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The dipion transitions ϒð2S; 3S; 4SÞ → ϒð1S; 2SÞππ are systematically studied by considering the
mechanisms of the hadronization of soft gluons, exchanging the bottomoniumlike Zb states, and the
bottom-meson loops. The strong pion-pion final-state interaction, especially including the channel
coupling to KK̄ in the S-wave, is taken into account in a model-independent way using the dispersion
theory. Through fitting to the available experimental data, we extract values of the transition chromo-
polarizabilities jαϒðmSÞϒðnSÞj, which measure the chromoelectric couplings of the bottomonia with soft
gluons. It is found that the Zb exchange has a slight impact on the extracted chromopolarizablity values,
and the obtained jαϒð2SÞϒð1SÞj considering the Zb exchange is ð0.29� 0.20Þ GeV−3. Our results could be
useful in studying the interactions of bottomonium with light hadrons.
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I. INTRODUCTION

The chromopolarizability of a heavy quarkonium state
parametrizes the effective interaction of the quarkonium
with soft gluons, and it is an important quantity in describing
the interactions of quarkonium with hadrons [1–8]. The
heavy quarkonium chromopolarizability became interesting
recently because of two reasons. First, it is relevant for the
interpretation of the structures of multiquark hadrons con-
taining a pair of heavy quark and antiquark. In the hadro-
quarkonium picture for hidden-flavor tetraquarks and the
baryoquarkonium picture for pentaquarks, the compact
heavy quark-antiquark pair is embedded in the light quark
matter, and the interaction between these two components
takes place via multigluon exchanges. At reasonable values
of the chromopolarizabilities of the charmonia, several
hadrocharmonium bound states and baryocharmonium
bound states are found and identified with certain XYZ
states and the Pþ

c pentaquark states [8–12] (a lattice study
of the possibility of hadroquarkonium can be found in
Ref. [13]). Also, several hidden-bottom bound states
are predicted through the study of the spectrum of the

hadrobottomonium and baryobottomonium, and the emer-
gence of these bound states is sensitive to the value of the
bottomonium chromopolarizability [14,15]. Secondly, it
was suggested that the near-threshold production of heavy
quarkonium is sensitive to the trace anomaly contribution to
the nucleon mass [16], which may be measured at Jefferson
Laboratory and future electron-ion colliders [17] (for a
recent discussion, see Ref. [18]). The suggestion is based on
the vector-meson dominance model and the assumption that
the nucleon interactswith the heavy quarkonium through the
exchange of gluons. We notice that, however, the Λþ

c D−

threhsold is only 116 MeV above the J=ψp threshold,
making the contribution from the ΛcD̄ channel to the
J=ψp near-threshold production non-negligible. The ΛbB
threshold is more than 500MeVabove theϒp threshold. As
a result the ϒp near-threshold photoproduction could be a
better process for that purpose, and the chromopolarizability
for the ϒ needs to be understood well first.
The diagonal chromopolarizability αQQ, with Q repre-

senting a heavy quarkonium, cannot be extracted directly
from the present experimental data. A possible approach to
calculate αQQ is based on considering the heavy quarkonia
as purely Coulombic systems. This could be a reasonable
approximation for the ground state bottomonia, while it is
questionable for charmonia and excited bottomonia [15].
On the other hand, the determination of the nondiagonal
(transition) chromopolarizability αQ0Q ≡ αQ0→Q is of
importance since it is natural to expect that each of the
diagonal amplitudes should be larger than the nondiagonal
amplitude; thus the transition chromopolarizability acts a
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reference benchmark for either of the diagonal terms [8,19].
The phenomenological value of the bottomonium transition
chromopolarizability αϒð2SÞϒð1SÞ has been extracted from
the process of ϒð2SÞ → ϒð1SÞππ, and the result is
jαϒð2SÞϒð1SÞj ≈ 0.66 GeV−3 [9,19], where the ππ final-state
interaction (FSI) was not considered. Taking account of the
ππ S-wave FSI in a chiral unitary approach, it is found that
the value of jαϒð2SÞϒð1SÞj may be reduced to about 1=3 of
that without the ππ FSI [20]. All these previous studies did
not consider the effects of the two bottomoniumlike exotic
states Zbð10610Þ and Zbð10650Þ discovered in channels
including ϒðnSÞπ (n ¼ 1, 2, 3) by the Belle Collaboration
in 2011 [21,22]. In our previous studies which focus on
describing the ππ invariant mass spectrum, we found that
the Zbð10610Þ� and Zbð10650Þ� bottomoniumlike states,
though being virtual, play a special role in the hadronic
transitions ϒð4S; 3S; 2SÞ → ϒðnSÞππ [23,24]. Thus the
discovery of two Zb resonances necessitates a reanalysis
of the transition chromopolarizabilities in the dipion
transitions between the ϒ states. In addition, there have
been new measurements after our analysis in Refs. [23,24]
by the Belle Collaboration with statistics higher than
before, and especially they measured the angular distribu-
tions of the ϒð4SÞ → ϒð1S; 2SÞππ transitions for the
first time [25]. These new data help us to perform a
comprehensive analysis of the ϒð4S; 3S; 2SÞ → ϒðnSÞππ
processes.
Since the ϒð4SÞ meson is above the BB̄ threshold and

decays predominantly to BB̄, the intermediate bottom-
meson loops need to be taken into account in the analysis of
the ϒð4S; 3S; 2SÞ → ϒðnSÞππ processes. The ππ FSI plays
an important role in the heavy quarkonium transitions and
modifies the value of transition chromopolarizability sig-
nificantly [20,26], and it is thus necessary to account for its
effects properly. In this work we use the dispersion theory
in the form of modified Omnès solutions to consider the
FSI.1 The sum of the Zb-exchange mechanism and the
bottom meson loops provide the left-hand-cut contribution
to the dispersion integral representation [23,24].
This paper is organized as follows. In Sec. II, we

introduce the theoretical framework. In Sec. III, we present
the fit results and discuss the phenomenology. Summary
and conclusions are given in Sec. IV.

II. THEORETICAL FRAMEWORK

First we define the Mandelstam variables for the decay
process ϒðmSÞðpaÞ → ϒðnSÞðpbÞπðpcÞπðpdÞ,

s¼ ðpcþpdÞ2; t¼ ðpa−pcÞ2; u¼ ðpa−pdÞ2; ð1Þ

where pa;b;c;d are the corresponding four-momenta.

The standard mechanism for these transitions was
thought to be the emission of soft gluons from compact
bottomonium, followed by their hadronization into two
pions. For the bottomonium size being much smaller than
the gluon wave length, such a mechanism may be calcu-
lated by the nonperturbative quantum chromodynamics
(QCD) multipole expansion method, and the amplitude for
the dipion transition between S-wave states A and B of
heavy quarkonium can be written as [2,29]

MAB ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mAmB

p
αABhπþðpcÞπ−ðpdÞj

1

2
Ea ·Eaj0i

¼ 8π2

b
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mAmB

p
αABðκ1p0

cp0
d − κ2pi

cpi
dÞ; ð2Þ

where the factor 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mAmB

p
appears due to the relativistic

normalization of the decay amplitude MAB, αAB is the
transition chromopolarizability, Ea denotes the chromo-
electric field, and the second line is from trace anomaly.
Here, b ¼ 11

3
Nc − 2

3
Nf refers to the first coefficient of the

QCD beta function, with Nc ¼ 3 and Nf ¼ 3 being the
numbers of colors and of light flavors, respectively, and κ1
and κ2 are not independent as κ1 ¼ 2 − 9κ=2 and
κ2 ¼ 2þ 3κ=2, where the parameter κ can be determined
from fitting to data. The above expression can be repro-
duced by constructing a chiral effective Lagrangian for the
contact ϒðmSÞ → ϒðnSÞππ transition. Since the spin-
dependent interactions are suppressed for heavy quarks,
the heavy quarkonia can be expressed in terms of spin
multiplets, and one has J ≡ ϒ · σ þ ηb, where σ contains
the Pauli matrices and ϒ and ηb annihilate the ϒ and ηb
states, respectively (see, e.g., Ref. [30]). The effective
Lagrangian, at the leading order in the chiral as well as
the heavy-quark nonrelativistic expansion, reads [23,24,31]

Lϒϒ0ΦΦ ¼ c1
2
hJ†J0ihuμuμi þ

c2
2
hJ†J0ihuμuνivμvν þ H:c:;

ð3Þ

where uμ ¼ −∂μΦ=Fπ þOðΦ3Þ, with Φ ¼ τ · π being the
pion fields, τ the Pauli martices, and Fπ ¼ 92.1 MeV
the pion decay constant, is the axial current collecting
the Goldstone bosons (pions) of the spontaneous breaking
of chiral symmetry, and vμ ¼ ð1; 0Þ is the velocity of the
heavy quark. The contact term amplitude obtained by using
the chiral Lagrangian in Eq. (3) reads

Mðs; t; uÞ ¼ −
4

F2
π
ðc1pc · pd þ c2p0

cp0
dÞ: ð4Þ

Matching the amplitude in Eq. (2) to that in Eq. (4), we can
express the chiral low-energy coupling constants in terms
of the chromopolarizability αAB and the parameter κ,

1The ππ FSI may also be implemented through the generalized
distribution amplitude as discussed in Refs. [27,28].
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c1 ¼ −π2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mϒ0mϒ

p
F2
παϒ0ϒ

4þ 3κ

b
;

c2 ¼ 12π2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mϒ0mϒ

p
F2
παϒ0ϒ

κ

b
: ð5Þ

In addition to the multipole contribution ϒðmSÞ →
ϒðnSÞ þ gluons → ϒðnSÞππ which has been parametrized
into the chiral contact terms in Eq. (3), we also take into
account the mechanisms of the Zb exchange and the bottom
meson loops. In addition, for a complete theoretical treat-
ment of the dipion transitions, as mentioned above, the ππ
FSI needs to be taken into account as well. It is considered
using the dispersion theorywhich has been fully described in
our previous papers [23,24] (the left-hand cuts from the
bottom-meson loops are not considered inRef. [24]), andwe
only list the relevant Lagrangians for defining the parameters
in the following. The relevant Feynman diagrams for the
ϒðmSÞ → ϒðnSÞππ processes are displayed in Fig. 1.
The leading order chiral Lagrangian for the Zbϒπ

interaction reads [30]

LZbϒπ ¼
X
j¼1;2

X
n

CZbjϒðlSÞπϒ
iðnSÞhZi

bj
†uμivμþH:c:; ð6Þ

where Zb1 and Zb2 are used to refer to the Zbð10610Þ and
Zbð10650Þ, respectively. The mass difference between the
two Zb states is much smaller than the difference between
their masses and theϒðnSÞπ thresholds; they have the same
quantum numbers and thus the same coupling structure
as dictated by Eq. (6). As a result, they can hardly be
distinguished from each other in the processes studied here,
so we only use one effective Zb state, the Zbð10610Þ, to
include the Zb effects as done in Refs. [23,24].
To calculate the box diagrams, we need the effective

Lagrangian for the coupling of the bottomonium fields to
the bottom and antibottom mesons [32],

LJHH ¼ igJHH

2
hJ†Haσ · ∂↔H̄ai þ H:c:; ð7Þ

and the coupling of the Goldstone bosons to the bottom and
antibottom mesons [33–37],

LHHΦ ¼ gπ
2
hH̄†

aσ · uabH̄bi −
gπ
2
hH†

aHbσ · ubai; ð8Þ

where Ha ¼ Va · σ þ Pa with σ being the Pauli matrices

and PaðVaÞ ¼ ðBð�Þ−; B̄ð�Þ0; B̄ð�Þ0
s Þ [37]. We use gπ ¼ 0.5

for the axial coupling from a recent lattice QCD calcu-
lation [38].

III. PHENOMENOLOGICAL DISCUSSION

For each ϒðmSÞ → ϒðnSÞππ transition, the unknown
parameters include the chromopolarizability αϒðmSÞϒðnSÞ,
the parameter κϒðmSÞϒðnSÞ, the product of couplings for the
effective Zb-exchange CZbϒðmSÞπCZbϒðnSÞπ , and the product
of couplings for the box diagrams gJHHðmSÞgJHHðnSÞ. The
value of gJHHð4SÞ can be extracted from the measured open-
bottom decaywidths of theϒð4SÞ, gJHHð4SÞ ¼1.43GeV−3=2.
The unknown couplings gJHHð1SÞ, gJHHð2SÞ, and gJHHð3SÞ are
fixed from simultaneously fitting to the experimental data of
the ππ invariant mass distributions and the helicity angular
distributions of theϒð2SÞ → ϒð1SÞππ,ϒð3SÞ → ϒð1SÞππ,
and ϒð4SÞ → ϒð1S; 2SÞππ processes.
The results of the best fit are shown as the solid black

(solid magenta) curves for the πþπ− (π0π0) mode in Fig. 2.
The fitted parameters as well as the χ2=ðnumber of eventsÞ
for each ϒðmSÞ → ϒðnSÞππ transition are given in
Table I. Using the central values of the parameters in the
best fit, in Fig. 3 we plot the moduli of the S- and D-wave

(a1) (b1) (c1) (d1)

(a2) (b2) (c2) (d2)

FIG. 1. Feynman diagrams considered for theϒðmSÞ → ϒðnSÞππ processes. The crossed diagrams of (b1), (c1), (b2), and (c2) are not
shown explicitly. The gray blob denotes the FSI.
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amplitudes from the chiral contact terms, the effective Zb
exchange, and the box graphs for each ϒðmSÞ → ϒðnSÞππ
transition.
Several remarks about the fitting results are in order:
(1) For the ϒð2SÞ → ϒð1SÞππ process, there are

large discrepancies between our theoretical output
and the angular distribution data measured by Belle.

As shown in Fig. 3, for the dominant chiral contact
terms and the Zb-exchange term, their D-wave com-
ponents are about 1 order of magnitude smaller than
the corresponding S-wave ones. Thus, a rather flat
angular distribution is expected in our scheme, which
agrees with the CLEOmeasurement, but not with the
Bellemeasurement. In addition, one notices that in the

FIG. 2. Fit results for the decays ϒð2SÞ → ϒð1SÞππ, ϒð3SÞ → ϒð1SÞππ, ϒð4SÞ → ϒð1SÞπþπ−, and ϒð4SÞ → ϒð2SÞπþπ− (from top
to bottom). The left panels display the ππ invariant mass spectra, while the right panels show the cos θ distributions. The solid squares
denote the charged decay mode data from the Belle Collaboration [25]. The solid circles and solid triangles denote the charged and
neutral decay mode data, respectively, from the CLEO Collaboration [39]. The solid black and solid magenta lines show the best fit
results for charged- and neutral-pion final states.
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FIG. 3. Moduli of the S- (left) and D-wave (right) amplitudes in the decays ϒð2SÞ → ϒð1SÞππ, ϒð3SÞ → ϒð1SÞππ,
ϒð4SÞ → ϒð1SÞπþπ−, and ϒð4SÞ → ϒð2SÞπþπ− (from top to bottom). The black solid lines represent our best fit results, while
the red dot-dashed, blue dashed, and green dotted lines correspond to the contributions from the chiral contact terms, the Zb, and the box
diagrams, respectively.
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ψ 0 → J=ψππ transition, a rather flat angular distri-
bution was observed experimentally [40].
For the transition chromopolarizability, considering

only the multipole contribution ϒðmSÞ → gluonsþ
ϒðnSÞ → ϒðnSÞππ (i.e., the chiral contact terms), the
value without FSI was obtained as jαϒð2SÞϒð1SÞj ≈
0.66 GeV−3 [9,19], and the value including the ππ
FSI in a chiral unitary approach is jαϒð2SÞϒð1SÞj ¼
0.24� 0.01 GeV−3 [20]. As shown in Table I, the
effects of Zb exchange and the box diagrams modify
thevalue of the chromopolarizability slightly, andnow
it is jαϒð2SÞϒð1SÞj ¼ 0.29� 0.20 GeV−3, which agrees
with the result in Ref. [20] within errors.
For the parameter κ, one observes that the value

from our fit κϒð2SÞϒð1SÞ ¼ 1.52� 1.17, carrying a
sizeable uncertainty. Its central value is larger than
the result κϒð2SÞϒð1SÞ ¼ 0.342þ0.015

−0.017 in Ref. [41] using
QCD multipole expansion, which was obtained from
fitting to the ππ differential decay width spectrum of
ϒð2SÞ → ϒð1SÞππ using a chiral effective Lagran-
gian as inRef. [42]. There are four differences between
our treatment and that in Ref. [41]: (1) we have
considered ππ FSI, (2) we have considered the Zb,
(3) we have considered the bottom-meson box dia-
grams, and (4)we dropped the termproportional to the
quark mass matrix in the chiral Lagrangian since the
same term introduces aϒð2SÞϒð1SÞmixingbyvirtual
of chiral symmetry and should be eliminated upon
diagonalizing the mass matrix for the ϒ states as
argued in [24]. Among them, (2) and (3) are non-
multipole effects, and (1) ismandatory in particular for
theππSwave since thef0ð500Þ resonance is located in
this energy range. Our earlier analysis in Ref. [24],
where the bottom-meson box diagrams were
not considered, led to a value of −0.13� 0.25 for
κϒð2SÞϒð1SÞ.
One observes the following hierarchy from

our fit: jαϒð4SÞϒð1SÞj≪ jαϒð3SÞϒð1SÞj≪ jαϒð2SÞϒð1SÞj≲
jαϒð4SÞϒð2SÞj, which agrees with the expectation in
Ref. [19]. This may be qualitatively understood from
the node structure of the ϒðnSÞ wave functions
[43,44]: for the processes with the same final ϒ state,

the larger the difference between the principal
quantum numbers, the smaller the gluonic matrix
elements and thus the magnitude of the transition
chromopolarizabilities.

(2) For the ϒð3SÞ → ϒð1SÞππ process, one observes
that the two-hump structure of the ππ mass spectrum
and the angular distribution can be well reproduced.
One notices that there is a jump at around 0.35 GeV
in the Belle data, which, however, is dubious since
there is no threshold or any other singularity in that
region. The Belle data points below 0.35 GeV
contribute sizeably to the value of χ2.

(3) For the ϒð4SÞ → ϒð1SÞπþπ− process, the dipion
mass spectrum indeed has a dip around 1 GeV in the
new Belle data, which has been predicted due to the
presence of the f0ð980Þ [23]. We further notice that
now the data points left to the f0ð980Þ are the
highest ones and the line shape there is lifted up
mainly by the Zb-exchange mechanism. This feature
can be seen in Fig. 3, where one observes that for the
dominant S-wave amplitudes, the Zb exchange plays
a major role in the energy range around 0.95 GeV.
Thus, the effective couplings of Zb to ϒð4SÞπ and
ϒð1SÞπ are better constrained compared with our
previous study [23]. For the angular distribution, the
theoretical prediction is very flat since the D-wave
contribution is much smaller than the S-wave one.

(4) For the ππ mass spectrum of the ϒð4SÞ →
ϒð2SÞπþπ− process, the new Belle data show a
two-peak structure as in the old BABAR data [45],
while a distinct difference is that in the Belle data the
dip approaches 0 inside the physical region. Since
the chiral contact amplitude contains a 0 in this
energy range, the ππ mass spectrum of the Belle data
can be described well even by only including the
chiral contact terms with FSI as we have checked. As
a result, the value of jgJHHð2SÞj turns out to be smaller
than that determined in Ref. [23] where the BABAR
data with larger uncertainties [45] were used. In the
BABAR data, the dip at around 0.45 GeV is higher,
leading to a larger value of jgJHHð2SÞj.

(5) The branching fractions of the decays of both Zb
states into ϒðnSÞπ (n ≤ 3) have been reported by

TABLE I. Fit parameters from the best simultaneous fit of the ϒðmSÞ → ϒðnSÞππðn < m ≤ 4Þ processes.
ϒð2SÞ → ϒð1SÞππ ϒð3SÞ → ϒð1SÞππ ϒð4SÞ → ϒð1SÞπþπ− ϒð4SÞ → ϒð2SÞπþπ−

jαϒðmSÞϒðnSÞj½GeV−3� 0.29� 0.20 0.06� 0.03 ð5.4� 3.5Þ × 10−4 0.43� 0.01
κϒðmSÞϒðnSÞ 1.52� 1.17 0.34� 0.19 −3.3� 2.1 0.53� 0.02
χ2=ðnumber of eventsÞ 794.7=98 288.4=151 75.3=43 14.7=23

jCZb1ϒð1SÞπj jCZb1ϒð2SÞπj jCZb1ϒð3SÞπj jCZb1ϒð4SÞπj
ð5.7� 0.2Þ × 10−2 1.6� 0.1 ð2.1� 0.1Þ × 10−2 ð3.3� 0.1Þ × 10−3

jgJHHð1SÞj½GeV−3=2� jgJHHð2SÞj½GeV−3=2� jgJHHð3SÞj½GeV−3=2�
ð4.1� 0.2Þ × 10−5 ð2.7� 0.8Þ × 10−4 1.4� 5.1

YUN-HUA CHEN and FENG-KUN GUO PHYS. REV. D 100, 054035 (2019)

054035-6



Belle in Ref. [46], where the Zb line shapes were
fitted using Breit-Wigner forms. If we naively
calculated the partial widths by multiplying these
branching fractions by the measured widths of the
two Zb states, we would obtain the ZbiϒðnSÞπ
coupling strengths2

jCnaive
Zb1ϒð1SÞπj ¼ ð3.1� 0.5Þ × 10−3;

jCnaive
Zb2ϒð1SÞπj ¼ ð1.3� 0.3Þ × 10−3;

jCnaive
Zb1ϒð2SÞπj ¼ ð2.1� 0.3Þ × 10−2;

jCnaive
Zb2ϒð2SÞπj ¼ ð0.9� 0.2Þ × 10−2;

jCnaive
Zb1ϒð3SÞπj ¼ ð5.8� 0.9Þ × 10−2;

jCnaive
Zb2ϒð3SÞπj ¼ ð3.0� 0.5Þ × 10−2; ð9Þ

by using

jCZj ¼
�
4πF2

πmZb
ΓZb→ϒπ

mϒjpfjðm2
π þ p2

fÞ
�1

2

; ð10Þ

where jpfj≡ λ1=2ðm2
Zb
; m2

ϒ; m
2
πÞ=ð2mZb

Þ. One ob-
serves that our results of the coupling strengths for
jCZb1ϒð1SÞπj and jCZb1ϒð2SÞπj in Table I are about 1 or
2 orders of magnitude larger than those listed above,
and the values of jCZb1ϒð3SÞπj in Table I and in Eq. (9)
are of the same order of magnitude. Notice that as
analyzed in our previous work [24], the Breit-
Wigner parametrization used Ref. [46] is not the
appropriate way for describing the Zb line shapes;
the Zb states are very close to the Bð�ÞB̄� thresholds,
and thus a Flatté parametrization should be used,
which would lead to much larger partial widths into
ϒðnSÞπ, and thus the relevant coupling strengths.
For more details, we refer to Ref. [24]. In addition,
since both Zb states are well above the ϒð4SÞ mass,
and their effects in the dipion transitions can be
hardly distinguished from each other [24]; thus we
have included only one effective Zb state in our
framework. The so-obtained coupling strengths
jCZb1ϒðlSÞπj in Table I should be understood as
effectively containing effects from both of the
Zbð10610Þ and Zbð10650Þ states. Nevertheless, even
taking the above two facts into account, the value of
jCZb1ϒð2SÞπj in Table I is too large since it would lead
to a partial width of the GeV order using Eq. (9).

Notice that the Belle data of the ϒð2SÞ → ϒð1SÞππ
process played a crucial role in fixing the value of
jCZb1ϒð2SÞπj, and as mentioned in the first two
remarks, the present Belle data on the ϒð2S; 3SÞ →
ϒð1SÞππ transitions have some dubious properties.
We expect that the future better data of these
processes and a proper extraction of the branching
fractions of the Zbi → ϒðnSÞπ (n ≤ 3) decays may
help to solve this discrepancy.

IV. CONCLUSIONS

We have systemically studied the dipion transitions
ϒðmSÞ → ϒðnSÞππ with n < m ≤ 4. In addition to the
multipole contribution ϒðmSÞ → ϒðnSÞ þ gluons →
ϒðnSÞππ, the Zb exchange and bottom-meson loops are
taken into account. The strong coupled-channel (ππ and
KK̄) FSI is considered model independently by using the
dispersion theory. Through fitting the updated data of the
ππ invariant mass spectra and the helicity angular distri-
butions, the values of the transition the chromopolariz-
abilities jαϒðmSÞϒðnSÞj are determined. In particular, we find
that after including the Zb exchange and bottom-meson
loops the value of jαϒð2SÞϒð1SÞj is determined to be
ð0.29� 0.20Þ GeV−3. It is expected in Refs. [8,19] that
the off-diagonal chromopolarizability should be somewhat
smaller than the diagonal one. Within uncertainties, the
value of jαϒð2SÞϒð1SÞj from our determination is similar to
the diagonal chromopolarizability jαϒð1SÞϒð1SÞj, calculated
to be in the range of ½0.33; 0.47� GeV−3 in Ref. [15] and
0.50þ0.42

−0.38 GeV−3 in Ref. [47], and yet the central value is
indeed smaller. The results obtained in this work would be
valuable to understand the chromopolarizabilities of bot-
tomonia, and will have applications for the studies of light-
hadron-bottomonia interactions.
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2In [24], the nonrelativistic normalization factor of
ffiffiffiffiffi
M

p
for

heavy mesons has been absorbed into the coupling constants, so
the coupling constants therein differ from the corresponding ones
in Eq. (9) by a factor of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MZbi
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