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Starting with the general stress-tensor commutation relations consistent with the Poincaré algebra in
local quantum field theory, we impose the tracelessness condition and focus on the dominating
contributions in the lightcone limit. It is shown that, under a certain assumption on the Schwinger term,
a Virasoro-algebra-like structure emerges near the lightcone in d > 2 conformal field theories.
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I. INTRODUCTION

As the universal central extension of the Witt algebra, the
existence of the Virasoro algebra [1] plays a crucial role in
mathematics and theoretical physics, particularly of deep
importance in conformal field theory (CFT). It is, however,
a special luxury one has in two-dimensional spacetime.
In higher dimensions, where the conformal group is finite
dimensional, Virasoro-algebra related techniques employed
in understanding d =2 CFT become generally invalid.
Nevertheless, one may still ask the following question: does
an effective similar structure exist in higher-dimensional
CFTs that can be used to control the CFT data within a
certain subspace (i.e., a subsector of the full parameter
space)?

As the form of two commuting copies, the Virasoro
algebra can be expressed as the stress-tensor commutation
relation

— [T (x7), T (x')]
= 4T (x7) + T (7))9-8(x~ —x'7)

—%835()6_—)6/_), (1)
kY4

with a similar expression for [7-~(x"),T7~(x'")]. We
denote (x*,x7) = (t+y,t—y) with (X% x!)=(z,y),
and (TT7(x7),T=(x") ==2(T3-T9, TS5+ T9) in
Minkowski metric 7,, = diag(—1,1). The central-exten-
sion part containing the central charge c¢ arises from the
quantum anomaly. While the tracelessness condition in
d = 2 allows one to replace the purely spatial-component
of the stress tensor, 7;, with Ty, independent spatial-
components appear in d > 2, and, in general, there is no
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stress-tensor algebra in higher dimensions. In this work, we
make an initial attempt, starting from the most general
stress-tensor commutation relations in Lorentz invariant,
local quantum field theory (QFT) [2—4], to search for a
possible Virasoro-like structure in higher-dimensional
CFTs. In particular, while the tracelessness constraint must
be imposed, we would like to see under what additional
conditions an effective Virasoro-like algebra may emerge.

What clue do we have? The AdS/CFT correspondence
[5-7] provides an interesting hint toward this direction. In a
recent work [8], it was found that the operator product
expansion (OPE) coefficients of the multi stress-tensor
conformal blocks of a scalar four-point function in a large
class of d >2 CFTs are universal in the lowest-twist
subspace. (The twist of an operator is its dimension minus
its spin.) These isolated OPE coefficients are universally
fixed by the dimensions of the light and heavy scalar
operators, and the central charge Cy, the coefficient of the
stress-tensor two-point function. In d =2, the Virasoro
algebra dictates all the related structures. While additional
assumptions were made in the gravitational computation
considered in [8], such as having a large C7 and ignoring
additional bulk matters, it is tempting to ask if the lowest-
twist limit is essentially sufficient in a more general
analysis in d > 2 CFTs. As the lowest-twist limit corre-
sponds to the lightcone limit, where operators in a
correlator approach each other’s lightcone, we are therefore
motivated to consider the CFT stress-tensor commutators
near the lightcone.

In the next section, we first review the general stress-
tensor equal-time commutation relations in QFT, based on
earlier works [2—4]. The tracelessness condition and the
lightcone limit shall be imposed in a later section. The main
result is to obtain an effective lightcone stress-tensor
commutator in CFT. By effective, we mean that the
lightcone limit is taken when stress tensors are inserted
in a correlation function. In this case, the purely lightcone
component of the stress tensor, denoted as T below,
dominates the contributions. A crucial point is that, in such
an effective lightcone limit, one avoids the commutator
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with purely spatial components, i.e., [T;;(x),T,,(x")],
whose form cannot be determined by Poincaré symmetry
or conformal invariance and thus is generally model
dependent in d > 2. (The central charge Cy is also model
dependent, but we say a quantity has a universal meaning if
all the model-dependent data can be absorbed into Cy.)
The resulting effective lightcone commutator will have a
nonextension part and also a Schwinger term. The non-
extension part formally looks the same as that in the d = 2
Virasoro algebra. The Schwinger term in general dimen-
sions can be related to the central charge C;. Some
subtleties of the Schwinger term will also be discussed.

II. STRES-TENSOR COMMUTATION
RELATIONS IN QFT

Here we first review the stress-tensor commutators in
Lorentz invariant, local QFT (see [4] and [2,3] for more
discussions). Denote a classical action S embedded in
a curved background and write the curved-space stress
tensor as

oS
C(x) =2 . (2
™ =250 )
A factor /=g is normally factored out from C,, as the

conventional stress tensor, but we adopt the above notation
for later convenience. Eventually, we will be interested in
the commutation relations of the flat-space stress tensor,
denoted as T*(x), in metric ds* = —dt* + §;;dx'dx’.
Below, we denote (C*(x)) = —2i
partition function. The starting point is to consider the
variation of the conservation equation,

(€ L(x)) + (T (x)CP (X)), (3)

with respect to an external metric. Varying the first term on
the right-hand side of (3) yields

92 \where Z is the
e

0=(C",(x) =

5(C*(x)) ( A <5C"”(X)>>
28—:8,, H{CH(x)C?(x")), +2 - ,
59}/)( ) < ( ) ( )>+ 5,91/)()()
where (C,,(x)C;,(x")), is the time-ordered Lorentzian

stress-tensor two-point correlator, while varying the second
term on the right-hand side of (3) gives

Ho(x aff x
2—5<F“§;p)5,)( D _ (g e + g (o)
= 9*(C#(x)))048(x = x') + O(T'),

(4)
where oI v =—9"709,.1 0 —I—% (0409510500 — 0,69,p)-

The O(I") part vanishes in the flat-space limit. The above
expressions lead to

{70 (x). T# (x')]6(x" = x)

— 5C’w( ) HATpa Hp Ao X
591;;( X') | ra ~ (T T
— T (x)) 048 (x — X'). (5)

We have used 9,C*(x) = O(T), (TH(x)T*(x')), =
(T ()T (x")) O(x° = x) + (T (x')T* (x)) O(x" = x7),
and 0,0(x° — x?) = 895(x" — x°). Note the equal-time
commutator should not have an explicit time derivative
of 5(x° — x'), but the right-hand side of (5) presently looks
like it has such a dependence. Consistency requires that the
object 8, % §g

It can be 1nstruct1ve to derive explicitly the commutator
involving only temporal components; other components
can be obtained in a similar manner. From (5),

pr0v1des a cancellation.

i[T%(x), T (x")]6(x" — x)
5C% (x)
“8g00(')

+ (2T%(x)0; + T(x)9y)5(x — x').
flat
Defining a parametrization function #(x,x) via

8C% (x)
3900 (x")

= (0n00(

x, 1) = 0T®(x)s(x = x'), (7)

flat

the right-hand side of (6) can be written as

=0,1%%0(x,x') = 0T (x)8(x — x') + 2T (x)9;8(x — x'),
x'0) left. A direct manipu-

= =0T (x)8(x — x') +

with no time-derivative on §(x°
lation using 7% (x')9,8(x — x')
T (x)0;6(x — x') gives

i[T%(x). T (x)]5(x" — x)

= (T%(x) + T%(x'))0;6(x — x') — 0,1 (x,x).  (8)

Similarly, using (5), it is straightforward to consider other
components. We now tabulate the various commutators as
follows:
19 (x). TOW)5, = (T%(x) + T(¥))9;5(x — ')

_ SO'OO()C, x/), (9)

i[T%(x), T%(x')]8, = (T (x) + T®(x')87)0;5(x — x')

— 500 (x, x), (10)
i[T(x), TV (x)]8, = (TY(x")0/ + T% (x")O'

— T (x))8(x — x') — % (x,x"), (11)
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i[T%(x), T%(x))8, = (TY (x)0" + T (x')0/)6(x — x')
— 580 (x, x'), (12)

79(0), T ()3, = (67T (x) = 59T ()
—&5*TIM(x'))0,,6(x — x') — ™K (x,x),

(13)

where 6, = §(x” — x°) and the Schwinger term is s## =
0, "* with

S5CY (x)

0000 _ o +0TO(x)s(x —x'), (14
3900(*") | ra ol b

. 5C%(x) ;

v 0i — o + r]”TOO(x)5(X - X/), (15)
590i (%) | fat

Ovij — 25COD(X) + (T (x)
5gij(x/) flat

+ T (x) =T (x))8(x = x').  (16)

80 (x) . ;
tw_()] -2 + (TOt (x)nw + T()zx(x)él,])é(x _ )C/),
590;‘()(/) flat
(17)
tiu,jk =2 5Cw(x/)
5gjk(x) flat

- (I OTO) + ST ()5 - ). (18)

The commutation relation involving purely spatial compo-
nents does not admit a model-independent form.

Some constraints on the Schwinger term must be
imposed so that the above commutators remain consistent
with the Poincaré relations

i[T" (x), PY] = &*TH(x), (19)

7 (0). 7] = (07 —x0 0 T () 4 T (2) 4T ()
T ()= T (), (20)

where P*= [dxT%, J* = [ dX(x*T% — x°T%). One thus
requires [ dXs"% = [dxxs%% = 0. On the other hand,
one may adopt T, =T,, — (T,,), with (T,,) ~n,,, and
check that the above structures remain formally the same.
Below, we shall focus on flat-space CFT with a traceless
stress tensor. As the expectation value of a CFT stress
tensor in flat-space limit is zero, we avoid additional
notation T,

III. EFFECTIVE LIGHTCONE
COMMUTATOR IN CFT

We now discuss in what sense a lightcone limit is taken
and what the dominating structure is. The tracelessness
condition will be imposed. Let

ds* = —dxtdx™ + 5,,dx*dx”, (21)
where (x*,x7) = (t+y,t—y). One has

T = 2(TY ¥+ 19) - T4, Tt =T4 (22
Ind =2, Tt" /T~ is independent of x*/x~, respectively,
and 7% = 0. Going beyond d = 2, we consider the follow-
ing lightcone limit:

x~ =0 with x fixed (23)

(One can also consider x© — 0 with x~ fixed.) and focus on
the effective commutation relation, where stress tensors are in
a correlation function. The reason to adopt such a scenario is
that, for many purposes, such as in the conformal block
decomposition, stress tensors always appear in a correlator
and thus having an effective commutator would be sufficient.

We shall focus on stress tensors with indices uncon-
tracted, corresponding to the lowest-twist or largest-spin
limit. Intuitively, the lightcone-component 7% should
dominate near the lightcone. However, in d > 2, the
existence of T¢ in (22) causes trouble: since purely spatial
components of the stress-tensor commutator do not have a
model-independent expression, there is no universal way to
compute [T (x), 77" (x)] in d > 2. This obstacle may be
circumvented by adopting an effective lightcone commu-
tator. Let us here demonstrate via an example. Consider the
following CFT correlator [9]:

Iﬁ(xl M7 (x1)A6(x2)

(T (x1)(x2)9(0)) ~a g 28, 42-d " (24)
X1 X
2sts 52
II];(S) = 5112 - 52 8 ’ Aﬂo‘(‘g) = 886 — E’ho‘v (25)

where we focus on the short-distance (small x,) behavior; a
is a constant and A the dimension of ¢. We will put scalar
fields on a x™ — x~ plane and consider the lightcone limit
x~ — 0. The stress tensors generally allow the transverse-
coordinate dependence, and we consider that stress tensors
also approach to the lightcone. One finds the following
limiting behavior under (23):

BT - T) () p(x2)(0)) ~ ()2, (26)

while having 79 + 79, T4, T+¢, or T7“ in the correlator
does not contribute in the same limit. Although this
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example involves only a stress tensor, one may consider
more stress tensors and verify that the contributions near
the lightcone are dominated by (T3 — 79)" with n stress
tensors. We thus focus on the commutator involving
T) —T9 as the effective lightcone description. In what
follows, we let

T+ =-2(T) - T19). (27)

Let us also remark that the operator 0, 7" does not
contribute in the same lightcone limit either.

We next compute the commutator of 7+ using (9), (10),
and (12), together with the tracelessness condition. We find,
before imposing the lightcone limit, the following inter-
mediate expression:

—i[T7 (). T ()]

= 4T (x) + T+ (¥)) (9 = 0-)5*"!
+4(T§(x) + T4(x')) (94 — 0-)8*!
—4(TH(x) + TT(x) 0,67 +5(x, x'), (28)

where 5971 = §(y — y')5%2(x4 — x'@) and

§(x,x') = 40,1 (x.x') 4 9,1 (x, x')
_ aLtOD’OI(x/, x) + 8,/2‘1”’01()6,)(,)) (29)

is the corresponding Schwinger term. At equal time, one
may write the difference (y —y’) as either (x™ —x'") or
—(x~ —x'7). We have here explicitly indicated the dimen-
sionality of the delta function.

As a check on (28), let us take
T¢ =T+ = 9. T = 0. We have

d =2, where

— [T (), T (x')]
=4(T () + T (7)0_8(x™ —x'7) + 5|,  (30)
which is precisely the Virasoro algebra (1), as it must be,

provided that the Schwinger term is related to the central
charge via

$,y = —i—;@ié(x‘ —x'). (31)

We leave the discussion on the Schwinger term to the next
section.

In d > 2, we shall focus on the lightcone limit where
the additional T¢, TT¢ pieces in (28) are suppressed.
The effective lightcone commutator may be written as

- i[T++(x+,x“), T++(x’+,x’“)]
— _4(T++(x+’xa) + T++(x/+7x/a))a+5d—1
+ F(xtxt X x), (32)

where 597! = §(xt — x'+)5972(x* — x'*). We have dropped
the x~, x'~ dependence in the stress tensors and the
Schwinger term to indicate that these contributions are
localized on the lightcone. The lightcone limit is imposed
after computing the commutation relation. In d = 2, it is
not necessary to impose a lightcone limit.

IV. REMARKS ON THE SCHWINGER TERM

The connection between the Schwinger term and C can
be deduced from the spectral representation [10,11]. First,
consider the Killen-Lehmann spectral form of the stress-
tensor two-point function in unitary QFT (in Euclidean
signature),

<T/w (X) Tip (O>>

~ N, / du(p® (N, + o N2, \Glxu), (33)

where
2742
N, = , 34
4T (d=1)Hd+1)27T(d/2) (34)
n® — g S = 0,0, —8,0% (35
yu,/lp_m uvips w — Yty — OV, ( )
@ d—1 28,8,
I, = m (S,MSV,) + 8,8, — i-1 ) (36)
dd ipx d_q Kg_ ulx
G— Pd 26 . po\? 21(||)' (37)
(2x) p* 4+ p 27|x| 27

The spectral functions p(© (), p®(u) represent spin-0
and spin-2 intermediate states, respectively. Restricting to
CFT, scale invariance implies

POw) = pOu=26(u),  p@(u) = p@pt3. (38)

These functions do not lead to an infrared singularity.

p9 (1) does not contribute in d > 2 while ny) ,, vanishes

in d =2. With (38), one can compute (33) and match
with [12]

T, 0) =¢, 220

Ty () =5 U (3 () 1 ()L (3)) = 550
(39)

and find, in CFTs,
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C d—1
Lo =00 ko)

0 _Ctr
P 2 d

It is more involved to obtain the delta-function distri-
bution from the Schwinger term, but it has been worked out
a long time ago for unitary QFT [13,14]. As a concrete
example in higher dimensions, we focus on d = 4 in the
following. The relevant results in d = 4 Lorentzian CFT,

where p(©) does not contribute and p©® =3, are
Fﬂujp(x - xl) = <[T/w(x)’ Tlp(x/)D’
Fooo0 = Foioj = Fooij = 0.
A
Foooi = —iN4/0 dup® (1) 0; A8 (x — x')
N
- i%pm@lAz&% (x —x')

o —l CT7T2
480

(A2 + A)IAS(x— ),  (41)

where A is a Laplacian. Only the equal-time commutators
with an odd number of temporal indices are nonzero since
the causal propagator is odd in time; Fy; j; can be nonzero,
but these components are irrelevant in the lightcone limit.
Note that the fifth-derivative “boundary” term generally
exists in d = 4, unless one has restricted to field theories
with p(®(u — o0) = 0, which is however not a CFT.

In d = 2, a similar analysis gives the following nonzero
contribution:

nC
Fooo1 = —ITTa?é(xl - xll)7 (42)

where we have recalled (38) and (40), and this gives

B 4nC
)z = =510

S(x~ =x'7), (43)

which reproduces the required identification (31) in d = 2
CFT, with Cr = # where ¢ = 1 for a free boson.

We remark that, a prior, the Schwinger term could be a
g-number in general QFT. From the Virasoro algebra,
one knows the corresponding Schwinger term must be a
c-number in d =2 CFT with 3|,_, = (3)|;,,. For d > 2,
we shall here assume that we are restricted in the class of
CFTs where the Schwinger term is a c-number, at least in
the lightcone limit. A more general question whether the
Schwinger term might always be a c-number goes beyond
the scope of the present work and will not be addressed
here. Note the Schwinger term must have a consistent
dimension and the requirement that the d — 2 limit of (28)
reproduces the Virasoro algebra implies the Schwinger

term in general d should not touch the coefficient of the
existing 7 piece. (One may adopt additional limits, such
as a large Cy, to suppress possible unwanted contributions,
but we do not consider such a limit here.)

On the other hand, a direct canonical computation shows
that the Schwinger terms (14)—(17) in d > 2 free theories
simply vanish, as first pointed out in [4], while (18), which
is however irrelevant in the lightcone limit, can be nonzero
but its expression is model dependent. (Related computa-
tion details can be found in [15].) The authors of [4,15] then
argued that quantum effects are responsible for producing
the anomalous c-number delta-function distribution pre-
dicted from the spectral forms. While their results suggest
that the free theories belong to the class of theories we are
interested in, it would be interesting to revisit the free-
theory calculations and derive the c-number contribution in
view of the results presented here.

In the class of d =4 CFTs, for instance, where the
Schwinger term is effectively a c-number near the light-
cone, we may write the lightcone effective algebra as

- i[T++(x+,x“), T++(x'+,x’“)]
— _4<T++(x+7xa) + T++<x/+7x/a))a+53

CT7172

0 (A2 + A)D AS, (44)

+

where & = §(x* — x'*)5*(x* — x'*). The appearance of
the UV divergence in the Schwinger term is expected to
be a general figure in d > 2 CFTs, based on essentially
dimensional analysis. The coefficient of the power-law
divergence has no universal meaning and thus we shall
focus on the universal finite piece (the coefficient of the
highest-order derivative of the delta function) in the
Schwinger term and subtract the divergence off when
computing a correlator.

We hope to discuss the applications of the lightcone
stress-tensor commutation relation elsewhere. In particular,
it would be interesting to realize the lightcone algebra in a
holographic framework and explore potential connections
with the lowest-twist universality [8] and also some recent
works [16-21].
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