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CP symmetries as guiding posts: Revamping tribimaximal mixing. II.
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In this follow up of arXiv:1812.04663 we analyze the generalized CP symmetries of the charged lepton
mass matrix compatible with the complex version of the tribimaximal (TBM) lepton mixing pattern. These
symmetries are used to “revamp” the simplest TBM Ansatz in a systematic way. Our generalized patterns
share some of the attractive features of the original TBM matrix and are consistent with current oscillation
experiments. We also discuss their phenomenological implications both for upcoming neutrino oscillation

and neutrinoless double beta decay experiments.
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I. INTRODUCTION

The structure of the lepton sector and the properties of
neutrinos stand out as a key missing link in particle physics,
whose understanding is required for the next leap forward.
Neutrino oscillation studies have already given us a first
hint for CP violation in the lepton sector [1], though further
experiments are needed to improve our measurement of
leptonic CP violation [2—4]. Moreover, we need informa-
tion on the elusive Majorana phases that would show up in
the description of lepton number violating processes such
as neutrinoless double-beta decay [5,6], whose discovery
would establish the self-conjugate nature of neutrinos.
Improving the current experimental sensitivities [7—12]
is, again, necessary for the next step.

It is a timely moment to make theory predictions for
mixing parameters and CP violating phases characterizing
the lepton sector. The most promising tool is to appeal to
symmetry considerations [13]. As benchmarks we have
ideas such as mu-tau symmetry and the tribimaximal
(TBM) neutrino mixing [14]. Thanks to the reactor mea-
surements of nonzero 63, these benchmarks cannot be the
final answer [15-17]. However, they capture an important
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part of the truth, providing a valid starting point for building
viable patterns of lepton mixing [18-20].

Flavor symmetries can be implemented within different
approaches. For example, one can build specific theories
from scratch [21-23]. Alternatively, one can adopt a model-
independent framework based on the imposition of residual
symmetries, irrespective of how the mass matrices actually
arise from first principles [24-30]. As a step in this
direction one may consider complexified versions of the
standard tribimaximal (TBM) neutrino mixing pattern. By
partially imposing generalized CP symmetries one can
construct non-trivial variants of the standard TBM Ansatz
(or any other) in a systematic manner. Depending on the
type and number of preserved CP symmetries, one obtains
several different mixing matrices. Such “revamped” var-
iants of the TBM Ansatz have in general non-zero 03 as
well as CP violation, as currently indicated by the
oscillation data. Examples of this procedure have already
been given in [30,31]. The prospects for probing various
neutrino mixing scenarios in present and future oscillation
experiments have been discussed extensively in the liter-
ature [4,19,32-38].

This paper is a follow-up of Ref. [30]. Throughout this
work we will adopt the basis in which the neutrino mass
matrix is diagonal and therefore the leptonic mixing matrix

Uiep = UZ], where U is the matrix which diagonalizes the
charged lepton mass matrix. Here we take the famous
Ansatz of TBM mixing [14] in the charged lepton sector as
a starting point, i.e., Uy = U;BM = Ujp = UZI = Urgm
and seek for solutions which satisfy only a partial sym-
metry with respect to the full TBM symmetries. The paper
is structured as follows. We start by briefly discussing

remnant generalized CP symmetries in Sec. Il and the CP
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and flavor symmetries of the Ulg,, mixing matrix in
Sec. III. We will then focus in the cases in which the mass
matrix satisfies two CP symmetries in Sec. IV and one CP
symmetry in Sec. V. We also discuss the phenomenological
predictions from these matrices and give a brief sum-up
discussion at the end.

II. PRELIMINARIES

In this section, we shall briefly review the remnant
generalized CP symmetry and flavor symmetry of the
charged lepton sector. We assume that the neutrinos are
Majorana particles. The neutrino and charged lepton mass
term can be written as

- 1
Lonass = —lgmyl; + Ey{CTm,,UL +H.c., (1)

where C is the charge-conjugation matrix, /; and I are the
three generations of the left and right-handed charged lepton
fields, respectively. In this paper we work in the neutrino
diagonal basis without loss of generality. As a consequence,
m,, is the diagonal neutrino mass matrix and v; stands for the
three generation left-handed neutrino mass eigenstates.

A generalized CP symmetry combines the canonical CP
transformation with a flavor symmetry. Under the action of
a generalized CP transformation, a generic fermion multi-
plet field y transforms as

v — iXy°Cyr" 2)

where X is a unitary symmetric matrix in the flavor space
which characterizes the generalized CP transformation.

Notice that for the conventional CP transformation X is
just the identity matrix and does not mix the flavours.
Studying the remnant generalized symmetries, i.e., the
surviving generalized CP symmetries after spontaneous
symmetry breaking, provides a powerful method to study
the mixing pattern of leptons. Given a mixing pattern one
can extract all the remnant CP symmetries of the corre-
sponding lepton mass matrices [25,39]. On the other hand,
one can also invert the procedure and extract the possible
mixing matrices (up to some freedom) that respect one or
more generalized CP symmetries. In this work we will
study some aspects of such generalized CP transformations
acting on the charged lepton sector.

We denote the charged lepton mass matrix as m, and the
Hermitian mass matrix M? = ml']mcl can be diagonalized
by a unitary transformation U,

ULM?Uy = diag(m2. m}, m?), 3)

where m,, m,, and m, are the charged lepton masses. If the
charged lepton mass term is invariant under the generalized
CP transformation of Eq. (2), X and M? should satisfy the
following relation

XTM2X = M. (4)

If this is the case, we say that X is a remnant CP symmetry
of the mass matrix M?. As shown in several previous works
[24-26] [30], X can be written in terms of U as

X = Ugdiag(e™, e, ) U, (5)

where the §; are arbitrary real parameters which label
the CP transformation. In other words, given a mass matrix
one can extract an infinite set of X matrices satisfying
Eq. (4) labeled by the three real parameters ;, 5, and 5.
Equation (5) allows us to build all the possible generalized
CP symmetries from a given mass matrix or mixing pattern.

As stated before, one can also invert the logic and
construct the mixing matrix given a remnant CP symmetry
matrix X. If the squared mass matrix M? satisfies Eq. (4) it
can be shown [24-26] [30] that, after Takagi decomposing
the symmetric CP transformation as X = X7, the result-
ing relation between X and U is

Ug= 20§><3Q_1/2’ (6)

where 03,3 is a generic real orthogonal matrix and Q is a
general unitary diagonal matrix. If U, is the unitary matrix
that diagonalizes the neutrino mass matrix, then the lepton
mixing matrix is given as

Ulep = UZI U,. (7)

As mentioned above, we shall work in the neutrino mass
diagonal basis throughout this paper. Hence U, is a unit
matrix and the lepton mixing matrix can be written as
Uep = U

We can also follow a similar procedure to obtain the
flavor symmetries of the mass matrix M>. We define a
remnant flavor transformation as

w — Gy, (8)

where again G is a 3 X 3 unitary matrix acting in flavor
space. If this transformation leaves the squared mass matrix
invariant, then we say that G is a residual flavor symmetry
of the mass matrix and it satisfies

G'M*>G = M>. (9)

We can see from Eq. (9) that the flavor symmetries are all
the matrices G which commute with M? and therefore they
share a common basis of eigenvectors. Since the eigenval-
ues of M? are the squared charged lepton masses, which are
non-degenerate, in the basis in which M? is diagonal G will
also be diagonal. Therefore both G and M? are diagonal-
ized by the same unitary matrix U, and we can build its
explicit form:
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ULGU, = diag(e™®, e?, e'r)
— G = Ugdiag(e®, e e\ U, (10)

where we used the fact that the eigenvalues of a unitary
matrix must have norm 1, so we write them as ¢'®, ¢??, and
e, with a, 8, and y real. As a side remark that will become
important in Sec. IV, note that the previous argument
implies that if we impose a flavor symmetry with non-
degenerate eigenvalues then the mixing matrix would be
uniquely determined up to permutation of its column
vectors. This holds since, if the eigenvalues of G are
(e, e, ) with a # f #y, then both M?> and G are
diagonalized by the same unitary matrix.

However, the above argument does not hold if the
eigenvalues of G are at least partially degenerate, since
in this case in a basis in which G is diagonal, the matrix M 2
may not be diagonal. There will be a subspace generated by
the eigenvectors associated to the degenerate eigenvalues
which will not be diagonal in general. We will exploit this
feature in Sec. IV.

As a final comment, let us mention that there is a relation
between flavor symmetries and CP symmetries. If two CP
symmetries X; = Uydiag(e™®, e, ¢®)UL and X, =
U diag(e™, %, e )UL are preserved by the charged
lepton sector, then a flavor symmetry can be induced by
successively performing two CP transformations

G = X, X} = Ugdiag(e®, e, e\ U, (11)

with @ =0; — 84, p =0, — 5 and y = 03 — &¢. In other
words, applying two CP symmetries automatically implies
the existence of a flavor symmetry.

III. CP AND FLAVOR SYMMETRIES OF
TRIBIMAXIMAL MIXING

The goal of this paper is to modify the tribimaximal
mixing (TBM) pattern based on the charged lepton CP
symmetries. In this section we will use the results obtained
in Sec. II to extract the CP and flavor symmetries of the
celebrated TBM Ansatz [14]. This will be useful in the
following sections, in which we will start from a charged
lepton mass matrix satisfying the full TBM symmetry, and
add a perturbation term which will satisfy only a partial
symmetry.

The standard TBM mixing pattern [14] is the Ansatz in
which the three mixing angles take the following values

1
\/§ ’
The vanishing of one of the mixing angles, in our case 60,3,
implies that the Dirac CP phase 5¢p of the lepton mixing

matrix is unphysical [40]. Assuming zero Majorana phases,
we can write the “real TBM mixing” as,

Sin912 = 913 = 0, 923 = 77:/4 (12)

Uyrpm = Uss(/4,0) Uy, (arcsin(1/v/3,0)

2 1
£ 7 0

where U;;(6, ¢) is a complex rotation in the (ij)-plane of
angle @ and phase ¢. For example,

cos 6 sinfe™® 0
Up0,¢)=| —sinfe’® cosd§ 0 ]. (14)
0 0 1

We can generalize this Ansatz so as to include nonzero
Majorana phases, thus defining the “complex TBM mix-
ing” pattern as

Ucrgm = Uas(n/4, a)Ulz(arcsin(l/\/g),p)

2 e~
5 5 0
. eip 1 e—i(f
| % u % (13)
ei(/>+r7) eio 1
Ve VA 2

Note that, apart from the choice (p, o) = (0,0), there are
other choices for the phases p and ¢ which also lead to real
mixing patterns: (p, o) = (x,0), (0, ), and (7, 7).

If the lepton mixing matrix is the complex TBM matrix
Uiep = Uctpm, then the charged lepton mixing matrix will

be Uy = Ulppy in the neutrino diagonal basis. We can
explicitly build the charged lepton mass matrix diagonal-

ized by UZTBM as

) 2 V20
M%TBM:% V2e? 10
0 0 0
5 1 —\/2eiP _\/§e—i(ﬂ+a>
S Lme 2 Ve
—\/3eilrte)  \/Bel 3
) 1 —\/2e7P \/3eilpto)
-I-% —\/2e 2 —/6e~ie (16)
V3el+o) /el 3

Using Eq. (5) we can easily extract the CP symmetries of
the matrix M2, i.e., all the matrices X that satisfy Eq. (4),
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st ; i8) L0y Lid3\]T*
X =Urgydiag(e™, e, e ) Ulrgy

o [ 2 V2e? 0
=3 V2er ¥ Q)
0 0 o0
i e~2ip —\2e7 P —\/3emilP~0)
) _\/ze—ip 2 \/geior
—VBe-ilr=0)  \[geic 3 p2ic
5 e~2ilp+o) _\/Ee—i(p—FZa) \/ge—i(p-m)
+ e63 —\/Be-ilp+20) 2p-2ic —/Beo
V3eio+o) —\/6e—ic 3

(17)

The CP symmetries which correspond to the real TBM
limit in Eq. (13) can be constructed from Eq. (17) just by
going to the limit p — 0 and ¢ — 0. In this case the CP
matrix takes the simpler form

— Ut diae(ei® pitr o8\
X = Ujrgydiag(e™, e, e )Ulrpy

i5, 2 V20 i5, 1 V2 -3
- e3 V21 0|+ 66 V2 2 6
0 0 0 -3 V6 3
i5; 1 -v2 V3
+S-va 2 —ve . (18)
V3 —V6 3

We now turn to the residual flavour symmetries of the
mixing matrix Ulpgy. Again we will extract all the
matrices G, labeled by the three real parameters a, fp,
and y, that satisfy Eq. (9). Using Eq. (10), we find that these
matrices take the form

o 2 V20
G = % V2elr 1 0
0 0 0
i 1 —V2e7ir —\/3e"i(Pto)
+ 3 —\/2ei 2 V6e~io
—\3eileto)  \Jfgeic 3
" 1 —\/2e7P  [Be~ilpto)
+ 3 —\/2e” 2 —V6e @ |. (19)
\/gei(/ﬂm) —\/gei” 3

As before, we can recover the real TBM limit just by going
to the limit p — 0 and ¢ — 0.

i 2 V2 0 oih 1 V2 -V3
G:? V2 1 0 +e -2 2 V6
0 0 0 -3 V6 3
S 1 V2 V3
+% V2 2 -6 |. (20)
V3 V6 3

Note that if the mass matrix is real then M?> = M** and
there is no difference between Eq. (4) and Eq. (9). This is
why in the real TBM case the flavor symmetry matrices
are identical to the CP symmetry matrices. This statement
not only applies to the case (p, o) = (0,0), which we are
calling “real TBM,” but also to (p,o) = (0,7), (p,0) =
(7,0), and (p,0) = (7, 7).

Although the TBM Ansatz provides an interesting
starting point, note that neither the real nor the complex
variants of the TBM mixing are viable lepton mixing
patterns. Indeed, recent reactor measurements [15—17] have
established that €5 is nonzero with high significance. In
the same spirit as [30] here we show that, starting from the
c¢TBM matrix in the charged lepton sector, and using
the generalized CP symmetries, one can systematically
construct and analyze realistic neutrino mixing matrices
with nonzero reactor angle. An appealing feature of this
method is that the resulting mixing patterns will share many
properties with the original TBM Ansatz, while avoiding
the unwanted 6,3 = 0 prediction.

As a starting point we will assume neutrinos to be
Majorana-type and will work in a basis in which neutrinos
are diagonal. We will then start with the complex TBM
matrix of Eq. (15). The real TBM matrix can always be
obtained from it by simply taking the limit p, 6 — 0. In
what follows we will take this limit at various stages of our
discussion.

IV. CHARGED LEPTON MASS MATRIX
CONSERVING TWO CP SYMMETRIES

We will start our analysis by taking as a starting point a
charged lepton mass matrix diagonalized by Ul g, Which
will be of the form shown in Eq. (16). We will then add a
small perturbation which only preserves two remnant CP
symmetries, and study the resulting mixing pattern, namely,

M? = Mgy + 6M?, (1)

where 6M? is the perturbation matrix and is therefore
expected to be small. As explained in the previous section,
a CP symmetry in the charged lepton sector compatible
with U gy Will be of the form shown in Eq. (17) and will
satisfy Eq. (4). We impose, in the perturbation term, two
such symmetries given by

053001-4



CP SYMMETRIES AS GUIDING POSTS: REVAMPING ...

PHYS. REV. D 100, 053001 (2019)

gt ois ity i
X| = Ulrgydiag(e®, e, e ) Usigy,

Xy = UITBMdiag(e 91, e, e ) Utpgyys (22)

where in general the §; can be different. As explained
in Sec. II, two CP symmetries generate automatically a
flavor symmetry G, = X, X} satisfying G M>G, = M? and
given by

G = Ulrgydiag(e™, e, e")U, gy, (23)

with a = 6| — 84, f = O, — 05, and y = O3 — Jg. It is clear
that

UerpmG Uy = diag(e™®, e, e'r). (24)

One sees that G, is diagonalized by UZTBM and its
eigenvalues are e, ¢, e7. As shown in Sec. II, when
a #  #y the eigenvalues of G, are nondegenerate and
Ulrgy Will diagonalize both G; and M. In this case the
lepton mixing matrix would be U, = UZI U, = U/pm
with 0,3 = 0, hence inconsistent with experiment. Here we
study the particular scenarios in which G; is partially
degenerate, i.e.

G, = UiTBMPldiag(eiav e, eiﬂ)PlTUcTBMv (25)

where o # f and P; is a permutation matrix which para-
metrizes the three possible orderings, (e®,e®, '),
(e, e, e, or (e, e®, e'®). These permutation matrices
can be given as:

1 00 010

Poy=]0 1 0], Py=|00 1],
00 1 1 00
00 1

Pip=1|1 0 0], (26)
010

and correspond to three possible different cases respec-
tively, as follows:

caseaafp: P, = Py3 — G, = Ulppydiag(e, e, e?)U gy,
(27)

caseapa: P, = Py — G, = Ulppydiag(e®, e ) U gy,
(28)

casefaa: P, = Py, — G, = Ulpgydiag(e?, e ) U gy
(29)

In the following, we will consider the cases aaf and afa.
We discard the third scenario, the faa case, as it leads to the
prediction #y3 = 0 and is therefore not viable.

A. Case aaf

We start our analysis by imposing the flavor symmetry
G, = Ul gydiag(e®, e, e )U 1y into the perturbation
term 6M?. Note that this implies §; — 8, = 6, — 85 = a,
while f = §; — ¢ # a. Instead of six CP parameters, going
to the aaff case restricts the situation to five CP parameters.
It is clear that the eigenvector associated to the eigenvalue
e’ of G, will also be an eigenvector of M2. However, two
independent eigenvectors of G; with the degenerate eigen-
value e/* will span a subspace of eigenvectors of G, of
which only a particular combination is also eigenvector of
M?. Since G, is diagonalized by U ITBM, then, after getting
rid of the unphysical phases via redefinition of the phases of
the charged lepton fields we get

Ucrpm(Mirgy + 6M*)U ZTBM

M3 M 0
= | SM2e™ M3, 0 [, (30)
0 0 m?2

where M3, M3,, sM?, and ¢ are real parameters. Notice
that the form of the mass matrix is not dependent on the
particular values of @ and f, only on the choice of the
degenerate (12) sector in this case. Then the imposition of
X, implies ¢p = @ with 05 being completely unphysical.
Regarding the CP labels, note that only the combination
07 — 6, is physical, but not the two phases ¢; and J,
independently. As a consequence, the generalized CP
symmetries enforce the charged lepton mass matrix with
perturbation to be of the following form,

Uecrpm(M2ppy + SM?) Ul

M3 SM2e™ 0
~ o2 a0 |- 6D
0 0 m?2

As a consistency check, we can see that imposing X, does
not add any new information, since we have already
imposed the flavor symmetry parametrized by o = 6, —
04 = 6, — 05 and ff = O3 — 0g. We can now see that the
mass matrix in Eq. (30) can be diagonalized by

diag(e?, e%, ¢3)UT,(6.0) with
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26 M?

tan26 = ——————,
M3, = M3,

1
SM? = —E(m,% —m?2)sin20,
2 L 2
M, zi[me(l +¢0s20) + m;; (1 —cos20)],
1

M%zzi[mg(l—cosw)+m§(1+cos2¢9)]. (32)
Note that € will always be in the first or fourth quadrant and
is expected to be small, since we are perturbing the mass
matrix. Therefore the charged lepton diagonalization
matrix is given by

Uy = UzTBMdiag(e"(sTl, o', ei%) U%(0,0).  (33)

Consequently the lepton mixing matrix U, = UZI U, =
UZI will be given by

Viep = Una(8: O)diag(e"ﬁ?l, e"%z, e_’%z) Uepm- (34

Moreover, we can exploit the relation

U (0, O)diag(e—i’%" s e‘i%)
_ diag(e=%, =%, U ,(0,5),  (35)

with 6 = (6, — 6;)/2. Since the phases on the left side of a
mixing matrix can be absorbed by redefinitions of the
charged lepton fields, only the combination of CP labels
given by 6 = (6, — §,)/2 will be physically meaningful.
The lepton mixing matrix can be written as

‘Ulep = U12<9, 5) UCTBM" (36)

where we remind that 0 is a free real parameter and ¢ is the
meaningful CP label. Now we can proceed to extract the
mixing parameters from the lepton mixing matrix in
Eq. (36). In the simplifying limit p — 0 and ¢ — 0, i.e.
when the CP symmetries of the real TBM matrix U'pgy,
and not Ul gy are imposed, the mixing parameters are
given by the following expressions

in’ 2 +2sin26cos cos?6
20 :sm9 200, 200 —
WO ET T TR T TR0 +3 0 TP T o0+ 1
Sin S = sign(sin 26)(2cos*d + 2) sin &
/(5 +3¢0s20 — 45in20 cos §)(2 + 2sin20 cos §)
sign(sin 20)(sin 26 + (6co0s?0 — 2) cos §) (2cos?6 + 2) sin &
coSScp = : - , tan§cp = — 5 ,
/(5 + 30820 — 45sin 20 cos 5) (2 + 2 sin 26 cos ) sin 20 + (6cos°0 — 2) cos &
in 2y, = 3sin (5 cos @ + 3 cos 30) sin 6 + 6sin’cos>d sin 26
27 (54 3c0s26 — 4sin 20 cos §)(1 + sin 26 cos )
2 | 9sin®26sin’s
cos =1-
2 (5 +3c0s26 —4sin26cos8)(1 + sin260cos §)’
8 sin 26c0s?6 — 4 sin & sin 20 16c0s’0sin®§
in2¢; = . 2013 =1—- - . 37
sin 2915 5 4+ 3cos 20 — 4 sin 20 cos 6 cos 2013 5 4+ 3cos 260 — 4 sin 20 cos 6 (37)
[
The expressions for the general scenario in which p and ¢ c05%055c08°0,5 = 1 /2|,
are nonzero and the initial symmetry is the complex TBM 5 5
mixing matrix Ul are particularly lengthy, specially cosdep = 305 2015(2 — 3cos’0y3) + cos 913. (39)
concerning the CP parameters. However, we can recover 6 5in 26, sin 0,31/2c0s%6,; — 1

the general scenario just by doing the following substitu-
tions in the previous equations

§—-6-2p, Pu—=>dntp. ¢i3—=¢it+pto. (38)

As a result, the modified variant of the complex TBM
matrix predicts the same relations between mixing angles
and the Dirac CP phase as the modified variant of the real
TBM case. These predictions can be neatly summarized as

This is because, if we only look at the oscillation
observables, all the CP parameters (p, o, d;, 6, and 93)
are either unphysical for oscillations (63 and &), or can be
rewritten in terms of just one meaningful CP label,
& = (6, —8,)/2 — 2p, while the expressions of the oscil-
lation parameters (6;; and 6¢p) will take the same form as in
Eq. (37) just replacing § by &'

From Eq. (37) we see that both 6,5 and 6,5 only depend
on the free parameter 6. Hence the possible values of the
free parameter 6 are strongly constrained due to a very good
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Correlations between 0,3 and 6,3 when two CP symmetries are preserved by the charged lepton sector. For the aaff case (blue

dashed line), they come from Eq. (39) (left) and the afa case (red dashed line), they come from Eq. (46) (left). The boxes represent the
30 and 1o allowed ranges for normal ordered neutrino masses [1]. The star is the best-fit value of sin® @5 and sin? #,5. Note that fixing
0,3 in its 30 allowed range greatly restricts the allowed values of the atmospheric angle 6,3, nearly maximal in both cases. The aaf and

apa cases correspond to first and second octant, respectively.

measurement of the reactor angle 0,5. This implies a very
sharp prediction for the atmospheric angle 0,5 independent
of the particular values of the CP labels §; and &,. The good
determination of ;3 [1,41-43] and the fact that the
atmospheric mixing angle 6,3 is a slowly varying function
of 05 in the allowed 30 range, leads to a tight prediction,
0,3 € [44.28°,44.43°), as shown in Fig. 1.

Turning to the solar angle 8, Eq. (37) indicates that 8,
and the Dirac CP phase dcp depend on both the free
parameter 0 and the CP parameter 6. The correlation
between sin® @, and Sqp is displayed in Fig. 2, where
the values of the CP label 6.-p are indicated by the color
shadings. Requiring the solar angle €, in the experimen-
tally preferred 3¢ range [1], we can read out the allowed
region of §¢p is 1.37 < §¢cp/m < 1.62. Furthermore, we

: ] 1
SR ERSS]
“© F 1
0.5F 3
0: 1
0.1 02 03 04 05 06
sin’6;,

perform a numerical analysis and randomly scan over § and
the CP label § in the ranges [—z/2,7/2] and |0,2x]
respectively, keeping only the points for which the lepton
mixing angles 0;; and 5¢p are consistent with experimental
data at 30 level. The resulting predictions for the lepton
mixing angles and CP violation phases are displayed in
Fig. 3. We observe strong correlations among the solar
angle sin” ,,, the Dirac CP phase §.p and the Majorana
phase ¢, and ¢ 5 in this case.

The situation changes for the Majorana phases, since
nonzero p and ¢ will shift the Majorana phases, as can be
seen in Eq. (38). Therefore, the difference between the
symmetries of the real and the complex versions of TBM
can be seen only in neutrinoless double beta decay experi-
ments, as discussed in Sec. VIB.

2Ty § /2.7
\ '1-0
3 ER X
1;_ ‘ _i 0.6
05F 1 No2
: 1 My
O_IIKIIIII llIIllIIIlIIllIIlllHlll\III‘IIIHIIH_
0.1 0.2 0.3 0.4 0.5 0.6
sin2012

FIG. 2. Correlations between the mixing angle 0, and the CP phase d-p when two CP symmetries are preserved by the charged
lepton sector. For the aaf case (left panel), they come from Eq. (39) (right), and in the afia case (right panel), they come from Eq. (46)
(right). The boxes are the 3¢ and 16 allowed ranges respectively for normal ordered neutrino masses [1]. The star is the best-fit value of
sin” @, and 5.p. The reactor angle 6,5 is assumed to lie in the 3¢ region of the global fit [1].The shaded colour indicates the value of the

CP label 6.
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FIG. 3.

Correlations between mixing angles and CP phases when two CP symmetries are preserved by the charged lepton

sector in the case aaff. We treat both parameters € and ¢ as random numbers, the three lepton mixing angles and Dirac CP phase d.p are
required to lie within their 3¢ ranges [1]. The blue, green and magenta regions correspond to the CP violation phases dcp, ¢1», and ¢35,

respectively.

B. Case afia

Following an analogous argument as in the aaff case, we
can now study the case in which the flavor symmetry is
G, = Ul rgydiag(e®, e, ¢ ®)U, gy In this case the per-
turbation SM? satisfies

cTBM(McTBM + 5M )UCTBM

M, 0 M2
= 0 m2 0 . (40)
SM2emiC5 0 M,

where M3, M3,, 5M?, and M3, are real parameters and
m,, is the muon mass. Equation (40) can be diagonalized by

diag(e'1/?, e12/2 ¢1%/2)U15(6,0)7, with
26M? 1
taHZHZ—M, 5M2:—§( —me)sm29
1
M3, = [me(l +¢0820) + m?(1 —cos20)],
./\/133: [m%(l—cosZG)-l—m%(l+cos29)], (41)

where 6 is expected to be small. Using similar arguments to
those of the previous case, the lepton mixing matrix U, =
U Zl U, is given by

Ulep = U13(91 6)U (42)

where we have defined 6 = (65 — 6;)/2. Extracting the
mixing parameters in the real TBM case where p — 0 and
o — 0, we find them to be

in%0 2 —25sin26cos s
in20,; = o0’ in?0, =——-— ",
SI01s 2 SIY12 3cos?6 + 3
1
20, = — 43
SIP23 = o520 +1° (43)

while the CP phases are given by
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sign(sin 26)(2 cos? @ + 2) sin &

—2(cos? @ + 1) siné

tanocp =

sin26 —2(3cos>@ — 1) cos s’

16 cos? @sin? &

s ocr = /(5 +3¢0s260 + 45in 20 cos 5)(2 — 2sin 20 cos §)
08 Sep = sign(sin 20)(sin 20 — (6 cos> @ — 2) cos §) ’
/(5 4 3¢c0s 26 + 4sin 20 cos §)(2 — 2 sin 20 cos )
in 2y, — —3sinf(5cos O + 3 cos 30)sind + 6 sin? 6 cos? 0 sin 26
(54 3c0s26 + 4sin20cos §)(1 — sin 26 cos §)
cos 21y = 1 — 9s.in2 20sin’ § | ’
(54 3c0s260 + 4sin20cos 5)(1 — sin 26 cos 5)
Sin2¢13:851n500520+4sin6sin29 o2y = 1 —

5+3cos20 +4sin20cos S’

Similar to the previous case, the general scenario in which p
and o are nonzero can be recovered by making the
following substitutions

6—>6-2p-120, $1i3 = ¢i3+p+o.

(45)

h12 = P12 +p,

Again, as in the previous case, the good measurement of
0,3 severely restrict the allowed values of the free parameter
6. This gives a very sharp prediction for the atmospheric
angle 60,3 € [45.56°,45.71°], as can be seen in Fig. I.
Moreover, we find the following analytical correlations
between the physical parameters

[sin’03c08%0;3 = 1/2],

3¢0820,,(3c0s%03 — 2) — cos?03

65in 20, sin 0,31/2c0s*0;3 — 1 |

which also hold in the case where p and o are nonzero.
Notice that, in contrast to the aaf} case, this time 6,5 falls
in the second octant, although again very close to the
maximal mixing value. It is worth noting that the two
cases show a very similar behavior, as can be seen from
Figs. 1 and 2. In both cases the angle 0,5 is very close to
the maximal mixing value. As seen in Fig. 1 the first
octant corresponds to the aaff case, while the afia case is
associated to the second octant. The correlation between
01, and dcp is similar to the previous case but of opposite
shape. From here we can read off the allowed range for
the Dirac CP phase, i.e., 1.3797 < 6cp < 1.634x. The
numerical results for the lepton mixing and CP phase
parameters for the real TBM case are shown in Fig. 4,
where the three mixing angles and the Dirac CP phase
are required to lie inside the current 3¢ range [1]. Similar
to the aaff case, the modified variants of the complex and
real TBM obey the same relations given in Eq. (46) and
hence their predictions for the three mixing angles and
the Dirac CP phase are the same. However they differ in

cosOcp = (46)

5+3cos20 +4sin20cosés’

(44)

their predictions for neutrinoless double beta decay, as
discussed in Sec. VIB.

V. CHARGED LEPTON MASS MATRIX
CONSERVING ONE CP SYMMETRY

We will now study the case in which only one CP
symmetry is preserved in the perturbation term. The CP
symmetries compatible with U gy in the charged sector
are

X = UITBMdiag(eial e, e ) Utppy (47)

where §; are CP parameters labeling the CP transforma-
tion. The charged lepton squared mass matrix satisfies the
relation

XTM2X = M, (48)

where M? = My + 6M?. Then, the matrix form of
U rpM?U gy can be written as

Uerpm (M2 gy + 0M?) Ul gy

i(5, -5 51 -53)

M2, SM2 e SME,
— 5M s1 —5) ./\/l2 5/\/1 oz 53) ,
SMe ‘“‘253) SMLe 5 M

(49)

where M? 1 ./\/122, ./\/lﬂ, and 5M,2j are real parameters,
unconstrained by the residual symmetry. The matrix
ULTBMM UCTBM in Eq. (49) can be diagonalized by
diag (e’ 3, % ,e 2)03X3 Here O;,; is a real orthogonal

matrix, its matrix elements are determined by the M3,
M3,, M2, and 6/\/112]» [30], and it can be parametrized as
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FIG. 4. Correlations between mixing angles and CP phases when two CP symmetries are preserved by the charged lepton sector for
the apa case. The blue, green, and magenta regions correspond to d¢p, 1o, and ¢y3, respectively.

03,3 = Up3(0,,0)U 3(6,,0)U (63, 0). (50)
Then, one can write
T : L% B\ OT
Uy = U rgydiag(e?, €7, e'2) 0%, (51)

1 13}
sin%f,; = 3 (1 + $in 26, sin 05 cos —

Sin2912 =

and therefore the lepton mixing matrix can be written as
.0 0 .0
UICP = UZ] Ul/ = 03X3diag(€_l%, 6_172, e_l%) UCTBM' (52)

Extracting the mixing angles in the simple limit of real
TBM, i.e., p =0 = ¢ yields

-6
3 _ c0s20,c0820; |,

2(1 — sin 26, (cos 65 cos 5‘;53 + sin 05 cos 25%) + sin 205c0520, cos 25%2)

2 2

—2cos

5,53
sin’6,; = sin’0, — 2

3(1 — sin 26, sin 03 cos 2% + cos?6,cos>65)

9’

sin 26, cos @, cos O; — 2 cos 26, cos’05 + sin 26, sin O, sin 26,

One sees that in this case there is no predictivity for the
mixing angles, since all parameters are completely free.
Since the expressions for the CP parameters are too lengthy
to be enlightening, we will not show them here.

VI. PHENOMENOLOGICAL IMPLICATIONS

In this section we shall study the phenomenological
implications of the above CP symmetries for neutrino

2(1 — sin 260, sin 63 cos 25% + cos?6,cos>65)

(53)

|
oscillation as well as neutrinoless double beta decay
experiments. We will focus on the case where two remnant
CP symmetries are preserved in the charged lepton sector,
as this is the most predictive situation.

A. Neutrino oscillations

The observation of neutrino oscillations indicates that
neutrinos are massive and that neutrino flavor eigenstates
mix with each other. The three lepton mixing angles and the
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FIG. 5.

T2K (L=295km)

0.1 1 10

E [GeV]

The appearance probability P, (left panel) and the CP asymmetry A, (right panel) as functions of the beam energy when the

baseline is fixed to 295 km (T2K experiment). In both panels the predicted band in cyan is the generically expected region obtained by
varying the oscillation parameters within their 3¢ ranges assuming normal ordering of neutrino masses [1], while the yellow band is the
prediction for the aaff neutrino mixing pattern, see text for explanation.

neutrino mass-squared differences have been precisely
measured. However, we have not yet established with high
significance whether CP is violated in the lepton sector.
Moreover, we still do not know whether the neutrino mass
spectrum has normal ordering (NO) or inverted ordering
(I0), nor whether the atmospheric angle lies in the first or
second octant. The upcoming reactor and long-baseline
experiments such as JUNO, DUNE, T2HK should be able
to shed light on these issues and they expect to bring us
increased precision on the oscillation parameters 6,,, 6,3,
and Ocp. As shown in previous sections, lepton mixing
parameters are predicted to lie in narrow regions and
correlations among the mixing parameters are obtained
when two residual CP symmetries are preserved. This
would translate into phenomenological implications for the
expected neutrino and antineutrino appearance probabil-
ities in neutrino oscillation experiments.

The v, — v, neutrino oscillation probability in matter
can be expanded to second order in the mass hierarchy
parameter @ = Am3, /Am3, and the reactor angle sin 6,3, as
follows from [44]:

sinZAA
AZ

sin?(A - 1)A
(A-1)?
+ 2as 3 8in 26,5 sin 20,3 cos(A + Scp)
" sinAA sin(A — 1)A
A A-—1 ’

P,, = a’sin®20,c; + 452553

(54)

. Am%lL 2EV
with A = e and A = An

length and E is the energy of the neutrino beam.
The matter-induced effective potential is V ~7.56 x

10714 . /fm3 Y, eV where Y, = 0.5 is the electron fraction

and a constant matter density p =3 g/cm? is assumed.
The oscillation probability for antineutrinos is related to
that for neutrinos by P;; = P,.(5cp = —6¢cp,V — =V).

where L is the baseline

The oscillation probability asymmetry between neutrinos
and antineutrinos is defined as:

P, — P,

_ Lhe ie

T Pt Py G3)
e e

In order to illustrate our points we focus, for definiteness,
on the revamped aaf} scenario. We display the results for
the neutrino appearance oscillation probability P, and the
CP asymmetry A, in Figs. 5-7. These are given in terms of
the neutrino energy at a fixed distance of L = 295 km,
L =810 km, and L = 1300 km, corresponding to the
baselines of the T2K, NOvA, and DUNE experiments,
respectively.

Note that our generalized CP symmetries lead to
correlations involving the mixing and CP violation param-
eters. In particular, the three mixing angles and the CP
phase can be given in terms of only two parameters. This
translates into restrictions on the attainable ranges for the
neutrino oscillation probabilities. In Figs. 5-7 the cyan
bands are the generically expected regions obtained when
the oscillation parameters are varied within their current 3¢
ranges, while the yellow bands denote the predictions for
the aaf neutrino mixing pattern. The solid black lines
correspond to the current best fit point predictions, where
we have chosen the Dirac phase §-p = 1.57. As a final
comment let us mention that, by looking at Eqgs. (37) and
(38) one sees that the oscillation results obtained by taking
real or complex TBM as the starting point before revamp-
ing, i.e., taking p and ¢ in Eq. (15) to be nonzero, are
essentially the same.

B. Neutrinoless double decay

The neutrinoless double beta (Ovpp) decay (A,Z) —
(A,Z+2)+2e is the unique probe of the Majorana
nature of neutrinos [45]. There are many experiments
currently searching for Oyff decay, or in various stages
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FIG. 6. Same as Fig. 5 when the baseline is fixed to 810 km (NOvVA experiment), see text for explanation.
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FIG. 7.

of planning and construction. The sensitivity to this rare
process should improve significantly, with good prospects
for probing the whole region of parameter space associated
with the inverted ordering spectrum. The Ovff decay
provides another test of the CP symmetries of TBM.
For our aaf Ansatz in the general scenario where the
phases p and o are nonzero, we find the analytical
expression of the effective Majorana mass m,, is given by

1 . i
meTEn = glmie? (sin0 — 2607 cos 0)?

+ 2m,(e/9) cos @ + sin 0)? + 3mse~2sin%6)|.

(56)

Notice that p, 6, and § are CP parameters, i.e., they label the
CP symmetries respected by the mass matrix, while @ is a
completely free parameter, which represents the degree up
to which the mass matrix is not determined by the remnant
CP symmetry. If all the three labels p, 6, and 6 are treated as
free parameters, i.e., scanning over the full class of mass
matrices which allow some preserved CP symmetry of the
complex TBM Ansatz, there is no prediction for the Ovfp
decay, since the correlations between Majorana phases and

DUNE (L=1300km)

-1 L L d
0.1 1 10

E [GeV]

Same as Fig. 5 when the baseline is fixed to 1300 km (DUNE experiment), see text for explanation.

mixing angles disappear. It is easy to understand this
behavior from Eq. (38). It is worth noting that in the real
TBM case, i.e., p = 0 = o, the analytical expression of the
effective Majorana mass m,, simplifies to,

1 ) .
miBM, — A |m; (sin@ —2e cos§)? + 2m, (" cos @ + sinH)?

+3m3sin6)|. (57)

Limiting ourselves to the real TBM case we can not only
generate CP violation as shown in the previous sections,
but also obtain very stringent predictions for neutrinoless
double beta decay. The allowed values of m,, are shown in
Fig. 8, where the oscillation parameters are required to lie
in the currently preferred 3o ranges [1]. One sees that the
real TBM prediction for m,, in the IO case corresponds to
the upper boundary of the generic IO region, very close to
the sensitivities of the upcoming Oy decay experiments.
Notice the existence of a lower bound for m,, in the real
TBM scenario also for the NO case, where generically it is
absent due to possible cancellations.

We can also study the predictions for neutrinoless double
beta decay within the afa scenario. The effective mass m,,
parameters in this case is given by
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FIG. 8. The effective Majorana mass m,, versus the lightest neutrino mass for the aaf (left) and the afja cases (right). The thick
colored regions correspond to the predictions of the complex TBM scenario, while the thin magenta and purple bands are for the real
TBM case, with p = 6 = 0. The red and blue dashed lines delimit the most general allowed regions for IO and NO neutrino mass
spectra, and are obtained by varying the mixing parameters over their 3¢ ranges [1]. The most stringent current upper limit
m,, < 0.061 eV from KamLAND-ZEN [7] and EXO-200 [46] is shown by horizontal grey band. The vertical grey band refers to the
current sensitivity of cosmological data from the Planck collaboration [47].

¢TBM

1 ) '
ee.afa — 6 |m (2 cos 6e'® + sin get(p+a))2

4 2m,(e/97) cos @ — €' sin @) + 3m3sin’6

)

(58)

which simplifies to the following expression in the limit of
p=0=o,

1 .
ML = g mi (2cos 0” + sin0)”

+2m, (e cos @ — sin0)? + 3mssin®d].  (59)
Imposing the current restrictions from neutrino oscillations
[1] one finds nearly identical results for the Ovff decay
amplitude parameter m,, also for this case. Indeed, m,, in
the affa scenario only differs from the aaff case by a
slightly different value for 8,5 (see Fig. 1) and a slightly
different correlation for 0, vs 6cp (see Fig. 2). The
atmospheric angle is nearly maximal in both cases, but
in different octant.

VII. SUMMARY

Starting from the complex version of the tribimaximal
lepton mixing pattern we have examined the generalized
CP symmetries of the charged lepton mass matrix. These
symmetries are employed in order to “revamp” the simplest

TBM Ansatz for the lepton mixing matrix in a systematic
manner. The resulting generalized patterns share some of
the attractive features of the original TBM matrix, while
being consistent with current oscillation experiments indi-
cating nonvanishing 6,5;. We have explicitly examined the
case where two CP symmetries are preserved in the
charged lepton sector, the resulting predictions given in
Egs. (39) and (46) and Figs. 1-4. We have also briefly
discussed some of the phenomenological implications of
our new mixing patterns, both for neutrino oscillation as
well as neutrinoless double beta decay search experiments,
illustrated in Figs. 5-8. Finally, we mention that the same
systematic procedure may be employed in order to revamp
other a priori unrealistic patterns of neutrino mixing.
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