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The process H — J/y + y, where H is the Higgs particle, provides a way to probe the size and the sign
of the Higgs-charm coupling. In order to improve the theoretical control of the decay rate, we compute
order v* corrections to the decay rate based on the nonrelativistic QCD factorization formalism. The
perturbative calculation is carried out by using automated computer codes. We also resum logarithms of the
ratio of the masses of the Higgs boson and the J/y to all orders in the strong coupling constant «, to next-
to-leading logarithmic accuracy. In our numerical result for the decay rate, we improve the theoretical
uncertainty, while our central value is in agreement with previous studies within errors. We also present
numerical results for H — Y(nS) +y for n = 1, 2, and 3, which turn out to be extremely sensitive to the

Higgs bottom coupling.
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I. INTRODUCTION

The investigation of the Higgs sector of the Standard
Model is one of the most important areas of particle physics
today. While measuring the Higgs boson self-couplings
will reveal important information about electroweak sym-
metry breaking, the determination of the Yukawa couplings
between the Higgs H and the Standard Model fermions is a
direct probe of the origin of fermion masses. While current
measurements of Higgs production at the LHC provide
some constraint on the Higgs top and Higgs bottom
Yukawa couplings [1], a determination of the Higgs charm
coupling is still out of reach.

The possibility of measuring the Higgs charm coupling
at the high-luminosity LHC (HL-LHC) has been studied
in two different processes [2,3]. One way is to measure
the Higgs decay into cc, by identifying charm jets in the
final state. Another way is to measure the decay of the
Higgs boson to a charmonium and a photon [4]. Compared
to H — cc, the process H — charmonium + y has an
advantage that the charmonium provides a clean final
state through its electromagnetic decays. Higgs decay into
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charmonium + y also allows a simultaneous measure-
ment of the size and the sign of the Higgs charm coupling.
The current upper limits for the branching ratio
Br(H — J/w +y) and the cross section o(pp — ZH) x
Br(H — c¢) at 95% confidence level are both about 2
orders of magnitude larger than the Standard-Model
predictions [2,3].

It is crucial that the decay rate I'(H — J/w +y) is in
good theoretical control in order that the measurement of
the rate leads to a determination of the Higgs charm
coupling. Recently there have been many efforts to improve
the theoretical prediction of the decay rate within the
Standard Model [4-8]. Especially, approaches based on
nonrelativistic effective field theories allow a systematic
improvement of theoretical accuracy [4,5,7,8]. In the non-
relativistic QCD (NRQCD) effective field theory [9], decay
and production processes involving a heavy quarkonium
are given by a double series in a; and v, where v is the
typical velocity of a heavy quark Q in a heavy quarkonium;
for charmonium, v? ~ 0.3, and for bottomonium, »2 ~ 0.1.
Currently, the decay rates I'(H — V +y) for V. = J/y or
Y(nS) for n = 1, 2, and 3 have been computed to relative
order a,v° and v? accuracy [5,7,8,10]. In Refs. [5,7,8], the
large logarithms of m?2;/m? that appear in higher order
corrections in @, where my is the Higgs mass and my, is the
mass of the quarkonium V, have been resummed to all
orders in @, by combining the NRQCD and the light-cone
formalisms [11-13].
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FIG. 1. Feynman diagrams for the (a) direct amplitude at order
a? and (b) the indirect amplitude for the process H — V + 7.

In this paper, we improve the accuracy of the Standard
Model prediction of the decay rates I'(H — V +y) for
V =J/y or Y(nS) for n =1, 2, and 3 by computing the
order-v* correction to the decay rate in the NRQCD
factorization formalism. In our numerical analysis, we
do not consider the y(2S) meson, because, to date, there
are no available estimates of the relevant NRQCD matrix
elements accounting for open-flavor threshold effects and
nonrelativistic corrections in a complete and model-inde-
pendent way. These effects may be particularly important
for this state, as it is just 43 MeV below the DD threshold.
We work in the limit m%/m?% — 0, where the calculation
simplifies dramatically. In this limit, H — V 4y occurs
through two distinct processes that we refer to as direct and
indirect processes; see Fig. 1. In the direct process, the
Higgs boson decays into a heavy quark Q and a heavy
antiquark Q through the Yukawa interaction, and the QQ
pair forms a quarkonium after emitting a photon. We
compute this amplitude to order-v* accuracy. We also
resum the logarithms of m7%/m3, to all orders in a,
using the light-cone formalism, to next-to-leading loga-
rithmic (NLL) accuracy. That is, we resum the leading
and next-to-leading logarithmic corrections of the forms
alog"(m?,/m%) and o log"~' (m2,/m3), respectively, for
all orders n>1 in a,. We note that the light-cone
formalism applies only to the leading-order piece in the
expansion in powers of m?%/m?% [11,12]. In the indirect

iM(H =V +7) = co(VIp'e - e(2)r|0)

process, the Higgs boson first decays into a y and a y*, and
the y* evolves into a quarkonium [4]. We compute the
indirect amplitude to the same accuracy as the direct
amplitude. We compute the direct and indirect amplitudes
separately because, in the limit m3,/m3 — 0, we find
simplifications in the indirect process that let us compute
the indirect amplitude accurately from the known calcu-
lation of the H — yy decay amplitude and the leptonic
decay rate of the meson V. Also, the logarithms of m?,/m?,
do not appear in the indirect amplitude.

We note that, although the indirect amplitude involves
one photon coupling more than the direct amplitude, this is
compensated by the heavy-quark-Higgs Yukawa coupling
in the direct amplitude. In the case of the charm quark the
Yukawa coupling is y. = 0.005, which indeed makes the
direct amplitude numerically smaller than the indirect one.
In the case of the bottom quark y, ~0.018 and the two
amplitudes are numerically close. See Sec. IV.

The remainder of this paper is organized as follows. In
Sec. II, we compute the direct amplitude to relative order v*
accuracy in the NRQCD factorization formalism. We
include the previously known order @, and order v’
corrections and resum leading and next-to-leading loga-
rithms of m3;/m} to all orders in a;,. We compute the
indirect amplitude in Sec. III. We provide our numerical
results in Sec. IV, and conclude in Sec. V.

II. CALCULATION OF THE
DIRECT AMPLITUDE

In this section, we compute the direct amplitude to order
v* accuracy in the NRQCD factorization formalism. We
work at leading order in «a,, but we will include the
previously known order a,v° correction in our final results.

We first explain the formalism that we use to compute
the direct amplitude in this section. The creation amplitude
of a heavy quarkonium V with polarization vector ¢(1) and
a photon to relative order »* accuracy is given by

4
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Here, m is the mass of the heavy quark, g, is the strong
coupling, ' and y are Pauli spinor fields that create a
heavy quark and an antiquark, respectively, and E = G
and B' = 1€*G" are chromoelectric and chromomagnetic
fields, respectively, where G" is the gluon field-strength
tensor. The covariant derivative D = V — ig,A appears in

Eq. (1) in the combination w'Dy = w'Dy — (Dy)'y.
Operators with more than one covariant derivative are
defined with

yiDi .. .Diny = (=1)"(D"...Diny) Ty
+ (=1)"=Y(D"...Dy)"Diiy...
+y Dt Diny. (2)

The notation T/ = 1 (T + T7') —{ T'§ is a shorthand
for the symmetric traceless part of a tensor. The short-
distance coefficients c, are perturbatively calculable quan-
tities that do not depend on the meson state |V), while the
long-distance matrix elements (LDMEs) of NRQCD oper-
ators between the vacuum |0) and the meson state |V) are
nonperturbative quantities. We take the meson state |V) to
be normalized nonrelativistically. In order to include the
polarization vector in the short-distance coefficients ¢, in
Eq. (1), we projected the NRQCD operators on the
polarization vector of the state (V.

In Eq. (1), we included operators that do not contain the
chromoelectric or chromomagnetic fields up to dimension
7, and operators that do contain the chromoelectric or
chromomagnetic fields up to dimension 6, all of which have
definite total angular momentum J = 1, charge conjugation
C = —1 and parity P = —1, which are the same as V =
J/w or Y(nS). Throughout this paper, we denote the
operators that do not contain chromoelectric or chromo-
magnetic fields as color-singlet operators, and the ones that
do contain the chromoelectric or chromomagnetic fields as
color-octet operators.

Among all possible NRQCD operators, we included in
Eq. (1) only the operators whose long-distance matrix
elements (LDMEs) contribute to the amplitude up to
relative order v*, based on the conservative power counting
of Refs. [14-17]. In this power counting, the velocity
scaling of the LDME of an NRQCD operator is determined
by the dimension of the operator, where a power of v is
associated to a unit of dimension, and by the contribution to
the meson state of the QQ Fock state created by the
operator. For J /y or Y (nS), the leading Fock state contains
a QQ in the color-singlet 35, state, and this state has the
scaling v=3/2. Subleading Fock states such as the ones that
contain QQ in a color-octet state, or the ones that contain
QQ in a color-singlet D-wave state are suppressed by » and
v> compared to the leading Fock state, respectively. The
color-singlet operator y 6 - €(4)y is the lowest-dimensional
operator that creates a QQ in the leading Fock state (35,),

and so, the LDME (V|y6 - €(1)y|0) scales like v3/?, and
contributes to the amplitude at leading order in ». The

LDMEs of the operators y'6 - €(4)(—=iD)?y and y'o -

e(ﬂ)(—%s)“;( scale like v”/? and »'!/?, respectively,
because the operators create the QQ in the leading Fock
state and have dimensions that are higher than the lowest-
dimensional operator by 2 and 4, respectively. Hence, these
LDME:s contribute to the amplitude at relative order »> and

v*, respectively. The operator y e’ (1)o/ (- %)ZD(’BJ') y cre-
ates a color-singlet QQ in a 3D, state. Since the D-wave
Fock state has a contribution to the meson state suppressed
by »? compared to the leading Fock state, the LDME
<V|1//*e"(/1)a-"(—%)ZB(iBj))(|O> scales like »''/? and con-
tributes to the amplitude at relative order v*. The color-octet
operators in Eq. (1) create QQ in color-octet states
where either the orbital or the spin angular momentum
is different from that of the leading Fock state by 1. The
contributions of such Fock states are suppressed by v
compared to the leading Fock state. Hence, the LDMEs

(Viy'gB - €(2)x]0), (Vly'o-€(A)3(D-g,E+g,E-D)y|0),

and (V]y'e(4) - 5 [o x (B x gE — g,E x B)]}(|0) scale like
v9/2, »"1/2 and v'/2, respectively, and contribute to the
amplitude at relative order »*, v*, and v*, respectively. For
later use, we also define ratios of LDMEs as follows:

(VIy'e - e(2)(~5D)%0)
(VIw'o - e()z]0)

, (3a)

1
20
(vg)y 2

1 (VlyTo-e(2)(—iD)4|0)
N T DR

1 (Vly'e (Aol (- 1)2DDIy|0)

O = ey
1 (Vly'g,B - e()x|0)
Bl = Ve e0) (34)
1 (VIw'o €)1 (D - g,E + g,E D)l0)
WPy = s (ViTo-eGzl0 ’
(3¢)
1 (Vlye(d) Lo x (D x g,E — g,E x D)}z0)
PEv =13 Ve -e(D)
(31)

There is a color-singlet operator of dimension 7 that does
not appear in Eq. (1), which is given by lyTe'(4) x
; <>

o/ (=)?{D'D)), (—£D)*}x. Because this operator creates
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a QQ in a 3D, state, its LDME scales like »'%/? and
contributes to the amplitude at relative order v°. Similarly,
the color-octet operators of dimension 6 given by

yie(d)-L(Dxg,E+gExD)y and y'el(2)o) (DigE) +

g,EUD/))y do not appear in Eq. (I) because their
LDMEs contribute to the amplitude at relative order »°
and 1%, respectively. The velocity scalings of these LDMEs
can also be determined from the Gremm—Kapustin relations
in Egs. (D2c) and (D2d).

If we follow the power counting of Ref. [9], the color-

<> <>
octet LDMEs except for (V|y"1(D - g,E + g,E-D)o -
€(A)x|0) are suppressed beyond relative order v* and do
not appear at the current level of accuracy.

We compute the short-distance coefficients c,, appearing
in Eq. (1) at leading order in @, by using the perturbative
matching conditions obtained by replacing the meson state
V with a perturbative QQ or a QQg state. Since the
expression in Eq. (1) is only valid to a limited accuracy in v,
we expand the perturbative amplitude in powers of the
3-momenta of the Q, O, and the gluon, and truncate the
series to the desired accuracy. We follow a method used in
Refs. [18,19], that consists in not projecting to a specific
color, spin or orbital angular momentum of the QQ state,
but instead, in only requiring the QQ or the QQg state to
have the same JPC =17~ as the meson state V. This
method has the advantage that fewer matching conditions
are required to compute the short-distance coefficients. The
caveat is that specific expressions for the matching con-
ditions can be more complicated than when projected to
specific color, spin, and orbital angular momentum states.
Therefore, this method is suitable for computer-aided,
automatized calculations. Also, this method can require
including NRQCD operators that have the same dimen-
sions as the ones appearing in Eq. (1) but have LDME:s that
are suppressed beyond relative order v*, because the
matching conditions obtained in this way do not depend
on the probabilities of the QO Fock states to be found in the
meson state. Hence, in the calculation of the short-distance
coefficients, we include all color-singlet operators of
dimensions up to 7, and color-octet operators of dimensions
up to 6, that have J¢€ =17,

If we replace the meson state V with a perturbative
QOQ state, the amplitude occurs from order ¢°, and the
color-octet operators do not contribute to the amplitude at
this order. We include all color-singlet operators up to
dimension 7, which contain at most 4 covariant derivatives.
Hence, we must consider the production amplitude of a QQ
state at up to fourth order in the relative momentum of the
Q and the Q. We use the kinematical configuration given
in Appendix A where the relative 3-momentum between the
Q and the Q is given by ¢. The production amplitude of
a Q0 state with J°¢ = 17~ and a photon is given at order

47 by

iM[H = QQ(JPC =177) +v]
= co(Q0lw'6 - €(2)x(0)

Cp2 ALt i<\2
+ 2200l - e(1)( ~5D ) #10)

Lo _ . . 2 g
+ 22100l ¢’ (-3) BB 0
+ 200y e () (- LD
m* 2
+ 2w (oo Lyl (< 1)
m* ZW 2

. {BUB», <—%B>2}){IO> + 0G0, (al/m?), (&)

where we have included all color-singlet operators with
JPC€ =17~ up to dimension 7. We take the states |Q) and
the |Q) to be nonrelativistically normalized. We determine
the short-distance coefficients c(, cp2, cpipi, and cps,
along with c¢ppap, that does not appear in Eq. (1), by
computing the left- and right-hand sides in perturbative
QCD and perturbative NRQCD, respectively, and compar-
ing the two sides order by order in the expansion in powers
of q up to fourth order.

In order to compute the remaining short-distance
coefficients corresponding to the color-octet LDMEs,
we consider the production amplitude of a QQg state
with JP€ = 17~ which occurs from order g;. We use the
kinematical configuration given in Appendix A where
the relative 3-momentum between the Q and the Q is
given by ¢; and the relative 3-momentum between the
QQ pair and the gluon is given by g,. At order g, the
color-octet LDMEs that appear in Eq. (1) have matrix
elements that are either linear or quadratic in the
momenta ¢g; or g, when the meson state V is replaced
by the QQg state. We must also include all color-octet
operators of dimensions up to 6 with J°¢ = 1=~ that do
not appear in Eq. (1), whose matrix elements can also
be either linear or quadratic in the momenta q; or ¢,.
The color-singlet operators in Eq. (1) can also contribute
to the QQg amplitude at order g, through the gauge
fields in the covariant derivatives and through insertions
of NRQCD vertices. An NRQCD vertex insertion at
order g, involves a heavy-quark propagator, which can
produce a factor of 1/|g,|. Hence, it is necessary to
include all color-singlet operators that contain at most 3
covariant derivatives. Since the lowest-dimensional
color-singlet operator we consider is of dimension 3,
and the highest-dimensional color-octet operators are of
dimension 6, we need to include NRQCD vertices up to
1 /m3 accuracy. That is, we need to consider two-
fermion operators of dimensions up to 7 in the
NRQCD Lagrangian, which are given by [20]
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2
Log=y' (iDO + zD_m + 6'2“31“'3 - (Déi“'E)
o [-iDx, g,E] Dt {D*6-yB} )
8m? 8m?3 8m?3
+c.c., (5)

where c.c. stands for the charge-conjugated contribution
of the preceding terms. Since we only consider the
matching at tree level, we only include the Wilson
coefficients at order a? in Eq. (5). The production
amplitude of a QQg state with J*¢ = 17~ and a photon
at order g, is given by

iMIH = 009(J7C = 1) + 7] = ¢,(QQgly s - e(2)rl0) + % (0gly's- eu)(—— >2)(|0>

Cplipi - . . I o o
+22100g e - 5) BB 40

+ = (Q0gly"9,B - e(2)1|0)

DE(,

DEl (

—3‘ (QQgly'e(2) -

1)52 (

where the left-hand side is calculated in perturbative QCD
and is expanded in powers of ¢, and ¢, up to quadratic
accuracy. We again take the states |Q) and |Q) to be
nonrelativistically normalized. We determine the short-
distance coefficients cg, cpg,, and cpg,, along with CpE|
and cpg, that do not appear in Eq. (1) by computing the
left- and right-hand sides in perturbative QCD and
NRQCD, respectively, and comparing the two sides order
by order in the expansion in powers of ¢; and g, up to
quadratic order.'

In the following sections, we compute the short-distance
coefficients ¢, explicitly. We first calculate the ¢, in fixed-
order perturbation theory, where the QCD amplitudes on
the left-hand sides of Egs. (4) and (6) are computed at
leading order in a;. We obtain corrections to the direct
amplitude of relative order v* which is new in this work,
and reproduce the known order »? correction in the fixed-
order calculation. We then compute the ¢, in the light-cone
approach, which is valid at leading order in m?*/m3, that
allows us to resum logarithms of m2,/m? to all orders in a;.

"The operator ye(2) -4(D x g,E + g,E x D)y does not ap-
pear in Ref. [16]. If we compute the NRQCD matrix elements on
the right-hand side of Eq. (6) explicitly, the matrix element of this
operator is the only matrix element that is quadratic in ¢,. Hence,
if we ignore the contribution that is proportional to |g,|* on both
sides of Eq. (6), we can ignore this operator from the matching
condition without affecting the calculation of the short-distance
coefficients in Eq. (1).

(004ly'e(2) o5 (D

Q0glyTe(2) -

1 <~ <~
o (Bx 0.2~ g x D)l7[0)

i < <~
E(D X gsE+ gsE XD))(|O>

00gly'e (A)o!(DVig,ED + g,E D))y|0) + O(¢2. |g:i[*/m®).  (6)

We obtain new corrections of relative order »* in the light-
cone approach, and reproduce the previously calculated
order v? correction. We include the order a, correction to
the direct amplitude using the light-cone approach.

A. Fixed-order calculation

At order ¢, the direct amplitude for H — QQ + 7 is
given by

iMg:(H— Q0 +7)
(_pZ - ﬁy + m)?//;
p2+p,)t—m?+ e

AT

= —ieegyoil(py) [(

where p, and €, are the momentum and the polarization
vector for the photon in the final state. We use the physical
gauge for the photon polarization vector, so that
€, - p, = 0. Here, e = v/4za is the electric charge, e is
the fractional charge of the heavy quark Q, and y, =
m(u)(v/2Gr)? is the Yukawa coupling of the Higgs boson
and Q, with G the Fermi constant. The momenta of the Q
and Q are given by p, and p,, respectively, so that the
momentum of the H is Py = p; + p, + p,. This implies
miy = (p1+ P2+ p,)* =2p, - (pr+ p2) + (P1 + P2)%,
so that in the rest frame of the QQ,
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pozlp|:m%{_(p1+p2)2:m%1_4m2_4q2 (8)
R N TR Dk 4/m? + ¢

where g = % (p1 — p2). We choose the heavy-quark mass
appearing in y, to be m(u), which is the MS mass of the
heavy quark Q at scale y; as we will see in the next section,
this choice simplifies the logarithms that appear in the order
a, correction. Since C, P, and T are conserved in the
amplitude in Eq. (7), the Q0 can only be created with
C = —1. We first express the Dirac bilinears &(p,)y*v(p,)
and #(p)y*y*v(p,) in terms of the 3-momenta of the Q
and Q in the QQ rest frame. This can be accomplished by
using the method described in Appendix B. Then, we
expand the amplitude in powers of ¢, keeping terms up to
relative order g*/m*. The resulting expression for the
amplitude is then a linear combination of the Cartesian
tensors built from &'6n and g of the form &'6'ng’ - - - g* up
to rank 5 and of the form &'5g'q’ - - - ¢* up to rank 4. The
contribution from these Cartesian tensors to the total
angular momentum J = 1 can be obtained by a reduction
method developed in Ref. [21]. Finally, the P = -1
contribution is obtained by keeping only the contribution
odd in parity, where the parity transform of the QQ
amplitude is given by the replacements ¢ — —¢q, &'on —
—&len, and £ — —ET. We use the Mathematica package
FeynCalc [22,23] and the FeynOnium [24] package to automa-
tize the calculation of the amplitude and the consequent
reduction to the J¢ = 17~ contribution. By comparing the
|

iMg(H — QQg+7) = —igseeqyoii(py)T* x {

JP€ =17~ contribution of the QQ amplitude with the
right-hand side of Eq. (4), we obtain the short-distance
coefficients

co = —i%e; " (2), (9a)
oy ==L @), (90
S _eepyo 83 +2r — 64577 e, (%)

m 280(1—r)> 7

4m?
2
my,

and cpe agree with Refs. [4,5], except that our results differ
by an overall sign that originates from the sign convention
of the J =1 state employed in Refs. [4,5]. We also
reproduce the short-distance coefficient cp+ that can be
obtained from Ref. [5]. The results for cjip,) and cppipn
are new.

The remaining short-distance coefficients corresponding
to the color-octet LDMEs are computed from the direct
amplitude for H — QQg + y at order g,, which is given by

where we define r =

. The short-distance coefficients ¢

f;(pl + kg + m)(_ﬂZ - ﬂy + m)ﬁ

[(p1 + ky)? = m* 4 ie][(py + p,)* — m* + ie]

(_ﬁZ - kg - p/]/ + m)ﬁ/(_ﬂZ - kg + m)%

[(p2 + kg + py)2 -m? + 18][([)2 + kg>2 —m? + ie }

(_ﬁZ - kg - ﬂy + m)%(_ﬂZ - ?y + m)ﬁ
(s + Ky + p,)2 = 12 + ie][(pa + p, P —m? + 7€)

ﬁ(ﬂl +ﬂy +m)(_ﬂ2 _kq+m)¢z

(P2 + ky)> —m* +ie][(py + p,)* — m* + ie]

%(%1 +Kq+m)¢;(ﬂl +kg+%y+m)

+

[(p1 + kg + p,)* = m* + ie][(py + ky)* — m* + ié]
9{;(%1 + ﬂy + m)%(ﬂl + ]jy + kg + m)

[(py + py)* —m® +iel[(p1 + py +ky)* —m® + is]}v(m)’

where € is the polarization vector of the gluon. The total
momentum P of the QQg state is given by P = p,+
p» +k,, and the momentum of the H is given by

Py = P+ p,, so that in the rest frame of the 00y,

2 2
my — Pg

0 _ _
py_lp}/|_ 2P0 5

(11)

(10)

where Py =2|¢,[+/(q1 +42)* +m* + /(g1 —q2)* +m?,
q1 =3(p1 = p2), and g, =§(2k, = p = ps). Due to C
conservation at this order, the Q Qg can only be produced in
a color-singlet C = —1 state. We use again the Mathema-
tica package FeynCalc and the FeynOnium package to automa-
tize the calculation of the QQg amplitude. After expressing
the amplitude in terms of the 3-momenta of the Q, Q and g,
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we expand the amplitude in powers of ¢, and ¢, up to
relative order ¢3 /m?, q5/m?, and |q,||q,|/m* The resulting
expression for the amplitude is then a linear combination of
the Cartesian tensors built from &'e, €, 41, and g, up
to rank 4. In order to keep only the contribution with
negative parity, we keep only the contribution odd in
parity, where the parity transform of the QQg amplitude
is given by the replacements ¢q; — —¢q;, ¢, — —¢»,
€; — —€;, E'on - —E'on, and E'n — —ETy. After reducing
the Cartesian tensors of odd rank to total angular momen-
tum J = 1, we compare the J°¢ = 17~ contribution with
the amplitude on the right-hand side of Eq. (6) to obtain the
short-distance coefficients

cp= —i%e; " (2), (12a)

cor, =1L e @, (2

CpE, = iee}iy 03 8—<41lr_+r)52r2 e e(2).  (12)

co, — _;¢¢0v0 3=5r)3+7r) , ‘). (12¢)

m 40(1-r? 7€

2
where r = L,
an

The short-distance coefficients in Egs. (9) and (12) allow
us to compute the direct amplitude to relative order v*
accuracy. Because the indirect amplitude will be available
only at leading order in m?/m?, (see Sec. I1I), only the limit
m?*/m?2, — 0 of the short-distance coefficients in Egs. and
(12) will be employed in the total decay amplitude. This
amounts to setting r = 0.

We note that the method described in this section can be
easily applied to compute contributions of the QCD
amplitude with different JPC. For example, the J©¢ =
17~ contribution can be obtained by keeping parity-even
terms in the amplitude. The JP€ = 17~ contribution can
then be used to obtain the short-distance coefficients
for the H — h, +y amplitude. We show this result in
Appendix C.

B. Light-cone calculation

In the fixed-order calculation, the short-distance coef-
ficients contain contributions from the scales m and my.
Since my is much larger than m, the logarithms of m?% /m?
that appear in corrections of higher orders in a, can
potentially spoil the convergence of the perturbation series.
If we work at leading power in m?/m%, the light-cone
approach provides a factorization formula that separates the

contribution at the scale m from the contribution at the scale
my [11,12]. The light-cone approach also enables us to
resum the logarithms of m?%,/m? to all orders in a, by
solving an evolution equation. The factorization formula is
given by [11,12,25]

iMdir(H -V 4+ 7) :%

x A ATy e )b (3. )

+0(m*/my). (13)

eegyge; - € (A)fv (1)

where Ty (x, u) is the perturbative hard part that contains
the contribution at the scale my, while the contribution at
scales m and below are contained in the decay constant
fv(u) and the light-cone distribution amplitude (LCDA)
¢v(x,u) of the meson V. The decay constant and the
LCDA are nonperturbative quantities defined by

Fr WL Dy (x.p) = (V|Q*(x)[0).  (14)

The nonlocal operator Q%(x) is defined by

27
Xy (WEQ)(—wii/2), (15)

Q(x) = [ G2 et (oW, w2

where P is the momentum of the meson V, and the decay
constant fy;(u) is defined by integrating Eq. (14) over x and
considering the normalization of the LCDA, which is given
by [o dx¢is(x, u) = 1. Here, Q(x) is the QCD quark field.

The light-cone vectors n and 7 are given by 71 = p”_’gH Py
14

and n = éPH — 7, which satisfy n?=#i?>=0 and
n-n=2. Here, Py and p, are the momenta of the H
and the photon, respectively. For any 4-vector a*, we define
di=a"-%i-a-"n-a The Wilson line W, (x)=
Pexp[—ig [° dsii- A(x + si)], where P is the path-
ordering operator, ensures the gauge invariance of the
nonlocal operator. The hard part T (x, 1) has been com-
puted to next-to-leading order (NLO) accuracy in a, and is

given by [6,25]

_ 1 as(M)CF 1
Tr(x.p) = x(1 =x) + 4z x(1 —x)

2
X {2 <logm—§1 - i7r> log x(1 — x)
U

+ log?x + log?(1 — x) — 3] +0(a?), (16)

where Cp = %, and N, =3 is the number of colors.
The imaginary part in Eq. (16) comes from the order a;

correction where the virtual lines can be on shell.
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The expression for the NLO correction to Ty(x,u) in
Eq. (16) is valid when the decay constant f5;(u) and the
LCDA ¢ (x, u) are renormalized in the MS scheme, and
the heavy-quark mass in the Yukawa coupling y,, is the MS
mass at the scale u. If we use the heavy-quark pole mass m
instead of the MS mass at the scale p, the order a;
correction in Ty (x,u) involves a logarithm of m2,/m?;
instead, using the MS mass in the Yukawa coupling y,
ensures that Ty depends only on the scale my and removes
this logarithmic contribution from it [6].

The nonlocal operator Q*(x) has an anomalous dimen-
sion known to NLO in «, that allows us to resum logarithms
of m%,;/m? to NLL accuracy [11,26-29]. In order to resum
|

T (o) by (x. o) = —€4(2)(V|Q*(x)|0)

— o) Vlyo - e(rl0) + 25 viyo-e) (- 5D) 10

the logarithms of m?/m? that appear in corrections of

higher orders in a; to the short-distance coefficients, we
apply the factorization formula [Eq. (13)] to the perturba-
tive amplitudes H - Q0 +y and H — QQg+ y. This
involves calculating the decay constant and the LCDA with
the meson state V replaced by the perturbative QQ and
0Qg states. Then, each of the short-distance coefficients c,,
is given by a convolution of the hard part Ty and a
distribution in x that satisfies the same evolution equation
as the nonlocal operator in Eq. (14). Equivalently, we can
apply the NRQCD factorization formula to Eq. (14) to
obtain an expression of the decay constant and the LCDA
in terms of NRQCD LDMEs, so that [13]

+ —%;y) (Viy'e - e(d) <_ iB) L0)

228 ol (-4

¢p(x)

+7<V|WTQB -€(4)x|0)

n 501503(35) (

n 51)1513(95)

where the short-distance coefficients ¢,(x) are computed
from the matching conditions that are similar to Egs. (4)
and (6), where the ¢, on the right-hand sides are
replaced by ¢,(x), and the left-hand sides are replaced
by —(QO(J*=177)|Q"(x)[0) and —(QQg(J" =
177)|9Q%(x)|0), respectively. In the matching conditions,
the scale y in Eq. (17) is the scale where the NRQCD
LDME:s on the right-hand side are defined. The factoriza-
tion formula [Eq. (13)] implies that
i
Cp = _EeerQG* (1) -€;

x / ATy (v )2, () + O(m2 /). (18)

It is worth noting that (QQ|Q%x)|0) and (QQg|
Q%(x)|0) contain contributions from both negative and
positive charge conjugation. From the fact that the charge
conjugate of the operator Q%(x) is given by —Q%(1 — x),
we can see that the contributions of negative charge
conjugation to (QQ|Q%x)|0) and (QQg|Q%(x)|0) are
given by the contribution symmetric in x <> 1 — x. Since

Viy'io - e(4)

1

g(D - gE + gE - D)y|0)

(VIwe(d) 5[0 (D x g ~ gE x D)}[0) (17)

|
the hard part Ty (x,pg) is symmetric in x <> 1 —x, the
positive charge conjugation contribution of the LCDA,
which is antisymmetric in x <> 1 — x, does not contribute
to the decay amplitude, consistently with the conservation
of charge conjugation in the amplitude. Hence, in order to
keep only contributions of negative charge conjugation in
(Q0]Q%(x)|0) and {QQg|Q%(x)|0), we just need to keep
contributions that are symmetric in x <> 1 — x.

If we replace the meson state V with the QQ state, we
obtain

- (00|Q%(x)|0)
do . o .
- —/%e—‘“—l/z)w""”*’“’""fﬁ(pl)Wiv(pz) + O0(ygs)

= sl = 1/2= 7 g/n- Pl 71 (p)
+0(gy)- (19)

We use the same strategy as the fixed-order calculation to
obtain the contribution with J¢ = 177; we express the
Dirac bilinears in terms of the 3-momenta of the Q and the
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Q in the QQ rest frame, and then we expand Eq. (19) in
powers of g up to relative order g*/m*. Then, Eq. (19) is
given by a linear combination of the delta function
&(x —1/2) and its derivatives. In order to keep only the
contribution with C = —1, we ignore the odd derivatives of
8(x—1/2). The J =1 contribution is then obtained by
reducing the Cartesian tensors of the form £'ngiq’ - - - ¢* up
to rank 4 and of the form &'6'ng’ - - - ¢* up to rank 5 using
the reduction method of Ref. [21]. We keep only the
contribution with negative parity in order to obtain the
JPC€ = 17~ contribution. From the matching condition (17)
we obtain

olx) =5, 0(x=1/2),

1 5
_E[_E‘S("

(20a)
Cp2(x)

-1/2) + 4—185@ (x—1 /2)] . (20b)

Cpupn (X) = % E S(x—1/2) - %5@) (x—1 /2)} . (20c)

/d(u _
— [ —e
2

—(009|Q*(x)(0) =

i(ﬂl+ky+m) y

Cpi(x) = 1 {% S(x—1/2) - %5@) (x—1/2)
+ M‘S (x—1 /2)} (20d)
Cpepiph (X) = % [—%5@ -1/2) + 3125 (x=1/2)
~ 7450 —— 5 (x -1 /2)} (20e)

The short-distance coefficients ¢o(x) and ¢ (x) agree
with known results in Ref. [5]. The agreement with the
fixed-order calculation can be easily verified using Eq. (18).

To compute the remaining short-distance coefficients
corresponding to the color-octet LDMEs, we replace the
meson state V with the QQg state to obtain

i(x=1/2)wi-P+iwi-(py—p,)/2

x { ik 23 py ) (—igydyT¢)

(P

+ kg)2 —m? + e ﬂyLv(pZ)

—iwik, /27, l<_ﬂ2 _kg+m) . a
+ e (Pl)ﬂ (pz n kg)z R ie( igs¢,T)v(p2)
e ig) L (p )y T (p2)
g
+ emionky/2(—jg ) ]f i(py)y i T (Pz)} +0(g)
-k,
igs i-(p1—pa+ky) LR m) -
__'P5<x—1/2— 7. P ) (p1)¢T Tﬂm(m)

igs n- (pl - kg) ( kg )
+75<x—1/2— = p > (P 20, kgﬂg ¢yT"v(p2)

igs ﬁ'(pl_p2+k9> ifl'é‘* a a
- _P5<X— 1/2 - 27 P > ik, iw(p )y i Tv(py)

. 2. _ _ k —n *
- ’?;5<x— 121 (p;ﬁ p,i ”>> ’_;nkge (PO T v(p2) + O(g3) (21)

After expressing the amplitude in terms of the 3-momenta
of the Q, O and g, we expand the amplitude in powers
of ¢, and ¢, up to relative order ¢2/m?, ¢5/m?, and
|711|g2]/m?>. The resulting expression for the amplitude is
then a linear combination of the Cartesian tensors built
from &on, €, q1, and g, up to rank 4. We obtain the

matching condition for QQg with J*¢ = 1=~ by keeping

only the contributions symmetric in x < 1 —x, ie.,
C = —1, reducing the Cartesian tensors to J =1, and
keeping only the negative parity contributions. The
resulting matching condition leads to the following
short-distance coefficients
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Zp(x) = %m - 1/2), (22a)

Cor ) = [~ 76006 = 1/2) + 1307 =1/2)|.
(22b)
pg, (x) = % :—éﬁ(x —1/2) - %5@) (x—1 /2)} , (22¢)
Zpp (x) = % :—Zé(x —1/2) - %5@ (x—1 /2)] ., (22d)
¢, (x) = % é S(x—1/2) - %5@) (x—1 /2)] . (22e)

The agreement with the fixed-order calculation can be
easily verified using Eq. (18).

By integrating the short-distance coefficients ¢, (x) over
x, we obtain an expression for fi valid up to relative order
v*. If we include the correction of relative order a,° in the
MS scheme from Ref. [25], we obtain

Viwte - e(A)y|0 C 2
Viv'o - e@0) [} _an(mo)Cr (1,45 o
2m 4x m

f&(ﬂo) =

=2 (13)y + 5 08y — & (DEo)y +5 7B}y
+B)y = 0By + (). 23)

The corrections at relative order »” agree with Ref. [5]. The
logarithm of ,u(z)/mz in Eq. (23) is the remnant of the

renormalization of the decay constant in the MS scheme.
Since the short-distance coefficients ¢,(x) at leading

order in a, are linear combinations of §(x — 1/2), ) (x —
1/2) and 6* (x — 1/2), the LCDA can be written as

¢€/_('x7/’t0) = ¢€/'(0>(X,/,£0> + ¢€/_(ax>(x7/'£0) + ¢€/_(2)<x7/40)

+ v (x, o), (24)
where
¢y O (x. 4o) = 8(x —1/2), (25a)
1 5 19
¢ (x. po) = §< S+ 1_8<<”§*>V)2 ~30 (v§)y
1 1 1
t3 (DEy) — < (vh)y — 3 (DEy)y
@) (y —
52(x8 1/2) (250)
@) (y —
o) = 3 08y TS (asg

0

and (%) (x, u) is the order a,v° correction in the MS

scheme given by [25]

#) () = U 01— 2
SEAC m2<1ﬂ—% )] .

where the plus and plus-plus distributions are defined by

/] dxf(x)[g(x)] = /1 dx[f(x) = f(1/2)]g(x), ~ (27a)
0 0

A e f (@) lg0], s
_ / L axlf () - £(1/2) = £/(1/2) (x - 1/2)]g(x).

0
(27b)

The logarithm of y3/m? in Eq. (26) is the remnant of the
renormalization of the LCDA in the MS scheme. Note that

I dx odx 8P (x-1/2)
/0 x(l—x)ﬁ(x_l/z):A x(1—x) 8

_/1 dx 5<4>(x—1/2)_4
Jo x(1=x) 384 o

(28)

The decay constant and the LCDA computed in
Egs. (23), (24) allow us to resum logarithms of m?,/m?
that appear in the QCD corrections to the direct amplitude
to all orders in «a,. This is accomplished by solving the
evolution equation

A (/’4) CF
2

u2£f¢<u>¢¢<x, W) = )

x A LAV ) d ). (29)

where the evolution kernel V;(x,y) is currently known to
NLO accuracy in a, [11,26-29]. We obtain f3 (u)¢v (x, p)
at scale p from i (po) i (x, o) at scale yg by solving this
evolution equation. The direct amplitude with logarithms of
m?%,/m? resummed to all orders in a, is then given by
Eq. (13), by setting y ~ my and py ~ m, so that Ty (x, ) is
free of logarithms of m%/m2* The accuracy of the

2Equivalently, one may resum logarithms of m2,/m?* in the
hard part Tpy(x,u), which may be conceptually closer to the
effective field theory logic.
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resummation is limited by the accuracy of the evolution
kernel; since the evolution kernel is known up to NLO
accuracy, we can resum the logarithms to NLL accuracy.

The resummation can be carried out using the Gegenbauer

polynomials Cff/ 2>(2x — 1), which are the eigenfunctions

of the LO evolution kernel [30]. The convolution in
Eq. (13) is given by

fv(w) / l dxT y (x. )y (x, 1)

(s

= filu Z

n=0

(n, ), (30)

where Ty (n,u) and ¢ (n,u) are Gegenbauer moments
defined by

Tyln,p) = /)1 dxx(1 = x)C5/? (2x = )Ty (x. ). (31a)

4(2n +3) 1 dxC<3/2)(2x
) n

(n+D)(n+2) Jo — i (x. ).

(31b)

Py (n.p) =

The solution of the evolution equation in terms of
Gegenbauer moments leads to [26-29]

[Se]

q,%/_(nlwu) = Z Un,nz(:u’ /"0)&#(”2’ /’40)’ (323')
n,=0
Ty (1) = Ups (ps 1) £ (o) (32b)

Explicit expressions of U L(ﬂ to) and U, .. (u. o) can
be found in Ref. [7]. We note that Uy (u.py) and
Uy, n, (- o) depend only on u, u, and the evolution
kernel, and are independent of fi(uy) or @i (x,uo)-
When ¢y (x, uy) contains singular distributions such as
the delta function and their derivatives, the sum in Eq. (32a)
can converge badly. The authors of Refs. [7,8] developed
a method to overcome the problem of nonconvergence
by defining the sum over n, in Eq. (32a) as an Abel sum,
so that

Jv(w) /0 1 dxTy (x. )y (x., )

—11meLMllofv Ho ZZ (ny. 1

XUy p, (/4’#0)41\/(”2»#0)2"2- (33)

The numerical value of the Abel sum is then evaluated
by using Padé approximants of the truncated series. We
employ this Abel-Padé method [7,8] to compute the
convolution in Eq. (32a).

It is more convenient to express the direct amplitude with
resummed logarithms in terms of the decay constant and
the LCDA convolved with the hard part, i.e., Eq. (13), than
to resum the logarithms for each of the short-distance
coefficients in Egs. (9) and (12). We note that the
resummation of logarithms can be carried out separately
for the decay constant and the individual contributions to
the LCDA in Eq. (24), so that

iMgr(H—=V+y)= €*(4) Z U ps(p. o)

n=0,2.4,a
1
X [ (Ho) A dxT g (x. )" (x. )
+ O(m*/my), (34)

i
EeerQe; .

where

1
[ axtute g
= Z Z }’11, nlnz(/'l ﬂO) A )(nZ’IMO)' (35)

III. CALCULATION OF THE
INDIRECT AMPLITUDE

The indirect amplitude proceeds from H — y*y, fol-
lowed by y* — V. Since we work in the limit m3,/m2, — 0,
the partial amplitude H — y*y can be replaced by the decay
amplitude of the Higgs boson to two photons. Then, the
indirect amplitude is given by [4]

*(A)L v/ 4ma (o)

my

a(po) 1
2(0) L(H = yr)|

iMind<H - V+7> = —l.E; - €

167[}7’![.1
(36)

where the factor 16zmy compensates for the factors that
are necessary to obtain the decay rate ['(H — yy) from the
squared amplitude. We take the scale of the QED coupling
at the vertices associated with the virtual photon with
virtuality my to be g, and the scale of the vertex for the real
photon to be 0. The factor a(u)/a(0) replaces one QED
coupling constant at scale 0 in the H — yy amplitude with
the QED coupling constant at scale . We ignore the small
imaginary part in the H — yy amplitude [6,7]. The decay

constant f |‘|, is defined by

£l = —mlv (VI0¢(4)0[0). (37)
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Since fU, is a conserved current in QCD, it does not
undergo renormalization. Hence, the indirect amplitude is
free of logarithms of m?%/m? in the limit m3,/m%, — 0O if
one ignores the higher-order electroweak corrections to the
indirect amplitude. We can express f U/ in terms of NRQCD
LDME:s up to relative order v* using the same techniques
we employed to compute the direct amplitude and the
decay constant fi;. We obtain

(Viy'o - e(A)x|0) (1 _g%(m)Cr 2

I _ 2
fV_ m Az 3<US>V

7 5 1 1
T (v§)y = 3 (DEy)y — 3 (vh)y + 3 (B)y

1 5
- 1{PEy +00)) (38)

where we included the order a,0°

correction computed in
Refs. [31,32]. We note that f U, is positive at leading order in
a, and v. If we assume f U, > 0, an accurate numerical value

for f U/ can be obtained from the leptonic decay rate

8
TV = c67) =)’ (39)

so that

V24mmy
iMig(H = V +7) = —ie; - e (2) ~2 Y"1

|eQ| my
D(V = £4¢7)0(H = yy)]:
a(0)

(40)

Note that iM;,q and iMgy;, have opposite signs, so that
when calculating the decay rate, the direct and indirect
amplitudes interfere destructively [4].

IV. NUMERICAL RESULTS

We now present our numerical results for the Higgs
decay rate into V + y for V.= J/y and Y'(nS) forn = 1, 2,
and 3 based on our calculation of the direct amplitude to
relative order v* accuracy. As we have mentioned in Sec. 1,
we do not consider the y/(2S) state, because there are no
available estimates of the relevant NRQCD matrix elements
that account for open-flavor threshold effects and non-
relativistic corrections in a complete and model-indepen-
dent way.

Our expressions for the direct and indirect amplitudes
are given in Egs. (34) and (40), respectively. If we write
Mir =€} -€* (1) Agie/V® and Mg =€ - € (4) Ajpa/ VP,
the decay rate ['(H — V +y) is given by

L(H—V47)=[Agu + Awdl

, (41)

where @ is the phase-space and normalization factor
given by

O — 1 mV(m%I - m%/)

(42)

2
2my 2rmy

We present our numerical results for Ay, and A4 in the
following sections. Then, using the resulting values of Ag;,
and A;,q, we compute the decay rate '(H — V + y) from
the formula in Eq. (41).

A. Indirect amplitude

We compute the numerical values for the indirect
amplitude using Eq. (40). We compute the decay constant

U/ from the measured leptonic decay rate:

(43)

I {3r(v > f*f‘)r’

8 (1)
where we take p, = my. Then

A — B 24nmy {F(V - ¢ )I(H - 7}’)]

legl  my a(0)

(ST

(44)

We note that the resulting expression for .4;,; does not
depend on a(uy).

We use the following input parameters to compute A4
numerically. We take the PDG value for the Higgs mass
my = 125.18 £ 0.16 [33], and the numerical value for
the Higgs two-photon decay rate to be I'(H — yy) =
9.34 x 107% GeV, which is computed from the tabulated
results of the two-photon branching ratio and the total
decay rate of the Higgs boson in Refs. [34,35]. We also take
the PDG values for the meson masses my and use the
measured partial widths T'(V — eTe™) for the leptonic
decay rates [33]. We list the values for my and T'(V —
£T¢) that we use to compute the indirect amplitude in
Table. I. The QED coupling constant at scale O is taken to
be a(0) = 1/137.036.

We consider the following sources of uncertainties in
A;nq- The uncertainty in the decay rate I'(H — yy) is taken

TABLE 1. Values for the meson masses my and the leptonic
decay rates I'(V — £7¢7) used in the numerical calculation of
the direct and indirect amplitudes. All values are taken from
Ref. [33].

14 my (GeV) T(V = £+¢7) (keV)
Ty 3.0969 5.55+0.14 +0.02
Y(1S) 9.4603 1.340 £ 0.018
Y(25) 10.02326 0.612 +0.011
Y(3S) 10.3352 0.443 4 0.008
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TABLE II. Numerical results for the amplitudes A;,4 and Ay;,.
14 Aing X 10° (GeV'/?) Agir x 10° (GeV1/?)

Iy —(11.73*919) (0.631F0070) + (0.06510913)i
Y(1S) (3.288f§;§§52) —(2.719j§;11?3)2f) - (0.291f§;§§§)i
1(25) (2-158:).'0223) —(1.89620104) — (0-197f0f0237l)i
1(35) (180825537 —(1.61425063) — (0.16410055 )i

to be 0.01 times the central value, as estimated in Ref. [34]
from the higher-order corrections to the decay rate. We
consider the experimental uncertainties in I'(V — £7¢7).
We estimate the uncalculated correction of relative order
m? /m% to be m3,/m?, of the central value. We ignore the
negligibly small uncertainties in my and my compared to
other sources of uncertainties. We add the uncertainties in
quadrature. Our numerical results for A;,4 are shown in
Table. II. We note that the uncertainties in A;,4 are less than
2% of the central values.

We can compare our results for 4;,4 with a previous
calculation in Ref. [8]. Our calculation is equivalent to the
one in Ref. [8], except that we use an updated value of the
measured Higgs mass from Ref. [33], which has smaller
uncertainties than what was employed in Ref. [8]. Our
results for A;,q in Table. II are compatible with those in
Ref. [8] within uncertainties.

B. Direct amplitude

We compute the numerical values of the direct amplitude
using Eq. (34), so that

1
Adirzi\/aeeQYQ Z U‘f¢(ﬂvﬂ0)f¢(ﬂo)

n=0,2.4,a,
1
< [ artute ey . (45)
0

We now discuss our strategy to compute Eq. (45) numeri-
cally. The decay constant f5 (uy) depends on the LDME
(Vly'e - €(2)y|0) and the ratios of LDMEs (v})y, (v%)y,
(v3)y, (DEy)y, (B)y, and (DE;)y, see Eq. (23). The
dependence on the leading-order LDME (V|y6 - €(1)y|0)
can be eliminated by rewriting the decay constant as

C 2
Fotu) = TE00) ) g [y b0l 5
Vv

~6 (v5)y =5 ((v5)y)* + Yl (v§)y

(B)y +0(v°)|. (46)

and by obtaining the numerical value for f“‘, from the
measured leptonic decay rate using Eq. (43). The
¢ (x,u) term in the LCDA depends on the ratios

<”§>V, <”§>V’ <”%)>V’ (DEy)y, and (DE;)y, see

Eq. (25b), while the remaining contributions in Eq. (24)
depend only on (v§),. We can eliminate the ratios (B), and
(DEy)y in f(uo) and ¢ix®(x, ) by using the Gremm-
Kapustin relations in Egs. (D2). We obtain

my — 2m

fn I [ — %Wo)Cr, o
i) =41 og M=

4r
+ 1+m
3

2y - (e
— Ay + 1By + 5 (DE)y +007)].

(47)
and
B = | (3= 2 3+ (3
~ 25 08y =5 By =5 (DEL)y + 0()
Xw' (48)

When computing the convolution in Eq. (45), the terms
Fi(po) " (x, po) for n = ay, 2, and 4 can contain cross
terms that go beyond our current level of accuracy. In order
to avoid such contributions, we ignore the cross terms that
contribute to the direct amplitude beyond relative order

a,1° and v*, so that
2 —2m
1 1(0 o 1— /"0) F ,“0 my
fv(ﬂ0)¢v (x, po) = [ gm2 “om
1 m
+<§+ T ><v§>v

1 » 1y 2

A (B — o5 o)y + (1)

1

+5 2 (DE,) ]5(x -1/2), (49a)

FE o)) (x, 1y) = Fyabt (x, 1), (49b)

f&(ﬂo)qﬁ%(z)(% Ho)

=

@) (x

- 0By~ (0] M (49¢)
W) 5@ (x—

P o)t s ) = A2 gy
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We use the results in Egs. (49) to compute the direct
amplitude. Similarly, when calculating the convolution in
Eq. (45), we ignore the order @, correction to Ty (x, u) for
n=a,, 2, and 4.

We first discuss the numerical input parameters neces-
sary for the computation of the direct amplitude. We
compute the decay constant f U/ from Eq. (43) using the
measured leptonic decay rate, and a(ug) = 1/132 regard-
less of the vector meson state V. We set the central values of
Ho and u to be my and my, respectively. We compute m(u),
a,(pg) and ag(p) using RunDec [36-38]. We take the QED
coupling constant at scale u to be a(u) = 1/128. We resum
the logarithms in u/ug to NLL accuracy using the Abel-
Padé method [7,8]. We take the number of active quark
flavors in the evolution kernel to be ny = 4 and 5 for scales

below and above m,, respectively. The ratios m?(v%),, for
V =J/w and Y (nS) have been obtained from potential-
model (Cornell potential) calculations in Refs. [39,40]:

(J /wlw'e - e(2)(~iD)|0)
(J/wlw'o - €(A)x]0)

= 0.44170085 +£0.132 GeV?,

(50a)

(Y(1S)|w'e - €(2)(— £D)%[0)
X (1S)lye - e(A)]0)

= —0.193500%

+0.019 GeV?,  (50b)

(Y(28)|y6-€(A) (—iD)2|0)
(Y(28) [y o-e(A)x|0)

=1.8981 585 £0.190 Ge V2,

(50c)

(Y(3S)[yio-e(2) (~iD)2|0)
(Y(3) [y -€(A)z[0)

=3.28310130+0.328 Ge V2.
(50d)

The first uncertainty comes from the variation of the
potential-model parameters, and the second uncertainty is
taken to be +0.3 and £0.1 times the central value for V =
J/y and V = Y (nS) respectively, which comes from the
uncalculated corrections of relative order v2. The potential-
model calculations in Refs. [39,40] also let us compute the
binding energies Ey = my — 2m, which are given by

E;, = 03061003 £0.092 GeV, (51a)
Ex(15) = —0.053 +£0.018 £ 0.005 GeV,  (51b)
Evas) = 0.482 £ 0.032 £ 0.048 GeV,  (5lc)
Ev(3s) = 0.823 £ 0.045 £ 0.082 GeV,  (51d)

where the uncertainties are as in Egs. (50). The uncertainty
in Ey from the variation of the potential-model parameters
are correlated with the uncertainty in the ratio m?(v%),.
We use these values of the binding energies to compute the
heavy-quark mass through the relation m = % (my — Ey).
The authors of Refs. [39,41] also found the relation
(v&)y = ((v3)y)*[1 + O(v*)], which is valid if the
LDMEs are computed in a potential model like the
Cornell potential and in dimensional regularization. By
using this relation, we take the central value for the ratio
(v¥)y to be ((v3)y)? and take the uncertainty to be +0.3
and £0.1 times the central value of (v§), for V = J/y and
V = T(nS), respectively. The ratios (%), and (DE;),
are not known; since these ratios scale as v*, we take the
central values of the ratios to be 0 and take the uncertainties
to be +0.09 for V =J/y, and +0.01 for V = Y(nS),
respectively.

We now list the sources of uncertainties in Ag,. We
account for the uncertainties in the NRQCD LDMEs as
discussed above. We vary the scales y and y, between
Imy < p <2my and Tmy < py < 2my, while we ignore
the negligibly small shifts in the QED couplings a(y) and
a(u) from scale variations. We also ignore the uncertainties

from my and my. We consider the uncertainty in fl‘l, that
originates from the experimental uncertainties in the
leptonic decay rate. We add the uncertainties in quadrature.
Our numerical results for Ay;, are shown in Table. II. The
imaginary part of Ay, comes from the imaginary part in the
order a; correction to Ty (x, u). Note that the uncertainties
in the real and imaginary parts of Ay, are correlated.

For J/y, the uncertainties from the LDMEs are com-
parable to the uncertainties from the variations of y and p.
If we ignore the uncertainties from scale variations, the
uncertainty in Re[Ay;] is about 8% of the central value, and
the uncertainty in Im[Ag;] is about 10% of the central
value. This is comparable to the nominal size of the relative
order v* correction.

For T(nS), the uncertainties are dominated by scale
variations. If we ignore the uncertainties from scale
variations, the uncertainties in the real and imaginary parts
of Ag, are about 1% of the central values, which are
comparable to the nominal size of the relative order v*
correction.

While the uncertainties from the LDME:s are expected to
be reduced when the LDMEs (v3), and (DE,), are
constrained, the reduction of the uncertainties from varia-
tions of scales would require calculation of the order a? and
order a;v* correction to the decay constant and the LCDA,
and the order a? correction to T (x, u).

We again compare our results for Ay, with the calcu-
lation in Ref. [8]. Our results for Ay, in Table. II are
compatible with those in Ref. [8] within uncertainties. For
J/y, the uncertainty for Ag, is smaller than in Ref. [8],
owing to the explicit calculation of the relative order v*

054038-14



ORDER »* CORRECTIONS TO HIGGS BOSON DECAY ...

PHYS. REV. D 100, 054038 (2019)

corrections included in this work. On the other hand, for
Y(nS), the uncertainties for Ay, are larger than those in
Ref. [8]; the main reason is that in Ref. [8], the uncertainty
from variations in the scales p, and p were not taken
into account, and instead, the uncertainties from the
uncalculated order a? and order a,v* corrections to the
real part of Ag;, were estimated to be CrCya?(m)/z* and
Cra,(m)v?/r of the central value, and the uncertainty from
the uncalculated order a? correction to the imaginary part
was estimated to be Cqa,(m)/z of the central value. We
note that these estimates lead to smaller uncertainties
compared to uncertainties estimated from variations of
the scales y and u. If we would use the same uncertainty
estimates used in Ref. [8] for Y'(nS), then the uncertainties
in Re[Ag;] would reduce by a factor of 2, while the
uncertainties in Im[Ay;,] would increase slightly.

C. Decay rate

We now compute the total decay rate from the numerical
results of A4 and Ay, in Table. II. Our results for the
decay rates I'(H — V + y) are shown in Table III. When
computing the uncertainties in I'(H — V + y), we consider
the correlation between the uncertainties in the real and
imaginary parts of Ag,.. We also consider the correlation
between the uncertainties in A,y and Ay, that comes
from the measured leptonic decay rates ['(V — £7¢7). The
uncertainty from uncalculated corrections of relative order
m? /m% is taken to be m?/m?, of the central value of the
decay rate. We also compute the branching ratios Br(H —
V +7) by using the total decay rate of the Higgs I'y
computed in Refs. [34,35]: for my = 125.18 GeV, it is
I'y = 4.10 MeV, with uncertainties given by +4.0% and
—3.9% of the central value. Our results for the branching
ratios Br(H — V +y) are shown in Table IIL

For V = J/w, Ajpq is more than an order of magnitude
larger than Ag;,, and so, the uncertainty in the decay rate
I'(H — J/w + y) is dominated by the uncertainty in A; 4.
As a result, the uncertainty in the prediction for I'(H —
J/w +7y) is about 3% of the central value. On the other
hand, for V = Y (nS), A;,q and Ay, are comparable. Due
to the large cancellation between A;,q and Ag;, for T(nS),
the uncertainty in T'[H — Y (nS) +y| is sensitive to the
uncertainty in Ag;,.

TABLE TIII. Numerical results for T'(H -V +y) and
Br(H - V +7).

v [(H -V +7y) (GeV) Br(H —» V +7y)
Iy (1.23159038) x 1078 (3.0172) x 107°
Y(1S) (4.08119%) x 10711 (9.9749%) x 107
T(25) (1.071937) x 1071 (2.62143)) x 107
T (3S) (0.775043) x 10711 (1.877°0%) x 107°

Our results are compatible with the previous calculation
in Ref. [8] within errors. The uncertainties in I'(H —
J/w +y) and Br(H — J/y + y) are slightly smaller than
those of Ref. [8], which is a result of the reduction of the
uncertainty in 4;,4 resulting from the improved measure-
ment of my. On the other hand, the uncertainties in ['[H —
Y (nS) +y] and Br[H — Y(nS) +y] are slightly larger
than those of Ref. [8]. As we discussed in the previous
section, if we would use the same estimates for the
uncertainties used in Ref. [8], then the uncertainties in
Agi; would be reduced, leading to uncertainties in I'[H —
Y (nS) + y] and Br[H — Y(nS) + y] that are smaller than
those of Ref. [8].

We also consider the case where the Yukawa coupling y,
deviates from the Standard Model by a factor of k. In this
case, the Higgs decay rate into V +y is given by
ko Adir + Aina|*. The decay rates I'/H — J/y + 7] and
['[H = Y(nS) +y] for =1.5 <kp < 3.5 are plotted in
Fig. 2. For J /y, the decay rate shows moderate dependence
on k., while for T(nS), the decay rates are very sensitive to
k- In the case of J/y, a reduction of uncertainties in Ay,
will only have a small effect on the sensitivity of the H —
J/w +y rate on k., because the uncertainty in I'(H —
J/w +y) is dominated by the uncertainty in A;,4. On the
other hand, for Y, the decay rate I'[H — Y(nS) + y| will be
even more sensitive to k, if the accuracy in Ag, is
improved. The reason for this sensitivity is the large
cancellation between Ay, and A;,4 that only happens for
K, close to 1. We note that even though the Standard-Model
values of I'[H — Y (nS) + y] are very small, the decay rate
I'[H — Y (nS) + y] can still probe large deviations of the
Higgs bottom coupling from its Standard Model value.
Indeed I'[H — Y(nS) +y] may be two/three orders of
magnitude larger than the Standard Model value for x;, <
—1 ork;, 2 3. In particular, the case x;, < —1 corresponds to
a Higgs bottom coupling whose sign is opposite to the
Standard Model Yukawa coupling.

V. SUMMARY AND DISCUSSION

In this work we computed the order v* correction to the
decay rate I'(H — V + y) where V = J /s or Y (nS) based
on the nonrelativistic QCD (NRQCD) factorization for-
malism. By using the light-cone approach, we resummed
the logarithms of m2/m? that appear in higher order
corrections in «; to all orders in «, at the next-to-leading
logarithmic accuracy.

If we consider that a, ~ v” at the scale of the heavy-
quark mass, the corrections of order o2 and a,v> would be
of the same order as the order v* corrections computed in
this paper. The calculation of order a2 and order a v’
corrections to the decay rate I'(H — V +y) requires
calculation of the two-loop correction to ¢, and the one-
loop correction to ¢y in Eq. (1), respectively. In the light-
cone approach, the order a2 correction to the hard part
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Ly/prqy x 10° (GeV)

FIG. 2. The decay rate Ty, = T'(H — J/y + y) when the Higgs charm coupling is rescaled by a factor of «, and the decay rates
Cy(ns)+y = T[H — Y(nS) +y] for n = 1, 2, and 3 when the Higgs bottom coupling is rescaled by a factor of «,. The Standard Model

result corresponds to k. = 1 and k;, = 1.

Ty(x,pu) in Eq. (16), as well as the two-loop correction to
¢o(x) and the one-loop correction to ¢ (x) are necessary.
Since these corrections have not been computed, we
include the effects of these higher-order corrections in
the uncertainties.

Our numerical results for the Standard Model values of
the decay rates I'(H — V +y) and branching ratios
Br(H — V +y) are shown in Table III. The corrections
computed in this work improve the theoretical accuracy in
the prediction of the decay rate I'(H — J/w + y) compared
to a previous calculation in Ref. [8]. If we would have used
the same method to estimate the uncertainties as in Ref. [8],
we would have found uncertainties in I'[H — Y(nS) + 7]
reduced by almost a factor of two compared to our results in
Table III, so that they would become comparable to the
results in Ref. [8], as the error of I'|H — Y'(nS) + y] would
be dominated by the scale uncertainties. However, due to
the difference in the method to estimate uncertainties, our
results for I'[H — Y(nS) + y] have larger uncertainties
than those of Ref. [8].

We note that the decay rates I'(H — V +y) depend

on the LDMEs (Vly'ei(1)o/(—£)? x DUDIy|0) and

(Viy'e(a) - 1o x (D x g,E — g,E x D)]y|0) that are cur-
rently unknown. In our numerical results, we have esti-
mated their sizes according to the conservative power
counting in Refs. [14-17], and included their effects in
the uncertainties. For V = J/y, the uncertainties from
these unknown LDMEs are significant compared to the
total uncertainty in I'(H — J/y + y). Therefore, knowl-
edge of these LDMEs will improve the accuracy in the
prediction of the decay rate I'(H — J/w +7y). Also
the systematic inclusion of relative order »” effects

in the determination of the matrix element (V|y'e -

€(2)(—£D)?*x|0) would significantly improve the determi-
nation of the H — J/y + y decay rate. A calculation of the
LDME:s in potential NRQCD may help constrain these
LDME:s [15].

In Ref. [4], the authors estimated that the process H —
J/w +y could be measured at the HL-LHC experiment
through the leptonic decays of J/y into eTe™ and p*p~.
However, a more recent study by the ATLAS Collaboration
found that the HL-LHC would only be able to put an upper
bound for the decay rate I'(H — J/w +y) at 95% con-
fidence level that is about 15 times larger the Standard
Model value [42]. Although the prospect for measuring the
process H — J/y +y at the HL-LHC does not look so
good at the moment, it is possible that the experimental
methods will improve over time; it is also possible that
future experiments at the International Linear Collider, the
Circular Electron Positron Collider, the Compact Linear
Collider, or the Future Circular Collider will be able to
probe such processes. In the case of the Y(nS), the
Standard Model values for the decay rates '[H — Y (nS) +
y] are about three orders of magnitude smaller than
I'(H — J/w+7y), owing to large cancellations between
the direct and indirect amplitudes.

We show the decay rates I'(H — J/y +y) and I'[H —
Y (nS) + y] when the Higgs charm coupling is rescaled by a
factor k. and the Higgs bottom coupling is rescaled by a
factor k;, compared to the Standard Model in Fig. 2. Due to
the cancellation between direct and indirect amplitudes that
occurs when k;, & 1, the decay rates I'[H — Y(nS) + y| are
highly sensitive to k;, so much so that the combined rate of
I'H - Y(nS) +y] for n=1, 2, and 3 increases to be
larger than one half of the Standard Model value of I'(H —
J/w +7) for k, S —1 or k;, = 3. Therefore, the numerical
results presented in this paper may be useful in determining
the size and sign of the Higgs charm and even more the
Higgs bottom couplings when these processes are mea-
sured in future experiments.
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APPENDIX A: KINEMATICS

In this section, we present the kinematical conventions
that we use for the perturbative QQ and the QQg states.
The kinematical conventions that we use here are identical
to the ones used in Ref. [19].

1. Two-body kinematics

We let the Q and the O to have the momenta p; and p,,
respectively. We denote the total momentum of the QQ
system as P = p; + p,, and the relative momentum of the
Q and the Q as ¢ =1(p; — py). In the rest frame of
the QQ, g and P are given by g = (0,q), and P =

(2y/m? +¢*,0), which leads to p, = (v/m>+ ¢ q)

and p, = (v/m? + ¢ —q).

2. Three-body kinematics

We again let the Q and the Q to have the momenta p,
and p,, respectively, and the gluon carry momentum k.
We set the total momentum of the QQg system to
be P =p,+ py+k, We define g, =3(p, — ps) and
q> = %(2"9 — p1 — Pp2), so that p; = %P+ q1 — 42, P2 =
%P — 41~ 9 and k, = %P +2¢,. In the rest frame
of the QQg system, where P=p,+p,+k,=0,

pi=(Vm*+(q—q2)*.q1 —42), pr=(/m*+(q1+q2)*.

—q1—¢q>), and k, = (2|q].2¢,), so that P° =2|g,|+
V(g +q)? +m? + /(g1 — q2)* + m?.

APPENDIX B: NONRELATIVISTIC EXPANSION
OF DIRAC SPINORS

In order to obtain the matching conditions, we need to
express the QCD amplitudes in terms of the 3-momenta of
the particles and the 2-component Pauli spinors in the
frame where the NRQCD LDME:s are defined. One way to
accomplish this is to compute the QCD amplitudes using
explicit forms of the Dirac spinors u(p;, s) and v(p,,s’)
with definite spin. In this appendix, we introduce a simple
way to compute the QCD amplitudes with the explicit
Dirac spinors that can be easily used in automated
calculations.

For the perturbative QQ or the QQg states, the frame
where the NRQCD LDMEs are defined is the frame where
the total momentum P of the state is at rest (P = 0), so that

P’ =+/P? and A’ = A - P/VP? for an arbitrary 4-vector

A. In this frame, the nonrelativistically normalized Dirac
spinors in Dirac basis are given by [9]

u(pi.s) =N1<(El +m1)§,‘> =N, (# +m1)(é“>,

c 'plgs 0
(B1)
G - pony 0
v(p2, ') :N2< ) :—Nz(ﬂz—m2>( >
(EZ + mZ)ns’ Ny
(B2)
where ]/nl2 — plz, Ei — pl. . P/\/Pz’ a_nd Ni = 1/

\/2E;(E; + m;). In general, m; and m, can be different.
A QCD amplitude for production of a quark with momen-
tum p; and an antiquark with momentum p, involves

0 0
v(pa.s') @ u(py.s) = =N No(p — mz)(ﬂy ® &l O)

X (P +my). (B3)
For example, &(py,5)[v(p,,s") =t[Cv(ps,s') @ #(py,s)],
where I is a product of gamma matrices. Since 7y ® 5; isa
2 X 2 matrix, it can be written as a linear combination of a
2 x 2 identity matrix / and the ¢ matrices:

1 1
ne ® & =Sty @ &)1 + 5 tr(ny @ Elo) -0
_Ly Lo, y.
= Sénl + 5 (Eony) . (B4)
We note that in the Dirac basis,
<0 O)_(O —O'>(l 0>
e 0/ \e 0/)\0 O
_y70+ 1 . —}’P+ \/ﬁ (BS)
2 WP
and
<0 O)_(O 1><1 0>_ vo+1 ]D+\/[7
1 o) \10)\oo) 2 By
(B6)
so that
_ NN,
v(py, s Q@ u(py,s) =— -m
(p2 ) (pl ) 4\/ﬁ<?2 2)
x [(Eng)rs — (Elony) 7]
x (P+VP) (s +m). (B)
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By using Eq. (B7), we can compute the quantities of the
form iu(py, s)Lv(p,, s') = w[Tv(ps. s’) @ a(py, s)], where
I' is any product of gamma matrices, as traces of gamma
matrices. This can be easily implemented in automated
calculations using FeynCale. We obtain the nonrelativistic
expansion of a QCD amplitude by computing the amplitude
using Eq. (B7) and expanding in powers of the small
3-momenta of the QQ and the QQg states. Using this
method, we easily reproduce the explicit expressions for
i(py,s)Lv(py, ') for U'= 1, p*, p*y* — y*y¥, and yHy*y” —
y°y*y* found in Ref. [18]. We use this method to compute
the QCD amplitudes in Egs. (7), (10), (19), and (21).
The expression in Eq. (B7) may serve to relate the
nonrelativistic expansion method that we use in this work
with the covariant spin-projector method used in previous
calculations of the H — J/y + y process in Refs. [4,5]. In
the covariant spin-projector method, spin-singlet and spin-
triplet contributions are computed separately. The standard
forms of the spin projectors, such as the ones used in
Ref. [43], can be obtained from Eq. (B7) by projecting to a
spin-singlet or a spin-triplet state using the Clebsch-Gordan
coefficients. For a spin-singlet state, Y . (3s,35'(00) x

Elony/\/2 vanishes, and Do <%s,%s’|00)§117&//\/§ is, up
to a phase, equal to 1. Hence, the spin-singlet projector is,
up to a phase, given by the contribution in Eq. (B7) that is
proportional to ézns/, with §§i1s/ replaced by 1. Similarly, for
a spin-triplet state with polarization 4, >, /(3s.3s'|14) x
&ing/V/2 vanishes for all 2 € {~1,0,+1}, and 3, /(Ls,
15| 12)&l6n, /+/2 is, up to a phase, equal to the polarization
vector of the spin-triplet state. Therefore, the spin-triplet
projector is, up to a phase, given by the contribution in
Eq. (B7) that is proportional to .fjo-ns/, with ézam/ replaced
by the polarization vector of the spin-triplet state. As a
result, the spin-singlet (spin-triplet) contribution of a QCD

the nonrelativistic expansion method. The phase conven-
tions for the spin-singlet and the spin-triplet projectors
depend on the conventions for the Clebsch—Gordan coef-
ficients and the Pauli spinors £ and 7.

One advantage of using the covariant spin-projector
method is that covariant expressions of the QCD ampli-
tudes can be obtained easily, unlike the nonrelativistic
expansion method in Ref. [18]. On the other hand,
covariant expressions can also be obtained if we use
Eq. (B7) to carry out the nonrelativistic expansion of
spinors. Also, in this work, there is no advantage in
computing the spin-singlet and spin-triplet contributions
separately, because both contributions appear in the match-
ing condition in Eq. (6) simultaneously. Therefore, we
compute the QCD amplitudes in Egs. (7), (10), (19), and
(21) using Eq. (B7).

APPENDIX C: SHORT-DISTANCE
COEFFICIENTS FOR H — h, +7

The calculation of the short-distance coefficients pre-
sented in Sec. I A can be easily applied to production
amplitudes of other quarkonium states. For example,
projecting onto the J”¢ = 17~ state gives us the short-
distance coefficients for Higgs decay into /. + y to relative
order 2. To achieve this, we first write down the matching
condition for the J¢ = 1%~ case as

iM[H = QQ(JPC =177) +74]
~24 (00l (=3B -€lair)

+(00Weld) - | ~5B | 210) + Oy, lal/m)),

amplitude computed using the covariant spin-projector (C1)
method is, up to a phase, equivalent to the contribution
proportional to éZn‘Y/ (ﬂo-m/) in the amplitude computed in and
|
i - _ ¢ ~ ; i< Cn3 _ . i<]3
DMIH = 000077 = 1) +1] = (00w (=5 ) -e(110) + % (QQalw'e(2) | 3B 110
C -
+ -5 (Q00lw'g,E - €(2)110)
CDBy | A~ s pag
+— 3 (Q0dly'e(2) 63 (D - 9,B + 9,B - D)x|0)
CDBI _ + 1 < <
t-3 (QQgly'e(2) -5l x (D x B — g,B x D)[x|0)
CpB, ooy i< ©
t—3 (QQgly'e(2) -5 (D x g,B + g;B x D)|0)
c _ . S o
+—3(QQglw e (1)o! (DVig,B) + g,B D) )y|0) + O(g2, g, */m*),  (C2)

m3
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where we define [see also Eq. (2)]

D) = Z[ (D)>+2D'DD' + (D)2D] (C3)
The color-octet matrix elements for the J°€ = 11~ case are

obtained from the color-octet matrix elements for the
JP€ =17~ case in Eq. (6) by making the replacements
9sE — gB and gB — g,E.

From the J¥¢ = 17~ contributions to the QQ and QQg
amplitudes in Egs. (7) and (10), we obtain the short-
distance coefficients

c; = ¢Coro (e; xp,) - €*(4), (C4a)

o == e xp) '), (Cb)
PP xp)€'(2), (Cho)

con, = =1L & %) ) g, (€4
con, ==L 6 xp) € () ey (Cle)
Cpp, —ZeerQ (ey Ay) (’1)4-:,)9(1__9:) (C4f)
con, = =1L ¢} )€ W g . (Cde)

where r = 422,
m

H

Recently, a computation of the decay rate I'(H — h, +7)
in the NRQCD factorization formalism at leading order in v
appeared in Ref. [44]. This is equivalent to our calculation
of the short-distance coefficient ¢; in Eq. (C4a), which
leads to the expression for the decay rate I'(H — h. + y) at
leading order in v that is given by

drae?y? i
F(H = e +7) = 72€0%0 5 (o)1 (—— )w|hc<z>>
1=0,%+1

<l (~3D) o). (c3

where the sum is over the polarization of the 4. and @ is the
phase-space and normalization factor given in Eq. (42). Our
result in Eq. (C5) agrees with the decay rate computed
in Ref. [44].

APPENDIX D: GREMM-KAPUSTIN RELATIONS

The Gremm-Kapustin relations [45] are obtained from

(VI[O. H1[0) = ~(VIHO|0) = (2m = my)(V]O[0). (D1)

where O is an NRQCD operator, and H is the NRQCD
Hamiltonian. Computing the commutator [O, H| leads to
the following relations:

(my = 2m)(Vly'e - (2)x|0)

- % (Vly'o -e(2) (- %B> 2)(|0>
- % (Vly'o - €(2) <—%B> 4)(|O>
L (VI g.B - (|0

1 1 AN <~
+-— (Vly'e(a) - 5o X (D x g.E — g,E x D)}x|0),

4dm
(D2a)
(my — 2m) (V' - €(A) (-;’s) “/0)
— Livio-et (—%B) "10)
-2 (Viyle-e() 3 (B 4. + g, D)rl0).  (D2b)

2(—)(—)

DDy |0)

(my = 2m) iyt e o (-3

1 1 Ny i i\ 2 <—>(l<—>]> i<\2
ZZ(V|§U/€(/I)G ~3 DUD)), _ED x10)

1 e oo
—5 (Viy'e' (D)o’ (Dlg,E)) + g,ED)))y|0), (D2c)
(my —2m)(V]y'g,B - €(2)x|0)
i <~ <~
— (Vipe(d)- £ (D x g.E + g.Ex Do) (D24)

where, in calculating the commutator [O, H] we included
operators in the Hamiltonian up to 1/m? accuracy, with the
Wilson coefficients at order a?, and kept NRQCD operators
up to dimension 7. Hence, the relations in Egs. (D2) are
valid up to order v* relative to the leading-order LDME
(Vly'e - €(1)y|0) and at leading order in a;. These rela-
tions can also be verified in perturbation theory.

The Gremm-Kapustin relations provide a way to identify
the velocity scalings of the LDMEs that are suppressed
beyond the conservative power counting of Refs. [14—17].
Since the binding energy m, — 2m scales like mv?, the left-
hand side of Eq. (D2c¢) is suppressed by ° compared to the
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leading-order LDME (V|y'6 - €(1)y|0). Therefore, the
LDME (V|y'ei(2)o/(DVg,E) + g,E'D?)y|0) does not
contribute to the amplitude in Eq. (1) at relative order v*

accuracy because it is suppressed by at least v® compared to
the leading-order LDME, and scales like »'>/2. Similarly,

the left-hand side of Eq. (D2d) is suppressed by »°
compared to the leading-order LDME, and hence, the
LDME on the right-hand side of Eq. (D2d)scales like
v'3/2 and does not contribute to the amplitude in Eq. (1) at
relative order v* accuracy.
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