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A resonance-like structure as narrow as 10 MeV is observed in the K~ p invariant mass distributions in
Al — pK~n" at Belle. Based on the large data sample of about 1.5 million events and the small bin width
of just 1 MeV for the K~ p invariant mass spectrum, the narrow peak is found precisely lying at the Az
threshold. While lacking evidence for a quark model state with such a narrow width at this mass region,
we find that this narrow structure can be naturally identified as a threshold cusp but enhanced by the nearby
triangle singularity via the A-a(980)" or n-X(1660)" rescatterings.
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I. INTRODUCTION

The discontinuation of the scattering amplitude caused
by an S-wave open threshold generally will result in the
cusp phenomenon in the energy spectrum. However,
although the cusp phenomena were noticed a long time
ago and have been discussed broadly in the literature, it is
very difficult to measure them experimentally. One reason
is that the cusp can only occur at threshold, and to observe
it requires an energy scan in the vicinity of the threshold.
This imposes a challenge on the detector for a high
performance in energy resolution. Besides, the cusp struc-
ture is generally much less prominent over the background
than a pole structure. Thus, a huge data sample is necessary
for isolating the signal out of complicated background. One
classical example is the zz scattering where the charge-

exchange reaction 7t 7~ — 7%2° can produce a cusp in the
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7970 invariant mass spectrum at the 7z~ threshold [1-6].

This observation is based on a data sample of 2.287 x 10’
events for the K* — 75792 decays, and the excellent
energy resolution for the z°z° invariant mass spectrum [1].
This measurement provided a precise determination of the
zr scattering length, which was suggested by Cabibbo [3].
Similar proposals were also suggested for some other
precise experiments [7,8].

There are also some other less prominent cusps observed
in experiments, such as the one in yp — z°p at the 7*n
threshold [9]. In recent years, the cusp phenomena are often
introduced to describe some resonance-like structures in
both the heavy hadron [10-12] and light hadron sectors
[13-19]. But it should be warned that, depending on the
coupling strength to the open threshold, not all cusp effects
would produce predominant resonance-like enhancements
[20]. In fact, in most cases the cusp structures only appear
as tiny kinks that can hardly be identified without suffi-
ciently large high-quality data samples.

The Belle collaboration recently reported a narrow
structure observed in the K~ p invariant mass spectrum
in AT — pK~z", of which the mass is 1663 MeV, and
the width is 10 MeV [21,22]. The signal yields of A} —
pK~n" decays at Belle is about 1.452 x 10° and the bin
width of K~ p invariant mass is only 1 MeV, which means
this is a very precise measurement. From the latest Particle
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Data Group (PDG) [23], there are a few hyperon reso-
nances of which the masses are close to 1663 MeV, such as
A(1670), A(1690), £(1660), and Z£(1670), but all their
widths are much larger than 10 MeV. Considering the mass
spectra of hyperon resonances and their couplings to open
channels, we see that none of those established hyperons
can account for such a narrow structure. Interestingly,
one notices that the peak position of the structure in A —
pK-mt is coincident with the An mass threshold
~1663.5 MeV. This could provide an important clue for
understanding the narrow structure that may strongly be
correlated with the A#n threshold cusp. Meanwhile, as
mentioned earlier, the two-body unitarity cut usually cannot
lead to such a narrow peak [20]. In Ref. [24], a chiral unitary
approach is employed to study the KN — zZ — nA coupled
channel interactions and it was shown that the two-body
unitarity cut would not produce narrow structures at the Az
threshold in A7 — pK~z". Therefore, a detailed analysis of
the analytical property of the transition amplitude taking into
account the Az open threshold, but looking at more leading
contributions, could be the key for unlocking the puzzle
about the narrow structure.

Notice that the three-body decays Af — pK~z" could
receive contributions from rescattering processes, e.g.,
via the Cabibbo-favored intermediate processes Al —
Aay(980)" and A — nZ*" (here, X** representing an
excited hyperon with I = 1), we find that the Ay rescatter-
ings are located in the vicinity of the so-called “triangle
singularity (TS)” kinematic region. As the leading singu-
larity of the complex scattering amplitude, its association
with the two-body cut near the physical boundary will
strongly enhance the two-body cusp effects. We find this
mechanism can provide a natural explanation for the
narrow cusp structure observed in A7 — pK~z™. It should
be noted that the TS mechanism has been recognized
recently to play a crucial role in the understanding of a lot
of puzzling threshold phenomena in the experiment. Some
relevant topical discussions can be found in Refs. [25-39],
and a recent review of the TS mechanism can be found
in Ref. [40].

II. THE MODEL

Considering the Cabibbo-favored weak decays Al —
Aay(980)" and A} — nZ*t, where X*T represents an
excited hyperon with I = 1, the TS processes for A —
pK~n" are illustrated in Fig. 1.

We define the K p invariant mass square s=
(pk- + pp)* = Mk-,. Apparently, the decay amplitude
7T (s) corresponding to Figs. 1(a) and 1(b) has a normal
threshold singularity at sy = (m, + m,)*, which is the
starting point of the right-hand unitarity cut on the complex
s-plane. This cut results in a two-sheet structure for 7 (s),
and the physical region is just above the real axis s > s, on
the first Riemann sheet (RS), shown as the thick line in

A(1670)
() (b)

A(1670)

FIG. 1. Rescattering diagrams which contribute to A} —
pK~z*. Kinematic conventions for the intermediate states
are (a) Ag.my), ao(qa.mz), n(gs.m3) and (b) n(qy.m),
I (q2.m3), A(gs.m3).

Fig. 2. This unitarity cut leads to a cusp in the K~ p spectrum.
In some special kinematical configurations, all of the three
intermediate states in Figs. 1(a) and 1(b) can be on-shell
simultaneously, and the momenta of A and # are parallel in
the rest frame of Al. In such a case, the amplitude has a
leading Landau singularity, which is usually called the
triangle singularity. The TS is found to be located on the
second RS [41-43]. According to the theorem of Coleman
and Norton [44], the TS can be present on the physical
boundary (lower edge of the second RS) if, and only if, the
triangle diagram can be interpreted as a classical rescattering
process in space-time. If the TS of a rescattering amplitude is
close to or just lies on the physical boundary, it may result in
a peak, or in other words, simulate a resonance-like structure
in the corresponding spectrum.

For the triangle diagram shown in Figs. 1(a) and 1(b),
the location of the TS in s is given by [41,42,44,45]

1
s7=(my +my)? + o [(m3 + m3 —m2,)

2m3
x (M?\j —m? —m3) — 4mimms
IR, ), )], (1)

with A(x,v,z) = (x —y — 2)* —4yz.

Ims
0.2
0.41f M=1.60 GeV £(1385)_loop
! M,,=0.94 GeV
e - - - - - Res
I 26 /%8 30 32 34 36
| My=1.74 GeV
-0t M,,=1.14 GeV ao—loop
: [ =(1660)-1loop
-0.21

FIG. 2. The TS location of 7 (s,m3) in the complex s-plane.
The thick line on the real axis represents the unitarity cut
starting from sy,. The trajectory marked with a triangle (box)
is obtained by varying M, (My:) and fixing T',) =75 MeV
Iy = 100 MeV).
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The TS is alogarithmic singularity. To avoid the infinity of
the loop integral in the physical region, one can replace the
Feynman'’s ie for the m, propagator by im,I", with I, the
total decay width, or equivalently replace the real mass m, by
the complex mass m, — il’,/2 [46], which will remove the
TS from the physical boundary by a small distance if the
width T', is not very large, and the physical amplitude can still
feel the influence of this singularity. The physical meaning of
this prescription for avoiding the infinity is obvious: as long
as the kinematic conditions for the TS being present on the
physical boundary are fulfilled, it implies that the inter-
mediate state' m, is unstable, and it is necessary to take the
finite-width effects into account. The above complex-mass
scheme provides a straightforward method to consistently
implement the unstable particles in calculating the ampli-
tude. We refer to Refs. [47—-49] for more discussions about
the complex-mass scheme and Refs. [20,25-39] about the
TS phenomena in various reactions.

In terms of Eq. (1), with all the other masses fixed, the
TS for the diagrams shown in Fig. 1 is on the physical
boundary when m3 falls in the range

2 2
mym + m3M
- A mmy <md < My —my)2, (2)

mg + ms
corresponding to

2

my[(my —m3)* — m%]

ny

(my +m3)? <s™ < (my +m3)* +

Inputting the physical masses in Ref. [23], the ranges for
my are 1.06 <m, <1.17GeV and 1.70 < m, < 1.74 GeV,
corresponding to Figs. 1(a) and 1(b), respectively. One
may notice that the mass of a,(980) is close to but does
not fall in the above range. For Fig. 1(b), there are
several ~* candidates, of which the masses are close to
the above range, such as X(1660)(J"=1/2%) and
%(1670)(J¥ =3/27). But for the X* particle with higher
spin, the A} — nZ* decays proceed in higher partial waves.
Considering that the X" thresholds are close to M »+, those
higher partial wave decays should be suppressed. For the
diagram in Fig. 1(b), we concentrate the discussion on the
%(1660)-loop in this paper. The £(1660) is a three-star
baryon cataloged in the PDG [23], of which the mass and
width are approximately 1660 and 100 MeV, respectively.
Employing Eq. (1) and setting m, = M, s — il 5 /2,
the region where the TSs can appear in the s-plane is
illustrated by the two colored blocks in Fig. 2, which are
obtained by varying M, in the range of 960-1000 MeV,
[, in 50-100 MeV, and My- in 1630-1690 MeV, I's: in
40-200 MeV, respectively [23].

'Without causing ambiguities, we use the mass symbols to
represent the corresponding particles somewhere.

From Fig. 2, one can see that the TSs of both the
ay(980)-loop and X(1660)-loop are located on the upper
half plane. Usually the singularities on the upper half plane
of the second RS are supposed to be far from the physical
region, the influence of which to the physical amplitude is
negligible. However, we notice that the two TSs are still
very close to the threshold in the sense of distance traveled
in the complex plane, which means they can still affect
the amplitude in the vicinity of sy,. The threshold sy, is the
closest point in the physical region to such TSs, and it is
natural to expect that the cusp structure at sy could be
enhanced by the nearby TS. This conclusion is numerically
verified in the following.

Besides, the branching fraction of Af — X(1385)%n is
(1.06 £ 0.32)% [23], which is sizable. But we find that the
%(1385)-loop cannot result in the narrow peak in the K~ p
spectrum. For such a triangle diagram, the TS is far from
the An threshold compared with the a,(980)- or £(1660)-
loop, which can be seen in Fig. 2. Only a less prominent
cusp induced by the two-body unitarity cut can appear.

The general decay amplitude for Al — Aay(980)" or
A — nZ(1660)" can be written as

M(AE = Aaf /nZ*T) = gaitpu; + iggiisysu;,  (3)

where g, and gp stand for the S- and P-wave couplings,
respectively. There is no interference between the S- and
P-wave amplitudes. We define the ratio R = |gp|/|g4|, and
find that the line shapes of distribution curves are insensi-
tive to the R values. Therefore we set the R to be a moderate
value 1, and the numerical result is given in the unit
of |gal*.

The experimental data concerning A — Aaj or
Al - nZ(1660) are not available yet. Around half of
the A7 — AzTn decays are due to the two-body decays
A} — X(1385)"5. Without taking into any interference,
assuming that the A7 — Azx"n decays are saturated by the
resonant channels £(1385)%x and Aaj [or 2(1385)%y
and X(1660)n], we can estimate the upper limit of |g,|>.
Taking Br(aj — nz")~1 and Br(£(1660) > Az")~
0.128 [50], the upper limits are estimated to be |g4|2,.« ~
0.32 GeV~'/7y  and |ga|n., ~3.14 GeV~!/z, for the
Aag and £(1660)n channels, respectively.

The 5z is the dominant decay channel of a,(980), and
the pertinent amplitude reads

M(ag = 17") = Gagya- (4)

For the strong decays B;(37) — B;(37)P and B;(}7) —
B;(3T)P, with B and P indicating the baryon and light
pesudoscalar meson respectively, the amplitudes take the
forms

M(B; — ByP) = igs s, pilsysi; (5)

054006-3



LIU, LI, XIE, and ZHAO

PHYS. REV. D 100, 054006 (2019)

and
M(B; = B¢P) = gg 5, piisu;, (6)

respectively. The coupling constant gz P is determined by

the pertinent partial decay width. The #A — K~ p reaction
is dominated by the A(1670) (J* = 1/27) pole around the
energy region we are interested in. Within the chiral unitary
approach, the A(1670) is supposed to be dynamically
generated from the S-wave meson-baryon interactions in
the strangeness S = —1 sector [51].

The rescattering amplitude of Al — pK~z" via the
rescattering process is given by

1

T—— .
8 =M 1670) T IMa(1670) L A(1670)

d*q, A
< @ (@ =)@ —md) )

with A= M (A} - Aaf)M(af = nzt)M(nA—A(1670))
M(A(1670) =K~ p) and M(AF = nZ* ) M(Z*F - An™h)
M(nA— A(1670)) M(A(1670) — K~ p) for ay(980)-loop
and X(1660)-loop, respectively, where the sum over polar-
izations of the intermediate state is implicit.

For the £(1660)-loop, an additional regulator F(g?) =
(m? — AZ,)/ (g — AZ,) is introduced to kill the ultraviolet
divergence that appears in the loop integral. This cutoff
energy A, 1S a model-dependent parameter. However, it is
found that when A, increases from 1 to 3 GeV, the
variation of the distribution curve is very tiny. This can be
qualitatively understood as the following: the dominant
contribution to the loop integral in Eq. (7) comes from the
momentum region where the intermediate particles are
(nearly) on shell, i.e., when ¢7 =m?, F(q3) gives 1,
furthermore, if we use extremely large values of Ay,
the regulator [F(g?) will always be nearly one within a
large integration interval [52]. Since the line shape of the
distribution curve is insensitive to the A, value, we only
show the results by fixing A, at 2 GeV.

III. NUMERICAL RESULTS

The K~ p invariant mass distributions via Figs. 1(a)
and 1(b) are shown in Figs. 3(a) and 3(b), respectively. A
narrow peak just staying at the Az threshold—1663 MeV
can be clearly seen in both of the two plots. This is the cusp
structure enhanced and narrowed by the nearby TSs. The
mass of A(1670) is very close to the Az threshold, and this
cusp just grows up on the A(1670) resonance bump in the
M-, spectrum. Therefore the line shape of the A(1670)
pole may disturb the identification of the narrow cusp. The
PDG gives that the mass of A(1670) is in the range of 1660
to 1680 MeV, with the averaged value M- = 1670 MeV,
and the width is in the range of 25 to 50 MeV, with the
averaged value I'y- &35 MeV [23]. The dependence of
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FIG. 3. Invariant mass distribution of K~ p via the rescattering
processes in Fig. 1. The bands are obtained by taking into account
uncertainties of the mass and width of a((980)/2(1660). The
vertical dot-dashed line indicates the Az threshold.

M-, distribution curve on M- is illustrated in Figs. 3(a)
and 3(b) by setting M,- at 1660, 1670 and 1680 MeV,
separately. Although the three curves in Fig. 3(a) or 3(b)
behave differently, the peak position of the narrow cusp is
not shifted.

In order to eliminate the influence of the A(1670) pole in
identifying the cusp, we can define a new distribution function:
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FIG. 4. Argand plot of the rescattering amplitude, with s increas-
ing from (Mg~ +m,,)? to (M, —m,+)* counterclockwise. The
mass and width of A(1670) are taken to be PDG averaged values.

- §s—=M>%, +iM,\ T |? dr
FMg-p) = 7 b7
AL A K=p

(8)

The corresponding distribution curves are displayed in
Figs. 3(c) and 3(d), where we can see the narrow peaks at
the An threshold still exist. This implies that even without
introducing a genuine resonance, the cusp enhanced by the
nearby TS can still simulate a narrow resonance-like structure.”

The diagrams in Fig. 1 only account for the reactions
which produce the signal-narrow cusp structure in A} —
pK~rnt. The three-body decays A} — pK~ 7t are domi-
nated by the resonant subchannels pK*°, A*TK~ and
A(1520)z", and a smooth nonresonant background [58].
It can be seen that in Fig. 3 of Ref. [58], the influence of
these intermediate resonances can be well separated from the
cusp structure by a proper cut in the Dalitz plot. However, it
should be mentioned that the significance of the cusp
phenomenon over the background strongly depends on the
global coupling strength |g,4|. If |g,4] is too weak, namely, if
the couplings for A; — Aag and A — nZ* are too small,
the signal may become too weak to be observed. Taking into
account this point, we suggest that future experimental studies
of these two decay channels, i.e., Aj = Aag or Al — nZ*,
would be useful for providing more information about the
proposed mechanism.

*It should be mentioned that, based on the analysisofthe K~ p —
nAreaction [53],aJ” = 3/2~ A* state with mass around 1670 MeV
and much narrow width was introduced in Refs. [54-56]. Later, a
similar state, but with J© =3 /2", was further investigated in
Refs. [50,57] with a dynamical coupled-channels model. Possibly
these theories can also explain the observations of Belle by adjusting
some parameters, but the above quantum number assignments of
this narrow structure are different from that in our scenario. Further
partial wave analysis of the experimental data is desirable to confirm
or rule out some of these interpretations.

Since the line shape of the distribution curve for a
narrow cusp is similar to that for a genuine resonance
pole, we need some criteria to distinguish these two
underlying structures. One criterion is to check the differ-
ence between the Argand plots of corresponding ampli-
tudes. Taking the nominator 4 in Eq. (7) to be —1, the
corresponding Argand plots of 7 (s) for the ay(980)- and
%(1660)-loop are shown in Fig. 4. We can see that neither
of the plots is a perfect circle, however the plot should be
for a genuine resonance. The peak on the imperfect circle
reflects the rapid variation of the rescattering amplitude at
the threshold and is correlated with the cusp in the
invariant mass spectrum.

IV. SUMMARY

In summary, we investigate the A7 — pK~ " decays via
the intermediate a((980)A and X(1660)# rescattering proc-
esses, and find that the narrow resonance-like structure
observed by Belle in the K~ p invariant mass spectrum can
be identified as the cusp phenomenon caused by the Ay open
threshold and closely related to the TS mechanism. Such a
special phenomenon is due to the analytical property of the
scattering amplitudes with the TS located to the vicinity of the
physical boundary. This will enhance the two-body cusp
effect and make it more predominant than the usual cases. In
addition, we show that the TS enhanced cusp structure can
mimic a resonance behavior in the Argand diagram. But with
sufficiently high luminosity one may still be able to measure
effects from the TS and cusp mechanism, and distinguish
the TS enhanced cusp structure from a genuine resonance.
Experiments at BESIII, Belle-II, and LHCb should have
advantages of probing such a mechanism. As a direct
prediction of the proposed mechanism, since the Az channel
also strongly couples to Zz around 1670 MeV, we anticipate
that a similar cusp structure can also be observed in
A, — Zzrz. Future experiments or analyses at BESIII,
Belle, Belle-1I, and LHCb can provide a test of this scenario.
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