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Gluon radiation from a classical point particle
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We consider an initially at rest colored particle which is struck by an ultrarelativistic nucleus. The
particle is treated classically with respect to both its motion and its color charge. The nucleus is treated as a
sheet of colored glass within the context of the color glass condensate framework. We compute both the
momentum and coordinates of the struck classical particle and the emitted radiation. Our computations
generalize the classic electrodynamics computation of the radiation of an accelerated charged particle to
include the radiation induced by the charged gluon field. This latter contribution adds to the classic
electrodynamics result and produces a gluon rapidity distribution that is roughly constant as a function of
rapidity at rapidities far from the fragmentation region of the struck particles. These computations may
form the basis of a first principles treatment for the initial conditions for the evolution of matter produced in
the fragmentation region of asymptotically high energy collisions.
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I. INTRODUCTION

This article will study gluon production in the target
fragmentation region of a very high energy hadronic
collision. The goal is to reformulate the very early
phenomenological ideas of Anishetty, Koehler, and
McLerran [1] (see also [2—4]) in the spirit of the theory
of color glass condensate (CGC) [5]. These descriptions
make use of the effects of gluon saturation to provide a
computational framework for the treatment of high energy
QCD processes [6-8].

In Ref. [1], one considered a situation in which an
ultrarelativistic nucleus collides with a hadron of radius
R, at rest and imparts a rapidity y (longitudinal velocity =
tanhy) to each of the quarks in the stationary target.
A simple calculation then shows that while the whole
system has been accelerated to rapidity y, its rest frame
length is e 2R, and it has been compressed by a factor e”.
In Ref. [2], this estimate was converted into initial con-
ditions of hydrodynamic evolution of energy momentum
and baryon number. Very recently, in Ref. [9] it was shown
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that this compression argument holds quantitatively and
quantum mechanically in the CGC picture.

In addition to compressing the baryonic system, the
acceleration of the system will cause radiation of gluons.
As an initial stage of computing this process we shall in this
article consider the problem of a single color charged
particle interacting with a sheet of color glass condensate;
i.e., we have a large nucleus moving along the positive
longitudinal direction and colliding with a static or slowly
moving quark. This discussion will later be extended to the
fully physical situation of collisions of nuclei in the
fragmentation region of the nucleus. While this extension
is straightforward, the problem of the single charged
particle is sufficiently involved that it is useful to do it first.

There is extensive literature on the computation of gluon
production in collisions of large nuclei at very high energies
[10-22]. The beam fragmentation region can also be
studied as a forward limit [17,18]. Both beam and target
then move on the light cone, but in our case we consider the
target to be at rest.

We can understand why the fragmentation region of high
energy collisions is distinctively different from the central
region. Let us consider an asymmetric collision between
a large particle, which we will call a nucleus, and a small
particle such as a small nucleus, or a proton or for that
matter a quark or gluon. The current for the sheet of colored
glass we shall refer to as that of the nucleus. This current
generates a strong field with a characteristic momentum
scale associated with the average density of charges on it,
Q.- If a particle with transverse momenta k; interacts with
the nucleus, it scatters with high probability for k7 < Qg

Published by the American Physical Society
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and above this scale the nucleus becomes increasingly
transparent.

The saturation momentum scale may be evaluated to
be [7,8]

1 dN

2
Qsat - achEd—y’

(1)

where a; is the strong coupling constant, N, is the color
factor, and dN/dy is the rapidity density of gluons. This
rapidity density should grow as ¢**Y at large rapidities far
from that of the projectile nucleus.'

Now consider the fragmentation region of the smaller
particle. The saturation momentum of the smaller particle
has not evolved since it is not being evaluated at a rapidity
scale far from its own fragmentation region. On the other
hand, at the fragmentation region of the smaller particle,
one is many units of rapidity away from that of the
projectile nucleus, and the saturation momentum of the
projectile nucleus at asymptotically high energies evaluated
at these scales can become asymptotically large. We
therefore have that the saturation momentum projectile
and target in the fragmentation region of the target satisfy

targ proj
Qsat < Qsat . (2)

It can be shown that the majority of particles are
produced in the kinematic region where the produced
particle transverse momentum satisfies

targ proj
Qsat < pr << Qsat (3)

and that in this region the gluon field of the produced gluon
is large enough so that it can be treated classically but small
enough so that the gluon field equation may be treated as a
linear equation [11,12],

1 < Afon < 1/g. (4)

This observation about the gluon field strength is at the
heart of the computation we present here. We will work to
all orders in the strength of the color field of the nucleus but
to lowest order in the field strength of the target particle.
This will allow us to compute the trajectory of the struck
target particle and the induced gluon radiation associated
with this collision.

"There is only one factor of a, in this equation because the
scale at which unitarity in scattering sets is involves scattering
from all the gluons from the rapidity of interest to that of
the projectile, and the integration over rapidity converts
a? [ dydN/dy ~ a,dN /dy, because of the exponentially growing
gluon density. We see that at very high energies the saturation
momentum of the nucleus can become very large.

II. REVIEW OF THE PROPERTIES OF A COLOR
FIELD OF A SHEET OF COLORED GLASS

Color glass condensate refers to an ensemble of classical
charge on a sheet at x~ = 0. For an arbitrary four-vector
X = (xT,x7,x) we choose light cone coordinates as

L _Ixz
X _\/i’ (5)

where z = x; = (x* —x7)/+/2 is the longitudinal coordi-
nate and x = (x!, x) is the transverse position, with |x| =
x7. We use the mostly plus metric gt~ = g7 = -1, g'! =
g** = +1 so that the scalar product of 2 four-vectors is

a-b=-a"b~—ab"+a-b. (6)

What we gain hereby is that we need not worry about
the sign change in transverse components, a; = a'; it is
easier to remember the sign in a, = —a~. With these
conventions, the mass shell constraint p?> = —m? is
pt =m3/2p~, with the definition m% = p7 + m?.

The classical Yang-Mills equations of motion in the
presence of an external current J¥ are given by

D, F*" = J*, (7)
where the covariant derivative and the field strength are

D,=0

u = 19A,, (8)

F

i .
w — — [D/uDu] = a/lAl/ - avAy - lg[AwAv]’ (9)

9

and A, = AJT, are the matrix valued gauge fields. The
SU(N,.) gauge algebra is

[Tm Tb] = ifabcch (10)
where f ;. are the totally antisymmetric structure constants
and Tj,. = —if . for adjoint representation.

Under a unitary gauge transformation U(x), the gauge
field transforms as

A, — A, = UAU' +U0,U" (1)
g
or, equivalently,
D, — D, = UD,U". (12)
The field strength and the current transform covariantly:

F, = F,= UFWUT, (13)
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J, = J,=UJ,U". (14)

We often also use a matrix-vector notation for trans-
formations of a color vector F,, a = 1, ...,N% — 1. If we
have a dp x dp dimensional representation of the gener-
ators T,, normalized by TrT,T), = Trd,,, then a matrix
representation of the transformation F' = UFU' can as
well be written as F’ = VF or in component form

1
F; = T—TI‘(TMUT[)UT)F[) = Vthb' (15)
R

Thus V is an adjoint matrix, and 7,, U are dyp x dg
dimensional matrices.

The sheet of colored glass may for many purposes be
treated as an infinitesimally thin sheet, with color charges

pa(x_’ X) = 5(x‘)pa(x) (16)

on the sheet. A crucial assumption here is that there is no x*
dependence in Eq. (16). The physical basis for this is time
dilatation, and the fast degrees of freedom are effectively
frozen. In some circumstances it is useful to spread out the
charge in Eq. (16) over an interval

0<x™ <xp, (17)

where x|, is assumed to be very small. This regularizes our
computations and may be thought of as arising from the
rapidity distribution of gluons between that of the frag-
mentation region of the nucleus and that where the gluon
distribution is measured. The spatial rapidity is therefore
spread over a finite interval. The color current associated
with this source is taken to be

Ja(x™,x) = & p,(x7, x). (18)

When computing physical quantities one computes
fields in the presence of the sources, and then averages
over the sources. When the distribution of the sources is
chosen to be Gaussian, this is the McLerran-Venugopalan
model [5].

There are two gauges, both subclasses of the A~ =0
gauge, in which the solution of the classical Yang-Mills
equations with the current Eq. (18) is usually discussed,
either A* = (A*(x7,x),0,0,0) or A* = (0,0,A(x™,x))
(for reviews, see [23,24]). The solution for the field
corresponding to the nucleus is most easily found in the
gauge where the field is entirely in the + direction. Since
there is no x* dependence in the current Eq. (18), the only
nonzero components of F* are

Fit = —F+ = 0IAS (19)

and the equations of motion reduce to

82TA2_ = Pa (x_’ X)' (20)

From this one can then gauge transform A" to zero,
which then generates a transverse A’(x~,x) where the
only nonzero components of the field strength are now

Fit = —F/i = 0_AlL. (21)

Usually this transverse field is further chosen so that it is
zero before the sheet at x~ < 0 and nonzero after it, for
Xo < x~. Asymptotically this sheet is essentially a step
function 6(x~) that is a nonzero constant for x~ > 0 (see
Fig. 12 of [23]).

In what follows, we will actually find it convenient to use
a gauge in which A; ~ 8(—x7), i.e., vanishes after the sheet.
The geometry of the process we are studying is shown in
Fig. 1. A particle initially at rest at (x; = 0, x = 0) collides
with a sheet of colored glass moving along x~ = 0 with
the current Eq. (18), and we are interested in the radiation
field produced. Thus we need the fields far in the future so
that, for simplicity, it is convenient to have the field of the
nucleus vanish after the collision x~ > (0. Because the
collision is singular at x~ = 0, the choice where the gauge
field is entirely AT is perhaps not optimal either (though
it can be used to study similar processes [19-22]). We
therefore will work in the gauge for the scattering problem
where the field is entirely a two-dimensional transverse
field for x~ <0, Al (x™,x) approximately constant as a
function of x~ and vanishes for x~ > 0.

FIG. 1. Longitudinal kinematics of the process. Nucleus A
moving along the light cone with color current §*5(x7)p(x)
meets with a stationary quark and is excited into a classical
background Yang-Mills configuration A* = (0,0,A'0(—x7)). In
region I, for x~ < 0, the background field is vacuum equivalent
transverse field (26) and the fluctuation field 0A; = a; is a gauge
rotated Coulomb field of the stationary quark (75). In II and III
there are no background fields, and the fluctuation fields contain
electrodynamicslike radiation caused by quark acceleration (81)
and radiation from the quark-nucleus interaction (108).
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In this gauge, because the single particle source is at rest
before the collision, we have that the single particle source
is not rotated in the background field of the nucleus,

D, JF = 8,0 —iglA,, J*] =8, Jt =0.  (22)

Thus the single particle source before the collision is time
independent.

Let us then construct explicitly the gauge rotation that
connects the A* gauge to the A’ gauge. To transform A™ to
zero the gauge rotation matrix U must solve

U0+ —igAt Ut =0 (23)
or
O_U" = —igATU". (24)

A solution where the matrix U is one for x~ positive and
outside the thin sheet at 0 < x~ < x, for xy — 0 is

U(x,x) :Pexp{—ig/:o dy—A+(y—,x)}, (25)

where P is the path-ordering operator. When x~ < 0, one
gets the entire contribution of the sheet and U is constant
in x~. The two-dimensional gauge field associated with this
rotation is

A(x) = éU(X)ajUT(X) (26)

and, as constructed, is nonzero and constant at x~ < O; it
vanishes for x~ > x5 — 0.

III. FIELD OF AN ISOLATED PARTICLE AND
WONG’S EQUATIONS

The single particle is at rest before the collision. This is
because the field strength F** vanishes except in the thin
sheet of colored glass. When it hits the colored glass, it is
accelerated and begins to radiate. After the collision, it has
a constant velocity to leading order in the strength of the
small radiated field. We want to construct both the radiation
field and the motion of the charged particle.

In the construction of the field of the charged particle, the
extended current conservation law can cause a potential
problem associated with the induced field of the classical
particle rotating the current of the sheet of colored charge.
We deal with this by working in the gauge for the small
fluctuation field

SA-=a" =0. (27)

In this gauge, combined with our choice for the gauge of
the background field of the nucleus discussed above, the

charges of both the nucleus and the single particle do not
precess. This is since the only nonzero precession term is of
order the single particle field times the source of the single
particle field; this is second order in the strength of the
single particle field, and we work only to first order. Note
that one might be worried about some rotation induced
while the charged particle traverses the sheet, but this
occurs in a short time; in our gauge, none of the fields
diverge in the limit of infinitesimal sheet, and it therefore
induces insignificant rotation.

So with these concepts in mind, let us now compute
the trajectory of the single color charged particle as it
traverses the sheet, determined by Wong’s equations
[25,26]. The classical particle in a colored field has a
classical color vector Q,(r), a trajectory x*(z), and
momentum p*(z). Here uw* = dx*/dr and p* = mut.
The equation of motion is

Vi
w 90 - F*u, = gO“Fi’u,. (28)
dr
Due to the asymmetry of F* this explicitly conserves
the square of the particle four-momentum p, i.e.,
d(p,p")/dr =0. By demanding covariant conservation
D#J, =0 of the current

J,(x) = / 410 (@), ()5 (x = y(2).  (29)

one sees that the equation for the precession of the colored
charge matrix Q is

ag .
dr = —ig[Q,u - A], (30)
T
or in component form
dQ, ¢
dr = _gfabCQ A/}ju”' (31)

A formal solution of this first-order matrix equation is the
path ordered adjoint exponential

0(x) = Pexp <ig A ' dx”A/‘> 000,  (32)

where the path ordered integration over x is over the
trajectory of the particle.

Now before the collision, the integration above is entirely
timelike, and the fields are two-dimensional (2D) transverse,
so the integration over this part of the path vanishes,
dx;A' = 0. Near x~ =0, there is the integration across
the sheet, but in our gauge the vector potential of the
background field is so mildly singular, A; ~6(—x"), that

Here we have used the notation Q - F = Q“F, = 2Tr(QF).
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there is no contribution in the limit the sheet shrinks to zero.
We ignore the contribution of the induced field produced by
the single charged particle. Similarly, after the collision there
is no contribution, since the background field from the
nucleus vanishes there. Therefore, within the approximation
of the infinitely thin sheet we consider, the color of the
particle does not precess.

Consider then the motion of the particle as given by
Wong’s equations in Eq. (28). Since in our gauge

F~' = F~t =0, the simplest equation is the one with
H=-
dp~
= =0, 33
R (33)

so that p~/m = u~ = dx~/dr is a constant, x™(7) = u™ 7,
and 7 is effectively the same as x~. Further, we have
F* =F_;=0_A" and u, = —u~ so that the y = i equa-
tion gives

dp' _ _dp' .
o =u = g0 - (0_Au~. (34)

In this equation, the vector potential is evaluated at
x = 0, and since Q is the color charge at x = 0, the overall
result is gauge invariant; gauge rotations at x = 0 cancel
each other. Before the sheet at x~ < 0, A’ is nonzero but
effectively constant so that p’ is constant. After the sheet at
x~ > 0, A" = 0 so that again p' is constant. Taking p' = 0
before the sheet and integrating Eq. (34) across x~ =0
gives the particle a kick of magnitude

pl = —gQ - discA’. (35)
Finally, Wong’s equations explicitly conserve the mass
shell condition p?> = —m? from which
_dp*t _ dp' : e
p——=p'——=-gp'Q-(0-A)u~,  (36)
dr dr

and the p = + equation simply enforces the mass shell
condition.

We expect that the magnitude of the final transverse
momentum into which the static quark is scattered is of the
order of the relevant dynamical scale, the nuclear saturation
momentum, p;p; = p7 ~ Q%. A rough estimate could
be p7 ~ (9;U0;U") ~ 02, log(1/(Aqcpr), where r is the
transverse separation of the two U(x) matrices and we used
a standard formula [23] for the UU' correlator. This
expression diverges in the limit that we take the size of
the particle probing our system to zero. This is an artifact of
the high momentum divergence for the average transverse
momentum squared associated with the 1/p7 behavior of
large angle scattering.

The current for the single particle may be computed from
the constant trajectory u* = dx*/dr = p*/m and is for
x~ > 0 specified as®

J(x) = 0 / dru's® (x — uz)0(x-) (37)

= Qu* / drd(x~ — u7)8(x" — ut7)6@ (x — ur)f(x")

(38)

_ P_f5<x+ _ fz_fx—>5<z> (X —%x‘)G(x_). (39)

P

Notice that the delta function of involving x~ simply sets
the momentum space rapidity of the scattered particle
log(p™/p~)/2 equal to its coordinate space rapidity
log(x™/x7)/2. In momentum space this current is

op*

JH k= [ & i(k*x'Jrk'x*—k"x“)Jﬂ _ )
(k) / e () i(p-k—ie)

(40)

Similar expressions are valid for x~ < 0; the sign of
Eq. (40) and the sign of ¢ are then changed.

IV. THE COULOMB POTENTIAL
IN 6A- =0 GAUGE

We have chosen the background color field of the
nucleus to be of the form A#* = (0,0, A’). In general, when
discussing the total nucleus-quark system we will use the
A~ =0 gauge. We will write the total field in the form
AF + SAH = A* + a#, where A* = a* is of lower order.

Before scattering off the sheet of colored class, the field
of our classical particle is Coulombic. We have, with

r= VA = T =X 2

1
Arzr

1 1
&0, at=a (41)

= Vadnr

where the color matrix g7, which multiplies the charge has
been suppressed. This field is shifted into the light cone
gauge a~ = 0 by an infinitesimal gauge transformation
U=¢e9x1+igA,

H —
Acoul =

a" — a* + D*(A)A, D* = (0F,07,0" —igA’), (42)

where for future use we have included the background
gauge A; we shall use. For A; the transformation is, in
component form,

JAs argued above, for an asymptotically thin sheet the color
charge matrix Q does not rotate.
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1
Lo A= 4
\/_4zrr +0° 0, (43)
\/'477.'7" ’
a’ - 0+ D'A. (45)

We are actually only concerned with this field for x~ < 0,
since the field for x* > 0 will include the radiation field
and will be determined by solving a boundary value
problem at x~ = 0 with boundary conditions determined
by the field for x~ < 0.

The field A (related to the infinitesimal transformation) is
determined from Eq. (43),

A:_/dx a2 =) 2 A (46)

This gives

Az%ln [é ((x+ —) VI —x—)2/2+x%>].

(47)
Note that 0"A = -0, A = 0_A, where the first equality
is general for light-cone coordinates, and the second holds

since A depends on the difference x* — x~. This yields for
the + component

(48)

+
51S

Concerning the i component, consider first the vacuum
case so that D; = 0,. Then

xt 1, 1

1
87477\/51‘3 B a 4m\2r
(49)

g oo X
4w x2 r

We have included some explicit relations which come in
handy later. These fluctuation fields satisfy further

8+a+ + 8[Cli = 0, (—28+a_ + 3i3,-)ai = 0,
8,-aj - ajal' — 0 (50)

The last equation means that there is no longitudinal
magnetic field.

One may ask whether there is residual gauge freedom in
the transverse fields a;. In fact, one can still do a U(1) gauge
transformation (C = const)

a;—a;+0y, y=Clogxy, Oy= C;, Oy =
T
(51)
This transformation is the same as
A — A+ Clogxy, (52)
and the two-divergence of ¢; is invariant under it,
Qi = Lo o Oi(al + O) = Dya’. (53)

dnr

For the vacuum case, no nuclear background field, we
now have the full set a* = (a",0,a’). One can check
that this form reproduces the desired structure for F* as it
must. This is nothing but the standard three-dimensional
(3D) radial electric field E(r) = er/(4zr), with r as
defined above.

We will later need the Fourier transform of d,.a’ of the
transverse vacuum field @’ along the line x~ = 0. Using the
result of Eq. (49) we find

—+o0
e b1 .
/ dx+d2xe+z(kx kx)a+az
—00
i

X
4ﬂ\/§r3 ’

+oo .
:/ dx+d2xe+z(k xT—kx) (54)

The integration over the two-dimensional transverse space
can easily be performed by first noting that

/dzxe_ik"‘xif(x) = —2i7t]]:—l/oo dxrxaf(x)J (kpxr),
T Jo
(55)

where J, is the Bessel function. By taking f = 1/r° at
~ =0 we obtain

ki —krlet

—ikx X! Y
/dzxe k [(x+)2/2+x%]3/2__2mk_re 2. (56)

Thus the Fourier transform integral in Eq. (54) can be
written as

/+°° dx+d2xe+i(k‘x+—k-x)a+ai

[Se]

14 0 o + ) o +
= 217;}( [/ dxtel™ +p +/ dxtel™® —p }
T - 0
(57)
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From this expression the remaining x™ integral can be done
analytically, giving

+oo o A +ik!
dxtd2 +i(k x*—k-x)a | 58
/_oo roae = oayp %)

V. FIELD OF TEST QUARK IN A STRONG
BACKGROUND FIELD

For the non-Abelian problem, one has to generalize
the Coulomb solution to the case where for x~ < 0 there
is a strong background field —igA; = UQ;U", a two-
dimensional gauge transform of vacuum. Here U is the
gauge transformation matrix Eq. (25) transforming from
the AT gauge to the A’ gauge.

In a strong background field the Coulomb solution for
x~ < 0 is then

s = 7 UNT, (59)

where we have defined T as
T=U"(0)T (60)
so that the Coulomb potential at x = 0, where the quark is
sitting, is 7/ (4zr) without any rotation.* The field in the

gauge a- =0 is as before obtained by a small gauge
transformation with

1 _
O_\N=— Ux)T 61
\24xr (x) (61)
so that
1

a = ﬁa%oul -0 A= \/EQOCoul (62)

and
i i T 1 i 1 0
a = D A = U@,(U A) = —7§D gdcoul
1 1 . T

Here Eq. (63) for the transverse fluctuation field a’ can be
rewritten as

*The point of redefining 7 by an overall rotation U™ (0)7 is that
if we do not include it, the fluctuation field U(x)a' at the position
of the quark is proportional to U(0)gT and thus fluctuates with U.
Physically one does not want this since it should be fixed to gT'.
This is accomplished by setting the state as U(x)U'(0)a’.

a = —%U(X)UT(O)%&'“—; = U(X)U"(0)ay,. (64)

where the relation 9'U"(0) = 0 has been used, and d/,,
given in Eq. (49), satisfy the vacuum case (i.e., no nuclear
background field).

Let us now check that the solution in Eq. (64) indeed
satisfies the correct equation of motion for the fluctuation
field a’ at x~ < 0. The fluctuation equation for the trans-
verse field a' in the A’ gauge is given by [see Eq. (98)
below]

D,D'a’ = (=20,0_ + D;D;)a’
=-20,0_a' + Ud3(U'a")

. ) 1
= Uj - UD <UT§Uj‘>, (65)
where

= U 0)Tus(xt —x7)6®(x), with
ut =1,u" =0, (66)

is a current representing a color source at (x; = 0,x = 0)
in the A* gauge, in which there is no transverse background
field. Multiplying from the left by U’ and noting that
O_U =0 (i.e., there is no x™ dependence in the matrix U)
shows that U'a' satisfies the equation

. o1
(=20,0_+03)U'a" = _algj_ = jeir-  (67)

The general solution of the fluctuation equation above
can be written down as

Ut(x)d = di, + / dYGrlx— Vi), (68)

where the retarded Green’s function, in the light-cone
coordinates, is given by

4 eik-x
Gas) = [ e =~ 3010 (69)

with x? = —2x*x~ + x2, and the solution of the homo-
geneous equation, afn, vanishes since there are no incoming
fields (quark is at rest). In order to evaluate the integral in
Eq. (68), we first notice that it is helpful to multiply

Eq. (67) by 0~. This gives

. T
U'(x)0,a" = -U'(0) %/ dytdy=d?yQ(xt —yT)

x 8((x = y)1)3(y" =y )o's@(y),  (70)
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where (x —y)? = =2(xT —y")(x~ —y7) + |[x —y|>. Per-
forming the integrals over the y~ and y we find

. . T .. [x
W@ww%dmmy&/ dy+o(=2(x* — y*)
T -0
X (x7 = y*) + 7). (71)
Using the properties of the delta function

8(=2(x" =y ) (x™ = y") +7)

= 500" =) (72)

where we have defined

1 [(xt+x 1 _
yé)zﬁ(Ti E(ﬁ—x )2+x%> (73)

with yzzr) > x*, gives

T .. 1
o

U'(x)0,a =U'(0) —0 ——
(0001 = U030 50—

~ U)o (74)

al(xt,x,x) = Ux)UT(0)alo(x*, x7,x)0(=x7).  (75)

Here we have inserted a theta function to remind us that this
discussion is relevant at x~ < 0. This result, as it should be,
is the same as Eq. (64).

One consequence of the appearance of U in Eq. (75) is
that the two-divergence is modified by a coupling to the
background field A;:

Oia; = (0,;U(x))U*(0)aj* + U(x)U'(0)0;a}™

(76)

where we inserted O;U = igA;U. Also a longitudinal
magnetic field is generated:

erij0ia; = €;;(0;U(x))UT(0)a}™ = igejAa;.  (77)
These equations are important since they give the first
derivatives of the transverse radiation field, which are
needed to solve the radiation equations; see Sec. VIII
below. We also remind the reader that the ath color
component of the vector igAa is (igAa), = gf ap.APac.

VI. RADIATION FROM A POINT PARTICLE
CROSSING A SHEET, QED, AND RAPIDITY

In this section we review the computation of the radiation
from a charged electromagnetic particle getting an impulse
kick at x~ = 0. This review will make the discussion of
the non-Abelian problem more transparent.

Let us assume we have a particle that is at rest at the origin
for r < 0 and is spontaneously accelerated to a particle with
constant momentum p* at t = 0. The current is

0 o
JF=e {5”0 / dzé(t — 7)85) (X) + u* / dré™ (x — ur)] .
- 0

(o]

(78)

Here u* = p*/m is the four velocity of the particle after the
collision. In light cone gauge A~ = 0 the solution for the
vector potential is

1 1
t = . —J
A PE <V A+8-J ) (79)
and
0,0FAT = J —iiJ‘. (80)
H o

If we rewrite this in Fourier space, then the distribution of
radiation is

AN i i
165K S = lim kA (0)A(~k)
:{m@_gr@ﬂppm-gr@@.

(81)

In the following, we will assume k> = 0. Up to a term that
vanishes when k*> = 0, upon use of current conservation
k - J = 0, the right-hand side is algebraically identical to

dN
16ﬂ3kﬁ = J,(k)J*(=k), (82)
which is the ordinary textbook expression.
We can now compute the Fourier transform of the
current as

1 1
JH=e|0 — —y# . 83
170 T (k) (83)
After a little algebra, we find that
1 in2 60
2= g2pp— (84)

k* (1 —wvcosf)?’

where the angle 6 is between that of the three-dimensional
velocity vector ¥ = p/E of the particle and the emitted

photon (k = |/2| = ).
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Although we are mainly interested in a stationary initial
quark, it may be useful to give some expressions for a more
general radiation process with momenta ¢ — k + p and
write them in terms of rapidities,

1 1
kK =ky| —=e’,—=e™,cos ¢, sin ,
T(ﬂ V2 / ¢)

q' = (m—\/Tgeyq,nj/Tge_y",chos bg-ar Sin¢4)’ (85)
2

where m7,, = m* + g7, and similarly for p#. The radiation
current in Egs. (40) and (83) for instantaneous acceleration
g—patx =0is

JH(k) = +iT (qq—_ﬂk - p”—:) . (86)
|

N  ¢T,T, 1

cosh(y, —=y,) —cos(¢, — ¢,)

Using the kinematic relation |k' —k=pi/p~|> =
—2(k=/p~)p - k, this gives
) ) kK
—RAK) = 1) - )
ki — k_:qi ki — k_ipi
=2iT z L (87)

‘ki_lqc_:qi|2 |ki—§pi|2 ’

where the first term corresponds to 8(—x~) and the second
to O(x™). The ratio k= / p~ is the fractional light cone energy
taken by the photon from the emitting charge. The
multiplicity can now be computed from Eq. (81) or
Eq. (82). For a massless quark one has

ddek B (27[)3 E (COSh(y - yq) - COS(¢ - ¢q))(COSh(y - yp) - COS(¢ - ¢p)) .

Integration over the azimuthal angle of the produced gluon
produces dN/dydk%. This can also be done analytically
using

/271 d¢
o (coshy; —cos(¢p —¢;)(coshy, —cos(¢p — )
2z (coth y; + cothy,)

- cosh(y; + y,) —cos(¢y — )

(89)

Initial static quark, the case we are interested in, is
obtained from the general formulas in the limit of large
mass, m > qr,pr and y, =0. If the static quark is
accelerated into rapidity y,, the gluon distribution is

N(y)

FIG. 2. Rapidity distribution [bracketed factor in Eq. (90) is
plotted] of gluons emitted in an acceleration of a static quark to
rapidity y, = 10 by the nucleus. The maximum is at y,/2 =5
and the curve is symmetric around the maximum value.

(88)

sinh(y,) 2
cosh(y —yp)cosh(y)) - (90)

dN  ¢T,T, 1
dyd’k  (2r)® 2k%

The distribution, plotted in Fig. 2 is symmetric around
y =¥,/2 and has a broad plateau around the maximum.

The maximum value is 4 tanh? %”, and the value at y = 0 or
y =y, is tanh® y .. For large y, and small y, in the “target
fragmentation region,” the distribution grows as

() on

VII. BOUNDARY CONDITIONS

We have now discussed the transverse fluctuation field
a; at x~ > 0 before the arrival of the nucleus as well as
the classical radiation from the acceleration of the quark.
What is missing is a; after the nucleus has passed.
However, we have fixed the gauge so that there is no
background field at x~ > 0. The solution thus is a free
plane wave and one only needs the boundary conditions
at x~ =0.

Actually we already know the boundary condition for a;
when approaching from the direction of x~ < 0; according
to Eq. (75) the value on the surface x™ =0 is

ad(xt,x) = a;(x",x~ =0,x)

= U(X)UT(0)a¥™(x*,x~ = 0,x). (92)
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But are there discontinuities on the nuclear sheet at x™ = 0?
By studying fluctuation equations we shall show that there
is a discontinuity in a* but not in a~ or a'.

The equation for the small fluctuation field is

D%a* — D*(D - a) - 2igF*a, = Uj*. (93)

The only place where one might generate a discontinuity of
the field a is when a derivative with respect to x~ multiplies
a field A’. This only occurs in the plus component of the
equation of motion:

D?a™ — DY (D - a) - 2igFa; = Uj*, (94)
which can be rewritten as
UdA(U'a") +0_(=0,a™ + D;a’ + 2igA'a;)
—2igA'd_a' = Uj*. (95)

Collecting all the terms containing J_ in the + equation
one sees that they are

d_(=0,a" + D;a' + 2igA'a;) — 2igA'd_a’.  (96)

The discontinuity in D;a’ combines with that in the next
term and any discontinuity in A’ can be canceled by a
discontinuity in d,a™:

discd,at = igdisc(A)a;. (97)

In the i component, there is no such term (in the gauge
a~ = 0 in which we work). This equation forces a' to be
continuous.

The radiation may be computed by knowing the asymp-
totic behavior of the field a!, which satisfies the fluctuation
equation

D?*a' — DI(D -a) = Uj'. (98)

For x~ > 0, where the matrix U = 1, this equation sim-
plifies to

&a' —0'(D-a)=j. (99)

Further, using the equation for the minus component of
the current,

8 (D-a)=—j (100)

we find that for x~ > 0 the equation for a; simply is

1

82ai:ji_aia_J _

(101)

VIII. RADIATION FROM THE QUARK-NUCLEUS
INTERACTION

The transverse radiation field is

L[ d%
a;(xt,x ’X)_/(Zn)“

e—i(k+x’+k’x+_k'x)ai(k_’ e k)’
(102)

and radiation is computed from k?a;(k=, k*, k). We know

that g, is a free field at x~ > 0, and further we know its

boundary value Eq. (92) at x~ = 0. With this information

we can construct the full solution.

First, from the fact that one has a free solution for x= > 0
one can conclude that

a(k k" k) =

kt —5E 4 ie

—2ik~

K tie

a;(k=,k)

a;(k=, k). (103)

Inserting this to Eq. (102) gives

2

a;(k=,x7,k) = 9(x‘)exp<—i2kkT_x‘>a,~(k‘,k), (104)

where k~a;(k™, k) is the Fourier transform of the boundary
value U(x)U'(0)id a}*(x",0,x) in Eq. (92)

k_ai(k_, k)
= /dx*dzxei(k"+‘k"‘)U(X)UT(O)i8+alYa°(x+,O,X)

(105)

_/ . Uk - q)U'(0) (106)

(2z)? (g7 +2(k7)%)

The Fourier transformation was taken from Eq. (58). From
Eq. (103)

iKa; (k= k. k) = 2k~a;(k~. k). (107)

Radiation from the quark-sheet collision is then computed
from (color vector T is now explicitly written)

2>
p

which, together with radiation from acceleration of the
quark, is the main result of this article. For quantitative
evaluation one first has to compute the convolution in

dN

167°
" dydk

_ qu ~ _2qi
- <’/ 2ap Uk OV O

(108)
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Eq. (108) and then perform the quantum average over an
ensemble of color density distributions, denoted by (- - -),.

We remind the reader that an essential ingredient in the
above derivation was our gauge choice: we have a vanishing
background field A; = 0 after the collision, while the more
usual choice is to have a vanishing A; before the collision.

The computation of the convolution and color ensemble
averaging is a challenging task, and we shall here only show
how the result approaches the Gunion-Bertsch formula
[10,27] for small p particle production in the central region.

Note first that Eq. (106) contains part of the electrody-
namic (ED)-like radiation solution discussed in Sec. VI. To
avoid double counting, this should be eliminated. To this
end, write

a' = pi + p. (109)

We let 3, be the solution to the free equations of motion in
the presence of the current, that is, the analog of the
electrodynamics problem for all x~:
9,0Mp = ji —g i~ (110)
u 1= a_] )
where the current is Eq. (78) with e replaced by the
unrotated color vector 7. The solution is precisely the
solution Eq. (83) to the electrodynamics problem of
radiation from a charged particle.

We let 3, be the solution of the free zero external current
wave equation 9,0"f5 = 0 subject to the boundary con-
dition

ﬁé|x’=0 = U(X)UT (0)a¥ac|x’=0 - ﬂll |x’=0
= UX) U (0)ay|—g — af*[-—.  (111)

This solution for x~ > 0 will satisfy correct equations of
motion with the proper boundary conditions at x~ = 0.
Here one has subtracted the contribution of f} at the surface
x~ = 0 which is simply the Coulomb solution at x~ = 0,
aj*, the solution with unrotated charge vector 7.

To compute the convolution Eq. (106) we construct a
derivative or momentum expansion as follows. Write the
boundary or surface value in the form

ad = a;(x*,x~ =0,x)

= U(x)U"(0)ay*(x",x~ = 0,x)
The two functions # and y can be projected out
(€1 =—€y = 1) as

a%'” = 5irarai = aia?’ a%)( = eirara}g' (1 13)
Solving 7, y from here and inserting back into Eq. (112)

give the identity

1

af = (5ij5sr + 6"€sr) 82
T

y 9,0,a. (114)

This is an identity valid for 2D vector fields; note that af
is on both sides. It generates the 56 + ee tensor appearing
in [12]. In the last term one can write

9,a5 = 0,UUT(0)aY™ + UU(0)9,a"™
= igA, UU'(0)aY™ + UUT(0)9,a%

= igA,a¥™ + 0,a) + O(UUT(0) —1).  (115)

We remind the reader that in our color structure notation
(igAa), = gf apcApa.. Inserting this back into Eq. (114)
gives the approximation

1
) 5 0, igA,a®) + ap.
%

a;s = (5ij55r + eijesr (116)

The last term just goes through Eq. (114) unchanged, but
disappears when the inhomogeneous solution is subtracted
as in Eq. (111). In Fourier space we thus have

k;
kr

2
< | (;’;)’2 AL(K — q)ag (K™, q)2k".

ikzaf = <5ij55r + €ij€sr)gfabc

(117)

Squaring this and summing over i involves the tensorial
structure

2
Z(éij(ssr + eijesr)ijras(éia(sﬂy + eiaeﬂy)kaAﬁay

i=1

= szA%a% (118)
so that
dN 7 1 d’q,d’q,
- =2 R 71417 k —
dyaﬂk 1671'3 fabcfabc k%-/ (2727)4 r( ql)
x AL(k — qp)as (k™. qp)aS (k™. qp)(2k™)*.
(119)

To proceed further one must go beyond the classical
approximation by introducing quantum expectation values
[23] of the background field correlator

kik)
kirksy

(120)

(Af (k1)A (kp)) = 8, (27)261) (k) = ko) g

Using the Fourier transformation of Eq. (58) along the line
x~ =0 gives
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_zqi

2k a¥(k~.q) = ——d .
0= iy

(121)

For the color factors one can write f,5.fapelcls =
N.T:.T. = N.N,. With these simplifications Eq. (119)
reduces to the form

dN gy 1 [ dq 1 qr
dyd’k 167 kg ) () [k = q'|* (g7 +2(k7)%)*
(122)

If y is the gluon rapidity, 2(k™)? = k3e™2. At large y away
from the fragmentation region at y = 0 this vanishes and
the momentum integral in Eq. (122) approaches the
standard GB form

1 / d*q 1 1
GJ) Gl —ar 2
Consider then including the last term a}* in Eq. (116),
which was subtracted as part of the inhomogeneous
solution. Due to the antisymmetric tensor f,. in the first

term, upon squaring the interference term vanishes anyway.
The square of this term gives the gluon distribution

dN e 4k
= r.T, _
dyd*k  167° (k2 4+ 2(k™)?)?

7 1 2 2
= a3ldaz \ T -
167° ki \1+ e

This is precisely the fragmentation region radiation in the
limit of large quark mass, computed in Eq. (91).

Our final result for gluon production is obtained by
taking ik’a; from Egs. (106) and (107) for the homo-
geneous /3, contribution (quark-sheet collision) and from
Eq. (87) for the inhomogeneous f; contribution (quark
acceleration), summing and absolute squaring. In the above
discussion, we have ignored the contribution for a possible
interference term. This term vanishes. This follows because
the color structure of the sum is (U(x)U'(0) — 1)T + T so
that the interference is ~(U(x)U"(0) — 1)T - T. When this
interference contribution is averaged over p, the only
possible nonzero contractions of the field are at x =0
since this is where the field sits for the emission from the
current. In the weak field approximation Eq. (117) the
interference term is ~f,,.T,T. = 0 and vanishes on tree
level. Gluon production therefore arises from two non-
interfering contributions: one that is the generalization of
the QED radiation process (type ), and another that is
unique to QCD and arises from the disturbance of a
Coulomb field composed of colored gluons that is dis-
turbed during the collision process (type /).

(124)

IX. RAPIDITY AND k; DISTRIBUTION

Our goal is to study the fragmentation region so we are
interested in the rapidity dependence of the produced
radiation. The ED-like radiation from the acceleration of
the quark when crossing the nuclear sheet was studied in
Sec. VI; see Fig. 2 for distribution at fixed k; and fixed
acceleration. This is the inhomogeneous solution of the
radiation equation and depends on the path of the accel-
erated quark. The homogeneous solution depends on the
color charge distribution of the sheet colliding with the
quark and in Eq. (122). Its rapidity dependence is built in
2(k7)? = k2e™?. To see what it is quantitatively, we have
to introduce an IR divergence regulator mass m in the
momentum integral in Eq. (122). It can then be written in
the form

1 / d*q 1 q* (125)
k) 2r)? |k = q'|* +m? (¢* + m* + kie™)?

1 /oo u 1
= du ~
dnkt Jo T (u+ B /(T = u)? + 22 (1 + u) + i

1 ky 1 m?
= 1 105 )], (26
2mk [Ogm m? [k + e 2" (’%)] (126)

where M? = m?/k3 + ¢, it = m/ky. The integral can
be done in closed form and expressed rather compactly by
introducing v> = 1 + 2?2 + 2M>* + (M* — /?)?. What is
relevant is the limit m < kr shown in Eq. (126). The result
has the following characteristic features:

(i) The ky distribution of the quark-sheet collision goes
as log(kr)/k% while that from the quark acceleration
goes as 1/k%. Different variations in different ranges
of ky are discussed, for example, in [12].

(i) The rapidity distribution of the quark-sheet collision
includes a target fragmentation region for y <
log(ky/m), m = IR regulator, within which the
distribution shows a linear increase, Fig. 3, beyond
which there is a plateau extending arbitrarily. The
distribution following from quark acceleration has a
natural large y cutoff given by the momentum of the
accelerated quark.

At first sight, the different k; dependences of these two

processes seems alarming. It should not be so. The kp
dependence of 1/k7 is only valid for the direct charged

particle emission and in the range where k; < Q5" that is,
when the typical transverse momentum of the emitted
gluon is small compared to the typical momentum kick
the charged particle gets from scattering from the nucleus.
At higher momentum, we simply must modify the compu-
tation to take into account the charged particle recoil. In this
region the production cross section will fall as 1/k%,
although our method of computation presented here will
fail in this region.
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N(y)
4 |-
3 m=kr/10
2
1 |-
. . . . . Ly
-2 2 4 6 8 10

FIG. 3. Rapidity distribution [bracketed factor in Eq. (126) is
plotted] at fixed k7 of gluons emitted in a collision of an initially
static quark with nucleus. The IR regulator mass is k7 /10, and the
curve shows a linear increase as a function of rapidity in the
fragmentation region.

For the Gunion-Bertsch contribution, we explicitly
worked in the region where k; > Q. In this region
the nonlinearities of the projectile color field are unim-
portant. Our approximations are valid in this region since
no large recoil of the charged particle is required, and this
region provides a useful check of our computations.

The interesting region of computation is when Q%® <

kr < Q%. This is where most of the particle production
takes place. In this region, the Gunion-Bertsch computation
is not sufficient, and the full nonlinearity of the projectile
color field must be properly taken into account, i.e., a more
accurate evaluation of the expectation value in Eq. (108) is
needed.

X. CONCLUSIONS

We have in this article computed gluon production in a
collision of an ultrarelativistic nucleus and a static quark.

The result consists of two parts, an ED-like inhomogeneous
contribution from quark acceleration [Eqgs. (81) and (87)]
and a homogeneous contribution from the interaction
between the nuclear sheet and the quark [Eq. (108)].
This interaction term corresponded to a homogeneous
solution of the radiation equation due to a special gauge
choice (25) in which the gauge field vanished after the
passage of the sheet.

This is only the first step toward the final goal, making
predictions for target fragmentation dynamics of ultra-
relativistic nuclear collisions. The next step involves
performing the transverse momentum convolution and
the color ensemble averaging in Eq. (108). Here they were
carried out only for dilute systems. Next these gluonic
results should be combined with those for quarks in [9] to
give initial values for energy momentum and baryon
number. This is analogous with the very early work in
[2]. Finally, one should numerically go through hydro-
dynamic evolution in analogy with [28] and prepare
predictions for experiments—which hopefully some day
will well extend to the fragmentation region.
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