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We develop a general technique to obtain the super-heat-kernel coefficients of an arbitrary second-order
operator in N = 1 superspace. Here we focus on the space of conformal supergravity, but the method
presented is equally applicable for other types of superspace. The first three coefficients that determine the
one-loop divergence of the corresponding quantum theory are calculated. As an application, we present the
one-loop logarithmic divergence of super Yang-Mills (SYM) theory coupled to a string dilaton S. This is
the first superfield calculation for SYM theory with a nontrivial gauge kinetic function, which generalizes
the previous result with a constant-coupling strength. We also demonstrate that the method presented can be
extended to the case of third-order operators, with the restriction that its third-order part is composed of

only spinor derivatives.
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I. INTRODUCTION

Supersymmetry has been a major area of study for
decades. In particular, supergravity—the supersymmetric
counterpart of Einstein gravity—has drawn considerable
attention. It was widely believed to be a promising candidate
for the low-energy effective theory of grand unified Planck-
scale physics. Therefore, it is interesting to examine super-
gravity at the quantum level, as it might indirectly provide
understanding of the fundamental theory of quantum gravity.
In recent years there has been a considerable amount of
research into the quantum aspects of both supergravity and
various supersymmetric theories in a supergravity back-
ground. Some examples include Refs. [1,2].

Among various quantum aspects of a supergravity theory,
one particular topic of interest is its one-loop effective action.
The heat kernel method, originally introduced by de Witt [3]
long ago, has proven to be a powerful tool for studying
the one-loop action. Since its invention the heat-kernel
method has been developed extensively, in particular for
nonsupersymmetric theories." However, there have only
been a limited number of studies for supersymmetric theories
since the pioneering works in Refs. [5,6] around 30 years
ago. In contrast with the vast effort put into studying the
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nonsupersymmetric heat kernel, more systematic examina-
tions of the super-heat-kernel method would certainly be
welcome. A general understanding of the super heat kernel
would be helpful for the one-loop analysis of various
supersymmetric theories, and this work is an attempt to
demonstrate that this is a viable route.

In our previous work [7] we already used the heat-kernel
method to consider super Yang-Mills (SYM) theory in
conformal supergravity and analyzed its one-loop effective
action. We developed a noniterative technique that allows
one to calculate the heat-kernel coefficients efficiently.
However, the previously considered model is restrictive, in
the sense that the Yang-Mills coupling is a constant; in
other words, the gauge kinetic function f ) 1s trivial.
A Yang-Mills theory with a nontrivial gauge kinetic
function is of phenomenological interest, as in various
supersymmetric models the gauge coupling will be deter-
mined by the vacuum expectation value of some (possibly
composite) field. For instance, a four-dimensional effective
theory obtained from the dimensional reduction of a
superstring theory will possess a dynamical Yang-Mills
gauge coupling [8]:

1
— = oI (1)

Here ¢ is the string dilaton and ¢ is a scalar field that
emerges from the dimensional reduction of the graviton.
In the following, we consider a simple case in which the
gauge kinetic function is diagonal in the gauge index and is
determined by a single dilaton field S. This typically arises
from string theory models; for instance, it may come from a
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weakly coupled heterotic string theory with orbifold
compactification.” It will be seen that the previously
presented nonrecursive method is insufficient to calculate
the heat-kernel coefficients of the above scenario after
introducing a dilaton. In fact, the issue is that the imposed
constraints for the nonrecursive method cannot be satisfied.
To overcome these difficulties, we develop an alternative
technique, similar to the one in Ref. [6], to calculate the
heat-kernel coefficients in this case. The method presented
here actually applies to any second-order operators, and
thus potentially has broad applications.

In this work, we start with a discussion of super Yang-
Mills theory with a string dilaton. We then obtain the
operator that determines the one-loop effective action. We
work in the conformal superspace developed by Butter
[10], but by suitably fixing the conformal symmetry we
also obtain the case in U(1) supergravity as discussed in
Ref. [11] or in the more familiar minimal supergravity.
Next, we develop a technique that enables the calculation of
heat-kernel coefficients of an arbitrary second operator O.
The first three coefficients will be presented here. Then, we
apply the general result to the case of SYM theory with a
dilaton and derive its one-loop logarithmic divergence. In
the final section, we briefly argue that the method used here
applies to a certain class of third-order operators, in which
the third-order part contains only spinor derivatives.

II. SUPER YANG-MILLS WITH A DILATON

In this section, we shall consider super Yang-Mills
theory in N =1 conformal supergravity, with the gauge
kinetic function determined by a dilaton field S. We will
work with the superfield approach of conformal super-
gravity, developed in Ref. [10] and briefly reviewed in
Ref. [7]. We will quantize this theory and eventually
calculate the operator that encodes the one-loop effective
action—and thus the divergence—of the vector multiplet.
The treatment here will be similar to the constant-coupling
case, which was previously considered in Ref. [7]. A
review of the conformal superspace and the quantization
of SYM with constant coupling can be found in the
Appendix A.

A. Quantization of the theory

Let us start with the classical action
1
Sows = / X dPOET(SWVE W) + Hoe.o (2)
where S is the string dilaton field, which corresponds to a
gauge Kinetic function f',);) = S6(,(5)- Here S is a chiral
primary field with vanishing conformal weight, and it is a

Yang-Mills gauge singlet. Obviously, a constant coupling is

“Studies on this type of theories can be found in, e.g., Ref. [9].

just the special case S — 1/¢%. In general, S has a nontrivial
spacetime dependence and is complex. The treatment for an
even more general setup will be similar.

It is easy to see that one can define the vector multiplet,
or a scalar superfield, V exactly as in the constant-coupling
case [7], which will give us the second-order action with
only minor modifications needed:

1 _
s = e / Fd OEST(VEVVAV, Y —4We V.V, V])
+H.c. (3)

As for gauge fixing, we shall have the same gauge-fixing
functional as before, f = V*(XV), and its conjugate. The
gauge-fixing action can be found by substituting 2/¢> —
S + S into the one used in Ref. [7]:

st = %u / dSZE(S + )X [VA(XV)IVA(XV).  (4)

Since we have the same gauge-fixing functional as in the
previous case, the Faddeev-Popov ghosts are not changed:

SFp:tr/dngX(c’—|—E’)£V/2[c—E—i—coth(ﬁv/z)(c—l—é)].
(5)

However, the Nielsen-Kallosh ghost will develop a dilaton
dependence,

Sk = tr / d8zEX72(S + S)bb, (6)
which is seen from the appearance of S in Eq. (4).

B. Second-order action

We have to simplify the second-order vector multiplet
action into the form

1
Sus = 5 / dSZEt(VOy sV). (7)

which determines the one-loop effective action. The pro-
cedure is similar to the trivial kinetic function case, except
that derivatives of the dilaton field will appear. For
example, for the term SV*VV?V,V, using integration by
parts (which is nontrivial, as discussed in Appendix A),
we have

SVeVV?V,V = —SVVeV2V,V — VV*SV2V,V, (8)
where SVV?V,V is primary so there is no integration-by-

parts correction. The expression with V%S is a new term
that only appears when a dilaton is introduced, which has
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three derivatives acting on V. In the constant-coupling case,
the first term with four derivatives will be canceled by the
gauge-fixing term, so only terms with less than two
derivatives survive. In the dilaton setup, we will see that
the four-derivative terms will again be canceled, but the
extra new term will remain. Thus, we potentially have to
deal with a differential operator containing terms with three
derivatives, which requires careful analysis.

Next, we have the term —4SW%\,[V,V,V], and some
algebra gives

—4StWe [V, V, V]
= 4rVIVS Wy oV +4SYWE, VY, V
— —4rVV (S Wy V) +4rSVIVE Y,V
=4tV 2SWim Ve = S(VWyma) = VESWynMGV.  (9)

To go from the first line to the second line, the cyclicity of
traces is used. Then, integration by parts is applied to the
first term to get to the third line. Note that there is no
correction term as every object is primary.

We now turn our attention to the gauge-fixing term.
Similarly to the trivial kinetic function case, we use the
cyclicity of traces to symmetrically split the term into two
parts:

1 _
sip = glr / dBZE y X2 V2 (XV)V2(XV)

+ V2(XV)V3(XV)) (10)

where we have defined y = % (S + S), the real part of S, for
convenience. Let us recall some of the adopted notation in
Ref. [7], which will also be used here:

Y = X'VA(XV) = (V> 42U,V —8R)V,
Y =X 'V}(XV) = (V> +2U°V, - 8R)V,
U(l

U*=V%logX, =V, logX,
1 = - 1
R=-—V%X, R =-—V2X,
8X 8X
3= .3 )
X, ==-V’U,, X* = =V2ye,
“ 8 “ 8
Gy = 1(U Use) Luu
aox 4 aa aa 2 [04 ar
Uy = VO,U&, Ui = VdUa, etc. (11)

We shall use integration by parts on the term V2V (x7),
and it is not hard to see that

V2V(yY) = =V, VVi(4Y)
= 8f, AV Y + VV2(47). (12)
There is an integration-by-parts correction containing the
special conformal connection f4Z, which can be found in

the same way as for the constant-coupling case. Expanding
the term V?(xY) gives us

V2V (xY)

=8F., 4V yY + yVV?Y +2VV,y VY + VV? 4 ¥

=81 V¥V + yVV2Y +VV,SVAY +VV2SY /2, (13)
where we have used the chirality of S: V, y = V,S5/2.

The next term we consider is 2U; V¥V ( Y). Integration
by parts gives

2U,VV (4Y)
= =812V yY —2VV,(U%yY)
= =8f;, AV yY =2 yVV(UY) - VV,SU*Y. (14)
Note that the two correction terms cancel as in the case
without a dilaton. We combine this with —8R )()7, and notice
that the terms without derivatives of y were previously

encountered in the constant-coupling case. After some work,
we get the expression

1YY = VyVV2V + V2 yUN?V, + (VS = 24U, ) VAV V
+ V[(8xR 4 25U U% + V2§/2)V? — 8 yRV? + (4 U — 4 yUU* + VESU*)V,V, |V

16 . I . .
+V <— 27X + 16 yRU® + 4 yU,UU® 4 V,8U% + V2SU® — 4 yU,U% — 2V(~,SU“U“> v,V

3
+ SV(Z)(RUa - ZXVQR - VdS’ I_i’)V“V

—8V(xV?R + 8yRR + 2 yU,UR + V,SV4R + V2SR /2 — 24U, VR — V., SUR)V. (15)

We also have
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XYY 4 VY = Vy(VPV2 £ V2V 12V y(U4V2, Vo] 4 Ug[V2, VAV + V(V,SVEV2 4+ Vasy, V)V
+ V[(V2S/2 + 2 yU,U4)V? + (V2S/2 + 2 4 U“U, ) V|V
+ V(8 yG* + 8 yUU® + VaSU*/2 — V2SU%/2)[V,;, V]V

16 '
n V<? XX* =16 yV*R — 8V*SR + 32 yRU® + 4 yU,U*U"
+ Vi SUS + V23U — 44U U™ —2V,8 UdUa) Ve

16 _ . _
+ V(? ¥Xs— 16 V4R — 8V, SR+32yRU, + 4 yUU, U,

+ VOSU i + V28U, — 4y UU o — 2vaSUaU&> vey

+ [16VU* - ic?, (VESU* + V2SUY)|V,V —8V(yV*R + yV?R
+ 16 yRR 4 2 yU,UR 4+ 2 yU*U R + V;SV4R + V2SV,R + V2SR /2
+ V2SR/2 -2 yU*V ,R =2 yU VR — V,SUR — V*SU,R)V. (16)

We would like to remove the terms with too many derivatives using the following identities, listed in Ref. [12]:
V2V? 4+ V2V2 - VeV2Y, — V,V2V4 = 1600 + 8WeV, — 8W, V4,
VeV2Y, =V, V2V = 8OV, + W,V + (V2 W, D)),
[V2.V,] = 2iVPV,; +2iV ; VP,
[V2, V4] = 2iVPV, 4 2iV, V. (17)
The first two equations imply that
AV 4+ yVPV2 - SVOVEY,, = SV, V2V = 16 400 + 85W5\ Ve — 8SWyn oV + 4(S = S)VWyhe.  (18)

Note that we have replaced the gaugino }V by its Yang-Mills part, as the other parts will vanish when acting on the vector
multiplet V. We see that this equation allows the removal of terms with four derivatives, and using the Bianchi identity
VWyMa = VW4, the last term in Eq. (18) cancels with similar terms in Eq. (9) and its conjugate. For the terms with
three derivatives, the third and fourth equations in Eq. (17) can be used. The final result is that we have no terms with more

than two derivatives, which is somewhat surprising as one might expect terms with three derivatives like VV*S§ anv to
persist, but the gauge-fixing term provides cancellation.
To conclude, in the presence of a dilaton we have the second-order action

1
S = St / dSZEVO, sV, (19)

with the operator Oy 5, which determines the one-loop effective action, given by

Ops = 50 v2sz VS G2 _ L gas(Viv 4V V) — L V.5V, 4 Vv
vs=(5+9) vt Vit Y T S(VPV s + Vs V) = 3 VaS(VEEV, + V V)

+ (V3SU — VASR)V + (V4SU,; — VS R)V

— (V4SVER 4 VSV,R + V2SR /2 + V2SR /2 + VS Wyr /2 = ViSWir/2)
éo-;d(vo"iua + VESUS)V, + % (V25U - 2V, 504UV,

+ %6 (VaSU® — VeSU¥) [V, V,] —
1 L. o
+ g (V2SU, — 2VeSU, U%)V¢ + V,SU%R + V*SU,,R, (20)
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where Oy, is the operator that corresponds to the case of a trivial gauge kinetic function, which was derived previously [7].

We recall it here for completeness:

¢4

3

1 . X
Oy =0+ GV, Vi) + (— — V4R + W%M> v, + (

Xa _ V.R - WYM,Q Vv — % (V2R + V2R + 16RR)

1 . - .
3 (U,UN? + U*U,N? + 4U UV, V)

1 ‘ ‘ 1 .
+ 5 (BRU + UgUU* = UgU™)V, + 5 (8RU; + UV, U = UU i) V

+ UV, + (UV R + Uz VR — U*U,R — U U®R).

We also split the part that depends on derivatives of S or §
into two parts: one that is nonvanishing when setting the
conformal gauge U, = 0, and one that vanishes.

It is clear that when S =S = g2, we return to the
previous case as derivatives of the dilaton vanish. Note
that by direct inspection, the leading term of Oy g is
Oys=(S+ S0+ ---. We still have a d’Alembertian
as expected, but the coefficient S+ S implies that the
spacetime propagation of V is influenced by the presence of
the dilaton, which will need extra consideration.

III. HEAT KERNEL AS
A FOURIER INTEGRAL

We have determined how the introduction of a dilaton
affects the operator Oy governing the one-loop effective
action. The next goal will be to calculate how this changes
the heat-kernel coefficients. In the case with a constant
coupling, we applied the de Witt heat-kernel expansion and
developed a nonrecursive technique that allows us to
calculate the heat-kernel coefficients. It turns out that such
a method is inadequate for the new scenario studied here,
one reason being that we have a nontrivial dependence in
the d’Alembertian term: Oy = (S + S)[J+ ---. Such an
Oy is classified as a nonminimal operator: its treatment is
more complicated than that for the minimal case, where the
prefactor of [ is absent. The heat-kernel coefficients for
nonminimal operators (especially for nonsupersymmetric
ones) have been studied using various methods, one
example being Ref. [13]. There have also been one-loop
studies of nonminimal operators in nonminimal super-
gravity [14]; however, an indirect method was employed
and a direct calculation was not given. In the following, we
shall develop a direct method by employing a technique
involving Fourier integrals that is applicable in a generic
superspace, which was first demonstrated by McArthur [6].

A. Expression for heat-kernel coefficients

Recall that the super heat kernel K of an operator O is
defined by a differential equation and has the formal
expression

(1)

: 8 /. —
(O+ la)K(Z,Z ,T) = 07
K(z,757) = e™PE718%(z - 7). (22)

It is possible to expand the heat kernel into a power series in
7. In de Witt’s approach, the expansion is of the form

I . c (it)"
— A ?a,~——. (2
(4n7)? ;exp (l 21) O (23)

A superspace version of de Witt’s method was developed in
Ref. [5]. However, technical complications arise in the
supersymmetric generalization. For example, it only works
for a minimal operator, as in the nonsupersymmetric case,
and thus it would be insufficient here. Another example is
that one has to define an operator-dependent ¢ and A, as no
natural metric exists in a superspace. We would like to
avoid introducing operator-dependent objects, and thus we
shall turn to a different approach.

Here instead we will consider a slightly different
expansion,

K(z,757) =

Kesig=gmd n Gl e

without the object exp (i 2%)Al/ 2. Note that for the one-loop
effective action, we care about the coincidence limit
[K(7)] = K|,_,, and the conditions [¢] =0 and [A] =1
imply that the two sets of coefficients share the same
limit [a,] = [b,].

For convenience, we set z to be the superspace origin. As
we will take the coincidence limit, it suffices to consider 7z’
to be near the origin, for which we may choose a normal
coordinate system: yM = (y™,y*,y,) [15]. Using such
coordinates, it can be shown that [6] the delta function
appearing in Eq. (22) has an integral representation:

d*k , .
() = / WeXp(ly’"ém“ka)y"yﬂy,;y’ﬂ (25)
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Using the operator expression in Eq. (22), this allows us to
write

Fr . . ~
- / We”o exp(iy™ 8, "k, ) E~ "y, vt (26)

In the following, we would like to calculate the coinci-
dence limit of such an integral, thus obtaining the coef-
ficients [b,]. For now we restrict ourselves to the case of O
being a second-order differential operator, with terms at
most quadratic in covariant derivatives. This in particular
covers the case of super Yang-Mills theory with a dilaton,
which is our main interest. We will see that it is possible to
generalize such a method to some special cases in which
higher-derivative terms may appear.

Let us define ¢ = iy™o,,“k,, and we want to move the
factor e? in Eq. (26) past the operator ¢’*°. This can be
achieved by using the operator identity

et ye™ = etiy, (27)
where £, y = [4, x] is the commutator. This identity can be
seen straightforwardly by Taylor expanding the exponen-
tials and checking that both sides are equal order by order in
A. Equation (27) implies

o fheen(E

m=0

(Ly)" (170)>E‘1y”y,4y,;y"‘-
(28)

For a second-order operator O, (£¢)mO =0form > 2, as
each commutator decreases the differential order by 1. We

also rescale k by k, — k, 77"/, so that £, — L7/
Hence, we have
d4k r o m 1-m/2 "
K—/We‘ﬁexp 12 (Ly) (’)}
—0
X E Yy, vyt
d*k [ L,>
= /Wed’exp l<TO—Tl/2£¢O+%O>:|
X E7' Yy, vy (29)

Comparing Eqgs. (29) and (24), we see that the coincidence
limit of the heat-kernel coefficients [b,] is given by

4 L2
(b, = 1/d kexp i 10 —-72L,0+ ’ 0
i 72 2

x E7N(y)*(v;)?

(30)

9
nyM—0

where |, denotes extracting the coefficients of 7.

Such a formula is not only applicable for a superspace:
it can be generalized to any space, as one just needs to
replace E~' (y#)?(y,)? by the appropriate counterpart. For
example, for the chiral subspace we change E~' (y*)?(y;)?
into the chiral version £7'(3#)? as in Ref. [6]. Thus, all
of the results here can be readily applied to the case of
chiral superfields.

B. Evaluation of heat-kernel coefficients
via power series expansion

Roughly speaking, in the coincidence limit the effect of
Ly is that it substitutes any bosonic covariant derivatives
V, that appear in the operator by V, — —ik,. Hence, the
term exp(iL,>0/2) will become exp(—iwkk,), where y
is the coefficient of the d’Alembertian: O = wlJ+ ---
This provides the convergence for the &, integral in Eq. (30)
upon Wick rotation. Moreover, this term is independent of
7, and thus in calculating heat-kernel coefficients we shall
isolate this term from the r-dependent piece in Eq. (30).
One way to achieve this is to use the Baker-Hausdorff
formula, this was the approach used in Ref. [6]. Here
instead we shall expand the exponential differently than in
Ref. [16] by using a Dyson series type of expansion, which
relies on the identity

1
eATB — oA +/ dalealABe(l—a])A
0
1 I—-a
—|—/ / " da,daye® Be®A Bell=0=®)A 4 ...
0 Jo

(31)

Borrowing the notation in Ref. [13], let us for convenience
define the symbol

fEA)[Bl ® - - ® B

_/ dae™ "B e™"B, - - - Bjellmm—nm—m)A - (32)

where the integration is understood to be the one in
Eq. (31):

1 1—ay l—a;——a;_;
da = day - - day.
0 JO 0

We shall call [ the “order” in the Dyson expansion. We can
rewrite the identity in a simpler form:

"B+ BB+ B®B®B] +
(33)

(A
eA+B — €A +f]

Here we should choose A = i£¢2(9/2 and B =
itO — it!/ 2£4,(9, and then apply the identity to expand
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the exponential in Eq. (30). All of the = dependence is now
in the B part, and it is easy to count the powers of 7. For
each B in Eq. (33), we can choose either the term with O or
the one with £,0; this will result in different powers in z,
and thus will ultimately contribute to different [b,,].

Let us sort the terms in Eq. (33) by the powers in 7. We
might encounter terms proportional to half-integer powers
in 7. For instance, we get a term with 7'/2 by choosing £,0

in the first-order expansion; then, we get 7>/? by choosing
one copy of L, and one copy of O, or three copies of
£¢ O, and so on. However, all of these terms are odd under
k, — —k,, and thus they vanish after k integration and will
not contribute to the heat kernel; as a result, it suffices to
keep only the terms with integer power. Now, from Eq. (30)
we have

bl =i [ BP0 =0 (9

where | means taking the coincidence limit: y¥ — 0. [by] =0
is expected from supersymmetry, and here it is due to
the fact that (y*)*(y,)?| = 0. In general, to get a nonzero
result one has to annihilate the term (y*)?(y;)? by having
covariant derivatives act on it, so it becomes nonvanishing
in the coincidence limit.

Next, we have [b,], corresponding to the 7! term. The
result is

by] = / TR (£110] = F21L40 ® LyODE- (#1205,

7[2

(35)

We see that the appearance of the operator O may lead to
the annihilation of (y#)?(y;)?, as we might get derivative
terms after the k integration, and thus the result can be
nonzero. Then, for [b,], it is given by

4
(2] —2i/d k(fz[0®0}+if3[0®£¢0®£¢0}

77,'2

+if3[L,0® O ® L0+ if3[L;0 ® L0 O]

— f4lL0® L0 ® L0 ® LyONE ()2 (y)?.

(36)

We can continue, and in theory one can express [b,] in
this way for any n. Similar to Eq. (30), by replacing
E~'(y*)*(y;)* we may generalize the results here to other
types of space, even a nonsupersymmetric one. In that case,
we simply insert E~' without the fermionic coordinates.

To actually compute the coefficients, one has to perform
a Fourier integration of the functional f;, at least in the
coincidence limit. In other words, we have to compute the

coincidence limit of [ % fi[B1 ® - - B;]. The way to do so

is to group the factors of exponentials in Eq. (32) by
commuting the exponentials past the factors of B using the
identity (27); for instance,

f2[B1 ® By] = /daealABle(leBze(l_al—(h)A

= / daeAe[’—(l—ﬂl)ABlel:—(l—al—“z)ABz

_/daeA i Cm’n(a)(,CA)mBl(EA)nBz,

m,n=0

(37)

where C,,,(a) = (=1)"""(1 —a))"(1 —a; — )" /m!n!.
The summation is actually finite as A contains no deriv-
atives and thus £, always decreases the differential order
by 1. The « integral can be easily performed as only C,, ,,
depends on a and it is just an elementary integral. This will
give us a constant, say, D,,,. Now only the k integral
remains, so in the coincidence limit we will have expres-
sions like

d'k
ra

0 d*k i o \Nmn m R
= Y [ e D, (=il (L, ) B (L) B,

m,n=0

f2[B) ® B,]

(38)

where [(£,,)"B;(L,)"B,]| is the coincidence limit of the
operator. We can rewrite this as

d*k
/7f2[31 ® B,

d*k .
- /?e—w/kz (F + Gabkakb + Hadekakbkckd + - ')’

(39)

for some operators F, G, H? and so on. These k
integrals can be computed, and some simple results can be
found in the literature. Finally, we will get some local
operator after integration, and this can be used to compute
the heat-kernel coefficients by acting it on E~!(y*)?(y;)?.
A more concrete example is shown in Appendix B. To
conclude, we have successfully demonstrated how to
perform the relevant Fourier integrals to obtain [b,].
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IV. FIRST THREE HEAT-KERNEL
COEFFICIENTS OF A GENERAL
SECOND-ORDER OPERATOR

We have presented a method to calculate the super-heat-
kernel coefficients, in principle, up to any order. We are
now going to derive a general formula for the first three
heat-kernel coefficients of an arbitrary second-order differ-
ential operator O. These three coefficients will be crucial
for studying the one-loop divergence of the corresponding
theory. We shall restrict ourselves to the case of conformal
supergravity, but one can readily apply the result to other
types of supersymmetry theory with a different superspace,
with only minor modifications required.

To start with, [by] = 0 as required by supersymmetry.
For [b,], from the general expression (35) we have to find
the coincidence limit of

/f"Zka[ E-1 ()2(y,)?

and

d*k

2(y.)2
- [ Rl£s0 @ £, 0 0473,
Let us start with the first one. In order to have a nonzero
limit, we have to annihilate the factor (y*)*(y;)* using
covariant derivatives. In particular, we need to find the
terms containing four spinor derivatives—two dotted and

. . 4

two undotted—in the operator expression | % f1[O]. Now
we have

1
fl[(’)]z/ do e Oell=)A
0

1
= / da, et ec-0-1 O, (40)

0
As A is a constant and O is a second-order differential
operator, e“-(-2)1( is also a second-order operator. Hence,

there cannot be any terms with four derivatives, and thus we
conclude that

d*k
i [ RO 0703 =
The same argument shows that
f2[£¢0 ® L(pO] = /da€a1A£¢O€a2A£¢O€(l_al_QZ)A

- /dae —(1-ay) E Oe — —ul—az)A£¢0’

(41)

which is of second order as £,0 is a first-order operator,
and thus it cannot contribute to [b,]. Hence, the second
heat-kernel coefficient vanishes:

[b1] = 0. (42)
A. Calculation of [b,]
The next coefficient will be [b,], which is actually the

first nontrivial one. From Eq. (36) we have a handful of
terms that will contribute, the first being

4
2i/%f2[0 ® OE' (»)*(v:)?|.

We need to extract the four spinor derivative terms in
f2[O ® O], as in the case of [b;] there is a term

/dae —(1-a; AOe —(l—aj-ap)A O

1= (I—a)"(1—a —
da,da, In!
m.n.
m,n= 0

xO(L )

@)’ (L_g)™

To get four derivatives, it is necessary to have m = n = 0,
as any commutators acting on O will lower the differential
order. This also implies that only the part of O that contains
only two spinor derivatives will contribute. Thus,

d*k d*k 1 fl-a
/—2f2[0®0]%/—2€'4/ / lda]d(lzoz
T 4 0 Jo
d*k . ., i
—iyk2 — _ ", ~20)2
_)/2”26 O i O-.
(43)

Here =~ means equal up to terms with fewer spinor
derivatives, which will have no significance, and we will
not distinguish between =~ and = in the following.

In general, one can write the part of O quadratic in spinor
derivatives as

O =yFV? 4 yFV? 4wV, V] +---. (44)
where F, F, and V* are some arbitrary fields. Note that we
have isolated the factor y which will make the final answer

simple. We just have to calculate from this the terms with
four spinor derivatives in 0%, which is easily seen to be

O? = y2(2FF + V¥V ,,)V>V2. (45)

Recall that we are omitting all terms with less than four
spinor derivatives. To derive the equation, we have used
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some identities like V2V2=V>V2+ ..., [V, V,] [V, V] =
—4Vé,V/-,VaVﬁ + -+, and also

V.V, = e V2 46
p D) p

together with its conjugate, which can be proved from the
fact that in conformal supergravity {V,,V;} = 0.}
Combining Egs. (43) and (45), we arrive at the [b,]
contribution:

21521 [ £ 110 @ O 09707

= 16V*V . + 32FF. (47)

The next contribution is

’

”2

d*k
) / £10 ® £,0 ® L01E (#)2(3;)?

in which we encounter the expression
/ daet-1-a1 Qeb-t-u-wi L, O ~t-a-n-u) £ 0,

As L;O is of first order, this is at most fourth order in
derivatives. Thus, we have to again choose the part of O
with two spinor derivatives and the spinor derivative part of
L4O in order to have a nonzero result. We also replace all
of the exponentials by 1, as other terms in the Taylor
expansion will contain commutators, which will lower the
differential order. The integration over « is now trivial, and
gives 1/3! = 1/6. What remains is to find the fourth-order
spinor derivative part of

1 [d*%k
—§/7€AO(£(/)O)2

at the coincidence limit. If O contains the term
O =XV, Vo} —yXV, Vot + -, (48)
then in the coincidence limit we get
[£,0] = =2iy Xk, o + 2ip Xk V4. (49)
Note that there are other terms in O that produce a spinor
derivative in £,0. For example, wFV? gives rise to the

contribution —2y'V%®V ,, but it vanishes in the coincidence
limit. The desired quartic spinor derivative term is then

’In general, for a different superspace the formula (46) will still
be true if we discard terms with fewer derivatives.

[O(L,0)4] = 2y3 (2X9*XP4V , — FX9*X?, — FX?, X"%)
X k ok, V2V2, (50)

which can be seen by calculating the part of [(£,;0)?] with
two spinor derivatives:

[(L£,0)?] = 2%k, ky, (2XXP4[V,;, V]
— Xeaxb V2 — X, Xbay?), (51)

We use the following identity to integrate over k:

d'k —iyk? d*k —iyk?
[ ek = [ e e,
i 0 &k
— . - —ipk
477abal//< ) e )
DL iy = My (s
4190 gy 2 7

Here in the first line, we have used the fact that the original
integral is symmetric in a and b, so the final expression
must be proportional to #,,. This leads to the final result

d*k
-2 [ 1108 £,0 L,0E (0
1 - - -
= 3 (32X“R, Vo = 16F XXy~ 16FX 5 X°%).
We quickly realize that the term containing f3[£,0 ®
O ® L,0] and the one with f3[L,0 ® L,0 ® O] will

give the same result. Combining these three contributions,
we have

[by] 2 32X%X %V o, — 16F XX ., — 16FX . X%, (53)
The last term we need to deal with is
[ d'k —1 ()2 2

With the same arguments as above, it suffices to isolate the
fourth-order spinor derivative term of

= 1,00

/ da(L,0)*

With the help of Eq. (51), we get

1

1 o
4! [(£¢O)4] = gW4kakbkckd(XaaXbaXL&Xda

+ 2xua}_(h(}zxc(lf(d&)v2v2. (54)

For the k integral, we need, using symmetry arguments,
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d*k .
/ ? e"'l/kzkakbkckd

d*k o [k
iyk
= 7[2 e 41 (”abncd + Nacllbd + nadnbc)

PR ) ([ e

= —-—— . . )= —€
24 NabMed T Nacllbd T MNadlbe 81//2 ”2

i

= 2 (labMea + Nacllva + Nadlbe )W ™. (55)

After some work, we obtain the final piece of the coefficient
[by]:

(D] 2 8X9X 1, X o XP% + 16X99X,, X . XP%. (56)

Combining all of these results, we have the final answer:
given a general second operator O whose quadratic part is
given by

O =y (O+ FV? + FV? 4 V[V, V,]
+Xaa{va’va} _Xad{vuvvd})’ (57)

its third heat-kernel coefficient [b,] is given by

[by] =32FF + 16VV 4, 4+ 32X9X %V ;i — 16F XX ,,,
—16FX ;5 X +8X%X ,, X o X074+ 16X99X ), X 10 XP4.
(58)

As a consistency check, we can compare this with the
calculation using the previously developed nonrecursive
method [7]. In the latter case, we have yw = 1, and we
imposed X“* = X = () as a constraint: it is clear that the
two results agree in this special case. The expression shown
in Eq. (58) can be regarded as a more general result,
covering the possibility in which O contains mixed-
derivative terms like X*V,V,,.

The crucial result (58) in fact holds for all types of N = 1
superspace, despite the fact that we have restricted our-
selves to the case of conformal supergravity for the
moment. First, this is because the expression is an algebraic
one with no derivatives, and thus it is independent of how
the covariant derivatives are defined. Second, for other
superspaces the covariant derivative algebra will be differ-
ent and possibly more complicated. But by carefully
looking at our derivation we see that the commutation
algebra plays no role in determining [b,]. However, both
reasonings will break down for other heat-kernel coeffi-
cients so this feature is exclusive to [b,] only.

Note that this expression for [b,] is independent of v,
which might come as a surprise but this is merely due to
how the functions F, F, and such are defined. Indeed, if y
is a constant, we expect the heat-kernel coefficients [b,] to
be independent of . This is because [b,] controls the

logarithmic divergence of the corresponding theory which
is scheme independent, and thus it cannot depend on an
overall prefactor y, which can be absorbed by a simple
rescaling. In fact, in general a constant rescaling of y:
yw — Ay, which is roughly equivalent to rescaling the whole
operator O — A0, will incur a change in heat-kernel
coefficients: [b,] — A"~2[b,].* For n =2, it is indeed
independent of the transformation, as desired.

We also note that we have set the coefficient y to be a
scalar, and thus it naturally commutes with other coeffi-
cients like F. But the method presented here also applies if
this is not the case, in particular when y is matrix valued.
Only a minor modification of Eq. (58) is needed, namely,
we would have to insert various powers of y in the
appropriate places and take the trace at the end.

B. Higher-order heat-kernel coefficients

We shall briefly describe here some general features that
will appear in the computation of higher-order heat-kernel
coefficients [b,]. From the general expression of [b,]
[Eq. (30)], we will have contributions going from nth
order in the Dyson expansion (in particular, one propor-
tional to f,[O® - - ® O]) to a 2nth-order term that
depends on f5,[£,0 ® --- ® L,0]. All of these operators
are of 2nth differential order.

As in the case of [b,], we need the terms that contain two
undotted and two dotted spinor derivatives. For a general
n > 2, we see that instead of only the quadratic part, the
linear and the constant part of O will also come into play;
for instance, in f,[OQ® - - ® O] we will still have a
sufficient number of spinor derivatives even if we choose
the lower-order part for some of the O’s. Also, we see that
the effect of exp(L_(_..._4,)4) appearing in the f, functions
is nontrivial, as opposed to the case of [b,]. We have
enough room to include these commutators that decrease
the differential order, as we start with 2nth order and we
only need fourth order. Thus, we expect that there will be
terms that depend on derivatives of y, up to the 2n —4)
th order.

After performing the k integration, by mimicking the
trick used above, we will have a differential operator that
acts on E~'(y#)?(y)?: then, we take the coincidence limit
and obtain the heat-kernel coefficients. In general, any
differential operators can be written in form

QV2V? + terms with fewer spinor derivatives,  (59)

where Q is some operator. For [b,], this part is of (2n — 4)th
order. The term V2V? will annihilate (y*)?(y;)? and gives a

nonzero result. Then, O can act on E~!, and hence we need
the coincidence limit of the (2n — 4)th-order derivative of

“This can be easily seen from the operator definition of the
super heat kernel.

055026-10



SUPER HEAT KERNEL OF GENERAL SECOND ORDER ...

PHYS. REV. D 100, 055026 (2019)

E~'. This can be achieved by using the normal coordinate
expansion. One can either obtain the normal expansion of
the vielbein from Refs. [15,17] and calculate the determi-
nant, or use the iterative method as in Ref. [18]. In fact, in
the context of conformal supergravity, due to the fact that

(VoV} = {Va ¥} =0,

Q=A+B*V,+CO+--- is an operator that is con-
structed only from the bosonic covariant derivative V.
Hence, we only need the expansion in the y™ direction. But
for a general supergravity theory, the full normal expansion
is required.

Also, in the calculation to obtain the final operator as in
Eq. (59), we often encounter higher-order derivatives of
¢ = ik,6%,y™. One just needs the equation V4 (y™) = E,™
and the normal coordinate expansion of the vielbein. For
example, the second-order derivative of ¢ will involve the
torsion tensor 7,5¢. Hence, with the help of the normal
coordinate expansion, one can theoretically calculate the
heat-kernel coefficients up to any order.

As a final remark, so far we have focused on operators in
the full superspace, but the machinery presented here
applies to the case of chiral fields by applying the same
method in the chiral subspace. In fact, it should be possible,
at least in theory, to generalize such a method to any
superspace, not just to four dimensions. However, the
possibility of such a generalization, while interesting, will
not be discussed here.

V. ONE-LOOP DIVERGENCE OF SYM THEORY
WITH A DILATON

As an application, let us determine the first three heat-
kernel coefficients for the super Yang-Mills model coupled
to a dilaton, with our operator of interest being Oy g as
derived in Eq. (20). As discussed in the case of a trivial
gauge kinetic function [7], in conformal supergravity, the
operator governing the one-loop effective action for a
vector multiplet is actually not invariant under dilation:
[D, Oy 5] =20y 5. Hence, complications arise when we
have to exponentiate the operator to define the heat kernel,
as the exponential will not be an invariant object. One
method to resolve this is to demote the D symmetry, no
longer treating it as a gauged symmetry temporarily, and
checking the D invariance at the end. Instead, the route we
take here in order to regulate the symmetry is to make use
of the compensator X, which was already introduced for
Yang-Mills gauge fixing and it satisfies DX = 2X. We then
have that X~'/20y, ¢X~'/? is D invariant, and thus we can
proceed normally.

In fact, considering X~'/20y ¢X~'/? is equivalent to
redefining the quanta of the vector multiplet by V' =
X'/2V 1t is clear that the quadratic action of V' is

1
N =t / dzEVOy sV
1
—Etr/dngV’(X‘W(’)V,SX‘l/Z)V’,

hence the reason for picking this particular combination. As
a remark, the regulation scheme described here is just one
way to proceed. Different schemes are equivalent in the
sense that they will give the same result on shell.

With this technicality settled, we shall now consider the
heat-kernel coefficients of the operator

O =X"120y X7 V2 + X~ 'm?. (60)
Here we also introduced a potential mass matrix term >
for the vector multiplet, which comes from the background
field expansion of the Kihler potential K if some
chiral fields involved carry nontrivial Yang-Mills charges.
However, we have seen that such a mass term will not
contribute to the first three coefficients, but only to the
higher-order ones.

A. First three heat-kernel coefficients
of the vector multiplet

We already know that the first two coefficients are zero:
[bo] = [b] = 0. To obtain [b,], we need to find the various
terms that appear in the general formula (58), which can be
read off from the quadratic part of O. This is just a
straightforward task from the derived form of Oy, g, shown
in Eq. (20). We have

w=X"'(S+35),
. V2§

P =1 (2w + %)

- vz

F= 1i6 (waU“ s +SS>’
v = %G““ + % Uaye — V“Sllé‘ESJ:LU;)vas’

VS .

X =3 < i ng> (5,
Xoi = ﬁ <Ua - svfs> (a)ae (61)

We can directly use Eq. (58) to obtain [b,], but it is
immediately seen that the algebra involved is getting quite
tedious. To simplify the calculation, we shall employ the
following strategy. We choose the special conformal gauge
U* = U, = 0 which breaks the K, symmetry. This elim-
inates most of the terms in Eq. (61), and we compute [b,] in
this particular case. We restore the K, invariance by
demanding that the actual pre-gauge-fixed expression is
conformal primary, in the sense that the expression has to
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be annihilated by K,. This can be achieved by adding
correction terms that depend on U“* and U,

With this specific choice of gauge, the relevant quantities
become simple:

We have used the identity (5)%(5,)%# = —2¢%¢t#, which
can be found, for example, in the Appendix of Ref. [11].
Similarly, we have

1

=2 ¢ X' X'et = ——V“SV S. 64
r_ VZS _ F’ _ VZS _ V/ad — lGa[x ad 4(S S) ( )
16(S+S)’ 16(S+S)’ 277
l V, S _ i Ves We also have
X/aa: a’ X/~ — —_ _ g .. 62
laay! | _ /}(l p .
Let us calculate some of the expressions that will be useful: XX 0 = 16(S + S) Vi S( v S(g“)ﬁ“
1 .
1 S/ =aa Sl ma N = —VSVS(25ﬁ~5a)
aa _ ) a\aa\7 . a \p a
X/ X/aa - 16(S+ 3)2 vaS(O- ) vﬂS(O- 6) a 6(S S) b
_ 1 V7. Q @ i f = fv“sv{xi' (65)
= —mvasvﬁs(—% €7 8(S+S)?
= _%vdgvds'. (63) With some algebra, using the general result (58) we
4S+5) arrive at the expression
|
[by) = ————=— V2SV2S + 4G*G ,, + 2 yesG,, VS + L vgv,5ves + L $rsvesvs
2 8(S+5) SRR ER AS+53 0 0 4(S+5) .
3
+ 7V{1SV“SV“SV S
4(8+ 8)*
2 1 - V,SV4S Vesv,S
= —-8G“G, +4v SGu Vi +———5 (VS +2—— ) (V2SS +2—
(S+8)? 8(S+S) S+ S S+S
1 o
———V,SVISVISV,S. 66
Tas s @ (66)

We shall now consider the correct terms that have to be
added in order to recover the special conformal symmetry,
K 4. This is equivalent to saying that the final expression
has to be annihilated by the operators S* and S;. Among all
of the fields appearing in Eq. (66), it is not hard to show that
only the second derivatives V25 and V2§ are not conformal
primary. A simple calculation shows that

SaV2S =0, S, V28 =8V,S,
§eV2S = 8V, S, V28 = 0. (67)

We have to cancel the nonzero charge by introducing
corrections that depend on U% = X~'V°X and U, =
X~'V;X. Some algebra leads to
S[)’ U® = _46/}(1’
SPU, =0, Sj

S0 =0,
Ui = —4¢j (68)

Using Egs. (67) and (68), we see that the combinations
V2§ +2U°V,S and V2§ +2U,V4S are then conformal

|

primary.5 Hence, one just has to make the substitution
V2§ - V25 4+20U%V,S and the conjugation V2§ —
V2§ +2U,V4S in Eq. (66), and the resulting expression
will be conformal primary.

To see that there are no more terms to be added to [b,]’,
note that the actual [b,] before gauge fixing must be
constructed from the objects G*, S + S, VS, V,S, U,
U,, V2§, and V2S. Itis a straightforward verification that
no other correction terms—which must vanish for the
gauge choice U* = U; = 0 while also being conformal
primary—can be introduced in Eq. (66). Hence, the final
conformal-invariant expression is given by

[by] = —8G Gy + =5 V9SG VES

($+85)
1 - .
__3¥ __V_.SVesvesv, s, (69

+8(S+S)2 +4(S+S)4 “ “ (69)

5Alternatively, one can show that V2§420U°V, S =
~1(V2 + 8R)(XV), which is a conformal primary expression.
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where
Vesv
T = V2§ +2U°V,S +2 S L’S,
S+ S
- =H- . AR VAKY
L=V 42U, VS 24—, 70
S+ S (70)

As a remark, to obtain the corresponding expression in
U(1) or Poincaré supergravity, one just has to choose the
conformal gauge U, =0 and replace the conformal-
covariant derivatives V4 by the post-gauge-fixing covariant
derivatives, D,. More details on obtaining various super-
gravity theories via gauge fixing the superconformal
symmetry can be found in Ref. [10].

B. Ghost contributions

The derived [b,] in Eq. (69) allows us to obtain the
logarithmic divergence of SYM theory due to the vector
multiplet. However, we also have to consider the ghost
fields in order to have the full divergence. Thus, we now
turn to the one-loop divergences of the ghost action. It is
easily seen that the quadratic divergence is the same as in
the case without the dilaton, and thus we will not discuss it
here and instead focus on the logarithmic divergence.

Let us start with the Faddeev-Popov ghost. As we are
using the same gauge-fixing functional as in the constant-
coupling case, f — V*(XV) = f — V2(XV) = 0, we have
the same Faddeev-Popov ghost action. As a result, we also
have the same induced logarithmic divergence, which is
given by the expression [7]

logA? | logA?
PP _08%
I o =g Sy ez 4RRp

logA? 1_\2 2
- W =X “Whw H.c.),
o ([ s o)

(71)

where S, =[G*G,+2RR], + ([5X X, +3WHW 5] o+
H.c.) is a topological invariant. One can directly show

|
log A2 log A2
Fbll :ngsx_ogz
(Dlog 967 64r

that this superfield expression is indeed topological using
methods similar to those in Ref. [19]. Moreover, S, is a
combination of the Euler and Pontryagin invariants and it
has the component expression

1
S d4xe (Wmnqumnpq_2Rmann+_rR2> +--,

=16 6

(72)

where W74 i the Weyl tensor, R™" is the Ricci tensor, and
‘R is the Ricci scalar. This specific combination appears in the
super Gauss-Bonnet theorem discussed in, e.g., Ref. [20].

For the Nielsen-Kallosh ghost, things are slightly differ-
ent. Its action is given by

Sng = tr / d8zEX%(S + S)bb,

where the factor S + S is absent for the case of a trivial
gauge kinetic function. To consider its effect, just as in the
scenario without a dilaton, we rewrite the action in the form
bexp(—2V')b for some V', resembling a super Yang-Mills
coupling action. We can absorb this factor by introducing
an artificial U(1) factor to our original SYM theory. The
“gaugino” field of this extra U(1) sector is given by

o 1_2 'Sga ,-2V' a 2 a
W) =g V2 Ve A Zxe(73)
where

A% = évzva log(S+S) = 1@( VS ) (74)

8 S+ S

and X* was introduced in Eq. (11).

Hence, the divergence due to the Nielsen-Kallosh ghost
is like that of a free ghost field, which has an extra factor of
(—1) from its statistics, but with the replacement W$,, —

Ym + Wiq)- Using the result of Ref. [21], we have

2

2 2
9w+ A —§X“> +§Waﬁywﬂ,a} + H.c.) : (75)
F

C. Total logarithmic divergence

Now the vector multiplet will have a logarithmic divergence contribution given by

vV

 log A?
(1)log — 6472

/ & 2E[by). (76)

Combining all of the results and taking the trace over the Yang-Mills gauge group with rank N5 = trl, the total one-loop

logarithmic divergence is given by
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(1) 3NglogA? _ log A? Y NG ., .
Flog = _Tﬂz [G Ga + 2RR}D - 64]‘[2 3trWYMWYM,a + TX Xa + NGW ﬂyW},ﬂa - + H.C.
NglogA2[ 1 L SY (V.SR(Ves)?
__ |vasG,, vi§ 4 =2 4 W)V O
22 |(S+3) 16 8(S+S)° |y
log A? " " 4
—W <|:2trWYMAa +NGA (Aa —3Xa>:|F +HC) (77)

Here, £ and its conjugate are defined in Eq. (70) and the
expression for A% is found in Eq. (74). The first two lines
are the same as the divergence with a constant-coupling
strength [7], and the third and fourth lines are the
corrections from introducing the dilaton coupling. It is
easy to verify that Eq. (77) is consistent with the analogous
result for the Abelian vector multiplet in minimal super-
gravity [5]. To the best of our knowledge, the result
presented here is the first superfield calculation of the
one-loop divergence with a nontrivial gauge kinetic func-
tion. It would be interesting to compare this with similar
results in the literature that used the component approach
such as, e.g., Ref. [22].

VI. INCLUSION OF THREE SPINOR
DERIVATIVE TERMS

We have shown that the heat-kernel coefficients of a
general second-order operator can be obtained using a
Fourier integration method. In fact, we can go further and
apply the same method to an operator with third-order
derivative terms, but with a restriction: the terms with three
derivatives must be constructed only from the spinor
derivatives V* and V,, and not from the bosonic ones
V,. We shall see how we can incorporate such terms when
calculating the heat-kernel coefficients.

Let us call of the additional third-order part of O

O =) 0(3) = l//WABCvaBvA. (78)

Here A, B, and C are tensor indices with only the spinor
part, A, B, C = a, @, and we have factored out y from the
coefficients WABC for simplicity. Now we use Eq. (28):

4 ®© (_1\m .
K:/éﬂl;ed’exp(Z( D) (£¢)m(ir(9)>E‘1y”yﬂyﬂy”

|
=0 nm.

_ / %e%xp <§3:(_] S (@)m(w@)) ETN () (vi)

|
=0 m:

We now have a term with three commutators, as the operator
is of third order. If we rescale k by k, — k,z~'/?, the heat-
kernel coefficients will be given by

n! d*k
) = s [ Sesla+ BET 042007
! 4 nyM—=0
£y’ L0
A:i?@, B = itO - it 2L,0 — ir™\ .
(79)

Note that the constraints imposed on the third-order part
of O imply that in the coincidence limit A — —ik?> and
L4*O — 0. To obtain [b,], one just has to expand the
exponential using Eq. (31) and isolate the term proportional
to 7"

We notice that there is an extra term proportional to
712, which requires special attention. If this term were
absent in B, it is clear that each [b,], corresponds to 7",
comes from finitely many number of contributions. This is
because each copy of B increases the power of 7 by at least
a half, so only terms in the Dyson expansion with less than
or equal to 2n factors of B will contribute to [b,]. This
might not be the case for a third-order operator, as B might
also decrease the power of 7. Thus, we potentially have to
deal with an infinite number of terms that will contribute to
a particular coefficient [b,]; however, we shall argue that
this is not the case if we only have spinor derivatives in the
third-order part of O.

Let us look at the potentially dangerous object £,°O in
detail. Substituting the expression into Eq. (78), we have

L0
=

—WWABCVC¢VB¢VA¢’ (80)

which certainly vanishes in the coincidence limit, as does
each spinor derivative of ¢p. However, when there are extra
derivatives acting on V¢, the coincidence limit may not
vanish. For instance, we have

[VaVad] = [=i(0“) 0 Vad] = (6“)aika

by using the relation {V,, V;} = =2i(¢6%),,;, V.. As aresult,
it is possible to have a nonzero coincidence limit for £,*O
if the conjugate derivatives act on each of the V¢. In other
words, in order to have a nonvanishing limit, we need at
least three spinor derivatives acting on £,>O.

In calculating various heat-kernel coefficients, we will
encounter contributions which contain the functions
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fi[B1 ® -+ ® By, where B, is either O, L,0, or L,*O/6.
Suppose we choose one of them to be £,°O/6. Note that
one copy of O contains terms with exactly three derivatives
that can act on £, O to obtain a nonzero limit. When doing
so, a copy of O raises the power of 7 by 7! and a copy of
L0 lowers the power by 77'/2; thus, we have a net
increase in the power of 7 by 7!/% As for L£,0, it
contributes to a power of z!/2 but contains less than three
derivatives. Thus, pairing it with £,°O will still give a
vanishing coincidence limit.

In conclusion, if we have a factor of /J(/,3(9, there is no
way to generate a nonzero result unless it pairs with
something that results in a net gain in the power of 7; in
fact, the power count is raised by at least z!/2. This implies
that for a particular coefficient [b,,], finitely many copies of
L4*O can be introduced to f;[B; ® - -- ® By] such that it
corresponds to 7" and has a nonvanishing coincidence limit.
Therefore, there are only finitely many terms that can
contribute to [b,], which is what we wanted to prove.

Notice that such an argument will break down if O
contains four or more derivatives, as we will have an
extra term proportional to T_1£¢4O and the simple
power counting above will not work. Indeed, from the
covariant derivative algebra {V,,V,} = =2i(¢?),, V.,
the d’Alembertian [J, which provides the kinetic term to
the quantum fields and induces the spacetime propagation,
is somewhat equivalent to four spinor derivatives. Hence, a
term with three spinor derivatives will be “less divergent”
than the kinetic term, and thus can be treated as a proper
perturbation to the free d’Alembertian action. It is no
wonder that including terms with three spinor derivatives
will provide no trouble but only minor modifications to the
calculation of heat-kernel coefficients. However, having
more than three spinor derivatives will need a different
treatment and will not be discussed here.

Let us see briefly how the inclusion of triple spinor
derivative terms will affect the calculation of the first three
heat-kernel coefficients. We always have [by] =0 from
supersymmetry. For [b;], similar to the previous case we
have terms that depend on f[O] or f,[£,0 ® L,0]. For
the former one, recall that we need at least four spinor
derivatives to annihilate the factor (y*)?(y;)* in order to
have a nonzero coincidence limit. We see that f[O] cannot
contribute as it is of third order. Now, for f» [£¢O ® £¢O],
notice that £,0 is of the form

L0 = yWAB(V¢p)VpV, + lower-order terms.  (81)

We immediately see that lower-order terms cannot con-
tribute as there are not enough derivatives, and the only four
spinor derivative terms in f5,[£,0 ® L,0] will depend on
V¢, and thus the coincidence limit vanishes. In short,
f2[£,0 ® L;0] cannot generate a nonzero [b].

Next, we may have some new contributions due to the
existence of the new term £¢3(’)/ 6. For example, /5[0 ®
L4*0/6 ® L,O] has a power count that corresponds to 7',
which may contribute to [b,]. However, counting the
number of derivatives shows that there cannot be any
nonzero result. It is similar for other potential contributions
involving £,°0/6, so we still have [b;] = 0.

The next coefficient [b,] is more interesting, so let us
look at some of the previous terms. We first have one that
depends on f,[O ® O], which is now of sixth differential
order. As we only need four spinor derivatives for a nonzero
coincidence limit, various extra features arise. First, the
linear part of O will contribute, as it can pair with the cubic
part to get four derivatives. Previously only the quadratic
part of O mattered, but now we also have the first-order part
to take into account. However, the nonderivative part will
still be irrelevant; in particular, the mass term will have no
effect.

Second, as there can be a six-derivative term, there are
two derivatives that can act on E~! when taking the
coincidence limit; thus, we will need its normal coordinate
expansion up to second order. In the previous case, we did
not need such an expansion as we had four derivatives at
maximum, and the zeroth-order expansion of E~! was just
one. Also, some derivatives of the first O may act on the
second O, so the final result may depend on derivatives of
the coefficients of O, whereas previously [b,] was only an
algebraic expression with no derivatives, as in Eq. (58).

Third, in f,]O ® O], we encounter the term L£,"O,
which appears when commutating the exponentials involv-
ing A past the operator O. For the previous setup without
the third-order term, we were forced to choose m = 0 as
otherwise there would not be enough derivatives for a
nonzero result. But now we have two extra spinor deriv-
atives so we can take m to be at most two. As a result, upon
the k integration we will have a term proportional to £,,2O,
and thus the second derivative of y will appear in [b,],
which of course does not happen for the previous case.

Now let us analyze the term f3[O ® £,0 ® L,0].
From the form of £,0 as in Eq. (81), we see that its
quadratic part contains the expression V-¢pVgV,. This
term is roughly equivalent to one derivative, as we need an
extra derivative to act on V¢ for a nonzero coincidence
limit, and thus we have a net gain of one derivative as a
result. Therefore, £¢O is similar to a linear operator, and so
f3l0® L;0® L,O] is like a fifth-order operator. For a
term with five derivatives, we need the first-order normal
coordinate expansion of E~!, which will be trivial if the
trace of the torsion vanishes, 74 BB = 0, as happens in most
theories. We also encounter the first derivative of y in the
final result after the integration over k. There are two more
terms involving f3, and they will be similar. Finally, the
term with f4[£,O%®* is not significantly different than in
the previous case.
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We might also have new contributions that include
£¢3(’)/ 6. A simple inspection shows that there are new
terms that depend on f4[0 ® O ® L,0 @ L,*O/6] and
similar terms with the operators permuted. Such an operator
is roughly a fourth-order one; however, we need the precise
form of O to see how this contributes to [b,]. For terms with
two or more copies of £¢3(9/ 6, counting the number of
derivatives shows that they cannot contribute to [b,], and
thus the one shown above is the only contribution that
includes £,°0/6.

This concludes the discussion of [b,], and we can
similarly analyze the higher-order heat-kernel coefficients
as above. In general, for [b,] we come across operators of at
most 3n differential order, up from 2n as in the previous
case. This implies that we in general we need the (3n — 4)
th-order normal coordinate expansion, and the final answer
contains (3n — 4)th derivatives of the coefficients of O.
There are terms that depend on £¢3(9/ 6. Simple power
counting shows that at most 2n — 3 copies of £¢,3O/ 6 are
introduced. In fact, including the extra third-order spinor
derivative term of O merely increases the amount of algebra
involved to calculate [b,]. The previous method for second-
order operators applies equally well here for these special
third-order operators without much difficulty.

VII. CONCLUSION

We have developed a Fourier integral technique for
calculating the heat-kernel coefficients, applicable for any
second-order operators and some special third-order ones.
Using the general result, we have derived the one-loop
divergence of the dilaton-coupled super Yang-Mills theory.
The result presented is quite general, and it can be readily
applied to different theories with different field contents.
For instance, while the linear multiplet at the one-loop level
in supergravity has been discussed in the literature [19,23],
the modified linear multiplet has not been considered. This
modified version is phenomenologically interesting, as it
enables a nonholomorphic SYM gauge coupling [11,24]
which typically arises from string-induced models. Another
promising candidate to study is the quanta of the gravita-
tional multiplet, which is a gauge vector multiplet with an
extra bosonic index V¢ [25-28]. Studying this will allow us
to examine quantized supergravity at the one-loop level.

Instead of staying within N =1 superspace in four
dimensions, we might also consider different theories with
different superspaces. For example, N = 2 supergravity is
an active area of study. It is hoped that one can generalize
the technique presented here to the case of N = 2 super-
space. We might even go beyond and consider super-
symmetric theories in different dimensions, for example,
those in string theory. Such a generalization would be an
interesting subject of research.

Finally, we have restricted ourselves to second-order
operators. One may ask how heat-kernel coefficients change

if general higher-order derivative terms are introduced. This
can be analyzed using perturbation theory for heat kernels,
and will be considered in future work.

ACKNOWLEDGMENTS

The author would like to thank Mary K. Gaillard for
helpful discussions and comments. This work was sup-
ported in part by the Director, Office of Science, Office of
High Energy and Nuclear Physics, Division of High Energy
Physics, of the US Department of Energy under Contract
No. DE-AC02-05CH11231 and in part by the National
Science Foundation under Grant No. PHY-1316783.

APPENDIX A: CONFORMAL SUPERSPACE
AND QUANTIZATION OF SYM THEORY
IN CONFORMAL SUPERGRAVITY

In this Appendix, we review the superspace formalism of
conformal supergravity developed by Butter [10], and the
quantization of super Yang-Mills theory with constant
coupling in conformal supergravity presented in Ref. [7].

The conformal superspace is an N = 1 superspace with
the superconformal algebra, which is generated by the
operators {P,, M. D, A, K, }.° Here D is the dilatation, A
is the chiral rotation, and K, are the special conformal
transformations. The commutation relation of these gen-
erators can be found in the original reference [10]. We may
construct the covariant derivative by introducing a con-
nection for every generator except Py:

1
Viy =0y~ §¢MbaMah —ByD —AyA - [y Ky (Al)

We also introduce the supervielbein E,,4, which allows us
to interchange between an Einstein index and a Lorentz
index. Then, the action of P, on a scalar @ is the same as
the covariant derivative V4:

The graded commutator of P, determines the curvature:

1
[Py, Ppl = —Tpp Pc — ERABdCMcd — H,gD

— FupA - R(K) 5K (A3)
Here the curvature tensors like R,z and H,p can be
calculated from the connection fields. By imposing suitable
constraints [10] on the torsion tensor and the curvature
tensors, one can actually solve the Bianchi identity and
obtain a consistent solution, similar to the case of ordinary
supergravity. In particular, the covariant derivative algebra
is quite simple:

®Here the subscript A runs over the indices {a, a, a}.
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{va’v/f} = {véwvﬁ} =0,

{V,, vﬁ} = =2iV

[Vm Vﬂﬂ] = —2i€{l/;W', [V(-,, Vﬂﬂ] = —2l€aﬂW/j
Vi Vsl = €45{Va Wy} + eap{Var Wi} (A4)

Here WV, and its conjugate are the “gaugino” superfield,
which is given by

1

leMbL’ + W(K)(IAKA’ (AS)

where W(M) > and W(K) ,* can be expressed in terms of
a symmetric super-Weyl tensor W®” (see Ref. [10] for
details). The gaugino superfield also satisfies the chirality
condition and the Bianchi identity:

{Va W} = {Ve. Wy} =0,

{VEW,} ={V;, W'} (A6)

Matter in a conformal supergravity theory is described
by primary superfields. A primary superfield ¢ must satisfy
Ka¢ = 0, and has a conformal weight (A, w) if D¢ = A¢p
and A¢ = iwgz').7 These primary fields can be used to
construct D-term and F-term actions. A D term and an
F term must have conformal weights (2,0) and (3,2),
respectively. They can be converted into each other by
using the chiral projector P = =V /4.

It is important to note that integration by parts in
conformal superspace is actually nontrivial, as the property
of being conformal primary is not preserved when taking a
covariant derivative. As a result, an extra correction term is
introduced and the modified integration-by-parts formula is
given by

EVAUA = vM(EEAM’UA) - EfABKB’UA, (A7)
where f 48 is the connection corresponding to the special
conformal transformation. Therefore, up to a total deriva-
tive, we have

Vavd = —fABKgvA. (A8)
More details can be found in the Appendix of Ref. [7].

It is easy to introduce Yang-Mills theory, with gauge
generators {X(,)}, to conformal supergravity. One just
needs to introduce an extra Yang-Mills contribution to
the covariant derivative and the gaugino:

"Note that there may be extra restrictions depending on the
type of field being considered; for instance, a primary chiral field
must have 3A = 2w.

Vi— V- AVX,

Wy = Wa+ Waym = We + WX, (A9)
Here AX) is the Yang-Mills gauge connection and the
Yang-Mills gaugino W, yy can be calculated in terms of it.
The Yang-Mills action is

1 ,
S =7 / B xdPOES (W WS + He.,  (A10)

with f,(s) being the gauge kinetic function. In the following
we shall consider the simplest case: f,(,) = g‘zé(,)(s).

We shall employ the background field method to
quantize the theory, which is similar to the case in flat
superspace.8 We perform the background-quantum splitting
by introducing the Yang-Mills prepotential,

Va - SélvBaSQ, Vd - TéldeTQ, (All)
where Vj denotes the background covariant derivative, and
So and T are the quantum prepotential. We define the
vector multiplet V, the quanta of the theory, via

Ug = SoTy" = exp(=2iV). (A12)
To fix the gauge freedom, we choose the following
conditions:

V2(XV)-f=0,  VAXV)-f=0. (A13)
Here X is the so-called compensator, with conformal
weights (2,0), which is introduced in order to make the
gauge condition conformal primary. The gauge-fixing
action we use is

1 8 —21\72 2
Sur. = gt / BEXVAXVIVA(XV)].  (Al4)

Note that we have to include a factor of X~ to have a valid
D-term action. There are extra ghost fields introduced from
the gauge-fixing procedure, one of which is the Faddeev-
Popov ghost with the action

SFP:tr/d8zEX(c’+5’)LV/2[C—E+coth(£v/2)(c+a)],
(A15)

where Ly, f = [V/2, f] is the commutator. Another ghost
is the Nielsen-Kallosh ghost, and its action is

80ne may, for instance, consult Ref. [1] for details of the flat
scenario.
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SNK = tr/dSZEX_zbE. <A16)

performing integration by parts, it can be shown [7] that the
result is given by

g2 1
In order to analyze the theory at one loop, it is necessary Sym = Etr / d*z E( ) VOyv, (A17)
. . 7
to expand the gauge-fixed action to the second order in V.
With some calculation, including a careful treatment when where
|
1 ad X a a Xfl P a
OV:D+§G [Va,vd]—l— ?—V R+WYM Va—i— ?—VdR—WYM,d V
1 . . i . .
-5 (V2R 4 V2R + 16RR) + 1 U"(V/”Vab + vaﬁvﬂ) +7 Uy (VP4 5 + V,VP%)
1 . :
g(U U2 + U*U,V? + 4UUV,, Vy]) + 1 (8RU“ + U,UU* = U,U)V,
1 . -
—(8RUy + UU, Uy — U%U 33 )V* + UV, + (UV R + U;VR — UU,R — U,UR). Al8
4
|
The new fields introduced here are defined by (Ly)? B .
IO =y + VNV + FV V. (B3)
U"’:V"logX Uy, =V,logX,
_ 2 B
R= _ﬁv X, R= —ﬁsz and its coincidence limit is [@O] =—yk,, as
-, K expected.
Xo = gv U, X* = gv v, Let us calculate fd Lk £,10] and fd—z L,0® L,0],
1 1 which appear in the calculatlon of [b ] For the first one,
Gafl:_Z(Uaéz_Uda)_EUaUd’ we have
U(xd = vanx! Uéca = vdUa' (A19)

It is noted that upon the conformal gauge fixing U* =
U, =0, the fields R, R, G, X,, and X% reduce to those
with the same names in U(1) supergravity [28].

APPENDIX B: AN EXAMPLE OF PERFORMING
FOURIER INTEGRATION OF OPERATORS IN
HEAT-KERNEL COEFFICIENT CALCULATIONS

In this Appendix we consider a concrete example of how
to compute the coincidence limit of certain Fourier integrals
that are related to heat-kernel coefficients.

As an example, we consider an operator of the form

O=yO+FV>+FV? 4+ Q. (B1)
We then have
LyO0 = -0, ¢]
= 2y VgV, - 2FV*¢pV , - 2FV V% - C, (B2)

where C = yg + FV?¢ + FV?¢. Note that V4¢ has
the coincidence limit [VA¢] = ik?5,”, and [C] = 0. Next,
we have

1
f] [O} _ / dalemAOe(l—a,)A
0

1
B / daye@Ae(1=a)Aglt-cn O
0

(B4)

and the summation terminates at m = 2 as O is of second
order.
Now we integrate over k in the coincidence limit:

= —ingo/dxe_"’xwxil)!(ﬁw)mo

2
— Z l//—(erZ) (Ew)mo

m=0
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In the second line, we have used a Wick rotation, x = ik2,
and integrated over the four-dimensional hypersphere.
Notice that this expression contains various derivative
terms, as O and L,O are, respectively, second- and
first-order differential operators.

For the term [ % f2[£,0 ® LO] the idea is similar,
and the details will be omitted here. We have to move
the exponential past £,0 twice, which results in the
factor (L_4)"L,O(L_4)"L,O. Since L,0 is of first
order, we must have n <1 and m <2 — n for a nonzero
result. After performing the « integral and going to the
coincidence limit, we have to evaluate an integral of the
form

d*k .
? e—zy/kzkakb(lk2)(m+n) (‘Cw)mwva (ﬁw)"llfvb~

We can replace k“k” with n%°k*/4 using symmetry argu-
ments. Then, the k integral can be calculated similarly to
the previous case. The final result is

d*k
/ﬂzfz[ﬁlf)o ® L;0]

\$)

—n

Cpp ™MD (L, )"V(L,) YV,
0

(B6)

1
n=0

3
I

where C,, , is some constant that can be easily determined
case by case, as m and n are small numbers here.

Note that instead of a specific O as in Eq. (B1), the
treatment for a more general second-order operator is
similar. Hence, with the recipe outlined here one can
actually find the closed-form expression for this class of
Fourier integrals.
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