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In the framework of an effective field theory of general relativity, a model of scalar and vector bosons
interacting with the metric field is considered. It is shown in the framework of a two-loop order calculation
that, for the cosmological constant term which is fixed by the condition of vanishing vacuum energy,
the graviton remains massless and there exists a self-consistent effective field theory of general
relativity coupled to matter fields defined on a flat Minkowski background. This result is obtained
under the assumption that the energy-momentum tensor of the gravitational field is given by the
pseudotensor of Landau-Lifshitz’s classic textbook. Implications for the cosmological constant problem are
also briefly discussed.
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I. INTRODUCTION

It is widely accepted that, whatever the underlying
fundamental theory of all interactions might be, at low
energies the physics can be adequately described by an
effective field theory (EFT) [1]. Gravitation can also be
included in the formalism of the EFT by considering the
most general effective Lagrangian of metric fields interact-
ing with matter fields [2,3] which is invariant under all
underlying symmetries, including the gauge symmetry of
massless spin-two particles [4]. This quantum field theo-
retical treatment of general relativity with the metric field
presented as the Minkowski background plus the graviton
field and the cosmological constant usually set equal to
zero is considered as a well-defined approach in the modern
sense; see, e.g., Ref. [5]. It is well known that, for a
nonvanishing cosmological constant term Λ, the graviton
propagator has a pole corresponding to a massive ghost
mode [4]. Setting Λ equal to zero, as is usually done in the
EFT of gravitation [2], does not solve the problem, as the
radiative corrections regenerate the problem with the
massive ghost [6]. This is because the cosmological
constant term is not suppressed by any symmetry of the

effective theory, and therefore there is no protection against
generating such a contribution to the effective action by
radiative corrections. However, as has been shown in
Ref. [6], one can represent the cosmological constant as
a power series in ℏ and choose the coefficients of this series
such that the graviton becomes a massless spin-2 particle
up to all orders in the loop expansion. Thus, within a
perturbative EFT in a flat Minkowski background, the
cosmological constant, which is one of the parameters of
the effective Lagrangian, is uniquely fixed. This does not
solve the cosmological constant problem [7] (for a recent
review of the cosmological constant problem, see, e.g.,
Ref. [8]) but rather implies that taking into account a
cosmological constant term other than that obtained in
Ref. [6] necessarily requires considering an EFT in a curved
background field. In this case, by imposing the equations of
motion with respect to the background graviton field, the
mass term of the graviton is removed at tree level [9];
however, a systematic study of the issue at higher orders in
loop expansion requires an EFT on a curved background
metric which, to the best of our knowledge, is not avail-
able yet.
Experimental evidence of the accelerating expansion of

the Universe (see, e.g., Ref. [10] and the references therein)
leaves us with a very challenging problem—namely, the
huge discrepancy between the measured small value of the
cosmological constant and its theoretical estimation [7]. An
important question related to this problem is whether there
exists any condition that uniquely fixes the value of the
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cosmological constant. It seems natural to expect the
energy of the physical vacuum state of the theory describ-
ing the Universe to be exactly zero. That is the main
assumption of this work, and it is of importance for the later
discussions. In the framework of the low-energy EFT of
general relativity coupled to the fields of the Standard
Model, imposing such a condition uniquely fixes the
cosmological constant term as a function of other param-
eters of the effective Lagrangian. In this work we calculate
the vacuum expectation value of the full four-momentum of
the gravitational and matter fields at two-loop order in a
simplified version of the Abelian model, with spontaneous
symmetry breaking considered in Ref. [6]. We obtain that,
as a result of a nontrivial cancellation between different
diagrams, the vacuum energy exactly vanishes for the value
of the cosmological constant obtained in Ref. [6], i.e., for
the value which guarantees the vanishing of the graviton
mass and the vacuum expectation value of the graviton field
at two-loop order. That is, provided that our result holds to
all orders, the uniquely fixed value of the cosmological
constant term, leading to a self-consistent perturbative EFT
on the Minkowki background is obtained as a consequence
of imposing the condition of vanishing vacuum energy.
Notice here that, being aware of the lack of a commonly
accepted expression of the energy-momentum tensor for
the gravitational field (see, e.g., Refs. [11–15]), in this work
we use the definition of the energy-momentum pseudo-
tensor and the full four-momentum of the matter and
gravitational fields given in the classic textbook by
Landau and Lifshitz [17].
Our work is organized as follows: In Sec. II we specify

the details of the considered EFT and calculate one- and
two-loop order contributions to the vacuum energy. In
Sec. III we briefly discuss the implications of the obtained
results on the cosmological constant problem. We summa-
rize in Sec. IV, and the Appendix contains the Feynman
rules and two-loop integrals required for our calculations.

II. VACUUM ENERGY IN AN EFT OF GENERAL
RELATIVITY ON A MINKOWSKI BACKGROUND

In the framework of EFT the action of matter interacting
with gravity is given by the most general effective
Lagrangian of gravitational and matter fields, which is
invariant under general coordinate transformations and
other symmetries of the Standard Model,

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p fLgrðgÞ þ Lmðg;ψÞg

¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
2

κ2
ðR − 2ΛÞ þ Lgr;hoðgÞ þ Lmðg;ψÞ

�

¼ SgrðgÞ þ Smðg;ψÞ; ð1Þ

where κ2 ¼ 32πG, with G ¼ 6.70881 × 10−39GeV−2

being the gravitational (Newton’s) constant, ψ and gμν

denote the matter and metric fields, respectively,
g ¼ det gμν, Λ is the cosmological constant and R is the
scalar curvature. Further, Lgr;hoðgÞ represents self-
interaction terms of the gravitational field with higher
orders of derivatives, and Lmatterðg;ψÞ is the effective
Lagrangian of the matter fields interacting with gravity.
Experimental evidence suggests that the contributions of
Lgr;hoðgÞ, as well as the contributions of nonrenormalizable
interactions of Lmatterðg;ψÞ in physical quantities, are
heavily suppressed. Vielbein tetrad fields have to be
introduced for fermionic fields interacting with the gravi-
tational field; however, we refrain from giving details on
these, as later we will perform calculations with bosonic
degrees of freedom only.
The low-energy EFT of general relativity is obtained by

representing the gravitational field as the sum of the
Minkowskian background and the quantum fields [16]

gμν ¼ ημν þ κhμν;

gμν ¼ ημν − κhμν þ κ2hμλh
λν − κ3hμλh

λ
σhσν þ � � � ; ð2Þ

and by calculating physical quantities perturbatively by
applying the standard quantum field theory technique.
The energy-momentum tensor of the matter fields

coupled to the gravitational field, Tμν
m , and the pseudotensor

of the gravitational field, Tμν
LL, are given by

Tμν
m ðg;ψÞ ¼ 2ffiffiffiffiffiffi−gp δSm

δgμν
; ð3Þ

Tμν
gr ðgÞ ¼ 4

κ2
Λgμν þ Tμν

LLðgÞ; ð4Þ

where Tμν
LLðgÞ is defined via [17]

ð−gÞTμν
LLðgÞ ¼

2

κ2

�
1

8
gλσgμνgαγgβδgαγ;σ gβδ;λ −

1

4
gμλgνσgα;γgβδgαγ;σ gβδ;λ −

1

4
gλσgμνgβαgγδgαγ;σ gβδ;λ

þ 1

2
gμλgνσgβαgγδgαγ;σ gβδ;λþgβαgλσgνσ;α gμλ;β þ

1

2
gμνgλσgλβ;α gασ;β

− gμλgσβgνβ;α gσα;λ −gνλgσβgμβ;α gσα;λ þgλσ;σ gμν;λ −gμλ;λ gνσ;σ
�
; ð5Þ
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with gμν ¼ ffiffiffiffiffiffi−gp
gμν and gμν;λ ¼ ∂gμν=∂xλ.

The full energy-momentum tensor Tμν ¼ Tμν
m ðg;ψÞ þ

Tμν
gr ðgÞ defines the conserved full four-momentum of the

matter and the gravitational field as [17]

Pμ ¼
Z

ð−gÞTμνdSν; ð6Þ

where the integration is carried out over any hypersurface
containing the whole three-dimensional space. Thus, the
energy of the vacuum will be zero if the vacuum expect-
ation value of the energy-momentum tensor times ð−gÞ
vanishes. This quantity is given by the following path
integral:

h0jð−gÞTμνj0i¼
Z

DgDψð−gÞ½Tμν
gr ðgÞþTμν

m ðg;ψÞ�

×exp

�
i
Z

d4x
ffiffiffiffiffiffi
−g

p ½Lðg;ψÞþLGF�
�
; ð7Þ

whereLGF is the gauge fixing term, and the Faddeev-Popov
determinant is included in the integration measure. The
cosmological constant Λ can be uniquely fixed by demand-
ing that the right-hand side of Eq. (7) vanishes. To
demonstrate how one obtains a self-consistent EFT by
imposing this condition, we consider a simple model of a
massive scalar and a massive vector field interacting with a
metric tensor field. It coincides with the bosonic part of the
model with spontaneously broken Abelian gauge symmetry
considered in Ref. [6] taken in unitary gauge for the
Abelian gauge symmetry. The action of the matter part
of the model is given by

Sm ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

4
gμρgνσFμνFρσ þ

M2

2
gμνAμAν

þ gμν

2
∂μH∂νH −

m2

2
H2 þ LMI

�
; ð8Þ

where Fμν ¼ ∂μAν − ∂νAμ, Aμ is the vector field, H is the
scalar field, and LMI denotes the interactions of matter
fields, the specific form of which is not important for
this work, as we will not include them in our calculations.
The energy-momentum tensor corresponding to Eq. (8) has
the form

Tμν
m ¼ −gμαgνρgβσFαβFρσ þM2gμαgνβAαAβ þ ∂μH∂νH

− gμν
�
−
1

4
gαρgβσFαβFρσ þ

M2

2
gαβAαAβ

þ gαβ

2
∂αH∂βH −

m2

2
H2

�
þ Tμν

MI; ð9Þ

where Tμν
MI corresponds to LMI.

By adding the following gauge fixing term to the
effective Lagrangian

LGF ¼ ξ

�
∂νhμν −

1

2
∂μhνν

��
∂βhμβ −

1

2
∂μhαα

�
; ð10Þ

where ξ is the gauge parameter, we obtain the Feynman
rules specified in the Appendix.
For the vacuum expectation value of the full energy-

momentum pseudotensor times ð−gÞ at tree order, we
obtain an infinite number of diagrams shown in Fig. 1.
All of these contributions vanish if we take the cosmo-
logical constant vanishing at tree order. That is, we
represent Λ as

Λ ¼
X∞
i¼0

ℏiΛi ð11Þ

and take Λ0 ¼ 0. Notice that this also removes the graviton
mass from the propagator at tree order.
Next, using the Feynman rules given in the Appendix,

we calculated the one-loop contributions to the vacuum
expectation value of the full energy-momentum pseudo-
tensor times ð−gÞ shown in Fig. 2, and, by demanding that
Λ1 cancels this contribution, we obtain (in the calculations
of the loop diagrams below, we used the program FeynCalc
[18,19])

Λ1 ¼ −
κ2Γð1 − d

2
Þðmd þ ðd − 1ÞMdÞ
2dþ6π

d
2
þ4d

: ð12Þ

It is a trivial consequence of Eq. (3) that the same value of
Λ1 cancels the one-loop contribution to the vacuum
expectation value of the graviton field hμν, shown in
Fig. 3, and consequently the graviton self-energy at zero
momentum, i.e., the graviton mass, as a result of a Ward
identity [6]. The first nontrivial result is obtained at two-
loop order by calculating the diagrams contributing to the
vacuum expectation value of the full energy-momentum
pseudotensor times ð−gÞ shown in Fig. 2. We also
calculated the two-loop contributions to the vacuum

...

FIG. 1. Diagrams contributing to the vacuum expectation value
of the energy-momentum pseudotensor times ð−gÞ at tree order.
Filled circles correspond to the cosmological constant term. The
cross stands for the energy-momentum pseudotensor times ð−gÞ,
and the wiggly line represents the graviton.
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expectation value of the gravitational field shown in Fig. 3
and verified that the same value of Λ2 cancels both
quantities. The obtained result reads

Λ2 ¼ −
dðdþ 1Þκ4M2d−2 cscðπd

2
ÞΓð1 − d

2
Þ

22ðdþ3Þπd−1Γðd
2
Þ : ð13Þ

While it is a trivial consequence of Eq. (3) that the fourth
diagrams in Figs. 2 and 3 both give equal contributions in
Λ, it is only the sum of the corresponding second and
third diagrams that lead to identical expressions. To check
the obtained results, we also calculated two-loop contri-
butions to the graviton self-energy at zero momentum
and verified that the same value of Λ2 cancels the two-
loop order contribution to the graviton mass in agreement
with the Ward identity [6] (we do not give the expressions
of the corresponding Feynman rules due to their huge
size). While we expect an analogous result to hold to all
orders, we are not able to give a general argument
supporting it.
We briefly outline the computational procedure to arrive

at these results. First, to obtain the Feynman rules for the
effective Lagrangian and the energy-momentum tensor, we
used the program FeynCalc. To perform the calculations
of the pertinent two-loop diagrams, we wrote a program in
Mathematica which contracts the Lorentz indices in the
products of the Feynman rules and expands the obtained
expressions. This results in hundreds of thousands of
terms. In these, we reduce the tensor integrals to the
master scalar integrals specified in the Appendix. Next,
the program substitutes the explicit expressions of the
scalar integrals and simplifies the obtained result to very
compact expressions as specified above. For obvious
reasons, we do not display any of these intermediate
steps here.

III. IMPLICATION ON THE COSMOLOGICAL
CONSTANT PROBLEM

It follows from the result of the previous section that,
unless the cosmological constant is chosen such that the
energy of the vacuum is exactly zero, it cannot remove the
graviton mass and the graviton tadpole order by order in
perturbation theory, and consequently a nonperturbative
treatment of the cosmological constant term is mandatory.
This is because for all physical processes there appear
diagrams like the ones shown in Fig. 4, where the massless
graviton propagator carries vanishing momentum, and
therefore 1=0 singularities occur (this does not happen
only if the tadpole vanishes order by order in the loop
expansion).
The cosmological constant problem is often described as

a vacuum having tiny nonzero energy density. Because of
this loose language, one might think that the condition of
vanishing vacuum energy a priori excludes the solution of
the cosmological constant problem. A closer look reveals
that exactly the opposite might be the case. Indeed, because
of the condition imposed on the cosmological constant term
of the effective Lagrangian, the effective action calculated
on the Minkowski background metric with vanishing
background matter fields does not contain an effective
cosmological constant term contributing to Einsten’s equa-
tions. However, for our Universe the corresponding effec-
tive action has to be calculated in the presence of nontrivial
background fields. The cosmological constant term of the

FIG. 2. Diagrams contributing to the vacuum expectation value of the energy-momentum pseudotensor times ð−gÞ. The filled circle
corresponds to the cosmological constant term. The cross stands for the energy-momentum pseudotensor times ð−gÞ, and the wiggly and
solid lines represent the graviton and the scalar (vector), respectively.

FIG. 3. Diagrams contributing to the graviton tadpole. The filled circle corresponds to the cosmological constant term. Wiggly and
solid lines represent the graviton and scalar (vector) fields, respectively.

...

FIG. 4. Tree order tadpole diagrams contributing to the graviton
self-energy.
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effective Lagrangian exactly canceling the loop contribu-
tions in a trivial background leads to a uniquely fixed
effective cosmological constant contributing in the
Einstein’s equation also in the presence of a nontrivial
background. While for weak backgrounds we expect large
cancellations leaving us with a tiny effective cosmological
constant, a quantitative investigation of this estimation is a
subject for a separate publication. To make this more
precise, the background relevant for cosmology is not flat
Minkowski; therefore the fixed cosmological constant term
will cancel the quantum corrections to the effective
cosmological constant not exactly but rather only approxi-
mately, leaving a small finite piece. This remains to be
calculated.

IV. SUMMARY AND DISCUSSION

Consistency conditions of the perturbative EFT of
general relativity in a flat Minkowski background
uniquely fix the cosmological constant term as a
function of all other parameters of the theory [6].
This follows from the requirement of the presence of
a massless graviton, instead of a massive spin-2 ghost,
in the spectrum of the theory. Notice that it is not
possible to take into account perturbatively any other
value of the cosmological constant term within an EFT
on the flat Minkowski background. This is because of
the 1=0 singularities in the Feynman diagrams with
tadpole contributions; see, e.g., Fig. 4.
In our opinion if there is any fundamental reason for

choosing a fixed value of the cosmological constant,
then it must be the condition of vanishing of the vacuum
energy. It is often argued that vacuum has nonzero
energy due to quantum fluctuations. A classical example
is given by quantum oscillator. It is well known that the
ground state energy of a quantum oscillator is ℏω=2,
where ω is the angular frequency. A closer look reveals,
however, that this expression is the result of an
assumption. In particular, if we share the point of view
that the real world is described by a quantum theory and
classical theory is only an approximation of it, then it is
not possible to uniquely reproduce the quantum
Hamiltonian of an oscillator by quantizing the classical
one. This nonuniqueness is of course well known and is
manifested in the problem of operator ordering. Indeed,
by adding a vanishing term ∼ðpq − qpÞ to the classical
Hamiltonian of the oscillator and quantizing it, we
obtain a quantum Hamiltonian with an arbitrary constant
term, and hence an arbitrary vacuum energy. Starting
from the classical theory, there is no way to tell which
value of the vacuum energy is more “fundamental.”
Notice that the argument for the Casimir effect being a
proof of nonvanishing vacuum energy is not convincing
either; see, e.g., Refs. [20,21].
In the framework of low-energy EFTof general relativity

coupled to the fields of the Standard Model, imposing

a condition of vanishing vacuum energy uniquely
fixes the cosmological constant term as a function of
other parameters of the effective Lagrangian. We expect
that this will lead to a self-consistent perturbative EFT
defined on the Minkowski background, i.e., to a mass-
less graviton in the spectrum and the vanishing graviton
tadpole. We were not able to give a general argument
supporting our claim. Instead we calculated the vacuum
expectation value of the full four-momentum of matter
and gravitational fields at two-loop order in a simplified
version of the Abelian model with spontaneous sym-
metry breaking considered in Ref. [6]. While at one-
loop order the condition of vanishing vacuum energy
automatically leads to the conditions of Ref. [6], at two-
loop order the same agreement of two conditions
appears to be a result of a nontrivial cancellation
between different diagrams. We notice here that there
does not exist a commonly accepted expression of the
energy-momentum tensor for the gravitational field (see,
e.g., Refs. [11–15]). In this work we used the definition
of the energy-momentum pseudotensor and the full four-
momentum of the matter and gravitational fields given
in the classic textbook by Landau and Lifshitz [17].
Within a self-consistent EFT all physical quantities

should be finite after renormalizing (an infinite number
of) parameters of the effective Lagrangian. Therefore it
is mandatory that the uniquely fixed value of the
cosmological constant term, which defines the pertur-
bative EFT of the Standard Model coupled to gravitons
on the Minkowski flat background leads to a finite
expression of the energy of the vacuum to all orders in
loop expansion. Based on the two-loop order result of
this work, we expect that this finite value is actually
zero. Turning the argument around, we expect that, by
demanding that the vacuum energy should be vanishing
to all orders, we obtain a self-consistent perturbative
low-energy EFT of matter and gravitational fields on the
flat Minkowski background.
Relegating calculations and detailed discussion to a

future work, we briefly comment on the implications of
our results for the cosmological constant problem. In
particular, we expect the cosmological constant term of
the effective Lagrangian exactly canceling the loop con-
tributions in a flat background very likely to cancel the bulk
of such contributions also in the presence of a nontrivial
background, relevant for our Universe, thus leaving with a
tiny effective cosmological constant contributing to
Einstein’s equations.
A further very interesting question is what condition

(if any) is imposed on the energy of the vacuum by the
consistency of EFT of gravitation in (anti–)de Sitter space.
Unfortunately we are unable to address this issue as, to the
best of our knowledge, a consistent formulation of a
systematic EFT in the (anti–)de Sitter background does
not exist yet.
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APPENDIX: FEYNMAN RULES

Below we give Feynman rules used in the calculation of
the vacuum expectation values of the graviton field and the
energy-momentum tensor.
Propagators:

(a) Scalar propagator with momentum p:

i
p2 −m2 þ iϵ

: ðA1Þ

(b) Vector boson propagator with Lorentz indices μ, ν and
momentum p:

−
iðgμν − pμpν=M2Þ
p2 −M2 þ iϵ

: ðA2Þ

(c) Graviton propagator in D dimensions with Lorentz
indices ðμ; νÞ, ðα; βÞ and momentum p:

i
2

gλνgμσþgλμgνσ − 2gλσgμν

D−2
p2þ iϵ

−
iξ
2

pνðpσgλμþpλgμσÞþpμðpσgλνþpλgνσÞ
ðp2þ iϵÞ2 : ðA3Þ

Vertices (all momenta in all vertices are incoming):
(a) Graviton with indices ðμ; νÞ:

−
2iΛgμν

κ
: ðA4Þ

(b) Graviton with indices ðμ; νÞ and ðα; βÞ:

iΛðgανgβμ þ gαμgβν − gαβgμνÞ: ðA5Þ

(c) Graviton with indices ðμ; νÞ—scalars with momenta p1 and p2:

1

2
iκð−gμνðm2 þ p1 · p2Þ þ pμ

2p
ν
1 þ pμ

1p
ν
2Þ: ðA6Þ

(d) Gravitons with indices ðμ; νÞ and ðα; βÞ—scalars with momenta p1 and p2:

−
1

4
iκ2ð−m2gανgβμ −m2gαμgβν þm2gαβgμν þ pβ

1p
ν
2g

αμ þ pβ
1p

μ
2g

αν þ pα
1p

ν
2g

βμ þ pν
1ð−pμ

2g
αβ þ pβ

2g
αμ þ pα

2g
βμÞ

þ pα
1p

μ
2g

βν þ pμ
1ð−pν

2g
αβ þ pβ

2g
αν þ pα

2g
βνÞ − pα

2p
β
1g

μν − pα
1p

β
2g

μν − p1 · p2ðgανgβμ þ gαμgβν − gαβgμνÞÞ: ðA7Þ

(e) Graviton with indices ðμ; νÞ—vector bosons with (Lorentz index, momentum) combinations ðλ; p1Þ and ðσ; p2Þ:

−
i
2
κð−M2gλσgμν þM2gλνgμσ þM2gλμgνσ þ pμ

1p
ν
2g

λσ − pσ
1ðpν

2g
λμ þ pμ

2g
λν − pλ

2g
μνÞ

þ pν
1ðpμ

2g
λσ − pλ

2g
μσÞ − pλ

2p
μ
1g

νσ − p1 · p2gλσgμν þ p1 · p2gλνgμσ þ p1 · p2gλμgνσÞ: ðA8Þ
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(f) Gravitons with indices ðμ; νÞ and ðα; βÞ—vector bosons with (Lorentz index, momentum) combinations ðλ; p1Þ
and ðσ; p2Þ:

−
i
4
κ2ð−gασgβνgλμM2 − gανgβσgλμM2 − gασgβμgλνM2 − gαμgβσgλνM2 þ gανgβμgλσM2 þ gαμgβνgλσM2 þ gασgβλgμνM2

þ gαλgβσgμνM2 − gαβgλσgμνM2 − gανgβλgμσM2 − gαλgβνgμσM2 þ gαβgλνgμσM2 − gαμgβλgνσM2 − gαλgβμgνσM2

þ gαβgλμgνσM2 − pμ
1p

ν
2g

ασgβλ þ pμ
1p

λ
2g

ασgβν − pμ
1p

ν
2g

αλgβσ þ pμ
1p

λ
2g

ανgβσ þ pβ
1p

ν
2g

ασgλμ þ pα
1p

ν
2g

βσgλμ

þ pβ
1p

μ
2g

ασgλν þ pα
1p

μ
2g

βσgλν þ pμ
1p

ν
2g

αβgλσ − pβ
1p

ν
2g

αμgλσ − pμ
1p

β
2g

ανgλσ − pβ
1p

μ
2g

ανgλσ − pα
1p

ν
2g

βμgλσ

− pμ
1p

α
2g

βνgλσ − pα
1p

μ
2g

βνgλσ − pβ
1p

λ
2g

ασgμν − pα
1p

λ
2g

βσgμν þ pβ
1p

α
2g

λσgμν þ pα
1p

β
2g

λσgμν

þ pσ
1ðpμ

2g
ανgβλ − pα

2g
μνgβλ − pλ

2g
ανgβμ þ pμ

2g
αλgβν − pλ

2g
αμgβν þ pα

2g
βνgλμ þ pν

2ðgαμgβλ þ gαλgβμ − gαβgλμÞ
− pμ

2g
αβgλν þ pα

2g
βμgλν þ pλ

2g
αβgμν þ pβ

2ðgανgλμ þ gαμgλν − gαλgμνÞÞ þ pβ
1p

λ
2g

ανgμσ

þ pα
1p

λ
2g

βνgμσ − pβ
1p

α
2g

λνgμσ − pα
1p

β
2g

λνgμσ þ pν
1ð−pμ

2g
ασgβλ þ pα

2g
μσgβλ − pμ

2g
αλgβσ þ pμ

2g
αβgλσ

− pα
2g

βμgλσ þ pλ
2ðgασgβμ þ gαμgβσ − gαβgμσÞ þ pβ

2ðgαλgμσ − gαμgλσÞÞ − pμ
1p

λ
2g

αβgνσ

þ pμ
1p

β
2g

αλgνσ þ pβ
1p

λ
2g

αμgνσ þ pμ
1p

α
2g

βλgνσ þ pα
1p

λ
2g

βμgνσ − pβ
1p

α
2g

λμgνσ − pα
1p

β
2g

λμgνσ

− gασgβνgλμp1 · p2 − gανgβσgλμp1 · p2 − gασgβμgλνp1 · p2 − gαμgβσgλνp1 · p2

þ gανgβμgλσp1 · p2 þ gαμgβνgλσp1 · p2 þ gασgβλgμνp1 · p2 þ gαλgβσgμνp1 · p2 − gαβgλσgμνp1 · p2

− gανgβλgμσp1 · p2 − gαλgβνgμσp1 · p2 þ gαβgλνgμσp1 · p2 − gαμgβλgνσp1 · p2 − gαλgβμgνσp1 · p2

þ gαβgλμgνσp1 · p2Þ: ðA9Þ
(g) Energy-momentum tensor with indices ðμ; νÞ—gravitons with (Lorentz indices, momentum) combinations ðλ; σ; p1Þ

and ðα; β; p2Þ:
1

8
½hhhðfμ; ν; p1g; fα; β; p2g; fλ; σ; p3gÞ þ hhhðfμ; ν; p1g; fα; β; p2g; fσ; λ; p3gÞ
þ hhhðfμ; ν; p1g; fβ; α; p2g; fλ; σ; p3gÞ þ hhhðfμ; ν; p1g; fβ; α; p2g; fσ; λ; p3gÞ
þ hhhðfν; μ; p1g; fα; β; p2g; fλ; σ; p3gÞ þ hhhðfν; μ; p1g; fα; β; p2g; fσ; λ; p3gÞ
þ hhhðfν; μ; p1g; fβ; α; p2g; fλ; σ; p3gÞ þ hhhðfν; μ; p1g; fβ; α; p2g; fσ; λ; p3gÞ�; ðA10Þ

where

hhhðfμ;ν;p1g;fα;β;p2g;fλ;σ;p3gÞ

¼−
1

4
iκðpα

1p
β
2g

λσgμνþpβ
2p

α
3g

λσgμνþ2Λgαβgλσgμνþ2gαβgλσðp1 ·p2þp1 ·p3þp2 ·p3Þgμνþ2gαβgλσðp2
1þp2

2þp2
3Þgμν

þgαβðpν
1ðpμ

2þpμ
3Þgλσþðpλ

1þpλ
2Þpσ

3g
μνÞþ4ðpσ

1p
ν
3g

αβgλμþpβ
1p

ν
2g

αμgλσþpσ
2p

β
3g

αλgμνÞ
þ4ððpσ

1p
ν
2þpσ

2p
ν
3Þgαβgλμþðpν

2p
β
3þpβ

1p
ν
3Þgαμgλσþðpβ

1p
σ
2þpσ

1p
β
3ÞgαλgμνÞ

−2ððpν
1p

σ
2þpν

2p
σ
3Þgαβgλμþðpν

1p
β
3þpβ

2p
ν
3Þgαμgλσþðpσ

1p
β
2þpβ

1p
σ
3ÞgαλgμνÞ

þ2ððpν
1p

σ
1þpν

3p
σ
3Þgαβgλμþðpβ

1p
ν
1þpβ

2p
ν
2Þgαμgλσþðpβ

2p
σ
2þpβ

3p
σ
3ÞgαλgμνÞ

−2ðpμ
1p

ν
1g

αβgλσþðpλ
3p

σ
3g

αβþpα
2p

β
2g

λσÞgμνÞ−2ðpβ
1p

α
3g

λσgμνþpα
1p

β
3g

λσgμν

þgαβððpν
2p

μ
3þpμ

2p
ν
3Þgλσþðpσ

1p
λ
2þpλ

1p
σ
2ÞgμνÞÞ−4ðpα

1p
β
1g

λσgμνþpα
3p

β
3g

λσgμν

þgαβððpμ
2p

ν
2þpμ

3p
ν
3Þgλσþðpλ

1p
σ
1þpλ

2p
σ
2ÞgμνÞÞ−5ðpα

2ðpβ
1þpβ

3Þgλσgμνþgαβðpμ
1ðpν

2þpν
3Þgλσ

þðpσ
1þpσ

2Þpλ
3g

μνÞÞþ2ðpμ
3p

σ
3g

αβgλνþpα
1p

ν
1g

βμgλσþpα
3p

σ
3g

βλgμνþpβ
2ðpμ

2g
ανgλσþpλ

2g
ασgμνÞ

þpλ
1p

ν
1g

αβgμσÞþ2ðpσ
2p

μ
3g

αβgλνþpμ
2p

β
3g

ανgλσþpα
1p

ν
3g

βμgλσ þpβ
1p

λ
2g

ασgμνþpσ
1p

α
3g

βλgμνþpλ
1p

ν
2g

αβgμσÞ
þ4ðpσ

1p
μ
3g

αβgλνþpβ
1p

μ
2g

ανgλσþpα
1p

ν
2g

βμgλσþpλ
2p

β
3g

ασgμνþpσ
2p

α
3g

βλgμνþpλ
1p

ν
3g

αβgμσÞ
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−4ðpβ
1p

ν
3g

ασgλμþpσ
1ðpν

2g
αμgβλþpβ

3g
ανgλμÞþpσ

2ðpν
3g

αλgβμþpβ
1g

αμgλνÞþpν
2p

β
3g

αλgμσÞ
−6ðpν

2p
β
3g

ασgλμþpσ
2ðpν

3g
αμgβλþpβ

1g
ανgλμÞþpσ

1ðpν
2g

αλgβμþpβ
3g

αμgλνÞþpβ
1p

ν
3g

αλgμσÞ
þ8ΛðgασgβμgλνþgανgβλgμσÞ−2ðpν

2p
μ
3g

ασgβλþpμ
2p

ν
3g

ασgβλþpσ
1p

λ
2g

ανgβμþpλ
1p

σ
2g

ανgβμ

þpβ
1p

α
3g

λνgμσþpα
1p

β
3g

λνgμσÞ−2ðpσ
1p

α
3g

βμgλνþgασðpλ
1p

ν
2g

βμþpμ
2p

β
3g

λνÞþpα
1p

ν
3g

βλgμσ

þgανðpσ
2p

μ
3g

βλþpβ
1p

λ
2g

μσÞÞþ2ðpν
2p

σ
3g

αμgβλþpσ
1p

β
2g

ανgλμþpβ
2p

ν
3g

ασgλμþpβ
1p

σ
3g

αμgλν

þpν
1g

αλðpσ
2g

βμþpβ
3g

μσÞÞþ2ðpμ
1ðpσ

2g
αβgλνþpβ

3g
ανgλσÞþpα

2ðpν
3g

βμgλσ þpσ
1g

βλgμνÞ
þpλ

3ðpβ
1g

ασgμνþpν
2g

αβgμσÞÞ−2ðpμ
1ðpσ

3g
αβgλνþpβ

2g
ανgλσÞþðpβ

2p
λ
3g

ασþpα
2p

σ
3g

βλÞgμν
þpν

1ðpα
2g

βμgλσþpλ
3g

αβgμσÞÞþ2ðpμ
1ðpσ

1g
αβgλνþpβ

1g
ανgλσÞþpα

2ðpν
2g

βμgλσþpσ
2g

βλgμνÞ
þpλ

3ðpβ
3g

ασgμνþpν
3g

αβgμσÞÞ−4ðpσ
1p

ν
3ðgαμgβλþgαλgβμÞþpσ

2p
β
3ðgανgλμþgαμgλνÞ

þpβ
1p

ν
2ðgασgλμþgαλgμσÞÞ−4ðpν

2p
σ
2ðgαμgβλþgαλgβμÞþpβ

1p
σ
1ðgανgλμþgαμgλνÞ

þpβ
3p

ν
3ðgασgλμþgαλgμσÞÞþ2ðpμ

2p
σ
3g

ανgβλþpβ
2p

μ
3g

ασgλνþpα
1p

σ
3g

βμgλνþpλ
1p

β
2g

ανgμσ

þpν
1ðpλ

2g
ασgβμþpα

3g
βλgμσÞÞþ16ðpα

3p
μ
3g

βνgλσþpα
1p

λ
1g

βσgμνþpλ
2p

μ
2g

αβgνσÞ−8ðpα
1p

μ
2g

βνgλσ

þpλ
2p

α
3g

βσgμνþpλ
1p

μ
3g

αβgνσÞþ2ðpα
1p

μ
1g

βνgλσþpα
3p

λ
3g

βσgμνþpα
2ðpμ

2g
βνgλσþpλ

2g
βσgμνÞ

þpλ
1p

μ
1g

αβgνσþpλ
3p

μ
3g

αβgνσÞþ2ðpα
3ðpμ

2g
βνgλσþpλ

1g
βσgμνÞþpα

1ðpμ
3g

βνgλσþpλ
2g

βσgμνÞ
þðpλ

1p
μ
2þpλ

2p
μ
3ÞgαβgνσÞ−4ðpμ

2p
λ
3g

ασgβνþpα
1p

λ
3g

μσgβνþpμ
1g

βσðpλ
2g

ανþpα
3g

λνÞþpα
2p

μ
3g

βλgνσ

þpλ
1p

α
2g

βμgνσÞ−8ðpλ
1p

μ
1g

ανgβσþpα
1p

μ
1g

λνgβσþpλ
3g

βνðpμ
3g

ασþpα
3g

μσÞþpα
2p

μ
2g

βλgνσþpα
2p

λ
2g

βμgνσÞ
þ4ðpλ

3p
σ
3g

αμgβνþpμ
1p

ν
1g

αλgβσþpα
2p

β
2g

λμgνσÞ−2ðpλ
1p

σ
3g

αμgβνþpλ
2p

σ
3g

αμgβνþpν
1p

μ
2g

αλgβσ

þpν
1p

μ
3g

αλgβσþpα
1p

β
2g

λμgνσþpβ
2p

α
3g

λμgνσÞþ8ðpσ
1p

λ
2g

αμgβνþpλ
1p

σ
2g

αμgβνþpν
2p

μ
3g

αλgβσþpμ
2p

ν
3g

αλgβσ

þpβ
1p

α
3g

λμgνσþpα
1p

β
3g

λμgνσÞþ8ðpλ
1p

σ
1g

αμgβνþpλ
2p

σ
2g

αμgβνþpμ
2p

ν
2g

αλgβσþpμ
3p

ν
3g

αλgβσþpα
1p

β
1g

λμgνσ

þpα
3p

β
3g

λμgνσÞþ10ððpσ
1þpσ

2Þpλ
3g

αμgβνþpμ
1ðpν

2þpν
3Þgαλgβσþpα

2ðpβ
1þpβ

3ÞgλμgνσÞ
−4ΛðgαμgβνgλσþgαλgβσgμνþgαβgλμgνσÞþ4ðpα

2ðpσ
3g

βνþpν
1g

βσÞgλμþpμ
1g

αλðpσ
3g

βνþpβ
2g

νσÞ
þpλ

3g
αμðpν

1g
βσþpβ

2g
νσÞÞ−8ððpα

3p
σ
3g

βνþpα
1p

ν
1g

βσÞgλμþgαμðpλ
1p

ν
1g

βσþpβ
2p

λ
2g

νσÞ
þgαλðpμ

3p
σ
3g

βνþpβ
2p

μ
2g

νσÞÞ−10ðpα
2ðpσ

1g
βνþpν

3g
βσÞgλμþpλ

3g
αμðpν

2g
βσþpβ

1g
νσÞ

þpμ
1g

αλðpσ
2g

βνþpβ
3g

νσÞÞ−4ððpσ
2p

α
3g

βνþpα
1p

ν
2g

βσÞgλμþgαλðpσ
1p

μ
3g

βνþpβ
1p

μ
2g

νσÞ
þgαμðpλ

1p
ν
3g

βσþpλ
2p

β
3g

νσÞÞ−4ððpσ
1p

α
3g

βνþpα
1p

ν
3g

βσÞgλμþgαμðpλ
1p

ν
2g

βσþpβ
1p

λ
2g

νσÞ
þgαλðpσ

2p
μ
3g

βνþpμ
2p

β
3g

νσÞÞþ10ððpα
1p

σ
2g

βνþpν
2p

α
3g

βσÞgλμþgαμðpλ
2p

ν
3g

βσ þpλ
1p

β
3g

νσÞ
þgαλðpσ

1p
μ
2g

βνþpβ
1p

μ
3g

νσÞÞþ8ðpα
2ðpμ

3g
βνgλσþpλ

1g
βσgμνÞþpμ

1ðpα
3g

βνgλσþpλ
2g

αβgνσÞ
þpλ

3ðpα
1g

βσgμνþpμ
2g

αβgνσÞÞþ12ðpα
2p

λ
3g

βσgμνþpμ
1ðpα

2g
βνgλσþpλ

3g
αβgνσÞÞ−6ðpμ

2p
λ
3g

ανgβσ

þpα
2p

μ
3g

λνgβσþpλ
1p

α
2g

βνgμσþpα
1p

λ
3g

βμgνσþpμ
1ðpλ

2g
ασgβνþpα

3g
βλgνσÞÞ−4ðpλ

2p
μ
2ðgασgβνþgανgβσÞ

þpα
3p

μ
3ðgβσgλνþgβλgνσÞþpα

1p
λ
1ðgβνgμσþgβμgνσÞÞþ4ðpλ

1p
μ
3ðgασgβνþgανgβσÞ

þpα
1p

μ
2ðgβσgλνþgβλgνσÞþpλ

2p
α
3ðgβνgμσþgβμgνσÞÞ−4ðpα

1p
μ
3g

βσgλνþpλ
1ðpμ

2g
ανgβσþpα

3g
βνgμσÞ

þpμ
2p

α
3g

βλgνσþpλ
2ðpμ

3g
ασgβνþpα

1g
βμgνσÞÞþ2ðpμ

2p
α
3g

βσgλνþpλ
2ðpμ

3g
ανgβσþpα

1g
βνgμσÞþpα

1p
μ
3g

βλgνσ

þpλ
1ðpμ

2g
ασgβνþpα

3g
βμgνσÞÞ−12ðpα

2p
λ
3ðgβνgμσþgβμgνσÞþpμ

1ðpλ
3ðgασgβνþgανgβσÞþpα

2ðgβσgλνþgβλgνσÞÞÞ
þ4ðgασgβνgλμp1 ·p2þgαμgβλgνσp1 ·p3þgαλðgβνgμσp1 ·p2þgβμgνσp1 ·p3Þ
þgανgβσgλμp2 ·p3þgαμgβσgλνp2 ·p3Þþ2ðgανgβμgλσp1 ·p2þgαβgλνgμσp1 ·p3þgασgβλgμνp2 ·p3Þ
−8ðgαμgβνgλσp1 ·p2þgαβgλμgνσp1 ·p3þgαλgβσgμνp2 ·p3Þþ8ðgαμðgβσgλν
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þgβλgνσÞp1 ·p2þgασgβνgλμp1 ·p3þgανgβσgλμp1 ·p3þgαλgβνgμσp2 ·p3þgαλgβμgνσp2 ·p3Þ
−4ðgαλgβσgμνðp1 ·p2þp1 ·p3Þþgαβgλμgνσðp1 ·p2þp2 ·p3Þþgαμgβνgλσðp1 ·p3þp2 ·p3ÞÞ
−4ðgαλgβσgμνp2

1þgαβgλμgνσp2
2þgαμgβνgλσp2

3Þþ8ðgανgβσgλμp2
1þgαλgβμgνσp2

2þgασgβνgλμp2
3

þgαλgβνgμσp2
3þgαμðgβσgλνp2

1þgβλgνσp2
2ÞÞ−4ðgαμgβνgλσðp2

1þp2
2Þ

þgαβgλμgνσðp2
1þp2

3Þþgαλgβσgμνðp2
2þp2

3ÞÞÞ: ðA11Þ

(h) Energy-momentum tensor with indices ðμ; νÞ—scalars with momenta p1 and p2:

gμνðm2 þ p1 · p2Þ − pμ
2p

ν
1 − pμ

1p
ν
2: ðA12Þ

(i) Energy-momentum tensor with indices ðμ; νÞ—graviton with indices ðα; βÞ and scalars with momenta p1 and p2:

1

2
κðm2ð−gανÞgβμ −m2gαμgβν þ 2m2gαβgμν þ pβ

1p
ν
2g

αμ þ pβ
1p

μ
2g

αν þ pα
1p

ν
2g

βμ

þ pν
1ð−2pμ

2g
αβ þ pβ

2g
αμ þ pα

2g
βμÞ þ pα

1p
μ
2g

βν þ pμ
1ð−2pν

2g
αβ þ pβ

2g
αν þ pα

2g
βνÞ − pα

2p
β
1g

μν

− pα
1p

β
2g

μν − p1 · p2gανgβμ − p1 · p2gαμgβν þ 2p1 · p2gαβgμνÞ: ðA13Þ

(j) Energy-momentum tensor with indices ðμ; νÞ—vector bosons with (Lorentz index, momentum) combinations ðλ; p1Þ
and ðσ; p2Þ:

−M2gλσgμν þM2gλνgμσ þM2gλμgνσ þ pμ
1p

ν
2g

λσ − pσ
1ðpν

2g
λμ þ pμ

2g
λν − pλ

2g
μνÞ

þ pν
1ðpμ

2g
λσ − pλ

2g
μσÞ − pλ

2p
μ
1g

νσ − p1 · p2gλσgμν þ p1 · p2gλνgμσ þ p1 · p2gλμgνσ: ðA14Þ

(k) Energy-momentum tensor with indices ðμ; νÞ—graviton with indices ðα; βÞ and vector bosons with (Lorentz index,
momentum) combinations ðλ; p1Þ and ðσ; p2Þ:

−
1

2
κðgασgβνgλμM2 þ gανgβσgλμM2 þ gασgβμgλνM2 þ gαμgβσgλνM2 − gανgβμgλσM2 − gαμgβνgλσM2

− gασgβλgμνM2 − gαλgβσgμνM2 þ 2gαβgλσgμνM2 þ gανgβλgμσM2 þ gαλgβνgμσM2 − 2gαβgλνgμσM2

þ gαμgβλgνσM2 þ gαλgβμgνσM2 − 2gαβgλμgνσM2 þ pμ
1p

ν
2g

ασgβλ − pμ
1p

λ
2g

ασgβν þ pμ
1p

ν
2g

αλgβσ

− pμ
1p

λ
2g

ανgβσ − pβ
1p

ν
2g

ασgλμ − pα
1p

ν
2g

βσgλμ − pβ
1p

μ
2g

ασgλν − pα
1p

μ
2g

βσgλν − 2pμ
1p

ν
2g

αβgλσ þ pβ
1p

ν
2g

αμgλσ

þ pμ
1p

β
2g

ανgλσ þ pβ
1p

μ
2g

ανgλσ þ pα
1p

ν
2g

βμgλσ þ pμ
1p

α
2g

βνgλσ þ pα
1p

μ
2g

βνgλσ þ pβ
1p

λ
2g

ασgμν þ pα
1p

λ
2g

βσgμν

− pβ
1p

α
2g

λσgμν − pα
1p

β
2g

λσgμν − pσ
1ð−pλ

2g
ανgβμ þ pα

2g
λνgβμ − pλ

2g
αμgβν þ pβ

2g
ανgλμ þ pα

2g
βνgλμ

þ pν
2ðgαμgβλ þ gαλgβμ − 2gαβgλμÞ þ pβ

2g
αμgλν þ pμ

2ðgανgβλ þ gαλgβν − 2gαβgλνÞ þ 2pλ
2g

αβgμν

− pβ
2g

αλgμν − pα
2g

βλgμνÞ − pβ
1p

λ
2g

ανgμσ − pα
1p

λ
2g

βνgμσ þ pβ
1p

α
2g

λνgμσ þ pα
1p

β
2g

λνgμσ

þ pν
1ðpβ

2g
αμgλσ þ pα

2g
βμgλσ þ pμ

2ðgασgβλ þ gαλgβσ − 2gαβgλσÞ − pβ
2g

αλgμσ − pα
2g

βλgμσ

þ pλ
2ð−gασgβμ − gαμgβσ þ 2gαβgμσÞÞ þ 2pμ

1p
λ
2g

αβgνσ − pμ
1p

β
2g

αλgνσ − pβ
1p

λ
2g

αμgνσ − pμ
1p

α
2g

βλgνσ

− pα
1p

λ
2g

βμgνσ þ pβ
1p

α
2g

λμgνσ þ pα
1p

β
2g

λμgνσ þ gασgβνgλμp1 · p2 þ gανgβσgλμp1 · p2 þ gασgβμgλνp1 · p2

þ gαμgβσgλνp1 · p2 − gανgβμgλσp1 · p2 − gαμgβνgλσp1 · p2 − gασgβλgμνp1 · p2 − gαλgβσgμνp1 · p2

þ 2gαβgλσgμνp1 · p2 þ gανgβλgμσp1 · p2 þ gαλgβνgμσp1 · p2 − 2gαβgλνgμσp1 · p2

þ gαμgβλgνσp1 · p2 þ gαλgβμgνσp1 · p2 − 2gαβgλμgνσp1 · p2Þ: ðA15Þ

(l) Energy-momentum tensor with indices ðμ; νÞ—gravitons with (Lorentz indices, momentum) combinations ðλ; σ; p1Þ
and ðα; β; p2Þ:
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1

8
ð−4pσ

1p
λ
2g

ανgβμ − 4pλ
1p

σ
2g

ανgβμ þ 4pσ
1p

α
2g

λνgβμ − 2pα
1p

ν
2g

λσgβμ − 2pα
1p

ν
2g

σλgβμ þ 4pλ
1p

α
2g

σνgβμ

− 4gασgλνp1 · p2gβμ þ 6gανgλσp1 · p2gβμ þ 6gανgσλp1 · p2gβμ − 4gαλgσνp1 · p2gβμ − 4pσ
1p

λ
2g

αμgβν

− 4pλ
1p

σ
2g

αμgβν − 4pσ
1p

ν
2g

αβgλμ þ 4pσ
1p

β
2g

ανgλμ þ 4pβ
1p

ν
2g

ασgλμ − 4pσ
1p

ν
2g

βαgλμ þ 4pσ
1p

α
2g

βνgλμ

þ 4pα
1p

ν
2g

βσgλμ − 4pσ
1p

μ
2g

αβgλν þ 4pσ
1p

β
2g

αμgλν þ 4pβ
1p

μ
2g

ασgλν − 4pσ
1p

μ
2g

βαgλν þ 4pα
1p

μ
2g

βσgλν

− 2pβ
1p

ν
2g

αμgλσ − 2pβ
1p

μ
2g

ανgλσ − 2pα
1p

μ
2g

βνgλσ þ 2pσ
1p

λ
2g

αβgμν þ 2pλ
1p

σ
2g

αβgμν − 2pβ
1p

σ
2g

αλgμν

− 2pβ
1p

λ
2g

ασgμν þ 2pσ
1p

λ
2g

βαgμν þ 2pλ
1p

σ
2g

βαgμν − 2pα
1p

σ
2g

βλgμν − 2pα
1p

λ
2g

βσgμν þ 2pβ
1p

α
2g

λσgμν

þ 2pα
1p

β
2g

λσgμν − 2pβ
1p

α
2g

λνgμσ − 2pα
1p

β
2g

λνgμσ þ 2pσ
1p

λ
2g

αβgνμ þ 2pλ
1p

σ
2g

αβgνμ − 2pβ
1p

σ
2g

αλgνμ

− 2pβ
1p

λ
2g

ασgνμ þ 2pσ
1p

λ
2g

βαgνμ þ 2pλ
1p

σ
2g

βαgνμ − 2pα
1p

σ
2g

βλgνμ − 2pα
1p

λ
2g

βσgνμ þ 2pβ
1p

α
2g

λσgνμ

þ 2pα
1p

β
2g

λσgνμ − 2pβ
1p

α
2g

λμgνσ − 2pα
1p

β
2g

λμgνσ − 2pβ
1p

ν
2g

αμgσλ − 2pβ
1p

μ
2g

ανgσλ − 2pα
1p

μ
2g

βνgσλ

þ 2pβ
1p

α
2g

μνgσλ þ 2pα
1p

β
2g

μνgσλ þ 2pβ
1p

α
2g

νμgσλ þ 2pα
1p

β
2g

νμgσλ − 4pλ
1p

ν
2g

αβgσμ þ 4pβ
1p

ν
2g

αλgσμ

þ 4pλ
1p

β
2g

ανgσμ − 4pλ
1p

ν
2g

βαgσμ þ 4pα
1p

ν
2g

βλgσμ þ 4pλ
1p

α
2g

βνgσμ − 2pβ
1p

α
2g

νλgσμ − 2pα
1p

β
2g

νλgσμ

− 2pν
1ð−2pλ

2g
ασgβμ þ 2pα

2g
λσgβμ þ 2pα

2g
σλgβμ − 2pλ

2g
αμgβσ

þ pσ
2ð−2gαμgβλ − 2gαλgβμ þ ðgαβ þ gβαÞgλμÞ þ 2pβ

2g
αμgλσ þ 2pβ

2g
αμgσλ

þ 2pμ
2ðgασgβλ þ gαλgβσ − ðgαβ þ gβαÞðgλσ þ gσλÞÞ þ pλ

2g
αβgσμ þ pλ

2g
βαgσμÞ − 4pλ

1p
μ
2g

αβgσν

þ 4pβ
1p

μ
2g

αλgσν þ 4pλ
1p

β
2g

αμgσν − 4pλ
1p

μ
2g

βαgσν þ 4pα
1p

μ
2g

βλgσν − 2pβ
1p

α
2g

μλgσν − 2pα
1p

β
2g

μλgσν

− 2pμ
1ð−2pλ

2g
ασgβν þ 2pα

2g
λσgβν þ 2pα

2g
σλgβν − 2pλ

2g
ανgβσ

þ pσ
2ð−2gανgβλ − 2gαλgβν þ ðgαβ þ gβαÞgλνÞ þ 2pβ

2g
ανgλσ þ 2pβ

2g
ανgσλ

þ 2pν
2ðgασgβλ þ gαλgβσ − ðgαβ þ gβαÞðgλσ þ gσλÞÞ þ pλ

2g
αβgσν þ pλ

2g
βαgσνÞ − 4gασgβνgλμp1 · p2

− 4gανgβσgλμp1 · p2 − 4gαμgβσgλνp1 · p2 þ 6gαμgβνgλσp1 · p2 þ 2gασgβλgμνp1 · p2 þ 2gαλgβσgμνp1 · p2

− 3gαβgλσgμνp1 · p2 − 3gβαgλσgμνp1 · p2 þ 3gαβgλνgμσp1 · p2 þ 3gβαgλνgμσp1 · p2 þ 2gασgβλgνμp1 · p2

þ 2gαλgβσgνμp1 · p2 − 3gαβgλσgνμp1 · p2 − 3gβαgλσgνμp1 · p2 þ 3gαβgλμgνσp1 · p2 þ 3gβαgλμgνσp1 · p2

þ 6gαμgβνgσλp1 · p2 − 3gαβgμνgσλp1 · p2 − 3gβαgμνgσλp1 · p2 − 3gαβgνμgσλp1 · p2 − 3gβαgνμgσλp1 · p2

− 4gανgβλgσμp1 · p2 − 4gαλgβνgσμp1 · p2 þ 3gαβgνλgσμp1 · p2 þ 3gβαgνλgσμp1 · p2 − 4gαμgβλgσνp1 · p2

þ 3gαβgμλgσνp1 · p2 þ 3gβαgμλgσνp1 · p2Þ: ðA16Þ

The basic two-loop integral appearing in the results of the various two-loop diagrams takes the form

Z
dnk1dnk2
ð2πÞ2n

1

ðk21 −M2 þ iϵÞαðk22 −M2 þ iϵÞβððk1 − k2Þ2 þ iϵÞγ

¼ i2−2α−2β−2γM2ðn−α−β−γÞΓðn
2
− γÞΓð− n

2
þ αþ γÞΓð− n

2
þ β þ γÞΓð−nþ αþ β þ γÞ

ð4πÞnΓðαÞΓðβÞΓðn
2
ÞΓð−nþ αþ β þ 2γÞ : ðA17Þ
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