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We study several properties of some new charges of asymptotically flat spacetimes. These dual
supertranslation charges are akin to the magnetic large U(1) charges in QED. In this paper we find
the symmetries associated with these charges and show that the global dual supertranslation charge is
topological because it is invariant under globally defined, smooth variations of the asymptotic metric.
We also exhibit spacetimes where the charge does not vanish and we find dynamical processes that
interpolate between regions with different values of these charges.
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I. INTRODUCTION

New dual gravitational charges of asymptotically flat
spacetimes were introduced in [1,2]. They are akin to
the magnetic dual of the large U(1) gauge charges [3-6]
(see also [7]) so we shall call them “dual supertrans-
lation charges” henceforth. The symmetries they gen-
erate are not explicit in the derivation of [1,2] so we
shall begin our paper by reporting on an independent
line of research that we have been pursuing recently and
that arrives at them in a different manner, which makes
their action on the phase space of the theory more
manifest. Another important question about these
charges concerns the extent to which one can draw
the parallel with large magnetic U(1) transformations.
The global magnetic charge is topological in nature
since it does not change under small, globally defined
deformations of the gauge potential; it is quantized in
units set by the electric charge and it partitions the space
of gauge field configurations on the celestial sphere into
discrete, topologically distinct sectors. In this paper we
will provide evidence that the global dual supertransla-
tion charge is also topological.

Let us begin with some standard definitions, the first of
which is the expansion of asymptotically flat metrics
around future null infinity Z+:
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+ ..., (1.1)
where u is the retarded time,
2
= 1.2
Vzz (1 +ZZ)2 ( )
is the round metric on the unit S2,
] Z
Uz:_ED'sz’ (1.3)

and the dots indicate subleading terms in the expansion
around r = co. The symbol mp denotes the Bondi mass
aspect and N, the angular momentum aspect. The Bondi
news, given by

N = auczzv (1'4)

characterizes gravitational radiation.

In [8,9] it was argued that in order to achieve the
correct Dirac bracket on the radiative modes at future null
infinity Z

{T(f>’czz} :fauczz_ZD%fzﬁszz’ (15)
where T(f) is the generator of BMS™ supertranslations

(named after Bondi, van der Burg, Metzner and Sachs), the
following boundary conditions have to be imposed:
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[D%sz - Dgczz]zt =0, (1-6)

sz|Zi =0. (1.7)
The condition (1.6) fixes the coefficient of the D% f term in
Eq. (1.5) to be (—2). Without it, this coefficient would be
—1 instead of —2. The reason for this discrepancy lies in the
way we count zero-momentum modes. For nonzero
momentum the graviton has two degrees of freedom
(d.o.f.) corresponding to the two polarization modes with
respect to its momentum. However, at zero momentum the
two polarization modes cannot be distinguished so that in
fact only one d.o.f. survives. The constraint (1.6) relates the
two polarization modes of the zero-momentum graviton
and therefore reduces the number of d.o.f. from two to one,
as required. The numerical factor in front of the D2f term in
(1.5) precisely accounts for this effect.

In this paper we show that there is a more general class of
boundary conditions that is consistent with the correct
Dirac brackets, to wit:

ia[D%sz - D%CZZ]Ii +ﬂ[D%sz + D%CZZ]Ii =0, (1'8)

sz'Ii =0. (1'9)

Here o and f are real but otherwise unconstrained coef-
ficients. The solution to (1.8) is given by

C.lz+ = D3C(z.2).

= (1.10)
where C(z,Z) is a complex function, the boundary grav-
iton. To see this we plug (1.10) into (1.8) to get the
following constraint:

—almC + fReC = 0, (1.11)
which relates the real and imaginary parts of the boundary
graviton. For generic values of a and f both parts are
different than zero. By setting B to zero we recover the
standard boundary condition (1.6) which implies that C is a
real function. In the same way we can isolate the imaginary
part of C by setting its real part to zero using the alternative
boundary condition

[D3C.. + DICx:]z: =0, (1.12)
which corresponds to the choice @ = 0. The nature of the
real and imaginary components of the boundary graviton
can be understood using their transformation law under the

antipodal map, which is equivalent, up to rotations on the
two sphere, to

72z (1.13)

Under the antipodal map the two components transform as

ReC — +ReC,

ImC — —ImC. (1.14)

Using these parity properties we can now draw an
analogy between the boundary graviton C and the scalar
potential ¢ in electrodynamics, whose real and imaginary
components define the electric and magnetic fields, respec-
tively, and transform in a similar way (see Table I and
references [10-12] for related works on the parity odd
component of the metric). The standard electric boundary
condition (1.6) therefore sets to zero the magnetic compo-
nent of the metric while the alternative magnetic boundary
condition (1.12) sets to zero its electric component. More
generally, we can impose the dyonic boundary condition
(1.8) which implies that both the real and imaginary modes
of C are turned on. Our main goal in this paper is to explore
the physics of the imaginary part of C.

In electrodynamics, each one of the field components
(electric and magnetic) defines a conserved charge.
Similarly in gravity, the real and imaginary parts of the
boundary graviton are associated with two different con-
servation laws. The conserved charges are defined in terms
of the complex Weyl scalar ¥,, whose leading component
in the asymptotic expansion is given by

W(u,z,z) = —rlim(rCuZ,zyZZ)

1 |
= —mg +ZCZZNZZ +Z(7ZZ)2(D%CZZ - D%CZZ)'

(1.15)

The real part of W9 defines the BMS supertranslation
charge

1 _ _
T(f) = _R/ﬁ d*zy . f(2.7)[Re¥) (1. 2.2)]7+
- d*7y.-f(z.7 ) 1.16
472G J;- Z}'zzf(z Z)mB ( )
TABLE I. The analogy between gravity and electrodynamics.

Here ¢ is the scalar potential in electrodynamics, F (,%,) and F g(:)) are
the leading terms in the asymptotic expansions of the electric and

magnetic fields, and we have used the gauge condition A§,0 ) =0
(see [5,6] for more details). The real and imaginary parts of the
boundary graviton describe the parity even and parity odd com-
ponents of the metric, respectively, in analogy with the electric
and magnetic fields. Correspondingly, the analogy extends to the
charges that are associated with each field component.

Gravity
ReC ~ [D2C.. 4+ DXC::];+ Reg ~ (0.4 + 0,40,
ImC ~ [D2C,, — D*C::;- Img ~ [0.4 — 9,4")),.
T(f) Qetectric(€) = 2= J7+ dZZYZing)
M(f) Omagnetic (€) = 55 [7+ d*zeF (O>

QED
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In Sec. I we review BMS supertranslations and show
how they are related to the standard electric boundary
condition. The imaginary part of ¥ defines an independent
charge

1 - -
M(f) = =3¢ | @ar=f(z2)m¥(u.2.2)]7
i z —
= 162G |7+ dzzyzzf(za Z)(D%sz - DECZE)'

(1.17)

In the literature M(f) is sometimes referred to as the
gravitational magnetic aspect or gravitomagnetic monop-
ole. We will refer to M(f) as the dual supertranslation
charge, in reference to the electric-magnetic duality (see
Table I). Clearly, the dual supertranslation charge vanishes
when the standard electric boundary condition (1.6) is
imposed, but will acquire a nonzero value for the magnetic
or dyonic boundary conditions. As we will see soon, the
dual supertranslation charge is conserved identically and
therefore it is completely fixed by the boundary conditions.

The expansion of the metric around past null infinity Z~
takes the form

=
ds* = —dv? + 2dvdr + 2r?y_-dzdz + B 2+ rDZdz?
r
+ rD;:d7* — 2V dvdz — 2V-dvdz

1 /4 1
+- (— (N7 + v0,myp) — Zﬁz (DZZDZZ)) dvdz + c.c.
.

3
+ ..., (1.18)
with » the advanced time,
1
V,= —EDZDZZ (1.19)
and
N_=0,D,. (1.20)

Following the previous discussion at Z", the new dyonic
boundary conditions on the radiative modes at Z~ will take
the form

—ia[D:D,. — DD;:];- + p[D3D; + DiD::];- =0,

(1.21)
Nelz- =0, (1.22)

which are solved by
Dzz|11 = DgD(Z, Z), (1.23)

where D(z,7) is a complex function. Similarly, the super-
translation and dual supertranslation charges can be defined
at -

1
T = g | eras A

M(f) = d*zyf(2.2)(DID,, — D2Dz;).

162G J1-
(1.24)

Note that the dual supertranslation charge, as well as the
parity odd part of (1.21), contain a relative minus sign with
respect to their Z* counterparts. The reason is that the
sphere’s coordinates on Z~ are antipodally mapped to the
ones on Z*. The antipodal map reverses the orientation of
the sphere and therefore flips the sign of parity odd fields.

The scattering problem in general relativity is solved by a
map of the Cauchy data on Z~ to that on Z+. Generally
speaking, this map is obtained by evolving the Cauchy data
using the FEinstein equations. However, the equations of
motion should be supplemented with boundary conditions
to make the scattering problem well defined. In [8], the
following matching conditions between the boundary data
for the parity even components of the metric on Z7 and 7+
were proposed:

mp(2,2) |z = mp(z,2)|z:, (1.25)

ReC(z,2)|7+ = ReD(z,Z)|Il. (1.26)
In the same spirit, here we propose the following matching
condition for the parity odd metric component:

ImC(z,2)|7+ = —ImD(z,Z)|Il. (1.27)
These matching conditions, together with the boundary
conditions (1.8) and (1.21), are all invariant under Lorentz
and CPT (charge conjugation, parity and time reversal)
transformations.

We would like to emphasize a key difference between the
matching conditions of the boundary graviton (1.26)—
(1.27) and the one of the Bondi mass (1.25). Matching
of the boundary graviton follows from Lorentz invariance
[8], but it is not enough to ensure stress-energy conserva-
tion, which we need to impose explicitly by the matching
condition on the Bondi mass. We refer to the former as the
trivial matching conditions, while the latter is imposed
explicitly. To emphasize the importance of this difference,
let us resort again to the analogy with electrodynamics,
where the matching condition of the scalar potential
follows from Lorentz invariance [3]. In electrodynamics
this is enough to ensure magnetic charge conservation (in
the absence of magnetic sources), but electric charge
conservation has to be imposed explicitly. In other words,
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magnetic charge is conserved identically and follows from
continuity of the potential, while electric charge conserva-
tion is imposed explicitly. Similarly in gravity, we see that
the dual supertranslation charge is conserved identically
due to continuity of the boundary graviton, while super-
translation conservation is a direct result of stress-energy
conservation (which is analogous to charge conservation in
QED). In QED, despite the absence of magnetic charges, a
nontrivial solution that carries magnetic charge still exists
and is known as the Dirac string [13]. This magnetic
configuration is possible due to its nontrivial topology in
gauge space. The magnetic charge then classifies the gauge
field into distinct topological sectors. In gravity, the
identical conservation of the dual supertranslation charge
therefore suggests that it may describe a configuration with
a nontrivial spacetime topology. Indeed, we will show in
Sec. IV that the global dual supertranslation charge M jopa
is a topological invariant of spacetime by proving that it is
independent of the metric. This property distinguishes dual
supertranslations from other asymptotic charges that appear
in the literature, like BMS supertranslations and super-
rotations. The analogy between the topological structure in
gravity and in electrodynamics, due to the presence of
monopoles, is described in Fig. 1.
The simplest case of a configuration with a nonzero dual
supertranslation charge is when Im¥9 is a constant
Im¥) = 7. (1.28)
The charge defined by Im¥) is then known as the NUT
charge (named after Newman, Unti and Tamburino), and ¢
is called the NUT parameter. The Taub-NUT metric is an

Gravitational
Monopoles

Magnetic
Monopoles

Spacetime
Topology

Gauge
Topology

FIG. 1. The analogy between our work and the theory of
magnetic monopoles. For brevity, we refer to dual supertransla-
tion charged objects simply as gravitational monopoles, which
are analogous to magnetic monopoles in electrodynamics. In the
same way that the magnetic monopole charge partitions the space
of gauge fields into distinct topological sectors, the gravitational
monopole charge partitions the space of spacetime metrics into
topologically distinct sectors.

example of a solution that obeys Eq. (1.28). On the other
hand, the Taub-NUT metric is known to exhibit an infinite
string singularity similar to the Dirac string. The presence
of a cosmic string singularity implies that the celestial space
is an infinite-fold covering of the two sphere with a branch
cut at the location of the sphere. This example shows the
connection between dual supertranslations and the top-
ology of the celestial space. We will study this example in
detail.

The paper is organized as follows. In Sec. II we review
BMS supertranslations and show that the new dyonic
boundary condition we introduced in (1.8) is consistent
with their action on the phase space. In Sec. III we study
new aspects of BMS super-rotations that follow from the
new boundary conditions we introduced. We discuss a
puzzle that was not addressed in the literature so far—a
mismatch between the action of the super-rotation charge
on the phase space and the corresponding action of the Lie
derivative. This puzzle resembles the one that was encoun-
tered in [9] for supertranslations, and we solve it in a similar
manner. The new boundary conditions are essential to this
discussion; though they are more general than (1.6), (1.7),
they are strong enough to resolve the puzzle. In Sec. IV we
study the new topological symmetry that is associated with
the dual supertranslation charges (1.17) and which we
name dual supertranslations. We show that the charge M
is composed of soft gravitons only, compute its action on
the phase space and show that it cannot be reproduced by
diffeomorphisms. Moreover, we prove that the global dual
supertranslation charge Mjop = M(f)|;—; is indepen-
dent of any metric deformation and is therefore a topo-
logical invariant of spacetime. We study the Taub-NUT
metric as an example of a solution that carries a dual
supertranslation charge and an imaginary boundary grav-
iton, and use it to demonstrate the resulting topological
structure. In order to understand how the new d.o.f., that
were introduced by the new boundary conditions, arise in a
physical process, in Sec. V we study the classical effect of a
stress tensor on the phase space and the corresponding
symmetry operation. The effect associated with super-
translations goes under the name of the memory effect.
We derive new formulas for the effect that is associated
with super-rotations and dual supertranslations. We show
that there is no memory in these cases and that the effect
cannot be reproduced by regular diffeomorphisms like in
the case of supertranslations. In Sec. VI we study a vacuum
solution of the Einstein equations that interpolates between
regions of spacetime with different dual supertranslation
charges. The solution describes the scattering of two
impulsive gravitational plane waves. The dual supertrans-
lation charge vanishes before the instant of collision and
acquires a nonzero value after the two plane waves collide.
This solution can be interpreted as the formation of a
cosmic string with NUT charge and provides a physical
interpretation for dual supertranslations. We end with a few
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comments and topics for future study of the new topologi-
cal symmetry.

II. REVIEW OF BMS SUPERTRANSLATIONS

We start by reviewing the action of supertranslations on
the phase space and on spacetime, the puzzle that was
encountered in [9] concerning the Dirac brackets and the
proposed solution using the boundary condition (1.6). We
show that BMS supertranslations are independent of the
new d.o.f. introduced by the dyonic boundary condition
(1.8), which therefore does not alter the analysis of [9].

The generator of BMS supertranslations on Z ", which is
given by (1.16), can be decomposed into two parts

T(f)

using the wuu component of the Einstein equations
G, = 8xTY,

= Tsoft(f) + ThaId(f) (21)

1 .
d,mp = i (D2N% + DIN%%) = T,,.

1
T = 4xGlim (PTH) + TN N5 (22)

The hard part of the generator is given by

1

To) = 4 . 2T (23

~ 472G

while the soft part is

Tarl) = g . duz0,(0:U- + 0.U2) (2.2

1

= — 167[G /Z\Jr dudzzyZZ(D%sz + D%Nfz)f(z’ Z)

(2.4)

The action of supertranslations on the metric is described
by the vector field

& =f0,— % (D*f0, 4+ D*fd:) + D*D,f0, + O(r2),
f=fz2) (2.3)
In particular, it implies that the radiative data transforms as

L;C,.=f0,C.,—2Df. (2.6)

In [9] it was noticed that using the canonical Dirac bracket

{Nz:(u,2.2), Cp (u' W, ) } = 162G (1 — u')5* (2= W)y 2.
(2.7)

the action of the supertranslation charge

{T<f)’czz} :fauCZZ_D§f7£['szz (2'8)
is inconsistent with the variation of the metric under
supertranslations. The inhomogeneous term in (2.8) is
off by a factor of 2. Reference [9] proposed to resolve
this inconsistency by imposing the boundary condition
(1.6). The boundary condition (1.6) relates the two polari-
zation modes of the zero-momentum gravitons and as a
result both terms in (2.4) contribute to the bracket
{T(f),C..}, in such a manner that the contribution to
the inhomogeneous part is doubled. In the rest of this
section we will review this construction and show that the
more general boundary condition we introduced in (1.8) is
also consistent with the action of BMS supertranslations on
the phase space.

In addition to the boundary field C(z,Z), Ref. [9]
introduced the boundary field N(z,7), defined by

/ duN,(u,z,Z) = D>N(z,7).

(5]

(2.9)

The standard boundary condition (1.6) implies that both C
and N are real functions while the new dyonic boundary
condition (1.8) implies that they are complex. However, the
soft part of the supertranslations generator is a function of
the real part of N only

Toore(f) = —ﬁ / d*zy%f(z,2)D2D%(ReN(z, 2)).
(2.10)

BMS supertranslations are therefore completely indepen-
dent of the magnetic part of the metric and the analysis of
[9] follows through also when the more general dyonic
boundary condition (1.8) is imposed.

By continuity, and using (2.7), Ref. [9] found the algebra
of the boundary fields

{C:2(u,2,2),Cpppo (U, w, W) } = 82GO(u — u')5* (2 — W)y .,
{ReC(z,%), Cypp(tt/,w, W)} = —=8GD?2,(SIn |z —w|?),
{ReN(z,%), Cypp (', w, W)} = 16GD2(SIn |z —w|?),

{ReN(z,Z),ReC(w,w)} =16GSIn|z —w|*>,  (2.11)

where ©(x) = sign(x), while the function

(= w)(z-w)
S_(1+zz)(1+ww) (2.12)

obeys
S
(z=w)*’

DDA (SIn |z~ wf?) = 2728z — w).

DZ(SIn|z—w|?) =

(2.13)
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The resulting action of the BMS generator on the set of
fields that span the phase space is then given by

{T(f)7sz} - fausz’
{T(f)v sz} = fauczz - 2D§f’
{T(f).ReN} =0,

{T(f),ReC} = -2f. (2.14)
In particular, {T(f),C..} = £L;C,, and the puzzle is
resolved. This review summarizes the discussion about
the electric sector of the phase space which is described by
the BMS supertranslations generator and the real part of the
boundary fields. In the following sections we will study the
magnetic counterpart and the interplay between the two
sectors.

III. NEW PROPERTIES OF BMS
SUPER-ROTATIONS

We now turn to study BMS super-rotations in light of the
new dyonic boundary conditions that we introduced in
(1.8). We will see that these boundary conditions are
essential in solving a puzzle similar to the one encountered
for supertranslations in (2.8).

The generator of BMS super-rotations on Z [14,15]

1
oY) = %/I dz(Y:N_+Y.N:)  (3.1)
can be decomposed into soft and hard parts
Q(Y) = Os(¥) + Qu(Y) (3.2)

using the wuz component of the Einstein equations
G,. = 8xT¥

1

O.N, = Z@(D%CU - D2C%%) = ud,0.mpg — T,,
1 1
T, = 82Glim (PTi) = 7 0.(C..N¥) = 5 C.. DN,
(3.3)
The hard part is given by
1
QH(Y) = % I, duJZZ(YZTuz +Y.T,
+ uazYZTuu + uaZYzTuu)9 (34)

while the soft part is

1 B _
Q(Y) = / dud®zy=u(D}Y*N;; + DIY?N._,).

a 167G T

(3.5)

The action of super-rotations on the metric is described
by the vector field

u u _
£y = (1 + Z) Y<9, — o DD.Y?0;

1
—§W+MQW&+3QW@+QQ (3.6)

At leading order, the metric component g.- transforms
under (3.6) as
Lyg:z = 2r’y:0:Y* + O(r). (3.7)

In order to preserve the falloff conditions, the vector field
Y? on the two sphere is therefore required to obey

(3.8)
Locally, this is solved by

Y ={z",iz"}, (3.9)
for any integer n. However, only the choices n =0, 1, 2
lead to globally defined vector fields, which are holomor-
phic functions on the sphere. These are the six global
conformal Killing vector fields on S2. For a general integer
n the vector fields are meromorphic functions on the
sphere, and the symmetry algebra is promoted to the
infinite-dimensional algebra of local conformal transfor-
mations. In this case the falloff conditions on the metric are
violated at isolated points. For example, if Y* = Z_l—w, then
0.Y* =278*(z —w) # 0 so that the falloff condition is
violated at z =w. The rest of the metric components
transform in a way that preserves the falloff conditions.

At the next order, the same metric component trans-
forms as

1
6yC., = gD “YN_.+Y-DC,, — 5D -YC,, +2D.Y:C,,
—uD}(D-Y), (3.10)
where
D-Y=D,Y*+ D-Y~. (3.11)

On the other hand, using the Dirac bracket (2.7) we can
compute the action of the super-rotation charge on C_,
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{QS(Y)’CZZ} = _”Dngv
u
{QH(Y)’CZZ} = ED “YN_+Y-DC,

1
_ED'Ysz+2DzYZsz- (3.12)
We now encounter a mismatch similar to the puzzle with
supertranslations

{Q(Y). C..} # 6,C... (3.13)
The mismatch, again, is in the inhomogeneous term. This
problem does not seem to have been addressed in the
literature.

Here we suggest a solution in the spirit of [9]. Let us
define the boundary field N(z,Z)

/ duuN_.(u,z,z) = D2N(z,7). (3.14)

[es]

Here, N is a complex function. In fact, the imaginary part of
N contributes to the soft super-rotation charge, as can be
seen by rewriting (3.5) as

Qs(Y) = O5°(Y) + Q§"(Y).

Re(y) = d*zyE[DD(D - Y)|ReN(z, 2
OF(Y) = +amz || e IDIDHD - DIReN (. 2),
Im — _ 2 0,222 D2 Z _N_VZ
P (Y) = oG | P DIDHDY = D)

x ImN(z, 7). (3.15)

We have identified the contributions to Qg(Y) due to the
real and imaginary parts of N as QR¢(Y) and Q'™(Y),
respectively.

The action of N on C,. can be deduced from

D{N(z,2), Cyp (e, w, W)}
N /oo du''{N_.(«',z,2), Cy s (u, w, W) }

o)

= —1672Guy :6*(z — w). (3.16)

The above equation is solved by

{N(z.2), Ci(t, w, W)} = —16GuD3(Slog |z — w|?),
(3.17)
from which we can also deduce
{N(z,z),C(w,w)} = —16GuSlog|z —w|>.  (3.18)

Let us emphasize again that both N and C are in general
complex functions. Each one of them, therefore, contains

two real scalar d.o.f., and we have to determine the action
of each one of them on the phase space separately.

A priori we do not know how the Dirac bracket (3.17) is
decomposed in terms of the real and imaginary parts of N.
The idea is to determine this decomposition by the require-
ment that

{Q(Y)vczz} =oyC... (3'19)

To demonstrate this logic we use the following ansatz:

{ReN, C(u,w, W)} = —a,;16GuDZ (Slog |z — w|?),
{ilmN, C (1, w, )} = —a,16GuD? (Slog |z — w|?),
(3.20)
where
aq + a, = 1, (321)

such that the sum of the two equations in (3.20) reproduces
the Dirac bracket (3.17). We can now compute the action of

QS(Y) on sz
{QS(Y)’ sz} = _uDg[alD Y- aZ(DzYZ - DZYZ>]'
(3.22)

The requirement that Eq. (3.19) is obeyed now determines
the coefficients a; and a, to be
a, = 0.

a; =1, (3.23)

In other words, we have to impose that ImN commutes
with C,

{ImN (z, 2), Cy (1, w, W)} = 0, (3.24)

and that the action of Re/N on the radiative data is given by

{ReN(z,2), Cy(u, w, W)} = —16GuDZ(Slog |z — w|?).
(3.25)

We conclude that if and only if we impose the Dirac
brackets (3.24)—(3.25), the puzzle (3.13) is resolved. We
would like to emphasize that this conclusion does not
depend on the ansatz (3.20), which we used for demon-
stration purpose only.

Imposing (3.24) and (3.25) we can now compute the
action of Q'™(Y) on the phase space

{ng(Y)’ sz} = {ng(Y)’ C} = {ng(Y)’sz}

={0y"(¥).N} =0. (3.26)

Namely, Q'™(Y) leaves the entire phase space spanned by
the {C..,N..,C,N} invariant! This is a result of the
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requirement that Eq. (3.19) be satisfied. In particular, it
implies that Q'"(Y) commutes with both soft and hard
supertranslations

{O(Y). Toorc(f)} = {Q§"(Y). T (f)} =0.  (3.27)
Let us also note that
{ReN(z,z),ImN(w,w)} = 0, (3.28)
which implies
{o§°(Y). 0" (Y)} = 0. (3.29)

Finally, let us mention that Q'™ does not commute with the
hard super-rotations charge Q.

IV. PROPERTIES OF DUAL BMS
SUPERTRANSLATIONS

We would like to explore now the consequences of the
magnetic boundary condition (1.12), which implies that
C(z,z) and N(z, z) are imaginary functions on the complex
plane. The soft supertranslation charge vanishes in this
case, but the dual supertranslation charge does not.

We start by showing that M (f) is a soft charge. Using
the expression for C,, in terms of the gravitons’ Fourier
modes [16]

= ik © & —iwu
CZZ(M,Z,Z) = _8_”27& 0 dwk[a+(wkxz)e *

—al (wX,)e'™ ], (4.1)
the dual supertranslation charge (1.17) can be brought to
the form

.o .
M(f) = Jim 1 | d2f(a, (@X.)

+al(ayX,))D2f —H.cl, (4.2)
which shows that M (f) receives contributions only from
soft graviton modes. As opposed to the soft supertransla-
tion charge, M(f) is conserved by itself and does not have
a hard counterpart.

We now follow the same route that was taken in Sec. II
for supertranslations and apply it to the new charge in order
to compute its action on the phase space. First, we rewrite
(1.17) in terms of the boundary field N !

'Here we are dropping a term proportional to [D%C -

iz

D2C. Z]Ii for simplicity. This term could be important for certain
applications, but is not needed for our purposes.

—i
162G
—i

M) =g || duzrf (e DD~ DIN:)

/ dud’ 2y N D2 (2.2) - N..D2f(2.2)]
I+

:1671G

- 20,22 2\ P22 =

oG | ¢ f(z,2)DzDz[ImN(z,z)]

— | @zED2D2[f(z.2)]I 4.
oG | LoD :[f(z,2)]ImN(z,2) (4.3)

The algebra that follows from (2.7) is given by

{C::(u,2,2), Cpppp(td/, w, W) } = 82GO(u — t/)5* (2 — W) .z,
{ImC(z,%), Cypo(t//, w, W)} = +8GiD2 (SIn |z — w|?),
{ImN(z,%), C,pp, (', w, W)} = —16GiD%(SIn|z — w|?),

{ImN(z,z),ImC(w,w)} = =16GSIn|z —w|>.  (4.4)

Together with (4.3), it implies that the action of M (f) on
the phase space is

{M(f>7sz} =0,
{M(f)7 sz} = —Zl'D%f,
{M(f).ImN} = 0.

{M(f),ImC} = =2f. (4.5)
This algebra looks very much like the “imaginary”
counterpart of soft supertranslations. The question that
follows immediately is whether there exists a spacetime
diffeomorphism that corresponds to the action of M(f) on
the phase space (4.5). As we will now show, the answer to
this question is no.

A spacetime diffeomorphism is described by a vector
field & (u, r, z,Z). We can expand & around Z+ as follows:

F=>

n=0

&M (u, 7,7). (4.6)

We will focus our attention on the transformation of the
following metric components under the above diffeomor-
phism:

26409 mp + ...

LiGuy = - e

Legr. = —r:(E + D) + ..,

L:C.. = &09,C.. +2D.&". (4.7)
To reproduce the action of M(f) on the phase space we
would like to set the component &%), which generates hard
transformations, to zero. On the other hand, the falloff
conditions on the metric, which ensure asymptotic flatness,
require that g,. = 0. The falloff conditions, together with
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the requirement that £4) vanishes, then sets £&(!) and &)
to zero, therefore rendering the action of the transformation
on the phase space trivial. In other words, there is no way to
generate a nontrivial homogeneous transformation on the
phase space while setting the nonhomogeneous terms to
zero and obeying the falloff conditions at the same
time, using diffeomorphisms. Spacetime diffeomorphisms
therefore cannot reproduce the action of M(f) on the
phase space.

Let us make a couple of remarks on possible general-
izations of our analysis. First, one could relax the falloff
conditions on the metric to allow for isolated singularities
on the sphere, in a similar way to super-rotation trans-
formations. However, it is easy to see that even if we allow
for isolated singularities to appear in the g,, component
of the metric, it is impossible to generate a nontrivial
homogeneous term in C,,. The second remark is that one
could possibly include linear terms in the expansion (4.6),
like the ones that appear in super-rotation transformations.
However, that will not change our analysis, which depends
only on the components &), £1) and &),

A simpler way to understand our result is to notice that
we would need a diffeomorphism that acts nontrivially on
the asymptotic metric while leaving invariant all matter
fields [since there is no hard component in M (f)]. This is
clearly impossible.

We have shown that the dual supertranslation charge
M(f), for any function f(z,Z), on the sphere cannot be a
spacetime diffeomorphism. This is consistent with the
fact that our boundary conditions set to zero super-
translations, which are the only diffeomorphisms acting
nontrivially on the asymptotic fields. In the next sub-
section we will show that even when a nonzero T(f) is
allowed by the dyonic boundary conditions, it still
commutes with M(f) so that M(f) is still invariant
under all diffeomorphisms. The global dual supertrans-
lation charge, given by

i

% . dQZ(azaZCZZ - (91826'22),

Mglobal =M (f) |f:1 =
(4.8)

obeys a stronger condition—it is invariant under any
deformation of the metric that is globally well defined on
the two sphere. Under a general deformation of the
metric

CZZ - CZZ + aZZ’ (4'9)

where a, is a 2-form, the charge Mg, does not
change because the integrand in (4.8) is a total derivative.
In other words, Mgy itself vanishes unless there are
some defects on the sphere that prevent the metric from
being a globally defined 2-form, in which case it is
given by

i .
Mglobal = @ fé (dz@zsz — dz@zczz), (410)

where C is a contour around the defect. We conclude that
Miopar i invariant under any smooth deformation of
the metric and therefore classifies the geometry of the
asymptotic space into distinct topological sectors.

A. Dyonic boundary conditions
We now consider the general boundary condition (1.8),
which implies that both C and N are complex functions,
and compute the commutation relations between the real
and imaginary sectors. The fundamental bracket
{CH(”? <, Z)’ wa<ul7 w, W)} = SHG®(” - ul)52(z - W)yzi
(4.11)

implies that

{N*(2,%), Cppp (', w, W)} = =16GD2,(Sn |z — w|?).
(4.12)

Further acting with the operator f du'9,, on (4.12) we find

(N*(2.2), N(w, )} = 0. (4.13)

Namely, the real and imaginary parts of N commute

{ReN(z,Z),ImN(w,w)} =0, (4.14)
which in turn implies that dual supertranslations commute
with supertranslations

{T(f1), M(f2)} =0. (4.15)

This result agrees with the fact that the Bondi mass does
not change under dual supertranslations. Finally, let us
note that dual supertranslations do not commute with
super—rotations.2

B. Example

An example of a solution that admits a nonzero dual
supertranslation charge is the Taub-NUT metric, which is
given by

ds* = —f(r)(dt + 2£ cos 0dg)? + ﬁdr2

+ (r* + £2)(d0* + sin’0dgp?) (4.16)
with

’In fact, dual supertranslations commute with the soft part of
the super-rotation charge, but not with its hard part.
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rr—2mr — £2
f(r) = i (4.17)
Here m is the mass of the black hole and # is called the
NUT parameter. The Taub-NUT metric (4.16) has two
horizons located at

ry =mxo, (4.18)
where
c=\Vm’+ 2 (4.19)

The domain r_ < r < r describes the Taub region while
the domains r > r, and r < r_ describe the NUT region.

The complex Weyl scalar ¥, of the Taub-NUT solution
is given by

m—it

Y=
T (r+it)

(4.20)

and its leading component in the asymptotic expansion is

V) = —m+it. (4.21)
As we mentioned in the introduction, the imaginary part of
W) is given by the NUT parameter and therefore the dual
supertranslation charge is nonzero

M) = o5 [ Eararea. @2

The global dual supertranslation charge is therefore

4
M global — ~ -

G (4.23)

The Taub-NUT metric (4.16) is locally isomorphic to flat
space everywhere except at @ = 0 and § = 7 where there is
a conical singularity. This line singularity is the gravita-
tional analogue of the Dirac string for magnetic monopoles.
In order to study the asymptotic structure of the Taub-NUT
spacetime we will bring it to the Bondi form (1.1). To do
this we first write it in the retarded system of coordinates
and we use complex variables on the two sphere

1 — |z|? zdz — zdz)\?
dszz—f(r)(du—i—dr—irif 7 zdz 2 Z)

lz> 1+ |z
1

G

dr? +2(r* + %)y zdzdz, (4.24)

where

(4.25)

tan 0 i
= —|er.
‘ 2

In order to bring the metric into the Bondi form, we have to
remove the g,. component using

f(r)+1

u—u+V(r), o)

VI(r) = — (4.26)

and then employ the following change of variables on the
two sphere:

A—z)*e
-zl
S 27 r

1—|z]*¢
ToZ7+i———. 4.27
e v (4.27)

Note that (4.27) is not defined at either z =0 or z = oo
(corresponding to § =0 and 6 = =, respectively). The
result is that the Taub-NUT metric can be brought to the
Bondi form (1.1) with

LA

everywhere except at the location of the string. This implies
that the boundary graviton is given by

1+ |z

C(z,7) = —4if log E

(4.29)

We conclude that the Taub-NUT solution serves as an
example in which the boundary graviton is purely imagi-
nary; namely, it follows from the new magnetic boundary
condition that we introduced in (1.12). As it was discussed
above, the imaginary part of the boundary graviton can
develop a nonzero value only when the topology of the
asymptotic spacetime is nontrivial. Indeed, the presence of
an isolated string singularity in the Taub-NUT solution
implies that the celestial space is a covering of the sphere
branched at the location of the string.

The infinite string singularity can be partly eliminated by
a change of variables. This procedure results in the
appearance of closed timelike curves and is regarded as
pathological in the literature. In this paper we do not
attempt to address the question of how to eliminate the
string in order to achieve a singularity-free monopole
solution. Instead, we will treat the infinite string as a
physical object. However, for the sake of completeness we
will briefly review the partial desingularization procedure
and the resulting asymptotic structure. It is possible to
remove the singularity of (4.16) at @ = 0 by the change of
coordinates ¢ = ¢ — 2¢¢, which brings the metric to the
form
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0 B 1
ds* = —f(r) (dt’ - 4fsin2—dgo> +——dr?

2 f(r)
+ (r* + £2)(d6* + sin*0dyp?)
zdz — 7dz)\ ?
= —f(r)(du + dr —2i¢ =222
f(r)( u r—2i 1+|Z|2>

1
f(r)

Using (4.26) and the following change of variables on the
sphere:

+ dr? +2(r* + £%)y -dzdz. (4.30)

1 2
¢ o it RE)
r
_ 1 2
sz Ul (4.31)
r

the metric is brought to the Bondi form everywhere except
at the location of the semi-infinite string (z = oo or
equivalently 6 = z) with

C.= _21.{7/1222' (4'32)

This implies that the boundary graviton is given by

C(z,7) = —4itlog(1 + |z]?). (4.33)

V. THE MEMORY EFFECT

The new boundary conditions (1.8) have introduced two
new boundary fields—the imaginary parts of C(z,Z) and
N(z,z)—to the phase space. As it was shown in the
previous section, the imaginary part of N is related to
the dual supertranslation charge, which, in turn, acts
nontrivially on the imaginary part of C. But how exactly
does ImC arise in a physical process? To answer this
question, in this section we will consider the classical effect
of a stress tensor on the asymptotic phase space of the
theory.

Before discussing the new d.o.f., we will first briefly
review the classical effect of a stress tensor on the real part
of the boundary graviton. Consider, e.g., a burst of radiation
described by a stress tensor T, that is nonzero only in
some finite interval u; < u < uy. The radiation flux will
induce a nonzero change in ReC which can be computed
using the uu component of the Einstein equations (2.2)

AReC(z,7) =ReC(z,Z)|7+ —ReC(z,Z)[1+

:E/dzwywwG(z,w)
T

x </_+°° duT (1, w, ) + AmB), (5.1)

[Se]

where G(z,w) is the Green’s function

G(z,w) = Slog S,

D?DIG = ny .6 (z —w), (5.2)
defined in terms of the function S(z, w) defined in (2.12).
This process goes under the name of the memory effect and
it shows how a radiation burst can interpolate between two
distinct vacua that are related by a BMS supertranslation
[17]. We would like to emphasize that only the real part of
C appears in the equation of motion (2.2) and therefore the
memory effect described by the formula (5.1) applies only
to it and not to the imaginary part of C. Another example
for the classical effect of a stress tensor on the asymptotic
phase space was studied in [ 18], where it was shown how to
implant supertranslation hair on a Schwarzschild black hole
using a shock wave. The formula (5.1) applies in this case
too, as well as in any classical process, since it is simply an
inversion of the equation of motion.

In a similar way, BMS super-rotations transform ReC by
a term linear in u. In other words, they map two distinct
states that are characterized by different values of 0,ReC.
A natural question to ask is whether there exists a memory
effect in the boundary graviton to leading order in the
asymptotic expansion associated with super-rotations.
Subleading memory effects for super-rotations were stud-
ied in [19] and a discussion about the subject can be found
in [20], but the subject does not seem to have been fully
addressed in the literature. The answer to this question can
be inferred, again, from Eq. (2.2), which dictates the
relation between 0,ReC and the stress tensor

2
9,ReClz+ —;/aawyw,—VG(z,w)[TW(u,w,v‘v)]Ii. (5.3)

Note that the only way d,ReC can acquire a nonzero value
is by having a nonvanishing stress tensor at # = +oo. This
situation is very different from the memory effect for
AReC, where due to the u-integral the effect is integrated
and a burst of radiation at some finite interval will induce a
finite memory. For super-rotations we see that the equiv-
alent process will yield an instantaneous effect rather than
an integrated memory effect. Note also that this effect is
due to the real part of the super-rotation only (as defined in
Sec. III). The imaginary part of super-rotations leaves the
phase space invariant and does not induce any change in the
physical parameters.

Following the same logic we will now consider the effect
of a stress tensor on ImC. To do this we use the uz
component of the Einstein Eq. (3.3). Inverting this equation
we derive the following formula:

i _
nC(z. 2l == [ @ar16(z.q) [ @wdylogla—wP
X [0,N,,(u,w,w) —ud,0,,mg(u,w,w)

= T, )] (5.4)
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TABLE II. The classical effect of a stress tensor on the phase space and its relation to the three symmetry operations.
Symmetry Phase space Memory Diffeomorphism
Supertranslations AReC ~ ff"w duT,, (Integrated) memory Regular diffeomorphism

Super-rotations 0,ReC|y -~ Ty |2+

Dual supertranslations ImClzs ~Tc|z+

No memory Singular diffeomorphism

No memory No diffeomorphism

where we have used (1.10) and 9,0;log|z —w|*> =
—276)(z —w). The expression (5.4) is more convoluted
than the previous formulas, but here again we see that it
does not involve an integral over the null direction u,
similarly to the formula (5.3) for J,ReC. We therefore
conclude that there is no integrated memory effect for ImC.
Nonetheless, there is an instantaneous effect similar to the
effect of super-rotations. Let us emphasize, however, that
while super-rotations induce a nonzero Bondi news, dual
supertranslations do not. The violation of asymptotic flat-
ness in this case is therefore milder in the sense that it does
not require an infinite source of energy.

Following the same route, one could think of a similar
effect for 0,ImC ~ 0, T .. This kind of effect will require a
linearly diverging stress tensor and does not correspond to
any of the symmetry transformations we discussed in
this paper.

Finally, let us emphasize that these results are consistent
with the spacetime transformations that are associated with
the different symmetries. The effect of supertranslations
can be reproduced by a regular spacetime diffeomorphism,
or equivalently by a stress tensor. On the other hand, there
is no regular diffeomorphism that can reproduce the action
of super-rotations nor dual supertranslations, therefore
rendering a corresponding memory effect impossible.
After all, the stress tensor measures the response of the
metric to small changes. We summarize the classical effect
of the stress tensor on the phase space, its relation to
diffeomorphisms and to the three symmetry transforma-
tions in Table II.

VI. SCATTERING OF TWO IMPULSIVE
GRAVITATIONAL PLANE WAVES

In the previous section we described how the stress
tensor can implant a nonzero imaginary component of the
boundary graviton. However, this component can also arise
and play an important role also in vacuum solutions. In this
section we will describe such a solution of the Einstein
vacuum equations, that involves a scattering of two
impulsive gravitational plane waves. This scattering proc-
ess interpolates between regions of spacetime with different
dual supertranslation charges and different values of the
field ImC. It therefore provides an explicit realization of
dual supertranslations.

The solution was found by Ferrari and Ibafiez [21] (see
also [22,23]), and is based on a method due to Penrose and

Khan [24] for constructing solutions that describe scatter-
ing of two impulsive gravitational plane waves. The
solution is given by the following metric:

X Y X
ds? = —16A qudv + 52 X (dx — 2qudy)* + ?dyz.

(6.1)

Here u and v are two null coordinates,3 A 1s a constant
representing the amplitude of the waves and we defined

_, ,72_'“2
VIi—s=jJ/T=s5s+]

X =1+n*+2pn, Y=

F

_1 2 2 1 \2 2
n—i\/(lﬂ) - +§\/(1—J) - 5%

it =uH(u), 7 =vH(). (6.3)

H(u) is the Heaviside step function that describes the
impulsive burst of the plane waves. The parameter
p represents the angle between the direction of the
polarization of the two colliding waves. It takes the values
—1 < p < 1. When p = +1 the two waves have parallel
polarizations. The parameter ¢ is related to p by p? +
g*> = 1. The Penrose diagram of the metric (6.1) is depicted
in Fig. 2.

The metric (6.1) interpolates between three different
regions of spacetime. The first and simplest is the region u,
v < 0, where the metric (6.1) reduces to that of flat
spacetime

ds* = —4Adudv + dx* + dy*. (6.4)
This is the region of spacetime before the collision of the
two plane waves at u =0, v = 0. The second region is
u >0, v <0, where the metric takes the following form:

30Our notation of the null coordinates is related to that of [21]
by u < v.
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Interaction Region

v

Plane Wave Plane Wave

I 111

Flat Space

I

FIG. 2. The Penrose diagram of the scattering process of two
impulsive gravitational plane waves. The two waves propagate
along u = 0 and » = 0, respectively, and travel freely until the
instant of collision. The interaction region is locally isomorphic
to the Taub region of the Taub-NUT metric and can be extended
beyond the event horizon which is described by the dashed line.

_AA(1+ u? +2pu) Judy
V1 —u?
1—u?

+ 1+ u®>+2pu

+ (1= u?)(1 + u* + 2pu)dy>.

ds? =

(dx + 2qudy)?

(6.5)

This metric describes a plane wave propagating freely in
the u-direction. At u = 1 there is a coordinate singularity,
whose nature we will discuss soon. In the region v > 0,
u < 0 the metric is given by the same expression (6.5) with
u replaced by v and ¢ by —g; it describes a plane wave
propagating freely in the v-direction.

Finally, the most interesting region is the interaction
region u, v > 0. It describes spacetime after the collision
of the two plane waves. In this region the solution is
locally isomorphic to the Taub region of the Taub-NUT
metric. This can be seen using a change of variables
between the coordinates (u,v,x,y) presented in this
section and the system of coordinates (f,r,0,¢) that
appears in Eq. (4.16). The null coordinates u and v are
related to r and 6 by

n:v\/l—u2+u\/1—02:r_m,
c

p=ovV1-12—uV1-1?=cosé, (6.6)
and the x, y coordinates are related to 7 and ¢ by
X =1,
y = oy, (6.7)

and the parameters of the solution (6.1) are related to the
Taub-NUT parameters by

m 4
) q -,
o o

p= A=c>=m>+7%  (6.8)

Under this change of coordinates and mapping of the
parameters the solution (6.1) in the interaction region
takes the standard Taub-NUT form (4.16). In the solution
of Ferrari and Ibafiez, the interaction region is described
by the domain 0 < < 1 and —y < u < n, which corre-
sponds to the region u >0, v >0 and u> +v><1. g
measures the time from the collision, where 7 =20
(corresponding to u = v = 0) is the instant of collision
and at n = 1 (corresponding to u? + v> = 1) there is an
event horizon. It is therefore easy to see that in the
interaction region f(r) < 0 and the solution describes the
Taub region of the Taub-NUT metric, where ¢ is a
spacelike coordinate and r is a timelike coordinate.

The complex Weyl curvature scalars of the solution (6.1)
are given by

Yo = G(u,v)H(v) + Go(u, v)6(v),
¥, = G(u,v)H(u) + G4(u, v)5(u),
(p —iq)?
= H(u)H
27 2A(1+ pn—ign)’ (H),
—ig)? 12
Glu,v) = — 3(p —iq)’ a1 Zign,
2A(1 + pn—ign)’ x + 1 + 2igu
e
=04+ 7= ey (6.9)

where 1 and u are given in terms of # and v in (6.6). ¥, and
Y, represent the ingoing and outgoing transverse gravita-
tional wave parts of the field. ¥, represents the Coulomb
part of the field, and it is different from zero only in the
interaction region. In terms of the standard Taub-NUT
coordinates it takes the form (4.20). For more details about
the Weyl curvature scalars and the Newman-Penrose
formalism see references [25-33]. For brevity, we avoid
writing down explicitly the coefficients of the delta
function terms (they can be inferred from [21-23]).

A. The interaction region

The interaction region of the solution was fully extended
in [21] where it was shown to be isomorphic to the Taub-
NUT metric. In particular, it was shown that the solution is
smooth and that there are no curvature singularities besides
the delta functions arising from the shockwaves and the
string singularity.

To understand the motion of the plane waves in the
interaction region we first look at the Taub-NUT metric
near the horizon and for a fixed value of ¢
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FIG. 3.

Taub
NUT — X

.
L
.
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NUT <
LSRN
’ N
’ ~
.

Taub

Left: the interaction region projected onto the 7', X, € subspace. The two waves propagate inside the light cones of the two

spacetime points U = V =0, 8 = 0, z. Right: the interaction region projected onto the 7, X subspace.

2

1 d -
ds? = ——— <-sz2 + T) +do?, =t
\/2mr, T \/2mr
(6.10)

In the Taub region 7 < 0 and using the following change of
variables:

4

2mry

V = a\/—ze73, (6.11)

the metric (6.10) describes the Milne region of flat
spacetime

ds? = —dUdV + d6®. (6.12)

The plane waves are described by the wave equation

n==tu. (6.13)

We will describe the propagation of the wave that is coming
from region II and which corresponds to the upper sign in
(6.13). In the Milne coordinates the wave equation reads

uv =--2 ¢, (6.14)
mr
We further define
X =2,/ + V),
(03
T=2/" -V, (6.15)
(03

in terms in which the wave equation becomes

T?-X>-60>=0. (6.16)

We therefore conclude that the plane wave coming from
region II propagates in the light cone of the spacetime point
U=V =6=0. In a similar way one can show that the
plane wave coming from region III propagates in the light
cone of the spacetime point U =V =0, 6 = x.

The two waves propagate inside the light cones from the
past Taub region into the future Taub region, as described in
Fig. 3, without ever passing through the NUT region. The
NUT region is static and can be written in terms of a
cylindrical system of coordinates, also known as Weyl
coordinates. The advantage of this system is that it makes
the physical picture of the string clear. In these coordinates
the NUT region takes the form

ds* = —e*V(dt + Bdg)? + eV [e? (dp* + dx3) + p*>d?],

(6.17)
where
2_ 42
o — (R t“fj; —40° 7 (6.18)
and
RY =p? + (x3 £ 0)2. (6.19)
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The relation to the spherical system of coordinates is
given by

p=\r*=2mr—¢?siné,

x3 = (r —m)cosé,

(6.20)
which also implies
eV = f(r),
Ry =r—m=+ocosb,
B =2¢cos0. (6.21)

Clearly this system of coordinates describes only the
NUT region since the argument in the square root in
(6.20) has to be positive, and accordingly p is a cylindrical
radial coordinate that is defined in the domain p > 0. In this
region both ¢?Y and e? are positive and therefore ¢ is a
timelike coordinate, and p, x3, ¢ are spacelike. The conical
singularity at # =0 can be avoided by the change of
coordinate t — ¢t — 2£¢. The conical singularity at 0 =z
can be avoided by the change of coordinate t — t + 2£¢.
We cannot avoid both conical singularities unless we allow
for closed timelike curves. In this system of coordinates the
two string segments lie on the x3-axis in the regions
|x3| > o, and they are connected by the horizon which is
located on the same axis at |x3| < o (see Fig. 4)

half axis 0 =7 «— p =0, x3 < —o0,

horizon r =r, «—p =0, —0<x; <o,

half axis =0 «— p =0, +0o < x3. (6.22)

We can extend the metric (6.17) across the horizon into
the Taub region using the following coordinates:

x3 = (r —m)cosé,

(6.23)

p= —\/—(r2 —2mr — ¢?)sin 0,

under which the Taub-NUT metric (4.16) takes the form

ds? = —e?U(dt+ Bdp)* + e2V[e¥ (—dp* + dx3) — p*d¢?],
(6.24)

with the same functions U, y, B as in (6.29) and

RY = —p* + (x3 £0)% (6.25)
The identities in Eq. (6.21) remain the same in the Taub
region. Here both functions ¢V and e? are negative and
therefore p is a timelike coordinate and x5, t, ¢ are
spacelike. In this system of coordinates both the horizon

X3

NUT,

\
s

p>0

FIG. 4. The NUT region of the Taub-NUT metric in the x3-p
plane. The two string segments are stretched along the x3-axis in
the regions |x3| > . The horizon at r = r,, or equivalently
p =0, lies in the domain |x3] <o and is depicted by the
dashed line.

and the string are at p =0 and —o < x3 < +0. Note,
however, that the horizon is a two dimensional surface in
the full space and the string is one dimensional. This system
of coordinates is not particularly useful to describe the Taub
region and for future purposes we use it only to demon-
strate the continuation across the horizon that separates the
NUT and the Taub regions in Weyl coordinates. Formally
the continuation is given by

p = —ip. (6.26)

B. The plane wave regions

The plane wave regions II and III contain event horizons
at u =1 and » = 1, respectively. The curvature remains
finite on these horizons but geodesics never cross them and
therefore they are not merely coordinate singularities. They
are known in the literature as “fold” singularities [34] (see
also Sec. 8.3 of [35]).

To understand the fold singularities we will use Weyl
coordinates to describe the metric in the plane wave
regions. Using the following system of coordinates:
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x3 = —o(u? + v?),
p=—0c(1—u?+v?), (6.27)

the metric in region II (6.5) is brought to a form similar
to (6.24)

ds* = —e*Y(dt + Bdg)?

_ 2
+ e V| e¥ (—dp? + dx3) — (W) dqﬁZ] ,
(6.28)
with
U — _ X3—pto
36 —x3+p+2pV2\/o— X3 Fp
Xs—p—0
B=2¢,/-B"P7°
20
—p+o)
¥ = — olxs —p . 6.29
\/8<o——x3+p><—o—x3—p> 1629

In the entire region II both warp functions e?Y and e are
negative. Therefore p is a timelike coordinate and x3, ¢, ¢
are spacelike coordinates. The metric (6.28) takes a form
similar to the Taub metric in Weyl coordinates (6.24). In the
whole region x3 <0, p <0 and therefore the solution
describes the lower half plane (or the southern hemisphere)
and time is defined to be negative. There is a coordinate
singularity at x3 — p + ¢ = 0 (corresponding to u = 1) but
the curvature remains finite there. However, the area of
this horizon is zero and therefore it is a point in space.
At this point B = 27 and there is a conical singularity
similar to the one that appears in the Taub-NUT metric.
This singularity can be interpreted as the endpoint of a
semi-infinite string moving at the speed of light along its
axis in the positive x5 direction. At the point x3 = —o,
p =0 (corresponding to u = 1, v = 0) the string’s end-
point reaches the Taub-NUT horizon of the interaction
region. Due to the presence of a fold singularity the metric
cannot be extended beyond the horizon in the plane wave
region.

In region III the metric takes a similar form with the
replacements u <> v, ¢ - —q and x3 — —x3, and it there-
fore describes the upper half plane (or the northern hemi-
sphere) with a semi-infinite string whose endpoint moves
at the speed of light in the negative x5 direction until it
reaches the Taub-NUT horizon. The two semi-infinite
strings reach the Taub-NUT horizon at the same time,
after which spacetime is described by the static NUT metric
(see Fig. 5).

Finally, in Fig. 6 we draw a Penrose diagram of the
solution in the r-¢ plane. The solution interpolates between

T3

Plane Wave

Flat Space NUT,

p>0

Plane Wave
11

FIG. 5. The plane waves solution in the x3-p plane. The
shockwaves at u =0 and » = 0 correspond to x3 —p—06 =20
and —x3 — p — o = 0, respectively. The null lines at u = 1 and
v =1 correspond to x3 —p+06=0 and —x3—p+0=0, re-
spectively. On these lines there is a conical singularity and
therefore the metric cannot be extended beyond them. The gray
area is the interaction region IV (before the extension across the
horizon), which is isomorphic to the part m < r < r, of the Taub
space, and it can be extended beyond the horizon (depicted by the
dashed line). Across the horizon the metric describes the NUT
space, which includes two string segments (depicted by the
zigzag lines) stretching from the horizon along the x3-axis. In
the NUT region (p > 0) the coordinate p is spacelike, while in the
region p < 0 it is timelike. The two null lines x3 — p + ¢ = 0 and
—x3 — p + o = 0 are naturally interpreted as the endpoints of the
two string segments moving along their axis towards each other at
the speed of light until they reach the horizon, after which
spacetime is described by the static NUT metric.

regions of spacetime with different dual supertranslation
charges. In the interaction region spacetime is locally
isomorphic to the Taub-NUT metric and therefore it carries
a dual supertranslation charge (4.22). Before the instant of
collision, on the other hand, spacetime is described by
freely propagating plane waves that are neutral under dual
supertranslations. The imaginary part of the boundary
graviton ImC also changes as a result of the collision. In
the interaction region it acquires a nonzero value, given by
(4.33), while it vanishes elsewhere.

The Taub-NUT solution is interpreted as a gravitomag-
netic cosmic string4 (see [36], for example), which is the

“By “gravitomagnetic cosmic string” we mean a cosmic string
with NUT charge. In the literature this is sometimes referred to as
a “spinning” cosmic string, but this term is also used to describe
regular (Kerr) angular momentum. In order not to confuse
between the NUT and Kerr charges we avoid using the term
“spinning.”
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Flat Space

20

FIG. 6. The plane waves solution in the r-f plane. The lines
drawn describe constant r surfaces. The gray area describes the
interaction region IV. The observer will propagate through the
plane wave region II or III depending on its location on the
x3-axis (x3 < 0 or x3 > 0, respectively). Geodesics with |x3| > &
do not pass through the gray region, which shrinks to zero in this
case; correspondingly, the plane wave region extends all the way
to the horizon at r = r . In the special case x3 = O the observer is
equally separated from the two strings and therefore never
propagates through the plane wave region, which shrinks to
zero. The hypersurface that separates the interaction region from
the flat space region in this case is r = m (or equivalently
p = —o). Notice that some geodesic in the plane wave region may
end on the fold singularity, which does not appear in this 2D
diagram.

gravitational analogue of the Dirac string for magnetic
monopoles. The solution described in this section is
therefore naturally interpreted as the process of formation
of a gravitomagnetic cosmic string (the reverse process of a
snapping string that breaks into two parts). A similar
process that involves a snapping cosmic string was studied
in [37] as a solution that interpolates between vacua with
different super-rotation charges. Let us stress that these two
cosmic string solutions carry different charges (NUT/dual
supertranslation versus Kerr angular momentum/super-
rotations). In a similar way, the process of creation (or
annihilation) of a gravitomagnetic cosmic string interpo-
lates between vacua with different dual supertranslation
charges. This provides a physical interpretation of dual
supertranslations.

VII. CONCLUSIONS AND FUTURE DIRECTIONS

We have discussed several properties of the symmetry
generated by the dual supertranslation charges of [1,2]; we
have shown in particular that the global dual supertrans-
lation charge is invariant under arbitrary globally defined,
smooth deformation of the metric. The global dual super-
translation charge is therefore a topological invariant, and it
classifies the topology of the two dimensional celestial
space, which is a generalization of the celestial sphere.
The trivial case is when spacetime has the topology of a
sphere, in which case it is globally asymptotically flat and
correspondingly the global dual supertranslation charge
vanishes. When spacetime has a nontrivial topology, it is
only locally asymptotically flat. An example of a spacetime
with a nontrivial topology is the Taub-NUT metric where,
due to a cosmic string defect the topology of the celestial
space is that of a branched covering of the sphere and
correspondingly the dual supertranslation charge is non-
zero. In the same way, multi-NUT-string solutions will have
the topology of a branched covering of the sphere with
multiple branch points located at the position of the strings.

One may be tempted to draw a comparison with super-
rotations. Indeed, in both cases the violation of global
asymptotic flatness is due to singularities at isolated
points on the celestial sphere. However, we would like
to emphasize some key differences between the two
symmetry operations. The group of super-rotation trans-
formations is non-Abelian, which in turn implies that
its generators do not commute with the Hamiltonian.
Moreover, super-rotations produce a nonvanishing Bondi
news at spatial infinity, indicating the emission of an
infinite amount of gravitational radiation and therefore
an infinite amount of energy. Dual supertranslations, on
the other hand, form an Abelian group, they commute with
the Hamiltonian and therefore do not change the energy
of the state and do not act on the Bondi news. These key
differences therefore suggest that the violation of global
asymptotic flatness may be milder in the case of dual
supertranslations.

The structure that we found in this work is analogous to
the theory of magnetic monopoles in electrodynamics. In
the same way that magnetic charges classify the space of
asymptotic gauge fields into distinct topological sectors,
dual supertranslation charges classify the space of asymp-
totic metrics according to their topology. It is therefore
natural to ask whether there exists a quantization condition
for gravity similar to the Dirac quantization condition in
electrodynamics.5 We hope to report on this issue soon.

Let us also remark that in this work we assumed that the
Bondi mass is real. An imaginary Bondi mass will prevent
the dual supertranslation charge from being conserved
identically and is the gravitational analog of a magnetic

3See [38] for a discussion on related topics.
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source. It is an imaginary metric component that generates
imaginary spacetime transformations. In contrast to QED,
where a magnetic source generates imaginary gauge trans-
formations that are perfectly understood, it seems harder to
make sense of the gravitational analog. Nonetheless, it
could still have interesting physical applications, as in the
description of thermal states. We leave these questions for
future research.
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