrum, current
CMB measurements do not have the ability to constrain
the amplitude Ay nor the tensor spectral index ny. The
measurement of the tensor-to-scalar ratio r is still compat-
ible with zero, and for low enough r, practically any value
of ny is still acceptable. For this reason, the constraints on
ny depend on the chosen prior on r. This situation will
change when a positive detection of a nonzero tensor
amplitude is obtained from primordial B modes [18,19].

On the other hand, several effects, like the decoupling of
neutrinos or the variation of Standard Model (SM) rela-
tivistic degrees of freedom, alter the nature of the GW
spectrum during its propagation [20-34]. However, one can
imagine that instead of being dominated by radiation over
its early phase (i.e. the standard cosmological scenario), the
evolution of the Universe could have been driven by matter,
or in general by a component ¢ with a general equation
of state w,. In fact, there are no fundamental reasons to
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assume that the Universe was radiation dominated prior to
BBN' at 7~ 1s. Studying what consequences such a
nonstandard era can have on observational properties of
GWs is hence worthwhile. In particular, GWs in scenarios
with an early matter era have received particular attention
[42-47]. Additionally, let us note that production of dark
matter in scenarios with nonstandard expansion phases has
recently gained increasing interest [48—83].

Previous works have already investigated the degree to
which the thermal history and the early Universe equation of
state affect the propagation of GWs [23,27,28,34,84-95] and
also how the pre-BBN Universe could be probed with GWs
from cosmic strings [96,97] or from gravitational reheating
[98]. Instead, here we perform a full numerical evaluation of
the PGW spectrum, solving properly the equations for the
background energy density and taking special care of the
variation of the SM degrees of freedom. For different PGW
spectra and varying the possible thermal histories of the
Universe, we explore the capabilities of current and future
GW detectors to probe the GW background.

The rest of this paper is organized as follows. In Sec. II we
revisit the set of differential equations that govern the tensor
perturbations. Then we compute the spectrum of GWs in the
standard radiation-dominated period. In Sec. III we intro-
duce our setup for nonstandard cosmologies to include
possible equations of state for the fluid ¢ and their impact
on the Hubble expansion rate and the thermal history of the
Universe. Section IV is devoted to the calculation of a relic
GW spectrum in the case of a scale-invariant power spectrum
and assuming a ¢-dominated era. We also perform a scan
over the parameter space of possible equations of state and
ratio of densities for radiation and the nonstandard fluid.
The effect of scale dependence on the spectrum of GWs on
the parameter space is also studied. Finally, we conclude and
summarize our results in Sec. V.

II. PRIMORDIAL GRAVITATIONAL
WAVE SPECTRUM

GWs are represented by spatial metric perturbations that
satisfy the transverse-traceless conditions: 9'h; ;=0 and
hi = 0. The evolution of GWs is described by the linearized
Einstein equation

. . V2

i (2.1)
where the dots correspond to derivatives with respect
to the cosmic time ¢ and G is the Newton’s constant.
Hl-TjT is the transverse-traceless part of the anisotropic stress
tensor l'[,-j,

'For studies on baryogenesis with a low reheating temperature
or during an early matter-dominated phase, see Refs. [35—40]
and [41], respectively.

B T;; — pgij
ij - a2 )

I1 (2.2)
where T is the stress-energy tensor, g;; is the metric tensor

and p is the background pressure. The spatial metric
perturbations can be decomposed into their Fourier modes

3 - - g
hy(e3) =Y / éﬂ’; (1. R)el (R)e™s,  (2.3)
A

where 1 = +, x corresponds to the two independent polari-

zation states and e;lj(k) are the spin-2 polarization tensors
. . . . .. j{ l/ o
satisfying the normalization conditions »_; G j* =

26 . Equation (2.1) can therefore be rewritten as

.. . k2
It + 3H I + = It = 162GIL, (2.4)

where h%(t) = (1, E) In the rest of this paper we consider

the rhs of the above equation to be zero so it does not
enhance the primordial tensor perturbations. However, in
general it is finite, for example when one considers the effect
of damping of photons and neutrinos at low frequencies
or the impact of scalar perturbations which can act as a
source for tensor perturbations [8,90,99]. We do not consider
such effects in this paper. The solution of Eq. (2.4) can be
expressed as

W = ht _mX(t, k),

t =M (2.5)

where h% prim represents the amplitude of the primordial

tensor perturbations and X(z, k) is the transfer function,
normalized such that X(z,k) = 1 for k < aH.
The energy density of the relic GWs is given by

=1ec | L jap
PV = 162G — ) (2z)° g

The primordial gravitational wave spectrum is calculated
following Refs. [28,90]:

(2.6)

1 dpr(I, k)

Qawl(t, k) = ,
Gw(t k) pe(t)  dlnk

(2.7)

where p.. is the critical energy density of the Universe. This
spectrum can be rewritten using Eq. (2.5) as

Qaw (1. k) = Pr()[X'(n. k)P (2.8)

12a*(n)H?(n)

where the prime represents the derivative with respect to the
conformal time #. The primordial tensor power spectrum
Pr(k) is determined by the Hubble parameter at the time
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when the corresponding mode crosses the horizon during
inflation, at k = aH:

K3 2H>
Pr(k) = — >l 2 . (2.9)
A

k.prim My i an

where Mp, =2.435x 10'8 GeV is the reduced Planck mass.
The transfer function is found by numerically solving the
equation

d*X(u) 2 da(u)dX(u)
du? +a(u) du du

+X(u) =0,  (2.10)

where u = kn. Again, although the shear of the cosmic
fluid gives rise to some important effects [28], we ignore its
possible contribution by setting the rhs of Eq. (2.10) to
zero, for frequencies beyond ~107'" Hz. In the frequency
range between ~107'° and ~107'° Hz, the damping effect
due to the free-streaming neutrinos reduce the amplitude of
GWs by ~35% [20,21,24], which is not interesting for us in
this paper. The initial conditions are specified as

dX

X0)=1, —
(0) o

(0) =0. (2.11)
The wave equation (2.10) is solved up to some finite time
after horizon crossing; after that we extrapolate the solution
until the present time by using the WKB solution:

X(u) = ﬁsin(u +6),

where A and § are fixed such that X and dX/du match the
numerical solution at u = u’.

Figure 1 shows the result of the numerical integration
of the spectrum of inflationary GWs as a function of

the frequency f = k/(2x), for the standard cosmological
/4 _

inf T

(2.12)

scenario. We have fixed the inflationary scale as V.
1.5 x 10'6 GeV,” ie. Pr(k) = 2 vt

T 3a2 Mg]’
mordial scale-invariant scenario, i.e. ny =0 (also see
Sec. IVA6). We also show the temperature 7}, at
which the corresponding mode reenters the horizon. The
oscillatory behavior is a genuine feature of inflationary
GWs. The decrease in the spectrum between ~10~° and
~1078 Hz corresponds to the variation of the relativistic
degrees of freedom due to the QCD smooth crossover
transition, where we used the SM equation of state from
Ref. [101]. Moreover, it was shown that using a different
lattice QCD equation of state for the calculation of the SM
equation of state only affects the predicted PGW spectrum

and assume a pri-

This value comes from the fact that at the end of inflation
after 60 e-folds the value of Hubble parameter is Hj~
1073 My [100].
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FIG. 1. The spectrum of inflationary GWs (Qgwh?) as a

function of the frequency f, for the standard cosmological

scenario. Here we fix the inflationary scale as Vill{f4 =15x
10'6 GeV and assume a primordial scale-invariant spectrum,
ie. np =0. We also show the temperature 7. at which the

corresponding mode reenters the horizon.

at the order of a few percent [102,103]. The dependence on
the number of relativistic degrees of freedom g, and %, that
contribute to the SM energy density and the SM entropy
density, respectively, is [90]

Q,(Ty) h.(To)
480 g*( hc) |:h*(T:C)

4/3
Qaw (10, k) ~ ] Pr(k). (2.13)

Here €, corresponds to the photon relic density, and T
and T, correspond to today’s and horizon crossing temper-
atures, respectively.

III. NONSTANDARD COSMOLOGIES

We assume that for some period of the early Universe,
the total energy density was dominated by a component p,,
with an equation of state parameter w,, where wy, = p,/py,
with p, the pressure of the dominant component. We
assume that this component decays solely into SM radi-
ation with a rate I'j. In the early Universe, the evolution of
the energy density p, and the SM entropy density sg are
governed by the system of coupled Boltzmann equations

dp

7t¢+ 3(1+wy)Hpy = =T ypy. (3.1)
d F( q
%+ 3Hsp = + -2 (3.2)

Under the assumption that the SM plasma maintains
internal equilibrium at all times in the early Universe,
the temperature dependence of the SM energy density pg
can be obtained from
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7.[2

pr(T) = —=g.(T)T*.

- (3.3)

Equation (3.2) plays an important role in tracking properly
the evolution of the photon’s temperature 7, via the SM
entropy density sp:

2712
—PREPR T ()73,

SR(T) T =45 ™ (3-4)

where g, (T) and h, (T) correspond to the effective number
of relativistic degrees of freedom for the SM energy and
entropy densities, respectively [101]. The Hubble expan-
sion rate H is defined by

_ Py T PRT Pt PA

H? 5
3My,

(3.5)

where p,, and p,, corresponding to the matter and
cosmological constant energy densities, respectively, are
subdominant before the matter-radiation equality.

Using entropy conservation in standard cosmology we
can compute the evolution of the temperature with respect
to the scale factor using

dT - T dh,]-'[ T
da 3h, dT al’

(3.6)

However, once we assume a period of ¢ domination which
decays to radiation the entropy is not conserved anymore
and from Egs. (3.2) and (3.4) one has

dT
Z—h
da [

T dh* -1 T F¢p¢
-— . 3.7
3h, dT} { a + 3Hsa (37)

The approximate temperature 7., at which ¢ decays is
fixed by the total decay width ', as

%0

M3 T2,
dec ﬂzg* (Tdec) e

(3.8)

For having a successful BBN, that temperature has to be
Tyec 2 Ty ~ 4 MeV [104-108]. To present the maximal
effect that a nonstandard expansion phase can have on the
GW spectrum, we choose T4, = 10 MeV, which is close
to the BBN bound.” However, the results can be easily
generalized to higher values of Ty... The scale factor at the
moment when ¢ decays is denoted by a ..

The initial condition used to compute the evolution of
Boltzmann equations is

*Let us note that for w4 > 1/3, py gets dissolved faster than
radiation. If py < pg at Ty, Iy could effectively be taken to
Zero.

Py (3.9)

PRIT=T

¢

max

with T,.,, = 10'* GeV. In complete inflationary scenarios
£is a theoretical prediction and not an input parameter. Let
us emphasize that the choice of T,,, is not physical, and
therefore it should be taken as a simple pivot scale from
which we start to solve the Boltzmann equations, and
not as the maximal temperature reached by the thermal
bath. The total energy density at T = T, is the sum of
radiation and ¢, so that p(Tya) = (P& +pp)lr—r, =
Pr(Tmax) X (1 4 &). We solve Egs. (3.1) and (3.7) numeri-
cally to find the evolution of temperature with respect
to scale factor in a nonstandard cosmological scenario.
The scale factor a as a function of conformal time 7 can
then be used as input for Eq. (2.10) to calculate the
spectrum of the GW background under a ¢-dominated era.

As an example, Fig. 2 shows the evolution of the energy
densities pg and p, as a function of the scale factor a, for
wy =0 and & =10""" (upper panel), wy = 1/3 and & =
10% (central panel), and w, = 2/3 and &= 10"" (lower
panel). We have chosen 74, = 10 MeV. In Fig. 2 the value
of radiation energy density at 7 =T, (i.e. a =ay = 1)
matches the CMB energy density. If one ignores the
variation of the number of relativistic degrees of freedom
g, and h,, one has that py(a) « a=3(+®) until it decays,
and

a* for a < g,
pr(a) x { a=2H@)  for a,,, < a < dge,  (3.10)
a* for ag.. < a,
which by using Eq. (3.3) implies that
a™! for a < aggy,
T(a) o § a#4)  for gy, < a < dgee,  (3:11)
a! for ag.. < a.

Additionally, let us define Toq=T(a = aeq)s Ty =
T(a = agyy) and Tepg = T(a = aqq) (see the Appendix).
T 4. 1s properly defined in Eq. (3.8). T, corresponds to the
temperature at which pj, = pg, well before ¢ decays, in the
case where wy < 1/3. In Fig. 2 the vertical gray lines
corresponding t0 a = deq, dgay and depq are overlaid.
Moreover, in Fig. 2 and in the rest of the paper we choose
the normalization for which ay = a(T,) = 1.

This nonstandard scenario tends to converge to the usual
radiation-dominated case when ¢ takes small values. In fact,
if £ <« &, Where

é: o~ |:(g*(Tmax)>%Tmax:| 3yl
min "~ P
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FIG.2. Example of the evolution of the energy densities pp and
p4 as a function of the scale factor a, for wy = 0 and & = 107"
(upper panel), wy = 1/3 and £ = 10% (central panel), and w; =
2/3 and &=10'9 (lower panel). We have chosen Ty, =
10 MeV. These benchmark points are the same used in Fig. 3
and are shown in the upper left panel of Fig. 4. The vertical gray
lines corresponding t0 @ = @eq, Ggan and @enq are overlaid.

3

the period when the SM energy density scales like a2 +®4)
tends to disappear.4 If w, < 1/3, this corresponds to the
case where pp is always subdominant with respect to p,.
In the opposite case, when w, > 1/3, ¢ decays when its
energy density is already subdominant.

“In the Appendix the criterion for defining &,;, is presented.

IV. PRIMORDIAL GRAVITATIONAL WAVES
IN NONSTANDARD COSMOLOGIES

In this paper we consider scenarios where for some period
at early times the expansion of the Universe was governed by
a fluid component with an effective equation of state w.
Particular cases correspond to wy = —1 (quintessence), 0
(matter, modulus), 1/3 (radiation), and 1 (kination); however
we consider general cases where w,, € [0, 1] in our numeri-
cal analysis. During the epoch when ¢ dominates the
energy density of the Universe, the scale factor goes like

a(u) « u“”tﬁﬁ, in contrast to the standard case (i.e. radiation
dominated), where a(u) o u. Therefore, the friction term in
Eq. (2.10) leads to more or less damping than in the usual
radiation case. It can be estimated to be

2 da 4 1
a(u)du 3w, +1u’

(4.1)

so that for w; > 1/3 the friction term is reduced with respect
to the usual scenario. In these cases, the spectrum of GWs
can be enhanced. In the next sections we also consider the
effect of tensor tilt ny on the power spectrum which can
boost or damp the power spectrum at high frequencies.

We should emphasize that these nonstandard cosmo-
logical scenarios are viable from the perspective of CMB
data. This can be identified by using the range of variation
of the number of e-folds N on the scalar spectral index
and the tensor-to-scalar ratio r. For slow-roll inflation,
the current limit on N from Planck is 50 < N < 60 [109].
The equation of state parameter w, for the fluid ¢
dominated after inflation should satisfy |[AN| < 10 using
the uncertainties from CMB data.” The change in the
number of e-folds due to nonstandard scenarios after
inflation is [109-112]

1- 3w¢ lnpR(Tend)

AN =~ ,
2(1+w,)  pm

(4.4)

where py, is the total energy density after reheating. If the
Universe is dominated by a scalar field (which could also
be the inflaton itself), one has py, = MjA¢*/2, where M,
corresponds to the mass of ¢ and A¢p ~ Mp; [110-112].
Using Eq. (3.8), Eq. (4.4) can be rewritten as

>The uncertainties in n, and r related to the scale dependency
of n, can be written as [110-112]

5 3 7
Ang~(ng—1)|——r—— " |AN 42
e~ (1, )[ 16" 64ns—1} ’ (42)
r
Arx r[ns -1 +§} AN. (4.3)

Using Planck data [109], previous equations impose a limit on
AN given by |AN| < 10.
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1 -3w, 9+ (Tena)
ANrR— 0 | 12545 +1 x\ 7 en
12(1+ ) [ * HK 10.75

Tena \*/190 TeV\2 [/ Mp\?
(avi) (T (56 1)
where 'y = M /(8zMp,) was assumed. Typical values
used in this work for wy, Teyq and Iy agree with the CMB
bound |AN| < 10.

Moreover, nonstandard cosmological scenarios assum-
ing different equations of state for ¢ can affect the growth
of primordial density perturbations [113—115]. Primordial
density perturbations for subhorizon modes (k7 > 1) grow
like 8p/p o a®®=V/2 for wy #0 and for w, =0 as
op/p x a [113-116]. When the growth of perturbations
is large, e.g. when it scales like a, it may boost the
formation of large structures. However, these modes
formed at temperatures higher than 1 MeV are much
smaller than the size of horizon at the time of structure
formation which happens at a temperature around 1 eV.
Due to the diffusion (Silk) damping these modes are
subdominant during the formation of structures and are
not effective [116,117]. As a consequence, the nonstandard
cosmologies we consider are by construction in agreement
with the prediction of standard cosmology after BBN. Here
we will generally focus on the nonstandard cosmological
scenarios and their impacts on the PGW spectrum and their
possible bounds from GW experiments.

The nonstandard cosmology can let an imprint for
frequencies higher than

f _ kend _ aendHend Nl g*(Tend) h*(TO) 1/3
=7 " 2z 6V 10 |h(Tong)

agToT enq
X Y b
Mp

(4.5)

(4.6)

where He,g = H(T = Tep). Equation (4.6) is derived
under assuming the entropy conservation for scale factors
a>> aq,q until today. On the contrary, f < f.,q corre-
sponds to frequencies that cross the horizon after the end
of the ¢ domination and therefore are not sensitive to the
nonstandard phase. Similarly, the frequency f., corre-
sponding to a = aq can be defined as

k
—cq
feq = Z
1 9.(Teg) [ hu(To) 75
6 5 h*(TdeC)
X {5# ( |:g* (Tmax)i| 3 Tmax) 3(%_1:| 3('41‘%) aOTOqu .
[n (Tdec) Tdec M Pl Tmax ’
(4.7)

see the Appendix for details.

The present relic of gravitational waves can be approx-
imately written as

~ PT (k) kzal%c

Q k)~ , 4.8
GW('IO ) 24a‘0‘H§ ( )

where ay, is the scale factor at horizon crossing and 7 is
the conformal time today. Considering a Universe domi-
nated by a ¢ component before BBN leads to different
regimes for the PGW spectrum depending on the moment
where perturbations cross the horizon. We classify them in
the following.

A. Classification

1. Case I: agpq < aype

In this case perturbations cross the horizon well after
the decay of ¢, when a.,qy < ay.. This corresponds to the
standard scenario where the Universe is radiation domi-
nated, and therefore the Hubble expansion rate scales like

PR ((1) I Astart 3“’ﬁ_5 Amax 2
H(a@) = 220 = Hy )
Pl end

where

9x (Tmax ) Trznax

I»:I T
max = 3 10 Mp

(4.10)

corresponds to the contribution to H coming from the SM
radiation at T = T,,,. Let us emphasize that H,, #
H(T = T, ). Additionally, the scale factor @, at Ty
can be estimated to be

N i[h*(To) F

a ~ dg
e Trnax h* (Tdec)

x {5( {g*(T max)] ; Tmax> "3"’“‘} R
9x (Tdec) Tdec

see the Appendix. Therefore, at the horizon crossing

(4.11)

3a)¢ =5

7 Agrart | 4 Amax —1
k= ath(ahc) = Hmax( — Xy
Aend Ahe

(4.12)

That dependence implies that Qgyw will inherit exactly the
same scale dependence as the primordial spectrum

3(1:(/7 -5

NPT(k) I:Imax 2 Amax 4 Agtart 2
24 HO ap Aond

x Pr(k).

Qaw (9. k)

(4.13)
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In particular, if the primordial spectrum is scale invariant,
Qgw becomes independent of k, up to changes in the
relativistic degrees of freedom.

2. Case 2: apq < ape < @epg

This case corresponds to the scenario where a.q <
ape K Agpg- Additionally, we demand that & > &, which
implies that a sizable relative increase of the temperature is
achieved due to the decay of ¢. This is typically realized
when oy < 1/3 and therefore T'¢pg & Tge. In this case ¢
dominates the Hubble expansion rate,” and therefore

\/ \/pgb amax amax>%(1+w¢)
3M%1 3M12)] a

_x g*(Tmax max A max 3(1+awy)
-5y e ()

3
» a 5(14wy)
= Hm\/E<%> . (4.14)
This implies that at the horizon crossing
o~ 3(1+awy) ey
k = apcH(ane) = Hupa\/ Edinax " Gy © (4.15)

That allows us to find an approximate expression for the
present relic of a GW:

Pr(k)
24a}H?

2 3(140y) 1 300, ~ 117705
[Hmax Amax k Wy ] + (/,

Qaw(no. k) = (4.16)

which presents an extra k dependence, additionally to the
one from the primordial spectrum.

3. Case 3: ape < agq

This case corresponds to the scenario where ay, < deq.
We again demand that &> &.;,, which implies that a
sizable relative increase of the temperature is achieved due
to the decay of ¢. This can only be realized when wy < 1/3
and therefore T.q ~ Tge- In this case the Universe is
radiation dominated and then the Hubble rate evolves like

pR amax amax) 2
3M ]2)1 3M3, a

ﬂ’- g* (Tmax) Tmax amax H amax 2
3 10 M Pl a max a )

(4.17)

Here the horizon crossing happens for

®Let us note that if wy > 1/3, for a < ag,q the Universe is
always dominated by ¢.

7 arznax
k= ath(ahc) = Hmax— .

4.1
~ (4.18)

Then the relic of PGW for radiation domination can be
estimated to be

7DT(k) Hmax 2 Amax 4
Q k) = ;
aw (M0 ) 4 H, ao
where a,,,,, given in Eq. (4.11), is the only place where a &

dependence appears. As expected, Eq. (4.19) only depends
on k via the primordial spectrum Py (k).

(4.19)

4. Case 4: € < &

This last case corresponds to the scenario where & << &,
which implies that either p,, is subdominant when ¢ decays
or that ¢ is not decaying at all. This is typically realized
when @, > 1/3.” Additionally, here Top > T Let us
also note that in this case a.q and ay, are not defined, so
the only relevant scale is a = ag,y. The scenario where
Qpe > dgpq corresponds to the previously discussed case 1;
now we focus on the opposite case ay,. <K depq-

In this scenario, as the energy density is dominated by
py» the Hubble expansion rate is given by Eq. (4.14).
However, the scale factor a,,,, can now be computed by
the use of the conservation of the SM entropy, which
implies that

(4.20)

Amax ~ Ay

- i)

Tmax h * (Tmax

which is now independent of £. Similar to case 1, the
horizon crossing and the present relic of GW are given by
Egs. (4.15) and (4.16), respectively. Additionally, using
Eq. (4.6) and entropy conservation, in this case

- acndH end
f end — 0

RS

g*(Tend) W%“OTOTmaX
10 ~ Mp

(4.21)

5. Scale-invariant primordial spectrum

Figure 3 shows examples of spectra of inflationary GWs.
The upper panel corresponds to w,, = 0 and & = 107", the
central panel to wy = 1/3 and & = 10> and the lower panel
to w, = 2/3 and & = 10'°. In all panels the temperature at

In fact, for w4 < 1/3 and & < &y, the Universe is always
radiation dominated and hence corresponds to the standard
cosmology

¥*Note that in this scenario T ~ Tmax[ ‘““‘)]1/ 353"/ -

eml
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FIG. 3. Spectra of inflationary GWs for @, = 0 and & = 107"!
(upper panel), w; = 1/3 and & = 10 (central panel), and w; =
2/3 and & = 10'° (lower panel). T4, = 10 MeV was also chosen.
These benchmark points are the same used in Fig. 2 and are shown
in the upper left panel of Fig. 4. The colored regions correspond to
projected sensitivities for various gravitational wave observatories
and to the BBN constraint described in the text.

which ¢ decays is assumed to be Ty, = 10 MeV. Here we
are considering a primordial scale-invariant spectrum

(ny = 0) with VI/* =1.5x 10 GeV. Let us note that
the benchmarks are the same used in Fig. 2 and presented in
the upper left panel of Fig. 4.

In the upper panel of Fig. 3 we assumed w, = 0. For
frequencies smaller than f.,q ~ 107'° Hz [Eq. (4.6)], per-
turbations crossed the horizon after the end of the ¢
domination and therefore are not sensitive to the nonstand-
ard phase, case 1. The GW spectrum is therefore scale
invariant, as the primordial spectrum. For higher frequen-
cies, ¢ dominates the Hubble expansion rate and therefore

1-3w,

Qcw af_zm = f2, case 2. For f> f.,~107% Hz

[Eq. (4.7)], the Universe is again radiation dominated
and therefore the spectrum becomes again scale invariant,
case 3.

In the central panel of Fig. 3 we took wy = 1/3,
implying that the Universe is always dominated by a
component that scales like radiation: either the SM radi-
ation or ¢. The GW spectrum has therefore the same k
dependence as the primordial spectrum which is scale
invariant.

Finally, in the lower panel of the figure wy = 2/3
and & < &y, For f < fona~ 1074 Hz [Eq. (4.21)], the
GW spectrum is essentially flat, up to variations due to the
change of the relativistic degrees of freedom. For f > f..q,
the GW spectrum is modified by the nonstandard phase and

1-3w
scales like Qgw o f oy — 13, case 4.

Additionally, in Fig. 3 the colored regions correspond to
projected sensitivities for various gravitational wave
observatories [118]. In particular, we consider the proposed
ground-based ET [9] and the planned space-based LISA
[10] interferometer as well as the proposed successor
experiments BBO [11] and (B-)DECIGO [12,13].
Moreover, we include pulsar timing arrays, in particular
the currently operating European Pulsar Timing Array
(EPTA) [119] and NANOGrav [120], as well as the future
SKA [14] telescope. For the frequency range 1073 to
10> Hz the Qgwh> ~2x 10717 is the lowest relic that
can be probed by a BBO experiment. DECIGO can probe
GW relics above ~2 x 107'¢ in the same frequency range.
Moreover, BDECIGO can probe frequencies between 1072
and 10> Hz with a maximum sensitivity around 107'3.
A similar sensitivity could also be reached by LISA but in
the frequency range 10~ to 1 Hz. Very large frequencies
between 1 and 10* Hz will be probed by the ET experiment
for Qgwh? ~2 x 10713, NANOGrav and EPTA can probe
regions between 10~ and 10~7 Hz with a relic above 107°.
Finally, SKA can probe the regions between 10~ and
107% Hz depending on the period of operation for 5, 10,
and 20 years. The constraints from the LIGO/VIRGO
Collaboration on the stochastic gravitational background
and the coalescence of compact binary objects are also
considered in our analysis [121,122]. A primordial gravi-
tational wave relic as small as ~3 x 1073 is not observed
and therefore excluded for the frequency range between
10 and 200 Hz. Additionally, the PGW background as an
extra radiation component modifies the expansion rate of
Universe and can therefore be constrained by BBN [123].
This is done by using the measurement of the number of
effective neutrinos N and the observational abundance of
D and “He, which impose Qgwh’> < Qggnh® =~ 1.7 x 107°
at 95% C.L. [124,125], which shows the integrated amount
of PGW radiation. Combining the constraint from BBN
on PGW background and Eq. (4.16) we can find the
maximum frequency at which the Universe can start to
be ¢ dominated:
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FIG. 4. Regions of the parameter space that could be tested by different observatories for a scale-invariant primordial spectrum
(ny = 0), taking Viln/f4 = 1.5 x 10'® (upper panels) and 1.5 x 10" GeV (lower panels) and T4, = 10 MeV (left panels), 1 PeV (upper
right panel) and 100 GeV (lower right panel). Three colored markers in the upper left panel are benchmark points for Figs. 2 and 3. The
diagonal black dashed lines correspond to &,. The vertical red dotted lines correspond to w,; = 1/3.

3w+l L

[N [(367:2—“31‘414’1%93“
Vinf

(4.22)
For frequencies larger than fgpy the Universe should be

either radiation dominated or during an inflationary phase.
Other indirect possible constraints on PGW include the

2 (14wy) |
-2 £—1,~ (]
Hix€™ Qmax .

effect on temperature and polarization of the CMB and matter
power spectra considered in Refs. [126,127]. However,
these limits are not as competitive as the BBN bound.
Figure 4 shows in colors the regions of the parameter
space [w,, &] that could be probed by different observato-
ries for a scale-invariant primordial spectrum (ny = 0),

taking V/* = 1.5x 106 (upper panels) and 1.5 x 10> GeV

n!

(lower panels) and T4, = 10 MeV (left panels), 1 PeV
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(upper right panel) and 100 GeV (lower right panel). The
lines correspond to & = &, (black dashed lines) and
w4 = 1/3 (red dotted vertical lines). Some general com-
ments are in order. There is an important loss of
sensitivity when decreasing the scale of inflation Vlln/f,
because the GW spectrum Qgw « Pr « V; ;. However,
sensitivity increases when maximizing the ¢-dominance
period by decreasing Tg4... One can see that different
experiments could probe complementary regions of the
parameter space, typically corresponding to equations of
state wy > 1/3 and to & > &yip.

The behavior of the sensitivity regions can be understood
as follows. Typically, the minimum value of equation of
state parameter w,, that can be probed by a given experi-
ment happens in case 2, when a.y < ape < deyq and
&> - It can be found by equaling Qgw [Eq. (4.16)]
with Q_,, so that

ln hy (T ) 9« (Tdi:&.) 4 a()i:lmax TecTo
P ) i T 1
LN — —_—
¢len |:< Tdec ) (g* Tdec)) 36ﬂza(2)M4P]H2QmmTieL:| 3 '
K2
mt

T inax min 0

(4.23)

where Qi = Qgw (kmin) corresponds to the maximal
sensitivity that a given experiment can reach and k., to
the wave number at which Q_;, occurs. The fact that
Eq. (4.23) is independent of ¢ explains that the bounds on
Fig. 4 appear as vertical lines.

However, the parameter space corresponding to w, <
@y min could also be probed. This corresponds to case 3,
where ap, < aeq and & > &, The maximum ¢ that can
be probed by a given experiments can be derived from
Eq. (4.19) to be

£r [g*(Tdec)Téec:| K h,(T,) ) V.

9x (Tmax ) Tﬁnax h* (Tdec) 367‘1’2'Q'mir11‘/141§1

~ 3(14wy)

2 d
X Hmax
Hy

} ’ (4.24)
and can be seen in the BBO bound for @, < 1/3 in the two
upper panels of Fig. 4.

Finally, the lower limit on £ that can be explored with
a GW observatory typically corresponds to case 4, where
& < &min and @y > @y min- In this scenario

T5 9x(Tinax)
Tﬁec g* (Tdec )

1 +3m¢

5%[ Komin ]2{36ﬂ2aéH%M‘l§1§2min 7

. (4.25)

[:I max @max Vinf ktznin arznax
which corresponds to the tilted colored lines for wy > 1/3
in Fig. 4 and represents the typical minimum value of & that
a given experiment can probe.

6. Effect of the tensor tilt

In the previous section the effect of nonstandard
cosmologies on scale-invariant primordial spectra was
studied. Here we generalize that analysis to spectra with
nonzero tensor tilts [128]. The case of a primordial tensor
power spectrum which is not scale invariant, having a k
dependence is usually parameterized in the following

manner [129]:
@)
% 9

is the tensor amplitude at some pivot

Pr(k) = Ay (4.26)

2 Vigt
32 Mé,l
scale k and ny is the tensor spectral index. In general,
A7 and ny are independent parameters. However, in the
single-field slow-roll scenario an interesting consistency
relation holds between these quantities. The tensor-to-
scalar ratio [7,130]

where Ap =

(4.27)

yields the amplitude of the GW with respect to that of
the scalar perturbations at some fixed pivot scale k, where
Ag=~2.1x 1072 [129] corresponds to the amplitude of
primordial spectrum of curvature perturbations. At the
lowest order in slow-roll parameters, the following con-
sistency relation holds:
r=—8ny. (4.28)
For a radiation-dominated Universe before BBN and
assuming the previous consistency relation, we scan over
the parameter space of ny and r to show the regions that
could be constrained by GW experiments. Figure 5 shows
the upper bounds on the parameter space of [r, ny] that can
be probed by different GW experiments. The current BBN
and LIGO bounds already constrain ny 2 0.5 for » 2 0.01.
The minimum value for the tensor tilt that can be probed by
a given experiment can be approximated from Egs. (2.13),
(4.26) and (4.27) as

In |: 48 Quin |:h- (Thc>:| 4/3:|
rAsg.(The) Q.0 | ha(To)

ufe]
which has a logarithmic dependence on r. PGW observa-
tories could probe large regions on the [r, ny] plane and
eventually put constraints, stronger than the current CMB
constraint limits [109].

Figure 6 depicts the regions of the parameter space
that could be probed by different observatories assuming

the consistency relation in Eq. (4.28) and r = 0.07, for
T4ec = 10 MeV (left panel) and 1 PeV (right panel).

(4.29)

N7 min =
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FIG. 5. Regions in the parameter space of the tensor-to-scalar
ratio r and the tensor tilt ny that can be probed by GW
experiments in case of the standard radiation domination sce-
nario. The regions above the colorful curves can be potentially
excluded by different experiments. There are some comments in
the right of plot in order, based on the minimum value of the
tensor tilt that can be probed by each experiment. The dot-dashed
purple line shows the upper bound on r from CMB by the Planck
satellite [109].

However, the consistency relation may not hold. In Fig. 7 it
is shown the regions of the parameter space that could be
probed by different observatories assuming ny = —0.3 (left
panel) and ny = 0.3 (right panel), for Ty, = 10 MeV. The
black dashed lines correspond to & = &,;,, the red dotted
lines to wy = 1/3.
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The spectrum of PGW taking into account the possibility
of a nonvanishing tensor tilt for modes which cross the
horizon at scale factors in the range d.q < ape < deng
(similar to case 2) can be estimated to be

6(H~(ud,)
1“‘”45 T3 0y 2(a,-1)
1) k ATHmax 5 P a (max kﬁ-klw 4.30
GW(”O’ ) 417270 . ( . )
24ayHk""

The extra k"7 dependence boosts (deteriorates) the detec-
tion prospects for the primordial GWs for ny > 0 (ny < 0),
as shown in Figs. 6 and 7. In particular, the right panel of
Fig. 7 shows a huge improvement on the detection
possibilities in the case where ny = 0.3.

As done in the previous section the typical minimum
value of the equation of state parameter w, that can be
probed by a given experiment happens in case 2, when
Uoqg K Ay K Aepg and & > &y

1 (To) \3 (92 (Taee) \ ¥ o Fmay Taee T
4 ln[(h (szc))3<g'(Tiax))4 ™ 0} 1
¢mm 311] h (Tdet:) % g*(Tdec) 24a2H29mlnT§ec ]~€ nr 3’
(TO) Jx (Tmax) ATkmm TO kmin
(4.31)

where Q,;, is defined below Eq. (4.23). This relation
matches with the minimum values of w,, obtained in Figs. 6
and 7 by precise numerical solutions, if one considers the
numerical values for parameters and the values for Q;, and
kmin from experimental constraints. These minima can take
values smaller than 1/3 due to the extra dependence of
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FIG. 6. Regions of the parameter space that could be tested by different observatories assuming the consistency relation, Eq. (4.28),
and r = 0.07, for T4, = 10 MeV (left panel) and 1 PeV (right panel). The black dashed lines correspond to & = &;,. The dotted red

lines show the case w, = 1/3.
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(right panel), for Tqc = 10 MeV. The black dashed lines correspond to & = &,. The red dotted lines show @, = 1/3.

Eq. (4.31) on ny, which shows some scenarios with a short
period of early matter domination coming from small values
of £ and ny > 0 that can be probed by future experiments.

In case 3, taking into account the tilt of the primordial
spectrum, the maximum ¢& then can be probed by a given
experiment becomes

Ex Gx (Tdec)Tﬁec h*(TO) 3 Ar kmin nr
[ (Tmax) T?nax h* (Tdec) 24"(2rnin ];

3(1+w¢)

H..\> T ¢.(T
X ( max) Tog*( max):| 4 (432)
H 0 Tdec g*(Tdec)
Finally, the lower limit on & in case 4 becomes
ko 120 aAH2Qu (K O\
Erv |mmin |04 20770  min ( ) (4.33)
H max @max ATkmin inax kmin

Equations (4.31)—(4.33) allow us to analytically understand
the behaviors of the sensitivity curves in Figs. 6 and 7.

V. SUMMARY AND CONCLUSIONS

Inflation, as a well-motivated theory to explain the early
Universe cosmological problems, predicts the existence
of a PGW background. The spectrum of the inflationary
GWs depends on the power spectrum of primordial tensor
perturbations generated during inflation and the expansion
rate of the Universe from the end of inflation until today.
This stochastic GW background could be probed by
different gravitational wave observatories. In this paper
we studied the PGW spectrum in scenarios beyond the
standard cosmological framework, where the evolution of

the Universe is dominated by SM radiation. In fact, we
analyzed nonstandard scenarios dominated by a long-lived
component with a general equation of state. These cases are
common in several UV-complete beyond the SM theories.

First we revisited the PGW spectrum in the case of a
standard cosmology (i.e. with an energy density dominated
by SM radiation), taking particular care of the evolution of
the relativistic degrees of freedom, Fig. 1. Then we present
the formalism used in order to define the nonstandard
cosmology. We assume that for some period in the early
Universe, the total energy density was dominated by a
component ¢ with a general equation of state parameter .
We also assume that this component decays solely into SM
radiation. In addition to @, the nonstandard cosmology was
parameterized by the ratio £ of ¢ to SM radiation energy
densities and the temperature 7.4 at which ¢ decays. This
framework completely fixes the evolution of the energy
densities, the Hubble expansion rate of the Universe and the
evolution of the photon temperature and allows us to
numerically track in detail their behavior, Fig. 2.

In Sec. IV, PGWs in nonstandard cosmologies were
studied. In particular, in Sec. 4.1 we have analyzed the
different possibilities and phenomenological consequences
in which nonstandard cosmologies can impact the PGW
spectrum. This strongly depends on the moment where the
perturbations cross the horizon, with respect to the different
characteristic scales @qq, dgay and deng. These analytical
results were confronted and validated with numerical
computations, e.g. Fig. 3.

Once a signal from a PGW is found, GW experiments can
start probing the equation of state of the early Universe, in a
given inflationary scenario. Using the projected limits from
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future GW detectors, we study the possibilities to probe the
parameter space [, £] in Fig. 4. We explore the impact of
varying the scale of inflation and the temperature at which ¢
decays in the case where the primordial GW spectrum is
scale invariant. The general case where the primordial GW
spectrum has a scale dependence was also analyzed and the
results were shown in Figs. 6 (assuming the single-field
slow-roll consistency relation) and 7 (general case).
Additionally, we scanned over the parameter space [r, ny]
in Fig. 5 to find the minimum value of the scalar-to-tensor
ratio that different GW experiments can probe.
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APPENDIX: SUDDEN DECAY APPROXIMATION
OF ¢

From Eq. (3.11) one has that the temperature scales like

g*<Tmax) %Tmax _ Agtart (Al)
G (Tstart) Tstart Amax '
|:g* (Tdec):| 4l Tdec _ (astan> 8(l+w¢) (A2)
9 (Tstart) Tsta.rt Agec '
h*(Tdec) %Tdcc — ) (A3)
h* (TO) TO Agec .

Additionally, in the sudden decay approximation of ¢, the
conservation of energy density implies
Pr(T1) + py(T1) = pr(T2). (A4)

and therefore

T 1 T 3(1+w,)
g*(Tl)Tél‘ + gg*(Tmax)T?nax {<M>4 —1:|

9+(Tmax) ) Trmax
Gx (T1)1/4T1 - |:2(g*(TZ)Tg)(g*(Tmax)lMTm )3w¢ 1] T’W,
(A6)

where 7| and T, are the temperatures just before and just
after ¢ decays, respectively. Taking into account the scaling
of py and that p, (T max) = EPgr(Tmax), One gets that

|:g*(T2):|%Q _ |:g*(Tdec):|% Tdec Adec
g*(Tl) Tl g*(Tmax)

[elf) )T

(A7)

max amax

In this approximation, 7, can be identified with T 4.
Equations (Al), (A2) and (A7) can be rewritten, respec-
tively, as

a —a g*(Tmax) %
dec e g*(Tdec)

% Tmax |:§< |: *(Tmax>:| ‘_l‘ Tmax> 1—3a),,,:| 3<1+1"’r/>>, (AS)
Tdec G« (Tdec) Tdec

Tyee) | T VAT N\ 1-30,] 5k
Tgiart = Tgec {M} ' |:§< {Lmax)] ¢ max) :| 530y, ,

9« (Tstan) 9« (Tdec) Tdec
(A9)
4
+ g*(TmaX) JT Tmax m
Agart = Oy &0 5[<7 — . Al0
v e 9« ( Tdec ) Tdec ( )
Additionally, the equality pr = p, happens at
g* (Tmax ) % +
Tog = || Tmaxl' All
€q |: gy (Teq) :| maxg ’ ( )
i
eqg = A &7 (A]Z)

Moreover, a,,,x can be extracted from Eqs. (A3) and (AS8)
and has the form of Eq. (4.11).

Finally, assuming 7'y, T, — T4, and using Eq. (A6), the
minimum value of £ that leads to a ¢ domination phase
which affects the evolution of radiation energy density can
be obtained as

é |:(g*(Tmax)>% Tmax:| 3(”(/]_1
i Gx (Tdec ) Tdec
If ¢ > &, ¢ dominates for some period the expansion rate
of the Universe and also modifies the radiation energy

(A13)

density as pp ~ a20%9%) until Tppy & Tyee. In the opposite
case, if & < &y for wy < 1/3, the ¢ domination regime
never happens. However, form, > 1/3if 1 < & < &y, the
Universe is dominated by ¢ but the radiation energy density
is not significantly modified by the presence of ¢.
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