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We perform a new, detailed calculation of the flux and energy spectrum of Earth-emerging τ-leptons
generated from the interactions of tau neutrinos and antineutrinos in the Earth. A layered model of the Earth
is used to describe the variable density profile of the Earth. Different assumptions regarding the neutrino
charged- and neutral-current cross sections as well as the τ-lepton energy loss models are used to quantify
their contributions to the systematic uncertainty. A baseline simulation is then used to generate the optical
Cherenkov signal from upward-moving extensive air showers generated by the τ-lepton decay in the
atmosphere, applicable to a range of space-based instruments. We use this simulation to determine the
neutrino sensitivity for Eν ≳ 10 PeV for a space-based experiment with performance similar to that for
the Probe of Extreme MultiMessenger Astrophysics (POEMMA) mission currently under study.
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I. INTRODUCTION

The measurement of the spectrum of the very high-
energy (VHE, Eν ≳ 1 PeV) neutrino and antineutrino
(hereafter denoted collectively as neutrinos) component
of the cosmic radiation and its angular distribution on the
sky provides a unique probe of high-energy astrophysical
phenomena. A by-product of cosmic ray acceleration,
astrophysical neutrinos can reveal the environments of
sources of ultrahigh-energy cosmic rays (UHECRs)
[1,2]. The results from IceCube [3–5] demonstrate the
existence of an extra-Solar System astrophysical neutrino
flux with energies from above 10 TeV to potentially as high
as 10 PeV. A neutrino event detected by IceCube that
appears correlated at 3σ with gamma-flaring data from an
active galactic nuclei source has been reported [6]. Gamma
ray bursts [7], newborn pulsars [8], active galactic nuclei
[9], galactic clusters with central sources [10,11] and
UHECR photodisintegration within cosmic ray sources
[12] are among candidate sources for the diffuse astro-
physical flux of neutrinos. Astrophysical neutrinos are key
to the multimessenger approach to understanding sources
of cosmic radiation [13].
At the highest energies, neutrinos are anticipated from

UHECRs that attenuate through interactions with photons
in transit from sources [14–20] with the Greisen-Zatsepin-
Kuzmin (GZK) cutoff [21,22] being a signal of this

process. The details of the cosmogenic neutrino spectrum
would provide invaluable information to the cosmic ray
acceleration process, source distribution, source evolution,
and the UHECR nuclear composition [18]. While the
existence of the cosmogenic neutrinos is implied by the
baryonic component in cosmic rays, the detection of these
neutrinos has remained elusive [23]. It is one of the most
important measurements in astroparticle physics.
The weak neutrino interaction cross section makes neu-

trinos a critical and unique component of multimessenger
astronomy and astrophysics. The neutrino horizon extends
far beyond that for UHECRs. Measurements of cosmogenic
neutrinos have the potential to provide information about
sources much farther than those responsible for the observed
flux of UHECRs. Measurements of astrophysical neutrinos
probe the environments of cosmic accelerators.
While the weak interactions of neutrinos give a benefit in

their transit to the Earth, their detection requires very large
target volumes. Direct detection of neutrino interactions in,
e.g., the IceCube instrumented volume are also augmented
by muons from νμ charged-current interactions that produce
a muon outside the detector, thereby increasing the effec-
tive detection volume. Tau neutrino production of τ-leptons
can also increase the effective volume at higher energies
due to the Lorentz-boosted lifetime. Over cosmological
distances, the 1∶2 ratio of νe þ ν̄e∶νμ þ ν̄μ produced in
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sources of UHECRs or in their transit to the Earth yields a
nearly equal flux of electron, muon and tau neutrinos [24].
This leads to characteristic upward-going tau neutrino
induced signals in underground detectors and ground-based
detection of air showers [25–45]. The potential to use
suborbital and space-based measurements of extensive air
showers (EASs) induced from neutrino interactions either
in the Earth [46,47] or Earth’s atmosphere has been
recognized as a way to achieve even larger neutrino target
masses, greater than 1013 metric tons for the atmosphere
[48], for example. In particular, the signals from upward-
moving EASs that come from tau neutrino interactions
within the Earth [34–38] provide a path to measure the
astrophysical and the cosmogenic neutrino fluxes above
∼1 PeV, with a huge neutrino target mass [49,50].
Indirect detection techniques for measuring the character-

istics of upward-going EASs from VHE neutrinos include
(1) the detection of the beamed optical Cherenkov radiation
fromEASparticles and (2) the detection of the coherent radio
radiation from theEASs. The latter comes fromelectric fields
induced by separation of positive and negative EAS particles
in the Earth’s magnetic field (geomagnetic radiation) and
from a time-varying net charge in showers initiated by
VHE neutrinos in dense media such as ice (the Askaryan
effect [51]). Measurements of either type of signal, optical
Cherenkovor radio, can be leveraged to determine the energy
of the neutrino primary while having excellent angular
resolution in the incident neutrino direction. The long-
duration balloon flights of ANITA have demonstrated
the capability of using a suborbital instrument for detecting
radio signals from downward-going and horizontally
propagating UHECRs [52–54]. Searches for radio signals
from upward-going, neutrino-induced cascades in the
Antarctic ice have led to limits on the diffuse flux of
UHE neutrinos at energies above 1010 GeV [55,56],
culminating in stringent constraints [57] on “top-down”
models of UHECR and UHE neutrino production via
phenomena associated with relics from the big bang, from
phase transitions or from physics near the grand unified
scale in the early Universe (e.g., Refs. [58–60]).
Recently, the ANITA Collaboration reported the detec-

tion of two anomalous events with radio signal character-
istics that appear to be compatible with upward-moving
EASs. The inferred EAS energies and the projected path
lengths through the Earth imply that these events were likely
not initiated by ντ interactions in the Earth [54,61,62].
Nevertheless, these events have fueled speculation that
they may signify physics beyond the Standard Model, such
as Earth-interacting sterile neutrinos [63,64], the inter-
actions or production of supersymmetric particles [65–67],
neutrino-induced supersymmetric sphaleron transitions
[68], or the decay of superheavy dark matter [69].
Several suborbital (EUSO-SPB2 [70]); space-based

(CHANT [50], Probe of Extreme MultiMessenger Astro-
physics (POEMMA) [71]); and ground-based (Trinity [44])

instruments have been proposed to search for EASs
from Earth-skimming tau neutrinos via optical Cherenkov
radiation, which would allow for sensitivity to neutrino
energies above ∼10 PeV, even though the duty cycle for
optical Cherenkov is∼20% (compared to∼100% for radio).
POEMMA is a NASA probe-class mission under study
that will detect UHECRs and VHE neutrinos from space
[71]. In this paper, we report on the development and the
results from an initial, end-to-end calculation of the optical
Cherenkov signal generated from upward-moving EASs
from the decay of τ-leptons sourced by tau neutrino
interactions in the Earth. Many of the results presented here
are not specific to the POEMMA concept. To perform
a baseline simulation to calculate the neutrino sensitivity
for a space-based experiment, we use the 525 km orbiting
altitude, a 2.5 m2 detector collecting area, a photodetection
efficiency of 20%, and other detector characteristics of
POEMMA.
In the next section, we give a brief overview of satellite

and balloon-based neutrino detection starting with the
geometry of the viewed surface of the Earth. Appendix A
hasmany of the detailed relations between thevarious angles
that describe the instrument viewing and the emerging
showers. The treatment of tau neutrino interactions to
produce τ-leptons and the subsequent tau energy loss
and/or decay in the Earth to produce a lower-energy neutrino
are discussed in Sec. II. We show the flux independent and
flux dependent ντ → τ transmission results.
In Sec. III, we review τ-lepton decay probabilities in the

atmosphere and the geometry of decays as a function of
altitude. We also describe how air showers in the atmos-
phere are modeled to get the photon density to arrive at a
detector like POEMMA at 525 km altitude.
Section IV includes results that incorporate detection by

a POEMMA-like optical Cherenkov detector as an appli-
cation of our transmission results. We evaluate the aperture
and flux independent sensitivity from our simulations. We
also estimate the number of events that could be detected
for two flux models for the isotropic cosmogenic flux [18].
We summarize our conclusions and discuss uncertainties

and potential improvements to the simulation in Sec. V.
In Appendix A, we collect further details of the geometry
of the Earth, as seen at altitude. We display tables for the
cumulative probability functions for ντ → τ as a function of
the outgoing τ-lepton energy fraction of the incident neutrino
energy, for selected incident neutrino energies and angles,
in Appendix B. Finally, in Appendix C we outline in more
detail inputs to the Monte Carlo simulation of the detection
probabilities as a function of energy and angle.

II. NEUTRINO AND TAU PROPAGATION
IN EARTH

The Earth-skimming technique for detecting tau neu-
trinos relies on using the Earth as a neutrino converter. The
feasibility of this technique depends on the details of tau
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neutrino propagation along trajectories through the Earth
that are determined by the detection geometry, shown in
Fig. 1.We beginwith a summary of our notation in Sec. II A.
Along the chord c through the Earth, a neutrino interacts to
produce a tau; then the tau loses energy andmaydecaywith a
neutrino in the final state. This regeneration process can
occur multiple times, depending on the energy and angle. In
Secs. II B, II C and II D, we describe how we incorporate
these elements in our simulation. Section II E shows results
for tau exit probabilities and tau energy distributions, for a
fixed tau neutrino incident energy and angle. Transmission
functions, the ratios of outgoing taus to incoming tau
neutrinos, as functions of energy and angle are shown in
Sec. II F. The results presented in Sec. II are related to tau
neutrino and tau propagation in the Earth. Section III is
focused on tau-neutrino-induced air showers from tau decay
and their detection.

A. Geometry of neutrino trajectories and column
depth through the Earth

For neutrino energies above a PeV, the neutrino and
antineutrino interaction cross sections are essentially equal,
and their interaction length is shorter than the column depth
along the diameter of the Earth [72,73]. Consequently,
neutrino detectors at altitude h above the Earth need to
point near the limb. The limb is at a viewing angle αH away
from the nadir in our notation. A given point on the Earth’s
surface in view of the detector is described by the angle θE,
as shown in Fig. 1. It corresponds to a detector viewing
angle α away from the satellite nadir. The line of sight from
the point to the detector is at an elevation angle βv and angle
θv from the local zenith. The distance v is the distance

along the line of sight. Relations between angles and
distances are listed in Appendix A.
In order for the detector to receive Cherenkov radiation

from a neutrino-induced EAS, the τ-lepton must emerge
with a trajectory with an elevation angle βtr (θtr from the
local zenith) that is within a factor of the Cherenkov angle
θCh from the line of sight with the detector, namely,
βtr ¼ βv � θCh. Hence, at any given location within the
field of view of the detector, only those neutrinos with
specific trajectories through the Earth will be detectable.
These trajectories determine the column depth of material
neutrinos must traverse as they propagate through the
Earth. Similar arguments can be made for instruments that
make use of the radio detection technique.
The Cherenkov angle in air at sea level is θ ¼ 1.5°, so as

Fig. 1 shows, βtr ≃ βv and θtr ≃ θv. The geometry will be
discussed in more detail in Sec. IVA.
Assuming a spherical Earth, the chord length c of the

path through the Earth for a neutrino trajectory with
elevation angle βtr is given by

c ¼ 2RE sin βtr; ð1Þ

where RE ¼ 6371 km is the radius of the Earth. The
column depth through the Earth for a given trajectory with
βtr is given by

XðβtrÞ ¼
Z

c

0

ρðs0; βtrÞds0 ð2Þ

where s is the distance along the path traversed through the
Earth and ρðs; βtrÞ is the density of the Earth along the path
length at s for the trajectory.We distinguish between column
depth and chord length because the neutrino interaction
length and the energy losses for the produced τ-lepton
depend on the column depth whereas the probability of the
τ-lepton decaying prior to emerging through the surface
depends on the remaining distance to the surface.
For the density of the Earth, we use a multishell model

based on the average radial profile given by the preliminary
reference Earthmodel (PREM) parametrization in Ref. [74].
For neutrino trajectories with angles βtr ≤ 50°, we find that a
model consisting of seven shells of constant density is a
good approximation to the PREM column depth, as shown
in Fig. 2 with solid and dashed lines, respectively. The
density parameters are listed in Table I as a function of
vertical depth d ¼ RE − r, where r is the radial distance
from the center of the Earth. To evaluate the column depth,
r is related to s and βtr by the law of cosines.

B. Neutrino interactions

The first step in the evaluation of skimming tau neutrinos
is their interactions via charged-current or neutral-current
weak interactions. The high-energy neutrino cross section
depends on the small-x behavior of the structure functions

FIG. 1. Geometry for detecting an EAS from an upward-
moving tau neutrino. The angles βv and θv label the elevation
angle and local zenith angle for the point along the line of sight.
Angles βtr and θtr describe the emerging tau trajectory.
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of the nucleon targets. There is an extensive literature on the
high-energy extrapolations of the neutrino-nucleon cross
section [72,73,75–79]. We use as a standard the leading
order neutrino cross section evaluated with next-to-leading
order (NLO) parton distribution functions (PDFs) for free
protons provided by the nCTEQ group (nCTEQ15-1) [80],

adjusted for an isoscalar target. It has been shown that the
NLO matrix element squared changes the cross section by
less than 5% compared to using the leading order matrix
element squaredwithNLOPDFs, amuch smaller correction
than the uncertainty associated with the choice of small-x
extrapolations of the PDFs [76].
Alternate neutrino cross sections can be used to assess

uncertainties. Two neutrino cross sections are evaluated
with small-x extrapolations based on the Abramowicz,
Levin, Levy and Maor (ALLM) extrapolation [81,82] of
the electromagnetic structure function F2ðx;Q2Þ and the
Block, Durand, Ha and McKay (BDHM) extrapolation
[83–85] of F2. As discussed below, these two expressions
for the electromagnetic structure function will be used for
the photonuclear energy loss of the τ-lepton. Details of
the correspondence between tau energy loss and the tau
neutrino cross section appear in Ref. [86].
With the cross section and differential energy distribu-

tions, we use the column depth determined from the Earth
density shells to find the interaction point of the neutrino.
High densities are favorable for neutrino conversions to
taus; however, tau energy loss in dense materials promotes
tau decay.
For reference, in Fig. 3 we show the neutrino charged-

current cross sections using our standard nCTEQ15-1 [80]
cross section and the two alternate cross sections. Figure 4
shows the ratio of the column depth for fixed angles, XðβtrÞ,
to the nCTEQ15-1 neutrino charged-current interaction
length as a function of neutrino energy. This shows the
importance of attenuation at large angles.
Our Monte Carlo program propagates the neutrino along

the chord with repeated interactions of neutral currents as
applicable, until a tau is produced (or not) over the neutrino
trajectory. The outgoing lepton energy is determined by the
differential weak interaction cross section dσ=dy where

FIG. 2. Upper panel: The column depth as a function of βtr
following the PREM parametrization (black dashed) and using
the seven-shell density model (solid red) for trajectory angles
0° ≤ βtr ≤ 20°. For reference, the column depths for a sphere of
radius RE composed entirely of water (solid blue line) and one
composed of water and rock (dotted-dashed green) are also
plotted. Lower panel: The column depth for the PREM and
seven-shell density models, for trajectory angles βtr ≤ 50°.

TABLE I. Density ρ as a function of vertical depth d ¼ RE − r
below the Earth’s surface for βtr ≤ 50° based on the PREM
parametrization [74] of the Earth’s density.

ρ (g=cm3) Depth d ¼ RE − r

1.02 d ≤ 3.0 km
2.6 3.0 km < d ≤ 15 km
2.9 3.5 km < d ≤ 24.4 km
3.4 24.4 km < d ≤ 400 km
3.8 400 km < d ≤ 670 km
4.4 670 km < d ≤ 850 km
4.8 850 km < d

FIG. 3. As a function of incident neutrino energy, the charged-
current cross sections evaluated using ALLM and BDHM small-x
extrapolations and using next-to-leading order QCD with a power
law extrapolation at small-x [76].
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y ¼ ðEντ − ElÞ=Eντ where l ¼ ντ or l ¼ τ for neutral-
current and charged-current interactions, respectively.

C. Tau propagation

Taus produced by charged-current interactions of tau
neutrinos with nucleons then propagate along the trajectory
through the Earth. The lifetime, including the γ-factor,
influences the distance traveled, as does the electromag-
netic energy loss. For reference, the time dilated decay
length of a tau of energy Eτ is γcτ ≃ 5 km½Eτ=ð108 GeVÞ�
given cτ ¼ 87.11 μm and mτ ¼ 1.776 GeV=c2.
Electromagnetic energy loss by charged leptonsl in transit

through materials comes from ionization, bremsstrahlung,
electron-positron pair production and photonuclear inter-
actions [32,87–93]. The average energy loss per unit column
depth X for a charged lepton l, here with l ¼ τ, is written

�
dEτ

dX

�
¼ −ðaτ þ bτEτÞ: ð3Þ

At high energies, the ionization loss characterized by aτ is
small. The energy loss parameter bτ is written as

bτ ¼
X
i

biτ ¼ bbremτ þ bpairτ þ bnucτ ; ð4Þ

where the biτ are each calculated in terms of the differential
cross section for tau electromagnetic scattering

biτðEÞ ¼
N
A

Z
dyy

dσiτAðy; EÞ
dy

ð5Þ

weighted by the inelasticity parameter y ¼ ðEτ − E0
τÞ=Eτ for

incident lepton energyE and outgoing energy E0. The biτ that
characterize hdE=dXi depend weakly on energy. It can be
shown that bbreml scales with leptonmass as∼1=m2

l, while for

pair production and photonuclear interaction, bpair;nucl ∼
1=ml [94,95]. For muons, the three βiμ are similar in scale
[87]; however, for tau energy loss, our interest here, only pair
production and photonuclear interactions are important.
We can use the bτ in Eq. (3), written in terms of the

column depth, to understand qualitative features of tau
propagation in materials. The density along chord c
accounts for most of the differences in materials of interest
here (seven density shells); however, there are some
material dependent corrections. For pair production, domi-
nated by coherent scattering on the nucleus, the differential
cross section scales as the nuclear charge Z2, normalized by
A in the definition of bpairτ . For photonuclear interactions,
the scaling is with Z=A, so to a good approximation bnucτ is
independent of material. We use two sets of parameters for
the calculation below: one set of parameters for water, and
a second set evaluated with standard rock Z and A to use
for rock and the other density shells. Of course, for tau
propagation, the density of each shell is included in the
column depth for that shell.
We remark that electromagnetic energy loss of taus by

photonuclear interactions, at high energies, is tied to the
small-x and the Q ∼ 1 GeV regime of the electromagnetic
structure function F2ðx;QÞ. As with the high-energy
neutrino cross section, small-x extrapolations of F2, as
yet unconstrained by experiment, are required. Different
extrapolations give different values for bnucτ . In Fig. 5, we
show how two extrapolations of F2 translate to βnucτ to
characterize theoretical uncertainties in the electromagnetic
energy loss. We show the ALLM form [81,82], and the
BDHM parametrization [83–85]. The ALLM extrapolation
of F2 gives a more strongly energy dependent bnucτ than the

FIG. 4. As a function of incident neutrino energy, at fixed
neutrino angle relative to the horizon βtr ¼ 1°, 5°, 10° and 20°, the
ratio of the column depth XðβtrÞ to the neutrino charged-current
interaction length evaluated using the nCTEQ15-1 PDFs.

FIG. 5. The energy loss parameters bnucτ and bpair for tau energy
loss in hdE=dXi as a function of initial tau energy E. The dotted
and dashed (bnucτ ), and dotted-dashed (bpairτ ) lines are for standard
rock, and the solid (bpairτ ) line is for water. Two separate curves are
shown for photonuclear energy loss, labeled with ALLM and
BDHM. The photonuclear energy loss parameters for water are
approximately equal to those for rock.

COSMIC TAU NEUTRINO DETECTION VIA CHERENKOV … PHYS. REV. D 100, 063010 (2019)

063010-5



BDHM parametrization; however, in both cases, the growth
with energy is only (approximately) logarithmic in tau
energy. The values of bpairτ for rock and water are also
shown in Fig. 5. A more complete discussion of connection
between tau energy loss and the small-x extrapolations of
F2 appears in, e.g., Ref. [86].
It has been known for some time that stochastic energy

loss effects are important, especially for muons [88]. At
high energies, stochastic losses from bremsstrahlung and
the photonuclear interaction dominate muon energy loss in
IceCube [96]. For τ-leptons, βbremτ ≪ βnucτ , βpairτ . As Fig. 5
shows, bnucτ > bpairτ , so we propagate τ-leptons stochasti-
cally. We account for stochastic effects using the procedure
outlined in Refs. [86,88,89,97], in a one-dimensional
approximation. Since we are at high energies, a one-
dimensional approach is appropriate. The procedure
involves rewriting

biτðEÞ ¼
N
A

Z
ycut

0

dyy
dσiτAðy; EÞ

dy

þ N
A

Z
1

ycut

dyy
dσiτAðy; EÞ

dy
: ð6Þ

We account for energy loss with a continuous term for
y ≤ ycut and simulate tau energy loss stochastically for
ycut < y ≤ 1. We take ycut ¼ 10−3, a value that reliably
includes stochastic energy loss for muons [97,98], and by
extension, τ-leptons [89]. It has been shown that an
effective bτ that describes the average energy of emerging
taus from stochastic propagation is typically larger than
what one obtains from Eq. (5) [32].

D. Tau decays and regeneration

Over large column depths, tau neutrino regeneration
from ντ → τ charged-current conversion and τ → ντ decays
is an important effect [25,93,99,100]. The tau neutrino from
a tau decay has approximately one-third of the tau energy.
This neutrino then has the potential to interact with the
remaining column depth, producing a tau. Each step in the
regeneration process reduces the tau energy.
One can make an approximate model of the energy

distribution of neutrinos from tau decays for the two-
and three-body decays τ → ντlνl, τ → πντ, τ → ρντ and
τ → a1ντ, accounting for ∼85% of the tau decay width
[101,102]. The energy distribution of the tau neutrino can be
evaluated directly where the form of the distribution is [103]

dnτ→ντ

dy
¼ g0ðyÞ − g1ðyÞ ð7Þ

for y≡ Eντ=Eτ, given that the taus produced by neutrino
interactions are left-handed and antineutrinos produce right-
handed τþ. The detailed formulas for g0 and g1 appear in,
e.g., Ref. [103] and the appendix of Ref. [104]. For three-
body leptonic decays,

g0ðyÞ ¼
5

3
− 3y2 þ 4

3
y3

g1ðyÞ ¼
1

3
− 3y2 þ 8

3
y3: ð8Þ

In fact, the expression for the three-body purely leptonic
decay is a good representation of the energy distribution of
tau neutrinos from tau decays evaluated in PYTHIA 8 [105]. In
Fig. 6, we show with a solid line histogram the sum of the
decay channels from PYTHIA. The solid curve shows just the
decay τ → ντlνl, normalized to 1. Because of the corre-
spondence shown in Fig. 6 between PYTHIA and the analytic
leptonic decay distribution, we approximate the full decay
distribution of the tau by the semileptonic distribution. For
reference, hyi ¼ hEντ=Eτi ≃ 0.4 in Fig. 6. Depolarization
can in principle occur through multiple scattering of the τ’s,
suppressing the term g1ðyÞ in Eq. (7). We neglect this effect
here. The spectrum of regenerated taus is not very sensitive
to the details of the energy distribution.
To model regeneration in the propagation of neutrinos

and taus in the Earth for angles relative to the horizon of
βtr ≤ 25°, we account for up to five tau decays to neutrinos,
where at each step, the tau neutrino is propagated to
determine whether or not it reinteracts to produce a tau.
This means we simulate up to six neutrino charged-current
interactions. Any number of neutrino neutral-current inter-
actions are included.
The number of interactions becomes progressively more

important as a function of increasing energy and angle βtr.
Alvarez-Muniz et al. [93] have evaluated the number of
charged-current events for fixed initial tau neutrino energy.
They find that the average number of charged-current
interactions for Eν ¼ 1010–1012 GeV is less than ∼3 for
βtr ≤ 40°. We checked that five regeneration steps are
sufficient for our purposes here: the tau exit probabilities
are not significantly changed by including the last

FIG. 6. Tau decay distribution [Eq. (7)] normalized to 1 for
τ → ντX from PYTHIA (histogram) and τ → ντlνl (solid curve).
The neutrino energy fraction is y ¼ Eντ=Eτ.
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regeneration step for angles less than 20°. For angles larger
than those accessible by a POEMMA detector, the final
regeneration step does not have a large impact on the exit
probability, even at high energy. The exit probability for
Eντ ¼ 1010 GeV changes by 2% for βtr ¼ 25° and by 7%
for βtr ¼ 35°.

E. Flux independent ντ → τ results

To illustrate the effects of regeneration, we show the tau
exit probability for fixed incident tau neutrino energies:
107, 108, 109, and 1010 GeV, as a function of angle βtr. The
dashed lines in Fig. 7 show the exit probability neglecting
regeneration, while the solid lines include regeneration. As
has recently been emphasized by Alvarez-Muniz et al. [93],
regeneration is important for all but the smallest values
of βtr.
The details of the tau exit probabilities are difficult to

model simply, but the case without regeneration follows
from a few factors. The probability for the tau to exit the
Earth depends on the attenuation of the neutrino flux and
the ratio of the tau range to the neutrino interaction length.
This approximation works well for low energies (at or
below Eντ ∼ 108 GeV) where the range is essentially the
time dilated decay length. For higher energies, tau energy
loss reduces the range relative to the decay length, and
regeneration enhances the large angle exit probabilities,
albeit with lower energy taus. Further details of the
enhancement of exit probabilities with regeneration are
discussed in Appendix B. For a range of 12.5 km, ρ ¼ ρw
for βtr ≤ 14°, and for 22 km, trajectory is solely in water
for βtr ≤ 8°.
The BDHM energy loss model yields somewhat higher

exit probabilities at high energies. For Eντ ¼ 108 GeV, the

enhancement is only a few percent. At this energy, the tau
range is only slightly smaller than the decay length. The
enhancement of the BDHM evaluation relative to the
ALLM electromagnetic energy loss model is of order
25% for Eντ ¼ 109 GeV and of order 50% for 1010 GeV.
These enhancements are only due to a smallerbnucτ relative to
that of the ALLM energy loss model. The neutrino cross
section is the same in these comparisons, set to the standard
model evaluation with the nCTEQ15-1 PDFs.
The energy distributions of directly produced taus and

regenerated taus are combined in the curves in Fig. 8 for
E ¼ 109 and 1010 GeV. Plotted are the relative probabil-
ities, the probability for a given bin normalized by the total
exit probability shown in Fig. 7, for taus to emerge as a
function of energy fraction zτ ¼ Eτ=Eντ . For low angles,
the contributions are mainly from direct neutrino produc-
tion of taus that emerge, while at larger angles, the lower
tau energies reflect the fact that regenerated taus dominate
the number of taus that exit the Earth. The tau energy
fraction upon exit depends on both the energy of the initial
tau neutrino and the angle. For example, for βtr ¼ 20°, the

FIG. 7. Tau exit probability as a function of βtr for incident
Eντ ¼ 107, 108, 109, and 1010 GeV evaluated using the ALLM
photonuclear energy loss and the nCTEQ-1 neutrino cross section
(σSM). The dashed lines are without regeneration, and the solid
lines include regeneration.

FIG. 8. Upper panel: Relative probability of a tau emerging on a
trajectory at an angle of βtr ¼ 1°, 5°, 10°, and 20° through the Earth
for Eν ¼ 109 GeV. Lower panel: As above, with Eν ¼ 1010 GeV.
The figures are plotted as a function of zτ ¼ Eτ=Eν.
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typical tau energy fraction is a few percent of the tau
neutrino energy for Eν ¼ 109 GeV, but only a few tenths of
a percent for Eν ¼ 1010 GeV, even though the overall tau
exit probabilities for these two energies differ by less than a
factor of 2. Tables of tau exit probabilities and the relative
probability for an exiting tau with energy Eτ given the
incident neutrino energy Eντ and angle βtr are used in the
Monte Carlo evaluation of the aperture and sensitivity
independent of neutrino flux. Representative tables are
included in Appendix B.

F. Flux dependent ντ → τ results

The exit probabilities Pexit
τ shown in Fig. 7 are for fixed

neutrino energies, integrated over all exiting tau energies.
We are also interested in the spectrum of exiting taus given
an incident spectrum of neutrinos. As Fig. 8 illustrates, the
taus exiting with energy Eτ come from neutrinos with
higher energies. We can also evaluate the ratio of the flux of
emerging taus to an incident isotropic tau neutrino flux.
To begin, we show the ratio FτðEÞ=FνðEÞ, the ratio of
outgoing taus to incident neutrinos, each at the same energy
E. We denote the ratio by the terminology “transmission
function” to emphasize that it includes not just the con-
version of tau neutrinos to τ-leptons, but also requires that
the τ-leptons exit the Earth before decaying. We use the
cosmogenic neutrino fluxes of Kotera et al. in Ref. [18] to
exhibit the energy and angular dependence of the tau
transmission functions.
The range of cosmogenic neutrino fluxes in Ref. [18]

follows from reasonable inputs to the evolution of the
source emissivity, maximum acceleration energy, chemical
composition and Galactic to extragalactic transition model.
Injection spectra and overall normalizations for the cosmic
rays were adjusted to best fit the Auger data, then used to
predict the associated neutrino spectra [18]. The neutrino
fluxes from six combinations of these inputs are shown in
Fig. 9. Plotted is the sum over all flavors of neutrinos plus
antineutrinos from all sources, with the differential flux
FðνÞ scaled by the neutrino energy squared. The tau
neutrino plus antineutrino flux is one-third of the flux
shown in Fig. 9.
In Fig. 9, curves 1, 5, and 6 use a uniform source

emissivity (no evolution of the sources) up to redshift
z ¼ 8. Curves 2 and 3 use a star formation rate (SFR1)
according to Hopkins and Beacom [106]. Curve 3 has an
adjusted gamma ray burst evolution (GRB2) following Le
and Dermer [107]. Curve 4 in Fig. 9 uses the evolution of
Faranoff-Riley type II galaxies (FRII) of Wall et al. in
Ref. [108]. A mixed cosmic ray composition is used in
curves 1 and 2, pure protons in 3 and 4, an iron
rich composition in curve 5 and pure iron in curve 6.
The maximum proton acceleration energy is Ep;max ¼
1011 GeV in curves 1, 2, and 6; 1010 GeV for curve 5;
and 1012.5 GeV in curves 3 and 4. For mixed composition

EZ;max ¼ ZEp;max. Curves 3 and 4 use a dip model for the
transition from galactic to extragalactic sources.
For the results presented here, we use two of these

representative cosmogenic neutrino fluxes, those labeled by
1 and 4, to evaluate transmission functions that depend on
angle. Flux 4 is excluded by Auger in the energy range of
Eν ∼ 4 × 108 − 4 × 109 GeV [40,45]. We use it here to
illustrate the effect of a harder high-energy cosmogenic
spectrum than that of flux 1. Figure 10 shows the trans-
mission ratios for fluxes 1 and 4, with the ALLM energy
loss model and the standard model neutrino cross section.
The dashed histograms show the transmission functions
without regeneration, while the solid histograms include
the effects of regeneration. Regeneration effects increase as
βtr increases, as expected.
The transmission functions for the two fluxes show

similar features. The increase in transmission function for
E ¼ 107–108 GeV is largely due to the γ-factor in the
decay length and the increase in the cross section with
energy. Some regeneration effects are evident already at
βtr ¼ 5°. At higher energies, the flattening in the ratio
occurs because the tau range saturates. Eventually, attenu-
ation of the neutrino flux cuts off the transmission ratio. For
Eτ larger than a few ×108 GeV, the transmission ratio is
primarily from a single charged-current interaction.
Multiple interactions in regeneration feed down the neu-
trino flux to a lower emerging tau flux. The harder neutrino
spectrum of flux 4 at high energies yields a larger ratio of
the tau flux to the incident neutrino flux 4 compared to the
ratio for flux 1 for energies above a few times 107 GeV to a

FIG. 9. Neutrino plus antineutrino flux summed over flavors,
scaled by the neutrino energy squared, from Ref. [18]. Curve 1:
Uniform evolution, mixed composition, Epmax ¼ 1011 GeV.
Curve 2: SFR1 evolution, mixed composition, Epmax ¼
1011 GeV. Curve 3: SFR1 and GRB2 evolution, protons, dip
model, Epmax ¼ 1012.5 GeV. Curve 4: FR II evolution, protons,
Epmax ¼ 1012.5 GeV. Curve 5: Uniform evolution, an iron rich
composition, Epmax ¼ 1010 GeV. Curve 6: Uniform evolution,
iron, Epmax ¼ 1011 GeV. See text for details.
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few times 108 GeV, and for small angles ∼1°–5°, above
E ∼ 109 GeV. This can be seen in a comparison of the
upper and lower panels of Fig. 10.
In Fig. 11, we show EFτðEÞ rather than the transmission

function for flux 1 to illustrate the difference in the energy
behavior of exiting τ-leptons compared to incident tau
neutrinos. The figure comes from using the ALLM energy
loss model, again for fixed angles βtr relative to the horizon.
The much larger incident isotropic tau neutrino flux is
scaled by a factor of 1=10.
The energy loss model makes some difference in the

predictions. In Fig. 12, the ALLM model results are shown
with the solid histograms while the dashed histograms are
results using the BDHM model for tau electromagnetic
energy loss, both with standard model (SM) neutrino-
nucleon cross section. The parameter bnucτ ðEÞ evaluated
usingBDHMis smaller than forALLM, so tau energy loss at
high energies is smaller for BDHM thanALLMevaluations.
This effect accounts for the difference at high energies.

We note, however, that we use stochastic energy loss rather
than hdEτ=dXi ¼ −bτE for the tau energy loss to better
model the exiting tau energy after transport through the
column depth X.
Below Eτ ¼ 108 GeV, there is little difference in the

exiting tau fluxes for a fixed incident neutrino flux because
the main feature is that taus are produced in the final few
kilometers before exiting the Earth. The predicted tau

FIG. 10. Upper panel: The ratio of the outgoing tau flux to the
incident neutrino flux, at the same energies, for fixed values of the
angle of the trajectory relative to the horizon βtr for cosmogenic
flux 1 [18]. The ALLM tau energy loss model is used, along with
the standard model neutrino cross section. The solid histograms
include regeneration, while the dashed histograms do not. Lower
panel: As in the upper plot, for flux 4.

FIG. 11. The five lower histograms show the exiting tau flux
scaled by energy as a function of tau energy for cosmogenic
neutrino flux 1 [18] and for fixed values of the angle of the
trajectory relative to the horizon βtr . The ALLM tau energy loss
model is used, along with the standard model neutrino cross
section. The uppermost histogram shows the incident tau neutrino
flux scaled by a factor of 1=10.

FIG. 12. The exiting tau flux scaled by energy as a function of
tau energy for flux 1 [18], for fixed values of the angle of the
trajectory relative to the horizon βtr . The ALLM tau energy loss
model is shown with the solid histograms, while the BDHM
energy loss model is shown with the dashed histograms, in both
cases with the neutrino cross section taken to be σSM. The band
shows the minimum and maximum values of the energy-scaled
flux when the BDHM energy loss and neutrino cross section, as
well as the ALLM energy loss and neutrino cross sections, are
considered.
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fluxes with the two energy loss models differ by ∼� 15%

for energies below Eτ ¼ 108 GeV. In the range
Eτ ¼ 108–109 GeV, the ratio of the flux prediction from
BDHM energy loss grows to a factor of ∼1.7 relative to the
ALLM energy loss prediction, increasing further, by more
than a factor of 2, as the tau energy increases.
By changing the cross section for neutrino interactions,

the variation in the predictions at high energies is wider
than if our default SM neutrino-nucleon cross section is
used, as shown with the error band in Fig. 12. The error
band shows the minimum and maximum exiting tau flux
where we also use BDHM extrapolations for both the
energy loss and the neutrino cross section, and ALLM
extrapolations for both the energy loss and the neutrino
cross section.

III. TAU AIR SHOWERS

A. Tau decays in the atmosphere

The signals that could be detected by suborbital or space-
based instruments come from air showers produced by tau
decays in the atmosphere. The characteristics of the air
shower discussed below in Sec. III B depend on the tau
emergence angle and the altitude at which the tau decays
and the shower begins. For a given emergence angle, βtr,
the probability Pdecay that a tau with energy Eτ will decay at
an altitude, a, is given by

Psurv ¼ exp

�
−
sða; βtrÞ
γcτ

�
ð9Þ

Pdecay ¼ 1 − Psurv ¼
Z

s

0

pdecayðs0Þds0; ð10Þ

where sða; βtrÞ is its path length through the atmosphere as
a function of a and βtr and pdecayðsÞ ¼ expð−s=γcτÞ=ðγcτÞ.
Tau energy loss in the atmosphere will be small, so we
neglect it here. Figure 13 shows the path length as a
function of altitude, derived from geometry and βtr to be

sða; βtrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
Esin

2βtr þ ððRE þ aÞ2 − R2
EÞ

q
− RE sin βtr;

ð11Þ
for selected emergence angles βtr between 1°–20°. Figure 14
shows the tau survival probability as a function of altitude
for two tau energies: 108 GeV (upper panel) and 1010 GeV
(lower panel). Note that at higher energies, the survival
probability changes slowly with altitude, so the y-axis in
the lower panel is linear, whereas it is logarithmic in the
upper panel.
In addition to the emergence angle and the altitude, the

characteristics of the air shower also depend on the amount
of energy that goes into the shower, Eshr. The τ-lepton is
massive enough to produce quarks through its decay, giving
rise to a variety of possible final states with substantial
variations in the amounts of energy being given to daughter

particles that will produce EASs, namely, electrons and
hadrons. Full-scale air shower simulations that would
include Monte Carlo simulations of τ-lepton decays are
beyond the scope of this paper. Instead, for the purposes of

FIG. 13. Path length s at altitude a given a trajectory that
emerges from the surface of the Earth at angle βtr relative to the
horizon.

FIG. 14. Upper panel: The tau survival probability as a function
of altitude a for Eτ ¼ 108 GeV. Lower panel: As above, for
Eτ ¼ 1010 GeV.
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modeling the τ-lepton air showers, we scale the energy of
the shower as a fraction of the tau energy. To that end, we
performed Monte Carlo simulations of tau decays in
PYTHIA 8 and determined that the mean fraction of the
tau energy that is given to showering daughters is approx-
imately ∼50% (see Fig. 30 in Appendix C), so for all of the
results shown below, Eshr ¼ 0.5Eτ.

B. Air shower modeling

Once the emergent τ-lepton energy is determined, the
resultant EAS needs to be generated based on the location of
the τ-lepton decay in the atmosphere. We neglect the decay
channel τ → μνμντ, with a branching fraction of 17%. The
muonic channel, while interesting, has different shower
characteristics than the hadronic and electromagnetic
induced extensive air showers modeled in this paper [109].
The EAS modeling philosophy we employ uses the

established technique of using a parametric model to
describe the average EAS development based on shower
universality arguments [110–112]. We develop the shower
and generate the Cherenkov light in a modeled atmosphere
and take into account the dominant attenuating atmospheric
processes when propagating the signal to the detector. The
unique nature of modeling the optical Cherenkov signal
induced by upward-moving EASs and measuring the signal
using a space-based instrument motivates this philosophy
as a well-defined initial simulation. This traditional mod-
eling approach also offers a method to assess the use of
simulation packages such as CORSIKA [113] that were
developed for ground-based measurements but require
significant modifications to adapt their use for upward-
moving rather than down-going EAS modeling [43,44].
A detailed atmospheric model is required to define the

EAS development, the beamed Cherenkov light emission
and the Cherenkov light attenuation based on the optical
depth between the EAS and observation point. We employ a
static, baseline model for the definition of the atmospheric
index of refraction (NAir) as a function of altitude based
on that given by Hillas [110], which provides NAir as a
function of temperature and atmospheric overburden, g=cm2.
We use the model of Shibata [114] to define the overburden.
The Cherenkov light attenuation includes the effects of

Rayleigh scattering [115], Mie (aerosol) scattering and
ozone absorption. A model for calculating the wavelength
dependence of Mie scattering uses the data presented by
Elterman in Ref. [116], which also defines the atmospheric
aerosol profile. The Earth’s ozone layer efficiently attenu-
ates optical signals at shorter wavelengths (λ≲ 330 nm).
An ozone attenuation model [117] is used with an altitude
dependent profile derived from Total Ozone Mapping
Spectrometer (TOMS)measurements [118]. This composite
parametric atmospheric model easily accommodates the
underlying spherical geometry.
For the results presented in this paper, the EASs are

modeled using the Greisen parametrization [110] with the

optical Cherenkov signal calculated over the 200–900 nm
wavelength band [119]. The EAS and Cherenkov signal
development is generated in 100 meter linear increments as
a function of Earth-emergence angle (βtr) and altitude a of
the τ-lepton decay using the inherent spherical geometry.
The three-dimensional nature of the EAS development
is modeled using Hillas’s parametrization of the angular
and energy spectra of the EAS-electron distributions as a
function of shower age [111], with the Cherenkov angles
and energy thresholds based on the local index of refrac-
tion. As noted above, the EAS development simulation
results rely on shower universality arguments. CONEX

simulations [120] have been used to test our approach
for upward EAS modeling, and the comparison shows very
good agreement up to an altitude of 15 km, above which
CONEX modestly enhances the particle yields.
Figure 15 shows the Cherenkov profile (upper panel), in

photons=m2, for a 100 PeV EAS initiated at sea level with
an Earth-emergence angle of βtr ¼ 10° and the attenuated
Cherenkov light spectrum (lower panel), both calculated at
525 km altitude. The photon density is approximately
constant within the Cherenkov ring (the hornlike structure
in the profile), but for the Cherenkov light that falls outside
the ring, the flux drops off as a power law with radius. Note
that at 525 km altitude, the Cherenkov ring spans ∼100 km
and the photon density is quite substantial for a 100 PeV
EAS. The Cherenkov ring is very pronounced in the profile
due to fact that for modest βtr the EAS completes its
development at low altitudes,< 5 km in this case where the
Cherenkov emission angle varies only by ∼0.2°. The top
panel in Fig. 15 also shows a profile function [121] that
describes the Cherenkov spatial profile as a flat top with an
exponential falloff. This function is used to describe the
Cherenkov signal intensity in the τ-lepton EAS simulation
for the results presented in this paper. Details of this
implementation are in Appendix C.
The intensity and spectrum of the Cherenkov light

delivered to a specific altitude are functions of the τ-lepton
energy, Earth-emergence angle βtr, and attenuation in the
atmosphere, which can be severe for small values βtr
mainly due to the effects of the low-altitude aerosols.
The interplay between the EAS development and
Cherenkov light attenuation is shown in Fig. 16 where
the simulated intensities and Cherenkov spectra are shown
for a 100 PeV EAS with βtr ¼ 5° but with the EAS initiated
at different altitudes. The EAS energy 100 PeV is chosen
for comparison purposes. At the lowest altitudes, aerosol
absorption decimates the Cherenkov intensity and pushes
the spectrum towards the longest wavelengths. However,
the exponential nature of both the aerosol layer (∼1 km
scale height) and atmosphere itself (∼8 km scale height)
leads to signals with higher Cherenkov intensities and
spectra peaked at lower wavelengths fairly quickly as a
function of EAS starting altitude, due to the nature of the
upward-moving τ-lepton EASs.
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Eventually the atmosphere becomes too rarefied for
complete EAS development at altitudes ≳17 km. The
Cherenkov angle becomes significantly reduced at higher
altitudes and the Cherenkov threshold energy is increased
due to the index of refraction of air (Nair) approaching
unity. These combine to lead to a significant reduction in
the Cherenkov intensity for EAS that have a large fraction
of their development above ∼17 km altitudes. The energy
scale for a τ-lepton to have a non-negligible decay
probability at these high altitudes depends on βtr, but for
βtr ¼ 5° and Eτ ¼ 2.5 EeV, 25% of the τ-leptons will
decay above an altitude of 17 km.
The fact that UHE τ-leptons can decay at altitudes

comparable to that used by balloon-borne experiments is
an interesting phenomena. Initial studies indicate that
instruments on scientific balloons at altitudes a ≃ 33 km
could be in the electromagnetic part of the EAS itself for
τ-lepton energies above ∼EeV for Earth-emergence angles
below βtr ∼ 10°. For βtr ¼ 1° and Eτ ¼ 1010 GeV, at an

altitude of 33 km, the probability for a τ-lepton decay above
that altitude is 0.33, while for βtr ¼ 10° for the same
τ-lepton energy, the decay probability above a ¼ 33 km is
0.70. This is illustrated in Fig. 17, which shows the fraction
of τ-lepton decays at an altitude larger than 33 km as a
function of τ-lepton energy and βtr ¼ 1°–10°, with colored
bands marking increments of 0.1 in the tau decay fraction.
For small βtr, the line of sight distance v is large, so except
for the highest energies, almost all of the τ-leptons decay
below a ¼ 33 km. On the other hand, for larger βtr, v is

FIG. 15. Upper panel: The spatial profile of the Cherenkov
signal (photons=m2) at 525 km altitude for a 100 PeV upward
EAS with a 10° Earth-emergence angle initiated at sea level.
Lower panel: The simulated Cherenkov spectrum observed at
525 km altitude for the EAS.

FIG. 16. The intensity and wavelength dependence of the
Cherenkov signal for 100 PeV upward-moving EASs for a 5°
Earth-emergence angle as a function of EAS starting altitude.

FIG. 17. The fraction of taus that decay at an altitude larger than
33 km, as a function of βtr and log10ðEτ=GeVÞ. The colored
bands show 0.1 increments of the tau decay fraction.
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shorter, so there is the possibility for more τ-leptons to
decay at higher altitudes. The accurate calculation of the
Cherenkov signal for this case requires a three-dimensional
particle-cascade simulation, e.g., CORSIKA [113] or Cosmos
[122] but with modifications for the modeling of the
Cherenkov signal for upward-moving EASs. However,
our simulation approach is valid for balloon altitudes
(∼33 km) and for energies below an EeV, where the
τ-lepton decays below ∼5 km.
For space-based observations using an approxi-

mately 0.1° focal plane pixel field of view (FoV), a one-
dimensional treatment of the EAS signal is sufficient. This
can be understood by considering the relevant distance
scales. Assuming the EAS width is defined by a Molière
radius value 8.83 g=cm2 for air at STP1, near sea level the
EAS radius is ∼100 m. From the view of the EAS from
525 km altitude, the 100 m radius is well contained in a
single 0.1° pixel, even for nadir viewing. For viewing a
highly inclined EAS originating near the Earth’s limb, the
distance to shower maximum is > 1000 km (assuming a
525 km orbit) for the Earth-emergence angles (βtr) with
reasonable τ-lepton exit probabilities. This distance scale
includes those > 1 EeV τ-leptons that can decay at
altitudes ∼20 km. While the EAS radius will widen to
∼1 km at an altitude of 20 km (∼10% atmospheric
pressure), the width of the visible portion of the EAS is
still well contained in a 0.1° pixel. In contrast, for
observations on balloon-borne experiments (∼33 km alti-
tude) or on a mountaintop, such as Trinity (∼3 km
altitude) the width of a τ-lepton EAS can be large
compared to the pixel FoV and a three-dimensional
EAS cascade development model is more appropriate.
Thus for the calculation of the Cherenkov signal inten-

sity, spatial extent, and spectrum for low-Earth orbits,
we use a parametric model based on our EAS three-
dimensional Cherenkov approach, which is much more
computationally efficient when sampled in a Monte Carlo.
The Cherenkov intensities and angles as functions of βtr
and EAS decay altitude are tabulated for a fixed, 100 PeV
EAS energy in a library format. A profile function fit is
used, shown in Fig. 15, to describe the beamed Cherenkov
“flattop” signal within the Cherenkov cone, ignoring the
horns. As discussed in Appendix C, we scale the intensity
as a function of τ-lepton energy and use a mathematical
function to account for the increase in the effective
Cherenkov acceptance angle for bright signals that place
portions of the power-law part of the Cherenkov profile
(outside the Cherenkov ring) above the detection threshold
of the instrument. This models the increase in acceptance
solid angle for brighter EASs.
The Cherenkov angle θ0Ch as a function of starting alti-

tude, for 100 PeV showers, is shown by the upper panel

of Fig. 18, based on an evaluation of three-dimensional
EAS Cherenkov simulations. Showers that start at lower
altitudes have a Cherenkov angle between ∼1.2° and 1.3°.
The Cherenkov angle decreases with altitude due to the
reduction of the atmospheric index of refraction. The
detection of the air shower depends on the photon density
at the detector, which in turn depends on the altitude of the
detector, the altitude of the start of the air shower, and the
Earth-emergence angle. For our evaluation of the sensitivity
of instruments with POEMMA performance, we consider a
detector at an altitude of h ¼ 525 km. The photon density

FIG. 18. Upper panel: The Cherenkov angle θ0Ch as a function
of starting altitude for a 100 PeVair shower from a tau decay from
the one-dimensional Cherenkov EAS model. Lower panel:
Cherenkov cone photon distribution as a function of starting
altitude and Earth-emergence angle for a 100 PeVair shower from
the one-dimensional Cherenkov EAS model.

1See Particle Detectors for Non-Accelerator Physics in
Ref. [123].
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within the Cherenkov cone that arrives at such a detector is
shown in the lower panel of Fig. 18.
The photon density for Eshr ¼ 100 PeV ¼ 108 GeV is

the starting point for the photon density at other energies.
We approximate the photon density at POEMMA as a
function of energy to be

ργða;βtr;EshrÞ¼ργða;βtr;Eshr¼108GeVÞ Eshr

108GeV
: ð12Þ

We discuss below how large photon densities effectively
increase the Cherenkov signal acceptance angle, or solid
angle, in our evaluation of the POEMMA tau neutrino
sensitivity.
We have not included geomagnetic effects in our EAS

modeling. The angular spread of electrons in an EAS is due
to Coulomb scattering. At the higher elevations, the rarified
atmosphere leads to a longer Coulomb scattering length
and thus geomagnetic bending can lead to an appreciable
enhancement of the angular distributions of the shower
[124,125]. We find that the effective Cherenkov acceptance
angle enhancement may be as much as a factor of ∼2.2
larger than what we use in our model. The fact that this is a
high-altitude effect means that the enhancement is for
showers with energies higher than ∼EeV energies, most
of which are already well above detection thresholds. As
indicated in Fig. 12, the geomagnetic enhancement has the
most impact for βtr ≲ 10°. Thus, our sensitivity calculations
above the EeV scale would be only modestly corrected
by including magnetic field effects. Without geomagnetic
effects, our sensitivity results are somewhat conservative.

IV. APERTURE, SENSITIVITY AND EVENT
RATES FOR POEMMA

A. Aperture

A given instrument’s capability to detect Earth-
skimming tau neutrinos is determined by its aperture (or
acceptance). Following Motloch et al. [126], the detector
aperture is given by

hAΩiðEντÞ ¼
Z
S

Z
ΔΩtr

Pobsr̂ · n̂dSdΩtr; ð13Þ

where S is the area of the observation region on the Earth,
r̂ · n̂ ¼ cos θtr is the cosine of the angle between the τ-lepton
trajectory and the local zenith (see Fig. 1), andΩtr is the solid
angle of the particle trajectories of interest in the observable
solid angle ΔΩtr around the line of sight. Space-based and
balloon-borne detectors point near the Earth’s limb for
viewing air showers from Earth-skimming tau neutrinos.
The observation region is determined by the altitude of the
detector and the minimum nadir angle at which the detector
can view air showers. For the calculation for POEMMA, we
assume a configuration where POEMMA views the Earth
Δα ≃ 7° below the limb. At an orbit altitude of h ¼ 525 km,

this translates to θmin
tr ¼ 90° − βmax

tr ≃ 70°. Accounting for
just the area of the zone observed on the surface of the Earth
over the full 2π azimuth, the effective area G and geometric
aperture hAΩigeo are

G ¼
Z
S
r̂ · n̂dS ¼

Z
S
cos θtrdS ð14Þ

hAΩigeo ¼
Z
S

Z
ΔΩd

cos θtrdSdΩtr ≃ πsin2θdG; ð15Þ

where the last approximation is for a fixed maximum
detection angle θd away from the viewing angle, here, the
Cherenkov angle. The geometric aperture of this zone is
hAΩigeo ¼ 4; 072 km2 sr for the detection angle θd ¼ 1.5°,
and Δα ¼ 7° at altitude h ¼ 525 km. The full surface cap
under the detector, with α ¼ 0 → αH, has a geometric
aperture approximately twice the zone geometric aperture.
For reference, we include in Appendix A the details of the
viewing geometry at h ¼ 525 km as for POEMMA, and for
detectors at h ¼ 33 and 1000 km.
The geometric aperture is modified by Pobs, the prob-

ability that a tau neutrino with energy Eντ produces a
shower that would be detectable. The observation proba-
bility Pobs is given by

Pobs ¼
Z

pexitðEτjEντ ; βtrÞ

×

�Z
ds0pdecayðs0ÞpdetðEτ; θE; βtr; s0Þ

�
dEτ; ð16Þ

as also discussed in the context of ANITA in Ref. [127]. In
Eq. (16), pexit is the differential probability that a τ-lepton
of energy Eτ emerges from the Earth given a parent tau
neutrino energy of Eντ and an Earth-emergence angle of βtr,
as described in Sec. II C. Our default energy loss for
determining pexit uses the ALLM electromagnetic structure
function for photonuclear energy loss. The differential
decay probability pdecayðsÞ is for a tau to decay a distance
s from the Earth along its trajectory, discussed in Sec. II D.
The quantity pdet is the probability that the emerging tau
produces an air shower that would be detected by a space-
based detector. It depends on the shower energy (Eτ=2
here), the position angles of the point of emergence on the
Earth θE (related to θv) and ϕE, and βtr ¼ π=2 − θtr and ϕtr.
Figure 19 shows the geometry, with an exaggerated differ-
ence between θtr and θv to show the distinction.
For the detection probability, we approximate pdet,

pdet ¼ H½θCh − θ�H½swin − s�H½NPE − Nmin
PE �; ð17Þ

in terms of the Heaviside function HðxÞ:

HðxÞ ¼
	
0 if x < 0;

1 if x ≥ 0:
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The angle θ is the angle between the τ-lepton trajectory and
the line of sight to the detector labeled by v in Fig. 19.
The τ-lepton that decays a distance s from its exit point

must be within an “observing cone” of the detector. A two-
dimensional projection of the observing cone is shown by
the dashed red lines in Fig. 19. To be observed, the tau must
decay before it passes outside of the observing cone. The
maximum path length for detection of the τ-lepton emerg-
ing from the Earth is swin, labeled for one of the τ-lepton
trajectories in Fig. 19. The value of swin depends on θtr.
The signal in an instrument is given by the number of

photoelectrons which is evaluated from the number density
of photons in the Cherenkov cone, multiplied by the area of
the detector times the quantum efficiency of the photo-
detector for Cherenkov photons. For POEMMA, we
assume A ¼ 2.5 m2 for the effective optical collecting area
and 0.2 for the quantum efficiency, based on the average
Cherenkov-spectra-weighted photon detection efficiency
(PDE) of a typical silicon photomultiplier (SiPM) [128]:

NPE ¼ ργða; βtr; EshrÞ × 2.5 m2 × 0.2: ð18Þ

For the results shown here, we take Nmin
PE ¼ 10 with

Eshr ¼ 0.5Eτ. This choice for Nmin
PE follows from consid-

erations of the nighttime air glow which could give false
signals of neutrino events, an estimate of the temporal
width of the Cherenkov signal based on a geometrical
calculation [129], and the largest viewing angles away from
the EAS trajectory that lead to measurable signals based on
our POEMMA performance model. Note that we have
not included the effects of the point-spread function of
POEMMA optics. We assume the Cherenkov signal is
effectively delivering into a single 0.084° pixel. A model of
the air glow background 314–900 nm band [130] is used
based on VLT/UVES measurements [131,132] and the van
Rhijn enhancement [133–135]. This model yields a back-
ground-spectrum-weighted average PDE of 0.1 using the
same SiPM performance for the Cherenkov signal hPDEi.
With a collecting area of A ¼ 2.5 m2 for POEMMA and a
60 ns coincidence window for neutrino events with stereo
viewing, the false positive rate due to air glow background

in the 314–900 nm band is effectively eliminated for
Nmin

PE ≳ 10.
We use an effective Cherenkov angle θCh that depends on

βtr, altitude and number of photons. The results we show
below in Figs. 20, 21 and 22 have the full integration using
Eq. (17) to determine the observation probability. To inte-
grate Eq. (13), we have developed a code that performs the
integration via Monte Carlo using importance sampling.
More details of the numerical evaluation are discussed in
Appendix C. A reasonable approximation overall for the
sensitivity is to take βtr ¼ βv in Pobs and integrate dΩtr
independently to a maximum angle equal to the effective
Cherenkov angle. In our consideration of variations to
energy loss and neutrino cross section inputs, we use this
approximation.
The tau neutrino aperture for POEMMA is shown in

Fig. 20. The solid black curve shows the aperture for a
360° configuration (POEMMA360) with Nmin

PE ¼ 10. For a
configuration with Δϕ ¼ 30° (POEMMA30), the aperture
is reduced by a factor of 12. This is shown with the dashed
black curve.
The above calculations do not account for the loss of

aperture due to cloud coverage.We do notmodel the effects of
clouds here. As an approximate worst-case scenario of dense,
optically opaque clouds over the entire field of view and below
an altitude of 5 km, we can reevaluate the effective aperture.
Mathematically, this involves multiplying Eq. (17) by another
Heaviside function: H½adecay − 5 km�. The resulting aperture
curves are plotted as red lines in Fig. 20, with the solid red
curve for Δϕ ¼ 360° and dashed curve for Δϕ ¼ 30°.

FIG. 19. As in Fig. 1, with an exaggerated difference between
θv and θtr . Tau decays in the atmosphere outside the observation
window of the detector (outside the dashed red lines) cannot be
detected, as discussed in Sec. IVA.
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B. Sensitivity

The tau neutrino aperture as a function of neutrino energy
permits us to evaluate the sensitivity for POEMMA at
h ¼ 525 km altitude to an isotropic tau neutrino flux.
The sensitivity over a decade in energy for Nν ¼ 3 flavors
is given by

FsensðEντÞ ¼
2.44 × Nν

lnð10Þ × Eντ × hAΩiðEντÞ × tobs
; ð19Þ

where the factor of 2.44 events arises from the unified
confidence upper limit (i.e., the upper edge of the two-
sided interval for which the lower limit is 0) at the
90% confidence level [140]. The unified confidence upper
limit includes all hypothetical Poisson means for which
n ¼ 0 observed events would be a reasonable realization
(i.e., n ¼ 0 is within the 90% acceptance interval of
observed numbers of events) when drawing from a given
Poisson distribution within the unified confidence interval.
As such, for signals that are expected to fluctuate
about their true values, our use of the unified confidence
interval ensures that possible realizations in that observed
number of events will be “covered” to the desired
confidence level, in this case 90% (i.e., “coverage

probability” of 90%).2 For the results shown here, we
take tobs ¼ 0.2 × 5 years assuming a 20% duty cycle
over 5 years. The assumption for the 20% duty cycle is
motivated by the relatively large NPE ≳ 10 threshold
needed to eliminate the effects of the large air glow
background in the 314–900 nm range; e.g., some modest
amount of moonlight can be tolerated.
The resulting three-flavor sensitivity curves E2Fsens are

plotted as black lines in Fig. 21, the dashed curve for Δϕ ¼
360° and solid curve for Δϕ ¼ 30°. The closed circular
markers come from evaluating an integral flux scaling like
E−γ
ν for γ ¼ 2 that yields 2.44 events per neutrino flavor

for a given decade of energy centered (on the log10 scale) at
the energy of the marker for Δϕ ¼ 360°. Thus, we find the
normalization F0 of

FνðEνÞ ¼ F0 ×

�
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FIG. 21. All-flavor sensitivity scaled by neutrino energy
squared, as a function of neutrino energy, assuming an operating
time of 5 years and a duty cycle of 20%, for showers produced
at all altitudes (black curves and markers). The solid (dashed)
curves follow from Eq. (19) for Δϕ ¼ 30° ð360°Þ. The closed
markers follow from Eq. (21) with Δϕ ¼ 360°. The 90% CL
upper limits from Auger [45] (scaled for sliding decade-wide
neutrino energy bins), IceCube [136], and ANITA [137] are
shown along with projected sensitivities of ARIANNA [138],
ARA-37 [139] and GRAND10k [41], for the all-flavor limits.
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FIG. 22. All-flavor sensitivity scaled by neutrino energy
squared, as a function of neutrino energy, assuming an operating
time of 5 years and a duty cycle of 20%, for showers produced at all
altitudes (black curves), as in Fig. 21. The solid (dashed) black
curves follow from Eq. (19) for Δϕ ¼ 30° ð360°Þ. Curves and
bands for diffuse all-flavor neutrino fluxes are shown for newborn
pulsar sources [8], AGNs [9], galactic clusters with central sources
[10,11], late flares and prompt emission from GRBs [7] and from
UHECR photodisintegration within a source (labeled UFA) [12].
Observational sensitivities are shown as in Fig. 21.

2Note that the value of 2.3 that is often used in the literature
excludes values in the interval [2.3, 2.44] for which n ¼ 0 is a
reasonable realization to within 90% and hence, does not fully
cover the 90% confidence region. In this case, the coverage
probability would in fact be less than 90%. For more in-depth
discussions, we refer the reader to Refs. [123,140].
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Nντ
evts ¼

Z
100.5Eν

10−0.5Eν

dE
FνðEÞ
Nν

hAΩiðEÞtobs ¼ 2.44: ð21Þ

Plotted in Fig. 21 with the closed circular markers are the
values of E2F0. There is some variation in the sensitivity
to the spectral index γ, on the order of ∼� 20% for
γ ¼ 1.5–2.5.
A range of cosmogenic fluxes from Ref. [18] are shown

in Fig. 21, with the top of the shaded region bounded by the
prediction labeled flux 4 in sec. II.F. We also show 90% CL
upper limits for Auger [45], IceCube [136], and ANITA
[137], and the predicted sensitivities for ARIANNA [138],
ARA-37 [139] and GRAND10k [41,42].
Figure 22 shows our POEMMA sensitivity calculation

as compared to some source models, summed over sources
to get a diffuse neutrino flux. Shown with the red band are
the all-flavor neutrino predictions from newborn pulsar
sources in Ref. [8]. The dark blue curve labeled AGN is
a prediction from active galactic nuclei sources [9].
Neutrinos from galactic clusters with central sources
[10,11] are shown with the light blue curve. The yellow
curve shows a prediction from late flares and late prompt
emission from gamma ray bursts [7]. Finally, the curve
labeled UFA shows a neutrino flux prediction that comes
from UHECR photodisintegration within a source from
Unger et al. [12].
The comparison of the sensitivities shows that an

azimuthal coverage of 360° would be required for a
5-year sensitivity to be competitive with other detectors.
The POEMMA360 sensitivity in 5 years would probe
cosmogenic fluxes in the upper range of predictions in
Ref. [18] and diffuse astrophysical fluxes from a range of
models, e.g., pulsar models of Ref. [8]. The POEMMA360
sensitivity illustrates the benefits of full azimuthal coverage
and demonstrates the potential of using the optical
Cherenkov signal from upward-moving τ-lepton EAS
induced from tau neutrino interactions in the Earth.

C. Flux dependent event rates

In addition to computing the energy-dependent aperture
and sensitivity, we also calculate the event rate for a
given flux of tau neutrinos above a specified energy. We
follow the same procedure as for the flux independent
results, however, with a factor of the tau flux and an
integration over the energy of the tau (twice the shower
energy),

Nevtsð> Emin
τ Þ ¼ Δtobs

Z
Emin
τ

dEdSdΩtrPobsr̂ · n̂FτðE; βtrÞ:

ð22Þ

The tau flux is determined from the transmission functions
discussed in Sec. II.F.

For the POEMMA 360° configuration and an obser-
vation time of 5 years with a duty cycle of ∼20%, we
find that the expected number of events above Eντ;min ¼
107 GeV is ∼0.2 events in the flux 1 scenario, represent-
ing the prediction with a uniform distribution of sources
with no evolution, a mixed composition of UHECRs
and maximum cosmic ray energy of Emax ¼ 100 EeV.
For the flux 4 scenario that has a source evolution
following that of Fanaroff-Riley type II active galactic
nuclei and a pure proton UHECR composition with
Emax ¼ 3160 EeV, the number of events in the 5-year,
20% duty cycle time frame is ∼13 events. A restriction to
decays above an altitude of a ¼ 5 km reduces the number
of events, for example, to ∼3 events for flux 4 in the same
time period.

V. DISCUSSION

How the tau neutrino and τ-lepton interactions are
modeled affects the sensitivity of POEMMA, as does the
density model. We have examined some of these features
using a simplified evaluation of the aperture and sensitivity
for POEMMA, setting βtr ¼ βv so H½swin − sd� ¼ 1 in
Eq. (17). Numerically, the simplified evaluation gives
results very close to the full Monte Carlo evaluation, so
we used this simplification to study variations in the
predictions due to these effects.
The relative benefits of observing upward-going air

showers over land and water have been discussed by
Palomares-Ruiz et al. [38]. They argue that the very
high-energy shower rate is significantly enhanced over
water compared to over rock. Tau energy loss in water is
less than in rock because of the different densities, but the
density of rock favors neutrino interactions. In the results
shown thus far, the sensitivity is evaluated assuming
the final density shell of the Earth is water, according to
the PREM model. We can do the same evaluation of the
sensitivity assuming the final density shell of the Earth is
standard rock. A similar evaluation has been performed in
Ref. [93]. We find that most of the energy range to which
POEMMA is sensitive is not high enough for the onset of
an enhancement of the over-water event rate, in qualitative
agreement with the results presented in Ref. [93]. The water
versus land effect can be understood by considering the
distance scales as a function of energy.
The angles βtr ¼ 1°–20° correspond to a range of chord

lengths in the final density shell, for example, the whole
trajectory of 222 km for βtr ¼ 1° to a final 10.3 km in
the outer shell for βtr ¼ 20°. For Eτ ¼ 108 GeV, the time
dilated decay length is 5 km. At energiesEν ≲ 108 GeV, the
produced tau’s lifetime, not energy loss, determines the tau
range in the final density shell. To first approximation, there
is a benefit to a rock target in the last density shell rather than
a water target, since the column depth for neutrino inter-
actions is X ∼ ργcτ and the exit probability is Pexit

τ ∼ X=λν
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for the interaction length (in units of column depth)
λν ¼ ðNAσνNÞ−1, so Pexit

τ is larger for higher density ρ.
As the neutrino energy increases, the time-dilated life-

time increases and tau electromagnetic energy loss
becomes important. Figure 5 shows that the tau energy
loss parameter is smaller for water than for rock for the
eþe− pair production process. In addition, the column
depth in water is smaller than in rock for the final shell,
so ΔEτ ∼ bτΔX is smaller for water (by a factor of
ρwater=ρrock) than for rock, allowing more taus to emerge
from water than from rock. An evaluation of the sensitivity
for an Earth model with the outer shell density set to ρrock,
in the approximation that βtr ¼ βv, is shown in Fig. 23 by
the dashed black curve, compared to an evaluation with the
same approximation with the final density shell with ρwater,
as in Table I (solid black curve). For showers from taus
that emerge from rock, the sensitivity is lower (better) by
a factor of 1=2.5 for Eντ ¼ 107 GeV. For Eντ ¼ 108 GeV,
the reduction is a factor of 1=2. When Eντ ¼ 1010 GeV,
the sensitivities are equal, whether the showers occur
over rock or water. For POEMMA detector thresholds,
energies above Eντ ¼ 1010 GeV show only a modest (up to
∼30%) advantage for observations over water compared
to rock.
The different extrapolations of the electromagnetic

structure function needed for photonuclear energy loss
also shift the sensitivity curve. Our default choice is the
ALLM extrapolation of F2ðx;Q2Þ in the evaluation of bnucτ

with a neutrino nucleon cross section that relies on the
nCTEQ-1 PDFs (σSM), which also extrapolate structure
functions. The blue solid curve in Fig. 23 shows the

sensitivity with the BDHM extrapolation of F2ðx;Q2Þ,
keeping the neutrino nucleon cross section evaluated with
nCTEQ-1 PDFs. The blue shaded region is indicative of the
uncertainty associated with the F2 extrapolation, keeping
the neutrino-nucleon cross section fixed.
Again, at low energy where tau energy loss is not very

important, the ALLM and BDHM energy loss evaluations
yield nearly identical results. As the energy increases,
the smaller value of bnucτ with the BDHM extrapolation
means less tau energy loss, a larger aperture and a lower
sensitivity. The sensitivity curve from the BDHM evalu-
ation is a factor of 2 lower than the ALLM evaluation at the
highest energy shown in Fig. 23.
Changing the neutrino cross section to evaluations using

ALLM (BDHM) structure function extrapolation instead
of using nCTEQ15-1 in the next-to-leading order QCD
calculation, along with the respective bnucτ , gives results
shown with the black (blue) dotted-dashed lines. At the
highest energy, the change is modest. For Eν ¼ 109 GeV,
the lowest curve is a factor of 1.75 below the default curve
(the black curve) with ALLM used for energy loss and the
standard model neutrino cross section.
To what degree do the POEMMA360 detection charac-

teristics limit the sensitivity? The sensitivity for POEMMA
viewing for angles within Δα ∼ 7° below the horizon is
shown in Figs. 21 and 22. Increasing the viewing to Δα ¼
9° only marginally improves the sensitivity. For Δα ¼ 15°,
corresponding to βtr ≲ 31°, the sensitivity at Eν ¼ 107 GeV
is ∼10−7 for E2

νdN=dEν in Fig. 21. The sensitivity
for POEMMA360 would reduce by a factor of 0.42 for
Eν ¼ 2 × 107 GeV, and only by a factor of 0.87 for
Eν ¼ 108 GeV. The larger values of βtr favor the lower
neutrino energies relative to higher energies because the
lower-energy neutrino flux is less attenuated, so a relatively
higher fraction of taus emerge to shower at angles that are
better detected at low energies than for small βtr where the
distance v from the point of emergence and the detector is
much larger.
The threshold for the number of photoelectrons detected

is an important feature of the sensitivity. If Nmin
PE ¼ 5 or,

alternatively, if the detection area times quantum efficiency
were a factor of 2 higher, we find that the sensitivity would
be a factor of 0.10 of the black curve for POEMMA360
in Fig. 21 for Eν ¼ 2 × 107 GeV, a factor of 0.43 lower
for Eν ¼ 108 GeV and lower by a factor of 0.60 for
Eν ¼ 109 GeV, for example. The photoelectron threshold
is set for POEMMA to achieve a negligible false positive
neutrino rate from the nighttime air glow background.
Lowering the photoelectron threshold may be possible with
a restricted wavelength range; however, further work is
needed to assess whether or not the sensitivity would be
lowered.
The results presented here for the detection of skimming

tau neutrinos via upward-going air showers from tau
decays, with POEMMA detection as a specific example,

FIG. 23. Three-flavor sensitivity for the standard Earth density
model of Table I for the ALLM (solid black curve) and BDHM
(solid blue curve) tau energy loss with the standard model
neutrino nucleon cross section. The ALLM energy loss with
the outermost shell density is set to ρrock ¼ 2.65 g=cm3 and is
shown with the black dashed curve. The black (blue) dotted-
dashed curve shows E2

νFsens using ALLM (BDHM) for both the
τ-lepton energy loss and σνN .
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come from aMonte Carlo evaluation of neutrino interaction
and tau energy loss, and then a one-dimensional model of
the extensive air shower from the tau decay. A broader
program to simulate signals of skimming tau neutrinos is
under way to address some of the approximations used
here, and to compare with approximations in other
approaches. For example, in Ref. [93], tau energy loss is
treated as continuous, whereas we use stochastic energy
loss here.
An evaluation of timing of the extensive air showers

shows that for detectors more than 16 km away from an
extensive air shower with a radius of 100 m, our one-
dimensional approximation for the air shower modeling
is reliable. A full three-dimensional shower simulation will
be useful for showers at larger elevation angles for balloon
detection.
The air shower modeling uses the 83% of nonmuonic tau

decays, with half of the tau energy going into the shower.
Incorporation of the energy distribution of Eshr is planned.
An additional consideration is whether or not air showers
associated with high-energy muons are detectable [109].
The particle yield from HE muon showers is suppressed
compared to that of a similar energy electron (or photon)
EAS. The length of a muonic air shower has a much longer
slant depth due to this and the long lifetime of the muon.
From a practical standpoint, the propagation of the muonic
shower could yield an EAS signature at much high
altitudes, even for τ-lepton decays that initiate near the
Earth’s surface.
To summarize, we have presented a new calculation of

the flux and spectrum of Earth-emerging τ-leptons from an
isotropic flux of cosmic neutrinos, and then applied our
results to a space-based experiment with a performance
modeled on the POEMMA mission. We have illustrated
many features of neutrino and tau propagation and tau
shower detection. Optical Cherenkov signals from upward-
going air showers show promise for detecting cosmic
neutrinos, especially below 100 PeV. We find that a
POEMMA-like instrument requires a 360° azimuthal optical
Cherenkov coverage to be competitive with other detectors
current or planned.While our focus has been on an isotropic
diffuse flux, the calculational tools developed here can be
applied to searches for individual neutrino sources. For a
detector like POEMMA, the ability to quickly reorient the
detectors will permit tracking of target-of-opportunity neu-
trino sources. An assessment of POEMMA’s sensitivity to
these sources appears in Ref. [141].
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APPENDIX A: GEOMETRY OF EARTH
AT ALTITUDE

The detection of tau-neutrino-induced tau air showers
relies on the Earth as a neutrino converter. In this appendix,
we show the angle relations needed to evaluate the geo-
metric aperture in terms of angles labeled in Fig. 1. Air
shower detectors at altitude h above the Earth will point
near the limb, which is at a viewing angle αH away from the
nadir. For POEMMA, we take h ¼ 525 km. Emergence
angles at the limb are related by

sin αH ¼ RE

RE þ h
ðA1Þ

θHE ≡ π

2
− αH ðA2Þ

while more generally,

cos βv
RE þ h

¼ sin α
RE

ðA3Þ

v sin α ¼ RE sin θE ðA4Þ

where v is the path length in the atmosphere,

v2 ¼ ðRE þ hÞ2 þ R2
E − 2REðRE þ hÞ cos θE; ðA5Þ

and θE is the polar angle of the given position on the
Earth. These relations are used to find the difference in
the viewing angle α relative to the angle to the limb,
Δα≡ αH − α. For h ¼ 33, 525, and 1000 km, αH ¼ 84.2°,
67.5°, and 59.8°, respectively. Table II shows Δα ¼ αH − α
as a function of βE for these three altitudes. The planned
POEMMA Cherenkov detector will have a detection view-
ing angle range of Δα ≃ 7°, when pointed near the limb, so
the angular coverage for h ¼ 525 km is for βv ∼ 0 → 20°.
In fact, very close to the limb, the signal will be overcome
by background, but for Δα > 1°, the backgrounds are
significantly reduced.
The viewing angle relative to the local zenith, θv, is

given by

cos θv ¼
ðRE þ hÞ cos θE − REffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðRE þ hÞ2 þ R2
E − 2ðRE þ hÞRE cos θE

p : ðA6Þ

The angles θv ¼ 90° − βv, α and θE are related by
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αþ βv þ θE ¼ 90°: ðA7Þ

Absent detector field of view considerations and in the
approximation that θtr ≃ θv, the accessible flux from the
area of a cap of the spherical Earth below a detector at
altitude h comes from a surface area S from θmin

E ¼ 0° to
θmax
E ¼ θHE . The effective area for air showers from taus
emerging from the Earth with angle θv relative to the
normal to the cap surface is [126]

G ¼
Z

cos θvdS ¼
Z

R2
E cos θvdΩE

¼ 2πR2
E

Z
θmax
E

θmin
E

cos θvd cos θE

¼ 2πR2
E

Z
θmax
E

θmin
E

ðRE þ hÞ cos θE − RE

v
d cos θE: ðA8Þ

The effective area of the cap below the detector can be
written as

G ¼ 2π

3ðhþ REÞ
ððhðhþ 2REÞÞ32 − h2ðhþ 3REÞÞ: ðA9Þ

For a field of view characterized by Δα ¼ 7°, the effective
area is reduced. The accessible area is a band around the
cap. For Δα ¼ 7° and h ¼ 525 km, θmin

E ¼ 9.9°. We refer
to this as the effective area of the “zone,” smaller than the
“cap” described by Eq. (A9).
The geometric aperture (geometry factor) hAΩigeo

defined in Eq. (15), however, depends on r̂ · n̂ ¼ cos θtr.
In terms of the angles δ and ϕδ that the τ-lepton trajectory
makes with respect to the line of sight, and the angle θv the
line of sight makes with respect to the local zenith,

r̂ · n̂ ¼ cos θtr ¼ cos θv cos δ − sin θv sin δ cosϕδ: ðA10Þ

Then for dΩtr ¼ sin δdδdϕδ with the full ϕδ integral over
2π and δ ¼ 0 → θd, the geometric aperture is

hAΩigeo ¼ π sin2 θdG: ðA11Þ

Table III compares the cap and zone geometric apertures
for several altitudes when θd ¼ 1.5° and Δα ¼ 7°. For
h ¼ 525 km, the ratio of apertures for the zone and cap is
0.48 with these assumptions. Figure 24 shows the geo-
metric aperture of the cap and of the zone (forΔα ¼ 7°) as a
function of detector altitude for θd ¼ 1.5°.

APPENDIX B: TAU EXIT PROBABILITY AND
ENERGY DISTRIBUTIONS

In this section, we include tables for the τ-lepton exit
probabilities for a given tau neutrino energy and tables for

TABLE II. For a given Δα ¼ αH − α as measured from altitude
h ¼ 33, 525 and 1000 km, the viewing angle relative to the
horizon at Earth βv, all in degrees.

Δα βvð33 kmÞ βvð525 kmÞ βvð1000 kmÞ
1 3.6 7.0 8.2
2 5.2 10.0 11.7
3 6.6 12.3 14.5
4 7.9 14.4 16.9
5 9.1 16.2 19.0
6 10.3 18.0 21.0
7 11.4 19.6 22.8
8 12.6 21.2 24.6
9 13.6 22.6 26.3
10 14.7 24.1 27.9
15 20.0 30.8 35.4
20 25.2 37.0 42.2

TABLE III. Comparison of the cap hAcapΩigeo and zone
hAzoneΩigeo geometric apertures for several altitudes h when θd ¼
1.5° and Δα ¼ 7°. The final column is the ratio hAzoneΩigeo=
hAcapΩigeo.

Altitude h (km) Cap (km2 sr) Zone (km2 sr) Zone=cap

3 5.2 4.5 0.87
4 7.9 6.8 0.85
33 178 124 0.70
525 8,480 4,072 0.48
1000 18,857 8,538 0.45

FIG. 24. Comparison of the geometric aperture from the Earth
cap (upper blue curve) versus that for the Earth zone (lower black
curve, defined by Δα ¼ 7°) for θd ¼ 1.5°, as a function of
altitude. The inset shows the calculation on a linear scale from
0 to 35 km altitude.
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the exiting tau energy given a fixed tau neutrino energy
and βtr. Table IV lists the exit probabilities for fixed
energies Eντ ¼ 107, 108, 109 and 1010 GeV when the
ALLM extrapolation is assumed for bnucτ . The standard
model neutrino cross section, as described in Sec. II B, is
assumed. For reference, we show in Fig. 25 the ratio of the
exit probabilities in Table IV to the exit probabilities
without regeneration, namely, assuming a single ντ → τ
conversion. The probabilities by themselves do not reflect
the shift in energy from the multiple interactions when
regeneration is important.
Given an exit probability for a given neutrino energy, the

outgoing tau energy distribution depends on elevation angle

βtr, as shown, for a few energies, in Fig. 8. In our evaluation
of the aperture and sensitivity, instead of the distributions
like those in Fig. 8, we use the cumulative distribution
functions,

fðEντ ; Eτ; βtrÞ ¼
1

Pexit
τ ðEντ ; βtrÞ

Z
Eτ

Emin
τ

dE
dPexit

τ ðEντ ; E; βtrÞ
dE

:

ðB1Þ

Figures 26, 27, 28, and 29 show the cumulative distribution
function as a function of the scaled energy zτ ¼ Eτ=Eντ.
Tables V–VIII list numerical values for four tau neutrino
energies and βtr ¼ 1°, 5°, 10° and 20°.

FIG. 25. Ratio of tau exit probability with regeneration (up to
five charged-current interactions) to no regeneration (one charged-
current interaction) as a function of βtr for incidentEντ ¼ 107, 108,
109 and 1010 GeV evaluated using the ALLM photonuclear
energy loss and the nCTEQ-1 neutrino cross section (σSM).

TABLE IV. The tau exit probability for Eντ ¼ 107, 108, 109 and
1010 GeV assuming the ALLM structure function extrapolation
for the photonuclear energy loss parameter, as a function of βtr .
The standard model cross section for neutrino-nucleon inter-
actions is assumed.

βtr (°) 107 GeV 108 GeV 109 GeV 1010 GeV

1 2.89 × 10−5 7.41 × 10−4 6.85 × 10−3 2.54 × 10−2

3 2.48 × 10−5 5.55 × 10−4 3.27 × 10−3 5.15 × 10−3

5 2.07 × 10−5 3.92 × 10−4 1.49 × 10−3 1.23 × 10−3

7 2.01 × 10−5 2.50 × 10−4 5.79 × 10−4 3.36 × 10−4

10 1.29 × 10−5 1.48 × 10−4 2.20 × 10−4 1.38 × 10−4

12 1.49 × 10−5 1.06 × 10−4 1.35 × 10−4 8.20 × 10−5

15 9.30 × 10−6 6.42 × 10−5 6.81 × 10−5 5.48 × 10−5

17 8.90 × 10−6 4.99 × 10−5 5.40 × 10−5 3.77 × 10−5

20 7.90 × 10−6 3.63 × 10−5 3.31 × 10−5 2.59 × 10−5

25 4.70 × 10−6 1.57 × 10−5 1.43 × 10−5 1.31 × 10−5

30 2.44 × 10−6 6.73 × 10−6 5.92 × 10−6 5.85 × 10−6

35 1.44 × 10−6 3.13 × 10−6 2.84 × 10−6 2.67 × 10−6

40 9.00 × 10−7 1.95 × 10−6 1.83 × 10−6 1.59 × 10−6

FIG. 26. For angles βth ¼ 1°, 5°, 10° and 20°, the cumulative
distribution function for the relative tau exit probability for
Eντ ¼ 107 GeV, as a function of z ¼ Eτ=Eντ . The ALLM
small-x extrapolation of the electromagnetic structure function
in bnucτ has been used.

FIG. 27. For angles βth ¼ 1°, 5°, 10° and 20°, the cumulative
distribution function for the relative tau exit probability for
Eντ ¼ 108 GeV, as a function of z ¼ Eτ=Eντ . The ALLM
small-x extrapolation of the electromagnetic structure function
in bnucτ has been used.
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The average exiting tau energy decreases with an
increase in βtr. Multiple interactions and energy loss are
responsible for the shift to a lower exiting tau energy as the
incident neutrino energy increases. This means that even
though regeneration significantly enhances the exit prob-
ability, the energy of the exiting tau is lower, so regener-
ation does not necessarily translate to a better sensitivity.
For example, with the POEMMA360 detection character-
istics modeled here, the correction to the sensitivity due to
regeneration is at most an approximately 20% effect.

FIG. 28. For angles βth ¼ 1°, 5°, 10° and 20°, the cumulative
distribution function for the relative tau exit probability for
Eντ ¼ 109 GeV, as a function of z ¼ Eτ=Eντ . The ALLM
small-x extrapolation of the electromagnetic structure function
in bnucτ has been used.

FIG. 29. For angles βth ¼ 1°, 5°, 10° and 20°, the cumulative
distribution function for the relative tau exit probability for
Eντ ¼ 1010 GeV, as a function of z ¼ Eτ=Eντ . The ALLM
small-x extrapolation of the electromagnetic structure function
in bnucτ has been used.

TABLE V. The cumulative distribution function displayed in
Fig. 26 for Eντ ¼ 107 GeV and βtr ¼ 1°, 5°, 10° and 20°, as a
function of zτ ¼ Eτ=Eντ .

zτ 1° 5° 10° 20°

1.41 × 10−1 3.45 × 10−3 0.00 0.00 2.53 × 10−2

1.78 × 10−1 3.45 × 10−3 4.83 × 10−3 4.65 × 10−2 5.06 × 10−2

2.24 × 10−1 6.90 × 10−3 9.66 × 10−3 6.98 × 10−2 6.33 × 10−2

2.82 × 10−1 1.03 × 10−2 1.93 × 10−2 1.09 × 10−1 8.86 × 10−2

3.55 × 10−1 2.41 × 10−2 3.38 × 10−2 1.32 × 10−1 1.77 × 10−1

4.47 × 10−1 4.13 × 10−2 5.31 × 10−2 1.63 × 10−1 2.78 × 10−1

5.62 × 10−1 1.41 × 10−1 1.59 × 10−1 2.48 × 10−1 3.92 × 10−1

7.08 × 10−1 2.96 × 10−1 3.62 × 10−1 3.80 × 10−1 5.31 × 10−1

8.91 × 10−1 9.96 × 10−1 1.00 1.00 9.99 × 10−1

TABLE VI. The cumulative distribution function displayed
in Fig. 27 for Eντ ¼ 108 GeV and βtr ¼ 1°, 5°, 10° and 20°, as
a function of zτ ¼ Eτ=Eντ .

zτ 1° 5° 10° 20°

1.41 × 10−2 0.00 0.00 1.35 × 10−3 0.00
1.78 × 10−2 1.35 × 10−4 0.00 2.70 × 10−3 2.75 × 10−3

2.24 × 10−2 1.35 × 10−4 5.10 × 10−4 4.05 × 10−3 8.26 × 10−3

2.82 × 10−2 1.35 × 10−4 7.65 × 10−4 1.08 × 10−2 2.21 × 10−2

3.55 × 10−2 1.35 × 10−4 3.32 × 10−3 1.55 × 10−2 3.86 × 10−2

4.47 × 10−2 2.70 × 10−4 5.62 × 10−3 2.23 × 10−2 6.61 × 10−2

5.62 × 10−2 8.10 × 10−4 9.70 × 10−3 3.18 × 10−2 1.07 × 10−1

7.08 × 10−2 2.16 × 10−3 1.53 × 10−2 4.26 × 10−2 1.40 × 10−1

8.91 × 10−2 3.64 × 10−3 2.35 × 10−2 6.42 × 10−2 1.74 × 10−1

1.12 × 10−1 6.07 × 10−3 3.42 × 10−2 9.53 × 10−2 2.42 × 10−1

1.41 × 10−1 9.58 × 10−3 5.28 × 10−2 1.25 × 10−1 3.06 × 10−1

1.78 × 10−1 1.55 × 10−2 8.21 × 10−2 1.69 × 10−1 3.77 × 10−1

2.24 × 10−1 3.01 × 10−2 1.11 × 10−1 2.26 × 10−1 4.71 × 10−1

2.82 × 10−1 4.98 × 10−2 1.53 × 10−1 2.97 × 10−1 5.48 × 10−1

3.55 × 10−1 9.11 × 10−2 2.18 × 10−1 3.71 × 10−1 6.34 × 10−1

4.47 × 10−1 1.71 × 10−1 3.14 × 10−1 4.71 × 10−1 7.08 × 10−1

5.62 × 10−1 3.22 × 10−1 4.57 × 10−1 5.92 × 10−1 8.10 × 10−1

7.08 × 10−1 5.86 × 10−1 6.77 × 10−1 7.78 × 10−1 8.87 × 10−1

8.91 × 10−1 1.00 9.99 × 10−1 9.98 × 10−1 9.97 × 10−1

TABLE VII. The cumulative distribution function displayed in
Fig. 28 for Eντ ¼ 109 GeV and βtr ¼ 1°, 5°, 10° and 20°, as a
function of zτ ¼ Eτ=Eντ .

zτ 1° 5° 10° 20°

1.41 × 10−3 0.00 3.36 × 10−5 5.37 × 10−4 2.60 × 10−3

2.24 × 10−3 8.74 × 10−6 3.83 × 10−4 2.60 × 10−3 1.46 × 10−2

3.55 × 10−3 4.23 × 10−5 1.26 × 10−3 8.33 × 10−3 4.06 × 10−2

5.62 × 10−3 1.24 × 10−4 3.43 × 10−3 2.17 × 10−2 9.14 × 10−2

8.91 × 10−3 3.05 × 10−4 8.29 × 10−3 4.87 × 10−2 1.85 × 10−1

1.41 × 10−2 7.71 × 10−4 1.82 × 10−2 9.69 × 10−2 3.39 × 10−1

2.24 × 10−2 2.24 × 10−3 3.73 × 10−2 1.73 × 10−1 5.06 × 10−1

3.55 × 10−2 6.95 × 10−3 6.89 × 10−2 2.79 × 10−1 6.64 × 10−1

5.62 × 10−2 2.28 × 10−2 1.22 × 10−1 4.00 × 10−1 8.05 × 10−1

8.91 × 10−2 6.79 × 10−2 2.05 × 10−1 5.27 × 10−1 8.94 × 10−1

1.41 × 10−1 1.66 × 10−1 3.28 × 10−1 6.54 × 10−1 9.47 × 10−1

2.24 × 10−1 3.26 × 10−1 4.86 × 10−1 7.73 × 10−1 9.76 × 10−1

3.55 × 10−1 5.36 × 10−1 6.68 × 10−1 8.74 × 10−1 9.88 × 10−1

5.62 × 10−1 7.71 × 10−1 8.53 × 10−1 9.52 × 10−1 9.97 × 10−1

8.91 × 10−1 1.00 1.00 1.00 9.98 × 10−1
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APPENDIX C: DETECTION PROBABILITY

In this appendix, we give more details for our evaluation
of the detection probability in our Monte Carlo computer
program. The probability of detecting the τ-lepton shower
depends on the shower energy, the altitude of the tau decay
and the detection angle. In the full Monte Carlo simulation
calculating the probability that the emerging tau produces
a detectable air shower, pdet, we include the following
requirements:
(1) The trajectory of the parent neutrino, assumed to be

collinear with the emerging tau lepton, must be
appropriately aligned with the line of sight between
the detector and the point of emergence. We require
the angle between the trajectory of the neutrino
and the line of sight of the detector, θ ¼ jθv − θtrj in
Fig. 14, to be less than the effective Cherenkov
angle, θCh.

(2) The tau must decay before it leaves the observation
window, the three-dimensional zone that is visible to
the detector denoted by the red lines in Fig. 19.

(3) The shower from the tau neutrino must be able to
trigger the detector, namely, the number of photo-
electrons in the detector generated by light from the
shower, NPE, must be greater than a threshold value,
taken to be 10 for POEMMA.

For the purposes of calculation, we model each requirement
using a Heaviside function.
The detection window is determined by the Cherenkov

angle, discussed in Sec. III B. The Cherenkov angle for
Eshr ¼ 108 GeV is approximated by the results shown in

the lower plot of Fig. 18. For showers NPE ≫ Nmin
PE , the

effective Cherenkov angle is larger than what is shown in
the upper panel of Fig. 18. The tails of the Cherenkov
photon density in the upper panel of Fig. 18 show that a
Cherenkov angle based on the plateau of the photon density
underestimates the width of the Cherenkov signal. We use
an effective Cherenkov angle

θCh ¼ max


θ0Ch; θ

0
Ch ×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnðNPE=Nmin

PE Þ
q �

: ðC1Þ

This comes from assuming that the one-dimensional profile
of the shower is approximately Gaussian and scaling by the
half-width at f ¼ NPE=Nmin

PE times the maximum.
The observation window requires the path length of the

τ-lepton from the exit point to decay sd to be less than swin.
To compute swin, we consider three cases, where the zenith
angle θtr of the trajectory of the tau lepton is less than,
greater than, or equal to the zenith angle θv of the detector
line of sight (the black line segment labeled “v” in Fig. 19).
Considering all three cases, swin is given by

swin ¼
8<
:

sin ðαH − αÞv= sin ξ if θtr < θv;

sin ðα − αminÞv= sin ξ if θtr > θv;

v if θtr ¼ θv;

where v is defined in Eq. (A5). The quantity αmin is the
minimum nadir angle of the detector viewing zone, and ξ is
the angle opposite the detector’s line of sight, given by

ξ ¼
	
π − ððαH − αÞ þ ðθv − θtrÞÞ if θtr < θv;

π − ððα − αminÞ þ ðθtr − θvÞÞ if θtr > θv:

The value of α can be found using the law of cosines:

cos α ¼ 2REhþ h2 þ v2

2vðRE þ hÞ : ðC2Þ

As discussed in Sec. II E, the number of photoelectrons
detected depends on the photon number density, the
elevation angle βtr and the altitude of the decay, related
to sd. In Fig. 30, we show the frequency of a given Eshr=Eτ

from a PYTHIA 8 simulation of tau decays. Without the
electron decay channel, the average energy of the shower
is ∼0.6Eτ, but including the electron channel lowers the
average to ∼0.5Eτ. The results in this paper use the
approximation Eshr ¼ Eτ=2. We take Nmin

PE ¼ 10.
We integrate Eq. (13) via Monte Carlo integration using

importance sampling (also known as the inverse transform
method3). In this sampling method, random variables are
drawn from cumulative distribution functions (CDFs) con-
structed from selected probability density functions (PDFs).
Ideally, the selected PDFs would be as similar to the
functions being integrated as possible, though normalized,

TABLE VIII. The cumulative distribution function displayed in
Fig. 29 for Eντ ¼ 1010 GeV and βtr ¼ 1°, 5°, 10° and 20°, as a
function of zτ ¼ Eτ=Eντ .

zτ 1° 5° 10° 20°

1.41 × 10−4 7.86 × 10−7 2.45 × 10−5 5.88 × 10−4 3.09 × 10−3

2.24 × 10−4 6.69 × 10−6 3.51 × 10−4 4.04 × 10−3 1.82 × 10−2

3.55 × 10−4 1.77 × 10−5 1.60 × 10−3 1.24 × 10−2 4.53 × 10−2

5.62 × 10−4 5.46 × 10−5 4.41 × 10−3 3.13 × 10−2 1.15 × 10−1

8.91 × 10−4 1.36 × 10−4 1.13 × 10−2 7.64 × 10−2 2.24 × 10−1

1.41 × 10−3 3.43 × 10−4 2.47 × 10−2 1.51 × 10−1 3.77 × 10−1

2.24 × 10−3 9.75 × 10−4 5.02 × 10−2 2.67 × 10−1 5.68 × 10−1

3.55 × 10−3 2.90 × 10−3 9.29 × 10−2 4.14 × 10−1 7.40 × 10−1

5.62 × 10−3 9.70 × 10−3 1.57 × 10−1 5.74 × 10−1 8.77 × 10−1

8.91 × 10−3 2.99 × 10−2 2.42 × 10−1 7.28 × 10−1 9.50 × 10−1

1.41 × 10−2 7.46 × 10−2 3.41 × 10−1 8.38 × 10−1 9.83 × 10−1

2.24 × 10−2 1.49 × 10−1 4.45 × 10−1 9.07 × 10−1 9.92 × 10−1

3.55 × 10−2 2.50 × 10−1 5.49 × 10−1 9.47 × 10−1 9.96 × 10−1

5.62 × 10−2 3.67 × 10−1 6.47 × 10−1 9.70 × 10−1 9.97 × 10−1

8.91 × 10−2 4.89 × 10−1 7.34 × 10−1 9.81 × 10−1 9.97 × 10−1

1.41 × 10−1 6.10 × 10−1 8.12 × 10−1 9.90 × 10−1 9.97 × 10−1

2.24 × 10−1 7.23 × 10−1 8.77 × 10−1 9.95 × 10−1 9.97 × 10−1

3.55 × 10−1 8.27 × 10−1 9.33 × 10−1 9.98 × 10−1 9.97 × 10−1

5.62 × 10−1 9.20 × 10−1 9.75 × 10−1 9.99 × 10−1 9.97 × 10−1

8.91 × 10−1 1.00 1.00 1.00 9.97 × 10−1

3See Review of Monte Carlo Techniques in Ref. [123].
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in order to minimize sample variance. In general, for a
function, fðxÞ being integrated and samples drawn from the
selected PDF, pðxÞ, the Monte Carlo estimator is given by

FN ¼ 1

N

XN
i¼1

fðXiÞ
pðXiÞ

; ðC3Þ

where N is the number of samples and Xi is the ith drawn
random variable. The formula for theMonte Carlo estimator
can be verified by taking the expectation of FN over pðxÞ
over the interval of integration.
For the full Monte Carlo integration, the integrand of

Eq. (13) includes r̂ · n̂ ¼ cos θtr. Putting r̂ and n̂ in a frame in
which v points in the ẑ direction and taking the dot-product,
we find that cos θtr ¼ cos θv cos δ − sin θv sin δ sinϕp,
where θv is the local zenith angle of the line of sight

between the spot on the ground and the detector, δ is the
angle between the particle’s trajectory and the line of sight to
the detector, and ϕp is the azimuthal angle of the particle in
the frame in which v points in the ẑ direction. Then, Eq. (13)
becomes

hAΩi¼2πR2
E

Z Z Z
ðcosθvcosδ−sinθv sinδsinϕpÞPobs

×dðcosδÞdϕpdðcosθEÞ; ðC4Þ

where θE is the zenith angle of the position on the surface of
the Earth, RE is the radius of the Earth, and Pobs is the
observation probability given by Eq. (16). For the full
Monte Carlo integration, the chosen PDF is

pðθE; δ;ϕp; sÞ ¼ cos θv cos δpdecayðsÞ
×dðcos δÞdϕpdðcos θEÞds; ðC5Þ

where pdecayðsÞ is the probability that the τ decays after
traveling a path length s. Then, the Monte Carlo estimator is
given by

FN ¼ N
1

N

XN
i¼1

Pobs cos θtr
pðθE; δ;ϕp; sÞ

; ðC6Þ

where N is a factor that includes the normalization of
pðθE; δ;ϕp; sÞ and the factor 2πR2

E.
The POEMMA sensitivity is determined with the full

Monte Carlo. A simpler formalism in which θtr → θv and
the integration is performed over dΩtr yields sensitivities
that are reasonably close to the full calculation.
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