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In this paper, we consider an electrodynamics of higher derivatives coupled to a Lorentz-violating
background tensor. Specifically, we are interested in a dimension-five term of the CPT-odd sector of the
nonminimal Standard Model extension. By a particular choice of the operator kr, we obtain a higher-
derivative version of the Carroll-Field-Jackiw (CFJ) term, %e’d’“’AiDKDF s
background vector D,. This modification is subject to being investigated. We calculate the propagator of
the theory and from its poles, we analyze the dispersion relations of the isotropic and anisotropic sectors.
We verify that classical causality is valid for all parameter choices, but that unitarity of the theory is
generally not assured. The latter is found to break down for certain configurations of the background field
and momentum. In an analog way, we also study a dimension-five anisotropic higher-derivative CFJ term,

which is written as €A, T (T - 0)*F ,w and is directly linked to the photon sector of Myers-Pospelov

with a Lorentz-violating

theory. Within the second model, purely timelike and spacelike T, are considered. For the timelike choice,
one mode is causal, whereas the other is noncausal. Unitarity is conserved, in general, as long as the
energy stays real—even for the noncausal mode. For the spacelike scenario, causality is violated when the
propagation direction lies within certain regimes. However, there are particular configurations preserving
unitarity and strong numerical indications exist that unitarity is guaranteed for all purely spacelike
configurations. The results improve our understanding of nonminimal CPT-odd extensions of the

electromagnetic sector.

DOI: 10.1103/PhysRevD.100.055036

I. INTRODUCTION

The minimal Standard Model extension (SME), which
was proposed by Kostelecky and Samuel in 1998 [1,2],
shares various established properties with the Standard
Model (SM) such as power-counting renormalizability,
energy-momentum conservation, and gauge invariance.
However, it does not preserve Lorentz symmetry and,
beyond that, it can violate CPT symmetry [3]. The SME
is an effective field-theory framework obtained from the
SM including additional terms composed of observer
Lorentz-invariant contractions of the physical SM fields
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and fixed background tensors. Studies based on the SME
have been carried out to look for Lorentz-violating (LV)
effects and to develop a precision program that may allow us
to examine the limitation of Lorentz symmetry in various
physical interactions. In this sense, a large number of
investigations has been realized in the context of the fermion
sector [4-6], CPT symmetry violation [7], the electromag-
netic CPT-odd sector [8-10], the electromagnetic CPT-
even sector [11,12], photon-fermion interactions [13-15],
and radiative corrections [16—18]. Phenomenological and
theoretical developments focusing on LV contributions of
mass dimensions three and four have been continuously
undertaken in the latest years. As a result, there is now a large
number of tight constraints on Lorentz violation, mainly in
the photon and lepton sectors [19].

To enable theoretical predictions of quantum-gravity
effects at energies much smaller than the Planck scale,
we must assume that such a fundamental theory has a
perturbative expansion in terms of the dimensionless ratio
E/Mqg. Here, E is the energy of some experiment of
interest and M is the mass scale where the full theory of
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quantum gravity must be considered to describe the physics
as a whole. The latter is expected to be related to the
Planck mass; at least it is supposed to lie in its vicinity:
Mg =~ Mp. In configuration space, a single power of
energy corresponds to a spacetime derivative that occurs in
an appropriate field operator. Based on the existence of
such an asymptotic expansion, the SM described by the
Lagrange density L, can be interpreted as a zeroth-order
contribution of this series. The SM depends on a range of
different mass scales such as the electron mass m,, the
proton mass m,, or the electroweak mass scale M,,. In what
follows, we will choose M., as its characteristic mass scale.

The difference between the minimal SME and the SM is
that the former involves Lorentz-violating controlling coef-
ficients that are either of mass dimension 1 or dimensionless.
They are contracted with field operators of mass dimension

three and four, respectively (incorporated in £§,3,;§)).1 For
dimensional reasons and to take into account a suppression
of Lorentz violation by the scale Mg, the dimension-four
coefficients could be formed via appropriate constant ratios
such as M., /Mqg. These contributions do not rise with
energy, which is why formally they also must be considered
as of zeroth order. The properties of the dimension-three
coefficients are peculiar in this sense. Following the previous
arguments, they should be of order —1, i.e., they ought to
have a dependence of the form Mqg/E. Hence, they are
expected to be suppressed for increasing energies, but for
energies small enough, they would be large due to the
occurrence of the quantum-gravity mass scale in the numer-
ator. Obviously, there is no experimental evidence for
Lorentz violation that big, whereupon these terms must
be suppressed in a different manner.

Taking into account contributions that grow with energy,
naturally leads us to power-counting nonrenormalizable
theories. There may be Lorentz-invariant terms (contained

in 6£(L‘?) that are suppressed by a mass scale M not
necessarily related to the Planck mass. As these terms
are Lorentz invariant, their origin might lie in a regime
different from that of Planck-scale physics. They are also
known to improve the ultraviolet behavior of theories,
which was certainly one of the main motivations for
exploring such terms (see below).

In the latest years, an interplay between Lorentz viola-
tion and theories endowed with higher derivatives has taken
place. Indeed, Lorentz violation can incorporate operators
of higher mass dimensions, which may include higher-
derivative terms. The number of such contributions is
infinite in contrast to the minimal LV extensions.
Nonminimal versions of the SME were developed for both
the photon [20] and the fermion sector [21,22]. The

'"The standard notation employed is to indicate the mass
dimensions d of the corresponding field operators as indices
in parentheses.

Lorentz-violating contributions are supposedly suppressed
by powers of the Planck scale and are comprised by the

Lagrange density 5£§§1>e of the nonminimal SME. So we
can write the asymptotic series in the form

‘CQG = ‘Csm + 5££?rze + 6££i1)e

+ Z [5£g) + (S[:gi)e] + 5£other’

=
[’sm :‘Csm(mevmvaew,---), (lb)
~ M N
BLGL > Moan* 0K, 5L D T O, (10)
QG
d 2 d 1 A (d
SLiY D g O 6L D gm0 (1)

QG

Here, we also stated the general structure of individual
terms. A generic dimensionless background tensor with a set
X of Lorentz indices is indicated by n* where OX is a field
operator with the same set of Lorentz indices. The mass
dimension of the background has been extracted explicitly
to show the dependence on the scales My and M. The
remaining Lagrange density 6L,4., contains all additional
contributions that have not been taken into account pre-
viously. These could be nonperturbative in nature.

According to the perturbative series of Eq. (Al), the
nonminimal SME is a natural extension of the higher-
derivative Lorentz-invariant contributions in the same sense
as the minimal SME is an extension of the SM. Searching
for physics beyond the SM via an effective theory, there is
a priori no reason why such nonminimal terms should be
discarded. Interpreting these terms as theories that are valid
within a certain energy range only, power-counting non-
renormalizability is not considered to be a problem.

Because of the arguments explained above, individual
terms have an energy dependence of the form (E/ MQG)d‘4
and (E/M)%*, respectively. Nonminimal contributions
grow with energy, i.e., after a certain point they dominate
the minimal ones. Therefore, they might be essential in
experiments involving particles of high energies, e.g.,
cosmic rays. From the theoretical perspective, fundamental
properties such as causality, stability, and unitarity could be
investigated in the high-energy regime where the higher-
derivative field operators become dominant. In what follows,
we will state several examples for nonrenormalizable exten-
sions of electrodynamics that are Lorentz invariant.

The first example of an extended electrodynamics
including higher derivatives was proposed in 1942 by
Podolsky [23]. He initially studied the Lorentz- and
gauge-invariant dimension-six term, 629,F%9,F}, with
the Podolsky parameter € of mass dimension —1. This
theory exhibits two dispersion relations, the usual one
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of Maxwell theory and a massive mode that renders the
self-energy of a pointlike charge finite. However, at the
quantum level, the massive mode produces ghosts [24].
The gauge-fixing condition for this extension can be
adapted to be compatible with the 2 degrees of freedom
of the photon and the 3 additional ones connected to the
massive mode [25]. Further developments [26,27] in
Podolsky’s theory deserve to be mentioned including
investigations of a dimension-six quantum electrodynamics
in (1 + 1) spacetime dimensions [28].

Another relevant extension of Maxwell theory with
higher derivatives is Lee-Wick electrodynamics, described
by the dimension-six term F,,0,0%F* [29]. This theory
also implies a finite self-energy for a pointlike charge in
(1 + 3) spacetime dimensions. It provides a bilinear con-
tribution to the Maxwell Lagrangian that is similar to the
Podolsky term but with opposite sign. This term causes
energy instabilities at the classical level and negative-norm
states in the Hilbert space at the quantum level. Lee and
Wick introduced a mechanism to preserve unitarity by
removing all states with negative norm from the Hilbert
space. Ten years ago, this theory received attention again
with the proposal of the Lee-Wick Standard Model [30],
which is based on a non-Abelian gauge structure free of
quadratic divergences. The Lee-Wick Standard Model has
had a big impact and is applied in both theory and
phenomenology [31]. In this context, general investigations
of LV extensions are found in [32] as well as applications to
the self-energy and interaction of pointlike and spatially
extended sources [33-36]. General considerations of the
pole structure and perturbative unitarity of these classes of
theories can be found in [37].

As we explained above, theories of higher derivatives and
higher-derivative electrodynamics, in particular, can be
endowed with Lorentz-violating contributions. It is impor-
tant to mention that special choices of nonminimal operators
were proposed and investigated [38-41] where some
works such as [42] even involve Horava-Lifshitz gravity.
Nonminimal theories containing higher-dimensional cou-
plings can also be constructed without introducing higher
derivatives (beyond those contained inside the field strength
tensor). Such couplings were considered and constrained
initially in [43,44] and have been proposed recently in
broader scenarios [45,46], also including photon-photon
scattering [47], electroweak interactions [48], nuclear chiral
interactions [49], scalar electrodynamics [50], and scattering
processes of electrons and positrons [51].

Another motivation to studying higher-derivative Lorentz-
violating terms are noncommutative spacetime theories.
These are based on commutation relations for spacetime
coordinates of the form [x*,x*] = 0**. The object 0" is
fixed with respect to particle Lorentz transformations and is
interpreted as an observer tensor giving rise to preferred
spacetime directions. Due to dimensional reasons,
[0"*] = =2, whereupon it is inevitable that this object must

be linked to terms of the nonminimal SME. This property
was shown explicitly in [52] by applying the Seiberg-Witten
map to translate a noncommutative field theory into a
commutative field theory of modified photons.

Lately, modified higher-derivative LV terms have been
generated in other ways via quantum corrections to the
photon effective action in a scenario with a nonminimal
coupling between fermions and photons [53,54] as well as
in supersymmetric theories [55,56]. Recently, dimension-
five terms of Myers-Pospelov type have been investigated
in the context of black-body radiation [57] and emission of
electromagnetic and gravitational waves [58]. Higher-
derivative applications to gamma rays have also been
taken into consideration [59]. Not so long ago, we
addressed a CPT-even, dimension-six, higher-derivative
electrodynamics, composed of an anisotropic Podolsky
term, 9,F°P0;F**Dy,, and an anisotropic Lee-Wick term,
F,,0,03F** D% respectively, with D representing a LV
rank-2 background field. Both models can be mapped onto
dimension-six terms of the electromagnetic sector within
the SME. We obtained the associated gauge propagators
and examined the dispersion relations for several back-
ground tensor configurations. We found that both models
exhibit both causal and noncausal as well as both unitary
and nonunitary modes [60].

To improve our understanding of higher-derivative
Lorentz-violating extensions of the photon sector, it is
now reasonable to pursue similar investigations of a CPT-
odd theory. Therefore, in the present work, we study
Maxwell electrodynamics modified by a CPT-odd,
dimension-five nonminimal SME term. In Sec. II, we
consider a configuration composed of a fixed background
field D, where the additional four-derivatives are con-
tracted with the metric tensor, i.e., €*A,D, F w- The
gauge propagator is derived and the dispersion relations
are obtained from its pole structure. Causality and
unitarity of the modes are analyzed subsequently. In
Sec. IIl, we analyze an alternative configuration com-
posed of a fixed background field T, partially contracted
with additional four-derivatives, that is, €“*A,T,
(T-0)*F,,. Similar investigations are performed for this
more sophisticated modification that is linked to the
photon sector of Myers-Pospelov theory. Finally, we
conclude on our findings in Sec. IV. Studies that are
not directly connected to the modifications proposed
are relegated to the Appendixes A and B. Natural units
will be used with 2 = ¢ = 1, unless otherwise stated.

II. MAXWELL ELECTRODYNAMICS
MODIFIED BY A CPT-ODD DIMENSION-FIVE
HIGHER-DERIVATIVE TERM: A SIMPLE MODEL

The Lagrange density for the nonminimal SME photon
sector [20] is written in a way similar to that of the minimal
sector:
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1 N
_EFKA(kF)KMDFMw
(2)

with the U(1) gauge field A, and the associated field
strength tensor F,, = d,A, — 0,A,. The four-dimensional
Levi-Civita symbol is denoted by ¢**’* where we use the
convention €°1?* = 1. All fields are defined in Minkowski
spacetime with metric tensor (1,,) = diag(1,—1,-1,-1).

1 1 A
ﬁy — _ZFIIDFI“/ + EeldﬂyAll(kAF)KFﬂy

The operators (ksr), and (kp)*** now represent the
nonminimal versions of the corresponding minimal coef-
ficients (k,r), and (kp)**. They involve terms of higher
derivatives and are given by the following infinite CPT-odd
and CPT-even operator series:

~ d)\NA A3
(kap)e = D (KD 0, .0, . (3a)

dodd

(]%F)Kﬁﬂl/ — Z (k;fi))/d/wal A (g-4) aa] - .aa

deven

(3b)

(d-4)"

Each controlling coefficient is labeled by the mass
dimension d of the associated field operator and the
Lorentz indices a; are associated with the spacetime
derivatives. In this work, we are interested in investigating
the CPT-odd, dimension-five extension of the electromag-
netic sector that is specifically represented by the Carroll-
Field-Jackiw-like (CFJ-like) term of the Lagrange density:

1 N
Py EKA”DA}» (kAF)KF/w'

; )

The background field is a third-rank observer Lorentz
tensor whose general structure is

(kar)e = (K& 200 0., (5)

As a first investigation, we consider the special case
(kAF)K = Dkxalazaal aazv (6)

with a Lorentz-violating four-vector D,. The tensor struc-
ture is chosen such that the vector properties of (IAcA F), are
described by the preferred spacetime direction D,., whereas
the nonminimal sector is separately parametrized by the
symmetric tensor X**. Thus, the Maxwell-Carroll-Field-
Jackiw-like (MCFJ-like) Lagrange density to be studied is

1 1 " 1
L= Fy P 40 A D X0, 0,,F,, 3z (9,A")2,
(7)

with gauge fixing parameter &, i.e., the final term is
included to fix the gauge. We can consider an observer

frame where X** is diagonal. In this context, the simplest
case is that of a tensor X** with equal spacelike coefficients.
Then X* is composed of a traceless part X** and a part
with nonvanishing trace that must be proportional to the
Minkowski metric tensor:

X0 = a, X+ ap, (8)

X = diag(1,1/3,1/3,1/3)" = % [a&rgr — ), (8b)
with the preferred purely timelike direction (&) =
(1,0,0,0) and parameters «,, a suitably chosen.? As the
traceless part involves two preferred directions & and D,
its investigation is probably more complicated than that of
the contribution proportional to the trace. Therefore, we
leave the analysis of the traceless part for the future and
choose a, =0 so that DKX”"’Z&,IG(IZ = D[, with the
d’Alembertian [1=0,0" and the redefined background
vector D, = aD,. Thus, the LV background is

(]}AF)K =D, (8¢c)

and the new Lagrange density has the form

1 1 1
_ZFMVF”U+§€KMDDKA,1DF;4V+7§(ayA”)2-

By performing suitable partial integrations and neglecting
boundary terms, the latter can be written as

L= (9)

1
L= EA”OMVAD’ (10a)
with the differential operator
1
0, =006, -2L,, - EQW , (10b)

sandwiched in between two vector fields. Here we intro-
duced the symmetric transversal and longitudinal projec-

tors, ©,, and €, respectively:

G);w =N -Q

e (11)
while the Lorentz-violating part is described by the anti-

symmetric and dimensionless operator,
Ly, = €, D0 (12)
Now we intend to evaluate the propagator of the theory,

i.e., we should find the Green’s function A,z which

"Here we simply adopt the notation used in the CPT-even
photon sector where the single coefficient k, is linked to a
symmetric, traceless matrix, as well.
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TABLE I. Closed algebra of tensor operators.
er, Le, Q°, L,s° D°D, D°0, D,o°
0, 0, L, 0 Ly, D,D,-pD,0,/0 D,0, —Q,p 0
Ly, Ly, T, 0 T, 0 0 0
Ly, L, r, 0 -T,, 0 0 0
Q,, 0 0 Q, 0 pD;aM /0 SZZWp D,d,
p,D, D,D,-pD,d,/O 0 pD,d,/00 0 D*D,D, D*D,d, pD,D,
D,0, 0 0 D,0, 0 pD,D, pD,0, tp,D,
D,d, D,0, — pQ,, 0 P, 0 D?D,0, ap%Q,, pD,0,
is the inverse of the differential operator O,,, from the a— b_1 (18a)
condition 2 X’
0,,A% = . (13) ¢ 4’
oy = N ==+ =), 18b
¢ 0T X (18b)
For the inverse to be found, we use a suitable basis of tensor
operators, a procedure that turned out to be successful in d— 40 _ 4 (18¢)
several theoretical scenarios [61,62]. Thus, we propose the T X T X’ ¢
following Ansatz:
X = [l + 4(p*> — D*0)] (18d)
A%, =a@®°, + bL°, + cQ’, 4+ dD°D, + ¢(D?0, + D,0°),
(14) Thus, the inverse of O is
where the parameters a...e are expected to be scalar
Qper'ators. The algebra of the individual tensc.)r. operators A, = l {’Lw +2L,, — <|Z;§ +1+4 /)2> Q,,
is displayed in Table I. We also use the definition X L
p=D+o,, (15) _4|:]D(7DU+4ID[D(76U+DU80’]}' (19)
and, for brevity, define the tensor The form of the propagator in momentum space follows
r =1 v from the latter result by carrying out the substitution
ke T 0, = —ip, with the four-momentum p,, so that
= (D,,a(, + Dﬁaﬂ)p -D,D,l]
+ (D0 =p%)8y = P’y (16)  Au(p) = 1y = i€ D P
H H ua(p) p2(1 + 4T(p)) Muo 1€,600 0" P
which originates from the contraction of two Levi-Civita 2 PuPs
—-[1-4(D- 1 +47
symbols. Starting from the tensor equation (13), after [ (D p)* +&(1+47(p))] p?
performing some simplifications, we have
+ 4p2DMDU - 4(D : p)[Dﬂpa + Dapu]}’
!
@,w + Qﬂo‘ = D{ [Cl - 4(D2|:| _pz)b]Gﬂg + 2<b - d)Lﬂo. (203)
o, c 1 .
- |—4p b+g+ 1+E pe|Q,, with
+ (d+40b)D,D, + (e —4pb)D, 0, Y(p) = D*p*— (D - p)>. (20b)

[ 1 1
— -4pb+(1+g>%d+56:|Dgaﬂ}
(17)

By comparing both sides of Eq. (17) to each other, the
following differential operators are obtained:

A prefactor of i has been added to match the conventions
for the photon propagator for zero Lorentz violation in [63].
Several remarks are in order. First, in Appendix A we
present the propagator of MCFJ theory in Lorenz gauge,
showing that the latter and Eq. (20) are linked to each other
by a simple replacement. Second, the propagator (20) is
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transverse, except for a piece that depends on the gauge-
fixing parameter:
o P H
p

Third, note that contributions of the form Y(p) (with the
four-momentum replaced by the four-velocity u*) appear in
the context of certain classical Lagrangians associated with
the SME, especially in those that arise for the b coefficients
(connected to Finsler b space) [64]. In Euclidean space, this
quantity corresponds to the Gramian of the two vectors that
appear in the expression. As there is a connection between
the CPT-odd electromagnetic sector and the b coefficients
of the fermionic sector, such quantities are expected to
appear. The structure of Y(p) was also observed in the
graviton propagator evaluated in the context of the linear-
ized Einstein-Hilbert gravity (without torsion) modified by
a spontaneous violation of Lorentz symmetry. The latter is
induced by the bumblebee field [65,66] using generalized
versions of the Barnes-Rivers spin operator basis [67-69].
Finally, note that Y'(p) is a dimensionless function, as the
mass dimension of p# cancels the inverse mass dimension
of DH.

Fourth, it is interesting to recall that the propagator (20a)
has an antisymmetric term, proportional to the projector
L,, while the other pieces are symmetric with respect to
the interchanges 4 — o, 6 — u. The Feynman propagator3
is defined by the vacuum expectation value of the time-
ordered product of field operators evaluated at distinct
spacetime points,

(Dp)ap(x = y) = (O[T (Ae(x)A5(¥))[0).

The Fourier transform of the latter is symmetric with
respect to the combination of interchanging its indices
and p* — —p*. The antisymmetric piece of the propagator
(20a) appears in CPT-odd electrodynamics, e.g., in the
MCEFJ model or Chern-Simons theory in (1 + 2) dimen-
sions. But this piece does not mean that the propagator
loses its symmetry. Indeed, the propagator continues being
symmetric with regards to the two simultaneous operations
mentioned before.

(22)

A. Dispersion relations

The poles of the propagator provide two dispersion
equations for this model,

p*=0, (23a)

1 +4[D*p*—(D-p)* =0, (23b)

*Note that we did not determine the Feynman propagator here,
as the latter requires the definition of a suitable pole structure. The
Feynman propagator is mentioned to emphasize the symmetries
that must be the same as those of the Green’s function.

as usual in theories with higher-dimensional operators. The
first one corresponds to the typical Maxwell pole, which
also appears in the Podolsky and Lee-Wick models as well
as in the corresponding anisotropic LV versions [60]. The
second equation contains information on the higher-
derivative dimension-five term. It is reasonable to compare
it to the dispersion equation obtained for the dimension-
three MCF]J theory (see Eq. (25) in the first paper of [8]),
given in terms of the CFJ background vector (k,p)*:

p*+ p*kip = (kar - p)* = 0. (24)
The latter is a quartic-order dispersion equation, whereas
Eq. (23b) is simpler (only of second order). Such a
comparison reveals that the present dimension-five
MCFJ-like theory is totally distinct from the dimension-
three MCFJ model. The less involved dispersion equation
can be ascribed to the simple structure of the background
tensor that we have chosen in Eq. (6).

We will analyze the dispersion relations (DRs) for several
configurations of the LV background where it makes sense
to distinguish between purely timelike and spacelike pre-
ferred directions. If a DR does not approach the limit of
standard electromagnetic waves for zero Lorentz violation,
it will be called “exotic.” The latter are not necessarily
unphysical, but they decouple in the low-energy regime.
Dispersion laws whose group/front velocities are singular or
exceed the value 1 will be referred to as “spurious.” For a
purely timelike background, D, = (D,,0),, we have

(25)

which does not correspond to a propagating mode. It is a
nonphysical DR, as it does not represent a relation
between energy and momentum. Thus, there is no propa-
gating mode associated with a timelike background
vector. This property is an important difference between
the dimension-five model under consideration and MCFJ
theory. The latter exhibits a DR associated with a timelike
background vector. However, this timelike sector is
plagued by consistency problems [8].

Now, for a purely spacelike background, D, = (0,D),,
the corresponding DR is

1 1 1 1
Po—a\/z*’DZ 2—(D-p)2:ﬁ\/z+|Dxp|2,

(26)
which can also be written as
1 1 2022002
pozﬁ Z—f—Dpsm , (27a)
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with the angle a enclosed by D and p:

D p = |D||p|cos . (27b)
This is a DR that is compatible with the propagation of
signals, whose properties need to be examined. In the
current section, we are especially interested in classical
causality that is characterized by the behavior of the group
and front velocity u,, and uy,, respectively, where [70]

dp . P
er = a—po’ up = lim = (28)

u .
Ipl—co [P

Classical causality is established as long as both ug, =
|ug| < 1 and ug < 1. We now evaluate these characteristic

velocities for DR (26). The front velocity is

1
o = 1 _— in? — gqi s 29
Ug |p|li>noo \ /4D2p2 + sin“q = sina (29)

as a € [0, z]. Furthermore, we investigate the behavior of
the group velocity:

D’p-D(D-
ID[\/1/4 + D x p[?
whose magnitude is
|D x p| sina (31)

u T = = s
®V1/4+Dxpf /1/(44%) + sinZa

1.0 T —
P /_,.—"" """""
0.8 e __
e
/
/7
0.6 /7
.
u /
i} 0.4 L/
. /7
e
ool
T [~
(o
0.0 b
0.0 0.5 1.0 1.5 2.0
X
FIG. 1. Magnitude of the group velocity of Eq. (31) for the

spacelike case with @ = 0 (black, plain), @ = z/40 (red, dashed),
a = r/10 (blue, dotted), « = x/4 (green, dashed-dotted), and
a = r/2 (orange, long dashes).

where x = |D||p| is a dimensionless parameter. Large
momenta correspond to large x. Hence,

= limu, =1, (32)

XH>00

lim u

er =
[p[F>o0

ar

classical causality is established for the whole range of LV
coefficients and momenta. Figure 1 presents the behavior of
the magnitude of the group velocity. The graph shows a
monotonically increasing group velocity that reaches the
asymptotic value 1, which is a behavior in accordance with
causality. It shares this property with the spacelike sector
of MCFJ theory where classical causality is guaranteed, as
well (see first paper of [9]). The mode obtained here is
exotic in the sense that it does not propagate when Lorentz
violation goes to zero. Hence, it does not approach the
standard DR in this limit. The mode must be understood
as a high-energy effect that propagates in a well-behaved
manner for large momenta.

independently of the angle a. As u, <1 and ug <1,

B. Unitarity

The next step is to study unitarity at tree level, which is
performed by means of the saturated propagator SP [71].
The latter is a scalar quantity that is implemented by
contracting the propagator with external physical currents
J# as follows:

SP = JMiA,,J". (33)

The current J# is assumed to be real and satisfies the
conservation law 8MJ” =0, which in momentum space
reads p,J* = 0. In accordance with this method, unitarity
is assured whenever the imaginary part of the residue of the
saturation SP (evaluated at the poles of the propagator) is
non-negative. A way of carrying out the calculation is to
determine the eigenvalues of the propagator matrix, evalu-
ated at their own poles with current conservation taken
into account. For the propagator found in Eq. (20), the
saturation is

B J2+4p*(J - D)?
=i tant o ) Y

where JVL,,J* = —iJ¥ €, " D" p* = 0. Contracting the
propagator with two equal conserved currents corresponds
to getting rid of all gauge-dependent (and therefore,
unhysical) contributions. These usually are terms that
involve four-momenta with free indices corresponding to
the indices of the Green’s function. Although the term L,
does not have this structure, it vanishes when coupled to
two external conserved currents due to its antisymmetry.
Hence, the only Lorentz-violating contributions of the
propagator that have an impact on unitarity (based on
our criterion) are the denominators and the symmetric term,
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D,D,, formed from a combination of two preferred
spacetime directions.

Now, for the Maxwell pole, p> = 0, the residue of the
saturation is

Res(SP)| 2o (35)

s = ;

At the pole p? = 0 it holds that pj = p*. From the law of
current conservation we obtain pyJy = p - J. Therefore, we
can cast the corresponding imaginary part into the form

1 Ip x J|?
1—4(Dylp| -D-p)* |p|

m[Res(SP)|,2_g] = > 0.

(36)

For any background, D, = (D, D), the imaginary part of
the saturation (36) is non-negative for small momenta, but
becomes negative as the momentum increases. For a
timelike configuration, D, = (Dy,0),, and for a spacelike
configuration, D, = (0,D),, the quantity (36) becomes
negative for 1/4 < D3|p|> and 1/4 < (D-p)?, respec-
tively. So, unitarity is not assured at the pole p> = 0 for
all configurations possible.

For the second DR, Eq. (23b), it only makes sense to

It is reasonable to write the saturation as

. P +4p*(D-J)?
SP = —i{ — 2.2 2
p*[1 =4(D?p* = (D-p)°)]
i 72 (D J)2]
= 2 + . (38)
p? - =40p) [41)21;2 D’
Its residue at this pole is
. J? (D-J)?
Res(SP i = .
es(S )|pz: D) L —4(D-p)> + D2 (39)

Due to current conservation, Jo = (p -J)/po, the four-
current squared can be cast into

o _ _PlL+4(Dxp)’-4D*(J-p)’
a 14+4(D xp)?
1+4(D x p)

In the standard case, current conservation implies that
J?> <0, ie., any physical four-current is spacelike.

examine the spacelike configuration, D, = (0,D),, where  However, this property does not necessarily hold in
5 Lorentz-violating theories, anymore—as shown by
, | -4(D-p) Eq. (40). Inserting this result into Eq. (39) leads to the
pPrE=—. (37) :
4D residue
|
—4D* 2 —4(D-p)? D - (D 2
RSP, e = {20V £ U400 oD 3D xp)* - ( il )
r=—p- D (1-4(D-p)*)[1 +4(D xp)?]

There are configurations for which the imaginary part of
the latter is positive. For example, we can choose p parallel
to J, whereby Eq. (41) reduces to

(D-J)
DZ
(42)

: J
Res(SP =i|-
es(SP)| 2 %PHJ NT1F 4(D xp)? i

The first (negative) term can be suppressed for large
momenta as long as DJyfp. As the second (positive)
contribution does not depend on the momentum, the
imaginary part of the residue can be positive for large
enough momenta. Hence, there are configurations of back-
ground field, large momenta, and external current for which
unitarity is valid. This behavior is in accordance with the
previous interpretation that the mode is exotic and must
be interpreted as a high-energy effect. In a more specific

way, if @ is the angle between D and J, we have (D - J)? =
D?J?cos?d and (D x p)? = D*p’sin®0. Thus, the residue
(42) reads

Res(SP)

:i<_

2_1- 4(Dp

p[J
J2

2 29
I+ aD%pZsing T T )

T2 4(D-p)* -1
= iJ%sin?0| ————— |, 43
Hsin <4<D xp)?+1 )

whose imaginary part is positive for
(D-p)* > - (44)

The latter condition assures unitarity. A more general case
to be investigated is D_Lp with p4J, for which D-p =0
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and (D x p)? = D?p?. To examine it, we exploit observer
rotation invariance and employ the following coordinate
system:

D = |D|%, p = [p¥. J-Z2=|J|cosa, (45)

in which
D -J = |J||D|sinacos ¢, (46a)
J-p =|J|[p|sinasing, (46b)

where ¢ is the angle between the x axis and the projection
of the vector J in the x-y plane.4 For this configuration, the
residue (41) can be expressed as

Res(SP)

2_1-4(Dp)
T ap?

- ((1 +4D?p?)cos’a + sin®asin’¢
=—iJ 4D . (47)

The imaginary part of the latter is always negative, which
demonstrates unitarity violation for any choice of the
momentum and the angles. A similar investigation for
JLp yields a residue whose imaginary part can be either
positive or negative, also providing unitarity violation in
some situations.

To summarize, while causality is assured for any
configuration of the purely spacelike background, unitarity
can hold, but does not do so necessarily. In the next section
we will examine a more involved version of this first
higher-derivative model.

1. MAXWELL ELECTRODYNAMICS MODIFIED
BY A CPT-ODD DIMENSION-FIVE HIGHER-
DERIVATIVE TERM: A SECOND MODEL

In the last section, we have examined a CPT-odd,
dimension-five, nonminimal extension of the electromag-
netic sector, specifically represented by the CFI-like
Lagrange density

1 “
EeldﬂbAﬂ(kAF)KFﬂlH (48)

where the background vector field (k,r), was written
according to Eq. (8c). As a second possibility, we propose
the more sophisticated choice

(]%AF>K = (kgslz“)glazaalaaz = TKTal Tazaalaaz = TK(T : 8)2’
(49)

“Note that there is no connection between the x axis used here
and the variable x employed previously, e.g., in Eq. (31).

where T, is a Lorentz-violating four-vector whose mass
dimension is

T.] = —1/3, (50)

or equivalently [T3] = —1. In contrast to the theory studied
before, the vectorlike background field is now also con-
tracted with the additional derivatives. This structure
is supposed to render the properties of the current theory
more involved than those of the previously studied one.
Modifying Maxwell’s theory by including this term into its
Lagrange density, leads to a higher-derivative (dimension-
five) anisotropic MCFJ-like theory described by

1 1 1
L= Fub" 45 e A T(T -0 Fy + 2% (9,A")2.

(51)

In Appendix B we establish the connection between the
modifications given by Egs. (9), (51) and the very general
compilation of Lorentz-violating contributions listed in
[46]. Now, the latter Lagrangian can also be written as

1
L= AE, A", (52a)

with the operator

_ o
B = 00y = 2L, = £ 0%, (52b)

sandwiched between two gauge fields. Note that Eq. (51)
is directly linked to the photon sector of Myers-Pospelov
theory (cf. the first paper of [38]). The latter was initially
constructed as a prototype of higher-derivative Lorentz-
violating theories and includes dimension-five modifica-
tions of scalars, Dirac fermions, and photons. In [40,41],
certain properties of its photon sector are the focus. Our
Eq. (51) corresponds to the theory studied in the latter
references for the correspondence T# = g'/3n# (with their
coupling constant g and preferred direction n*) and the
choice &= -1 of the gauge fixing parameter.
Reference [40] is primarily dedicated to studying classical
causality. Unitarity is analyzed in [41] for a lightlike
background vector T, based on the validity of the optical
theorem at tree level. In what follows, we intend to discuss
additional aspects of classical causality of this particular
theory. Furthermore, the forthcoming investigation of
unitarity is new in the sense that it relies on a different
technique (investigation of the residues of the saturated
propagator) and it is carried out for different sectors of the
theory (timelike and spacelike preferred directions T,).
Now, comparing the operator Z,, of (52b) to that of
Eq. (10b), it is no longer possible to extract a d'Alembertian

from it. The projectors ®,,, €2, are given as before by
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Eq. (11) and the Lorentz-violating antisymmetric operator
now reads

Ly = €3, T(T - 0)20". (53)

To determine the propagator of the theory given by
Eq. (51), we propose the following Ansatz:

Af, = a®F, + bIF, + ey + eT T, + f(TFO, + T,0%).

(54)
that must satisfy the identity

By = Tyq. (55)
The algebra of the tensor operators ©,,, Z‘/m Q,, 1,7,

T,0,,and T,0, is the same as that presented in Table I with

the replacement D, — T, to be performed. For brevity, we
introduce

p=T"0,, (56a)
F(w = LIJﬂLM(l
= _[T(ITIJD - (Tzza{t + T{lal/)p
+ (P =T*0)0, + Quup*lp*.  (56b)

To find the scalar operators a...f, we start from the
tensor equation (55) and employ the algebra of the tensor
operators as before. The calculation is completely analo-
gous. After performing some algebraic simplifications,
we obtain

a:%, b:%a, c——%—4£—j\,
e=—4px4, f= é—j\, (57a)
where

A =[P +4(p? = T?0O)p*. (57b)

The form of the propagator in momentum space is

pHp* + A1 p* = (T - p)*(T - p)*}

Auu(p) =

X p4’/lﬂ(l - lez(T ’ p)z‘c"/uc/mTKp}L

+{(1+ AT p)° — p*] — 4T*p*(T - p)*}

puP
x % +4pX(T - p)*T, T,

_4(T'p)5(T/4pa+ Tap;t) . (58)

As before, the parts of the propagator independent of the
gauge-fixing parameter are transversal, i.e., the result of
Eq. (21) can be carried over. Taking into account the
correspondence T# = ¢'/3n* and the choice & = —1, we
found that our A, /i of Eq. (58) corresponds to Eq. (72)
of [40].

o

A. Dispersion relations

As observed in the first model, the propagator poles
provide two dispersion equations, namely

p>=0,  (59a)

P+ 4122 = (T p))(T-p)* =0.  (59D)
The first again corresponds to the usual Maxwell pole,
while the second involves LV modifications caused by the
higher-derivative term. We will analyze the second
dispersion equation for two configurations of the LV
background, which exhibit preferred directions in a space-
time modified by Lorentz violation. We need to notice that
the dispersion equation (59b) is different from Eq. (23b), as
it still makes sense when the LV coefficient vanishes,
whereas expression (23b) does not. Hence, the classifica-
tion “exotic” will be not used here. A DR originating from
Eq. (59b) can be named spurious, when it exhibits
unphysical behavior, or unconventional, when it is well
behaved. For a purely timelike background, T, = (T, 0)
we have

[ &l

Py = I — (60)

\/1 F 2T3|p|

which is equal to Eq. (19) in [40]. In contrast to the first
model, there are now two distinct modified modes. The
notation @ /O refers to the mode with the plus and minus
sign label, respectively. The energy is well defined for the
mode &, but not for the mode @, for which it is only
meaningful as long as |p| < 1/(273). Furthermore, a sign
change of the controlling coefficient 7y simply inter-
changes the two DRs. Hence, without restriction of general-
ity, we assume a non-negative coefficient: 7y > 0.
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On the other hand, for a purely spacelike background,
T, = (0,T),, the corresponding DR is

Pt = Ipl(1+2IT|°lplPcos*a

= 2|TP|plcos’ay/|T[*|p cos’a + 0" (o1a)
with the angle a enclosed by T and p:

T-p = |T||p|cos a. (61Db)
The latter is confirmed by Eq. (29) in [40] when the
appropriate replacements are carried out. Recall that
(T-p)3, (T - p)*T?, have mass dimension equal to 2, while
(T - p)>T* is dimensionless. It is possible to show that the
energy (61a) is real for any absolute value of the background
vector and direction relative to p, that is, [)(2) > (. Besides,
the DR of the mode @ is mapped to that of the mode & and
vice versa when the direction of T is reversed, i.e., when
T —-T or a+— 7 —a When electromagnetic waves
propagate along a direction perpendicular to T, Lorentz
violation does not have any effect and the DR is standard. In
the suitable momentum range, Egs. (60) and (61a) represent
DRs compatible with a propagation of signals.

As before, we investigate classical causality via the
group and front velocity u,, and uy;, respectively, defined in
Eq. (28). We now evaluate these characteristic velocities for
DRs originating from the dispersion equation (59b). On the
one hand, we compute the front velocity for DR (60). For
the mode @, the latter is not defined, as the energy becomes
complex for momenta beyond 1/(273). For the mode &,
we obtain

- 1
2o fim =0, (62)

lim =
bl [Pl Ipl=o f1 4 573 )

On the other hand, we evaluate the group velocity:

Up =

wr P _ 1Tl P (©3)
£ op (1 F21dp))* Pl

whose absolute values read (cf. also Eq. (21) in [40])

+ _ 1—T8|p|

e L=Tip| ,
* (=213 0p ) 1 omy

L+ T5lp|
Uy = ———— =7, (64)
ST IRE
where ug, only makes sense for the range of momenta
Ip| < 1/(2T3), which is the same range that assures real
energies for this mode. The behavior of ugir is depicted in

30
2.5]
2.0}

Ugr 1.5
10[¢

0.5}

0.0}, | | | X
0.0 0.5 1.0 1.5 2.0
X

FIG. 2. Group velocity (64) for the mode @ (blue, plain) and
the mode © (red, dashed) as a function of T(3)|p\ = x.

Fig. 2. The large-momentum limit of the group velocity for
the mode & is simply given by

lim uz, = 0. (65)

oo o

The results for the front and group velocity indicate that
signals do not propagate for large momenta. Furthermore,
Ug is well behaved for all momenta, whereas uj, exhibits
a singularity at |p| =1/(273). For |p| >0, classical
causality breaks down for this mode. Thus, the mode @
must be considered as spurious. The mode & is neither
spurious nor exotic, but it is, indeed, an unconventional
mode that does not propagate for large momenta.

The next step is to investigate the properties of DR (61a).
The associated front velocity is calculated as

ot
+ 1 Po
ug = lim —

pl—co |P|

= lim \/ 1+ 2/T[f|p[cos*a = 2|T0|p cosa. ~(66)
p|—c0

which provides

uf = lim 24/|T|®|p|*cos*a = oo,
[pl—>oc0

independently of the choice of T. Hence, the front velocity
is divergent for the mode @, which again indicates a
breakdown of classical causality for this mode, whereby it
is spurious. In contrast to that, the front velocity for the
mode & is well behaved. What remains to be done is to
study the properties of the group velocity:

up =1, (67)
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Opg /14 (T-p)’T*p +4(T - p)*T?T] + (T - p)>°T[3 + 4(T - p)>T*]

+
llgr—

whose absolute value is

where |T|*|p| = x and

i _ | (68)
P /T (T-pPTH /0 + 2(T-p)*T2 £ 2(T-p'/T 1 (T -p)°T"
. V/2[4x3cos*a + 3xcos?al? + (x%/4)sin?(2a) + 1 + U(x) (69a)
Uy = ’
® VTt cos’ay/2x%cos*a + 1 = 2xcos’ar/1 + x2cos’a
U(x) = 2xcos’a[(2 + 4x*cos’a)? — 1]\/1 + x*cos®a. (69b)

The plots shown in Fig. 3 illustrate the behavior of the
group velocity for the unconventional modes @ and ©
for different angles. For the mode @, the norm of the
group velocity is equal to 1 for x = 0 and can be either
larger or smaller than 1 for x > 0. For a € [0,7/2), it
steadily becomes larger for x > 0, which implies cau-
sality violation. For a € (z/2,x), it falls below 1 for
x > 0. In this regime, it has a minimum for a certain
value of x and increases again whereupon it approaches
1 from below in the limit of large momenta. This
behavior is compatible with classical causality. For
a = x, the group velocity decreases monotonically with
x until it reaches zero. Finally, the group velocity
corresponds to the standard result wu, =1 when
a = r/2, as the dispersion relation is not modified in
this case. The general behavior of the mode © is
analogous when « is replaced by = —a. Hence, the
mode @ cannot propagate for large momenta when the

3.0

2.5f

2.0t

+ L
uf, 15

1.0

0.5}

0.0},

FIG. 3.

|

momentum points in a direction opposite to T and a
similar behavior occurs for the mode © when the
momentum is parallel to T. Thus, these results seem
to show that the mode @ preserves classical causality
for T-p <0, whereas © exhibits this property for
T-p>0. To conclude, the mode @ is spurious for
any choice of a due to Eq. (67), whereas © is only
spurious for T-p <0.

B. Unitarity

The analysis of unitarity at tree level follows the same
procedure applied in Sec. II B. For the propagator found in
Eq. (58), the saturation is

(AR piT )
5P = ‘{p4+4[T2 2—<T-p>21<T‘p>4}' (70)

3.0
/
2.5 l '/'I'
|
/ /
201 / (/'l
Uér 1.5
1.0
0.5}
0.0 L. s
0 1 2 3 4 5 6
X
(b)

Group velocity of Eq. (70) for the mode @ for a = 0 (black, plain), « = 2x/5 (red, dashed), a = z/2 (blue, dotted),

a = 9x/10 (green, dashed-dotted), and @ = x (orange, long dashes) (a) Corresponding result for the mode & for a = 0 (black, plain),
a = /10 (red, dashed), a = z/2 (blue, dotted), @ = 37/5 (green, dashed-dotted), and a = 9z/10 (orange, long dashes) (b).
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In contrast to the first model, the Maxwell pole cancels in
the saturated propagator. For the timelike configuration,
T, = (TO,O)J,, the DR is given by Eq. (60). Then, the
saturated propagator is

p*J? + 4T piJ}

SPliimelie = —i U
|timelike ! (1—4T 0p )( P+)(p _P%) 71
where
) 3 3
p ) 2T0|p|
_ P 2R gy
Pi p()i p’= IZFZT |p‘ 1:!:2T(3)|P| (710)

We deduce that p2 only makes sense for |p| < 1/(273)
where it is larger than zero. Besides, we observe that
p? <0 for all values of |p|. Apart from that, we have the
useful relation

4T3 IpP?

2 _ 2
1 —4T5p?

pP3 (72)

The physical four-current squared can be conveniently
expressed in the form

1
JE= 2 (I xp)?+ piJ. (73)
0

Note that p? <0 according to Eq. (71b), which does not
render the four-current squared negative for all configura-
tions possible. Now, we use Eq. (73) to write the residues
for both poles as

Res(SP)|
_ o1 [PAUxp)*+ plP —4T5pi. (T p)?
Pos ATg|pf?

(74)

This expression is involved and can be better analyzed
for some special configurations. For the particular case
J||p, we obtain (J x p)> =0 and J - p = |J||p|. Thus, the
residue (74) is

1/ps) —ATEP?
Res(SP|»_ . ) — i, g2 ( P2/ Poe) —4TGP7) - 5
(5Plp-pe) = iriar (P 7
which leads to a vanishing result when we take into account
that

2

p
2 = =275l (76)

0+

A vanishing residue means that the corresponding pole does
not contribute to physical observables, which is a situation

compatible with unitarity. Another particular configuration
is JLp for which (J x p)?> = J?p? and J - p = 0. In this
case, the residue (74) reduces to

pi " P’ +pi (77)
pOj: 4T(3)|P|3 7

ReS(SP|p2:p2i)
which can be simplified as

J? 1
r) =5 ()

The latter result confirms unitarity for both modes as far as
the associated DRs are real, which requires |p| < 1/(273).
Alternatively, the residue (74) can be expressed as

Res(SP|

PP+ QT8 )’
4(Tolp?|)?

- i (JI)Z + (J2)2

21 F2T}

Res(SP)

lpp—pt =

(79)

which holds in an observer frame where the three-
momentum points along the third axis: p = (0,0, p?).
Due to observer Lorentz invariance and isotropy of the
theory considered, such a choice does not restrict general-
ity, confirming the particular results obtained for J||p and
JLp. For the mode @, the imaginary part of the residue is
non-negative for |p| < 1/(273), assuring unitarity in the
momentum range in which DR (60) is real. But unitarity of
this mode is violated for |p| > 1/(2T}), when the energy
associated becomes complex. This is an expected break-
down, therefore.

The imaginary part of the residue is manifestly non-
negative for the mode &, ensuring unitarity for the full
momentum range. These properties are in accordance with
the observations made in Sec. IIIl A and Fig. 2. In contrast to
@, the mode © is well behaved with respect to both classical
causality and unitarity at tree level. However, it is interesting
to mention that a breakdown of classical causality does not
necessarily imply unitarity violation, as can be seen for the
spurious mode @ where |p| € [0, 1/(273)).

For the purely spacelike choice, T, = (0,T),, the
saturated propagator is

prJ*+4(T-p)*(T-J)?
(p* = p2)(P* - P2)

SPlspacclike = _i|: :| ’ (808')

where in the same manner as before, we introduce the
auxiliary quantities

P = —p 2T ()1 (T

(80b)
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The four-current squared can be written as in Eq. (73) with
the replacements py. > po. and p, +— p.. We observe
that p2 <0 for T-p<0 and p2 <0 for T-p>0.
Therefore, the standard condition J? < 0 for a conserved
current does again not necessarily hold in the Lorentz-
violating context. Based on this result, we write the residues
of the two poles in the form

RCS(SP) |pz=1~,zi

] {ﬁi(J xp)2+iaiJ2—413<%i<T-p>“<T'J>T.
Pi. AT-p)’\/1+(T-p)T*

(81)
The latter can also be cast into

Ny

Res(SP)| 2 =1
P lp=r: <2ia%i 1+ (T-p)°T*

with

), (82a)

N =F {2(T-p)(T-J)*p* +4(T-p)*(T-J)*T,

—2PT3(T-p)* = Yo (I x p)*}, (82b)
Ni =F {2(T-p)[p*(T-J)> = J*(T - p)’]
=TT p)*I=T)* + (I xp)]},  (82¢)
and
T, = (T-p)T2+/1+(T-p°T*  (82d)

Although the residue of Eq. (82a) does not look that
involved, an analysis of this expression turned out to be
challenging. Based on the new quantities of Eq. (82d), the
modified DRs can be expressed in a short manner via

pE=p*>+2(T -p)*T.. (83)

A further useful relation in this context is

T2 =1+42(T-p)T? [(T p)T? £ /1 + (T~ p)ZT‘ﬂ

=1+2(T-p)T?>Y.. (84)
According to our criterion, unitarity is guaranteed as long
as N. > 0. The second contribution of N, is manifestly
non-negative due to =7, > 0. However, the first is not.
For the configurations J||p and T_Lp, the first term simply
vanishes, i.e., unitarity can be demonstrated quickly for
these special cases. In particular, the imaginary part of the
residue for J||p is

.p)4 2
Im[Res(SP)|,»_j2 ] = L2 (T-p)'IT)

P/ 1+ (T-p)°T*

Specifically for the situation T_Lp, DR (84) recovers
the usual Maxwell DR and Y, = 1, so that the residue
simply yields

(85)

\J < p|*
Im[Res(SP)|pz:0] = o’

> 0. (86)

The origin of the factor of 2 in the denominator is due to the
existence of two distinct DRs for nonzero Lorentz violation
and configurations other than T_Lp. When both merge for
vanishing Lorentz violation, each contributes the above
value to the residue providing its standard result.

In contrast, for most other choices, an evaluation of the
inequality N, > 0 seems to be highly involved. What can
be done, is to employ observer rotational invariance and to
choose a coordinate system such that the momentum points
along the third axis and T, J lie in the plane spanned by the
first and third axes. So we consider

0 sina sind

p=| 0|, T=[T|| 0 |, J=J| 0 |[.
Ip| cosa cos

(87)

with @ € [0, 27] and 0 € [0, 2z]. Inserting these represen-
tations into the left-hand side of N > 0, we obtain

N
Jz_;z =g.(£6,a) >0, (88a)

9+(¢.0,a)
=448 (1 + sin?a) (sin@ — sinacos 0)?

+[4£2(sin@ — sinacos §)? + sin’d] \/1 + (1 +sin’a)?&?
+ &[(2 + cos?a)sin’0 — 2 sinasin(26)], (88b)

with

£=p|ITF. (88¢)
The left-hand side of the new inequality are functions of
£ > 0 and the two angles a, 6. It is challenging to prove that
9+(&,0,a) is non-negative for general ¢ and angles. Plots
of these functions for a given choice of & are presented
in Fig. 4. According to the plots, both functions most
probably do not provide negative values. Numerical inves-
tigations allow for determining the zeros of g, (1,6, a);
cf. Fig. 5. There are no isolated zeros, but they lie along
certain lines. Evaluating the first and second derivatives at
these points, indicates that they are local minima. Minima

055036-14



MAXWELL ELECTRODYNAMICS MODIFIED BY A CPT-ODD ...

PHYS. REV. D 100, 055036 (2019)

9:(1,6,a)

g+(1161a)

0 0
(@)

FIG. 5.
along the plain, blue lines.

other than those were not found. Hence, there are strong
numerical indications that g, (1,60, «) are non-negative.
Analog results can be obtained for £ # 1, ensuring unitarity
for such more general configurations of the purely space-
like case.

IV. CONCLUSIONS AND FINAL REMARKS

We analyzed Maxwell’s electrodynamics modified by
dimension-five and CPT-odd higher-derivative terms that
are part of the photon sector of the nonminimal Standard
Model extension. The first dimension-five term to be
addressed was a kind of higher-derivative CFJ-like con-
tribution. The propagator of the theory was computed by
means of the algebra for the tensor operators involved.
Based on this result, modifications of the properties of
wave propagation due to the presence Lorentz violation
were investigated.

The analysis of the dispersion relations obtained from the
propagator poles revealed that signals do not propagate at
all for the purely timelike sector. The modes of the purely
spacelike sector decouple from the theory for low energies
and only propagate in the high-energy regime. For this
sector, classical causality is preserved for any choice of

g-(1,6,a)

(b)

g-(1,6,a)

(b)

Functions g4 (1, 8, a) of Eq. (88b) in the regime a, 6 € [0, z] for the mode @ (a) and & (b). The zeros obtained numerically lie

background coefficients. Furthermore, unitarity at tree level
was examined by contracting the propagator with con-
served currents and studying the pole structure of the
resulting expression. It was found that unitarity can be
preserved in some special cases. In general, however, the
dispersion relations describe nonunitary modes. This
propagator possesses some analogy with that of MCFJ
theory, which was shown in Appendix A. But the
dispersion relations and the related physics of these two
models differ from each other.

The second dimension-five term examined was an
anisotropic higher-derivative CFJ-like contribution that
can be identified with the photon sector of Myers-
Pospelov theory. The propagator was again computed
and the dispersion relations were obtained from it for a
purely timelike and a purely spacelike background vector
field. For the timelike background, one mode was found
to be unphysical, whereas the second generally obeys
classical causality and unitarity, as shown in Eq. (79).
For the spacelike configuration, there are two modes as
well. One mode is causal when the propagation direction
encloses an angle a € [0, z/2] with the spacelike preferred
direction and noncausal for complementary angles. The
other mode is noncausal for all angles a. However,
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numerical investigations indicate that unitarity is preserved
for a large subset of configurations within this scenario (in
spite of causality violation).

The results of this paper complement our findings for
nonminimal CPT-even extensions of the electromagnetic
sector considered in [60]. In general, the studies performed
for the CPT-odd extensions were easier from a technical
point of view in comparison to their CPT-even counter-
parts. Furthermore, our results reveal that a breakdown of
classical causality does not necessarily imply unitarity
violation at tree level. Indeed, with regard to our results
and those of [41], we can safely conclude that the photon
sector of Myers-Pospelov theory is well behaved with
respect to unitarity for a large number of parameter
choices—at least based on the criteria studied in the current
work and in [41]. This is the case even for the modes that
violate causality. It is also known that a violation of
classical causality does not always yield a violation of
causality at the microscopic level, as was demonstrated for
particular minimal models; cf. [72]. Therefore, noncausal
modes in this sense can still be of interest.

On the other hand, the fate of nonunitary modes is
uncertain, as long as contributions of even higher mass
dimensions that may cure this malign behavior are not
taken into account. Another point connected with quanti-
zation and unitarity of this theory is how to suitably fix the
gauge for addressing the additional degrees of freedom that
usually appear in higher-derivative theories. Such cases can
require a nonstandard gauge fixing condition. Another
question to be tackled is if there is an analog of the
Lee-Wick mechanism that allows us to preserve unitarity
by decoupling the ghost modes and removing the negative-
norm states from the asymptotic Hilbert space, even in the
sectors plagued by nonunitarity behavior. One possibility
of exploring this issue is to couple the higher-derivative
electrodynamics to fermions and to use the optical theorem,
as carried out in Ref. [73].

CJF theory, which is CPT-odd and of dimension three, is
considered as a prototype Lorentz-violating modification of
the photon sector that has been of great interest over the
past 30 years. As its properties have already been studied in
great detail, it was a natural step to look at its higher-
dimensional versions of which the photon sector of Myers-
Pospelov theory is one possible extension. We argued at
the beginning that dimension-three modifications are sup-
pressed for high energies, whereas the dimension-five
terms studied here gain importance in this regime. The
results of the paper indicate which sectors of the theory
should be disregarded and which are suitable for quantiza-
tion and phenomenological studies. Because of the argu-
ments mentioned before, it may be worthwhile to consider
modified particle-physics processes in the unitary sectors.

An analysis of cosmic-ray data is likely to lead to an
additional number of tight constraints on Lorentz violation
that complement the already existing dimension-five pho-
ton sector bounds in the data tables [19].
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APPENDIX A: COMPARISON TO PROPAGATOR
OF MCFJ THEORY

It would be interesting to compare the propagator (20)
with that of MCFJ theory, which will be carried out in the
current section. The MCFJ Lagrange density is

1 1 1
Lyicry = —ZFH/),F“/} - Zgﬂap(pVﬂAan(p +2_§(8ﬂAﬂ)23

(A1)
where V is the CFJ vector background and the last term is

included to fix the gauge. Such a Lagrange density can be
written as

1

Lyicpy = EA/}EB/J(:A“, (A2a)

1
Hpe =00, —EDQﬂa +Spe SPE=elV 0, (A2D)

with the projectors of Eq. (11). Using an algebra similar to
that of Table I, one obtains the following propagator:

1
O — (V20 = 2%)]
X [D2®av - {é[Dz - (VzD - ’12)} + /'LZ}QW
- D(Sab =+ Vavb) + ﬂ(vaaz/ =+ vz/aa”’

Aau =

(A3)

with 1 = V#9,. In momentum space, the latter is
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BalP) == V)

P10 p) el = (V- = V) - (V-

p

+ P Sa(P) + P?VaVy = (V- p)(Vap, + Vypa)] : (Ada)
i (V-p)?  vpi]™! (V-p)? (V-p)*  V’p*\] PaPs
Aau(p):_p_ 1 - p4 + p4 Now — 1 - p4 +§ 1- p4 + p4 p2
Saz/ 14 VaVy V. p
+ p(z )+ pz - p4 (Vapy, + Vypa)}' (A4b)
6 _ _l (5)aoAuv
The replacement La = 4 k For9aF i
1
u = —_kBleey A,0,F
Vo, (AS) 2 e
p 1 (5)aoiuv
) l - 5 k A,lac,(')aFW. (BZ)
implies
(V-pR V22 Comparing the latter to the previous Lagrange densities
l———+——+1-4(D-p)*+4D?p?, (A6a) leads to the correspondences
p p
k(S)aQ/I/w —_ naggldﬂvDK’ (B3a)
SalP) | oppa(p), (A6b)
4
k(5>(l()/1ﬂl/ — T(ITQEK/LMDTK’ (B3b)

which, inserted into Eq. (A4a), leads to the propagator (20)
of the first dimension-five model examined. Furthermore,
this propagator, as it stands, corresponds to Eq. (3.3) of the
first paper of Ref. [9] for V¥ > mk,, & > =& and n* > p*,
with an appropriate choice of the prefactor. Here, m is the
Chern-Simons mass and n* a fixed four-vector used in their
axial gauge fixing condition.

APPENDIX B: MAPPING TO THE
NONMINIMAL SME

The modifications that we considered in this paper are
as follows:

1
‘Cl = Eé'ldﬂbDKAlDFﬂy, (Bla)

1

Ly = §€K’1"”A,1TK(T -0)*F,,, (B1b)
with the vector-valued background fields D, and T,,. We
would like to map these Lagrangians onto those presented
in [46]. As the related field operators are of mass dimension
five, the correct Lagrangian must be [lf) of their Table III
with the observer tensor k()2¢%#*_The pieces antisymmetric
in ¢, 4 and p, v contribute only. By performing a partial
integration and neglecting the surface terms, E/(f) can be
brought into a form more suitable for us:

for £, and £,, respectively. We see that both are symmetric
in a, ¢ due to the symmetry of the two spacetime
derivatives. The problem is that the tensors are not anti-
symmetric in p, A. Hence, they should be antisymmetrized
by hand. For example, for the first Lagrangian, we obtain

k(S)aQ/l/u/ —_ % [naggldﬂvDK _ nalgkg/wDK] . (B4)

Inserting the latter into [If) after performing the partial
integration leads to

1
E‘(Aﬁ _ Z [ﬂaggxiﬂyDK _ ”aﬂ SKWWDK]A;L agaaF/w
1
= 2 [ DADE,, - DA, F,]

1 3
= [ DADF,, — 2D AP0, F). (B5)

with the dual electromagnetic field strength tensor F**.
The second contribution vanishes due to the homogenous
Maxwell equations 8QFQ” =0 that are still valid in the
presence of Lorentz violation. Hence, it is not necessary to
antisymmetrize the tensors in ¢, 4 by hand, whereby the
mappings of Egs. (B3) are valid as they stand. The same
argument holds for the second modification.
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