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We study the nonequilibrium condensation process of a holographic s-wave superconductor constructed
in the background of de Rham-Gabadadze-Tolley massive gravity theory. When the temperature is lower
than a critical value, this model has an asymptotic anti–de Sitter (AdS) bald black hole solution and a black
hole solution with nontrivial scalar hair, which can be identified as the normal phase and the
superconducting phase in boundary theory, respectively. We consider Gaussian-type perturbation of a
scalar field on the background of bald AdS black hole spacetime, and we numerically solve the full
nonlinear dynamics of the gravitational system in the bulk. With the full time-dependent solution of the
gravitational system, we observe a dynamical process from the perturbed bald AdS black hole to the black
hole with scalar hair. According to holographic duality, this process can be regarded as the dynamical phase
transition process from normal state to s-wave superconducting state in boundary theory. We also
investigate the time evolution of the superconducting condensate operator and clarify how the condensation
process from the far-from-equilibrium state proceeds in boundary theory. By fitting the evolution data of
the superconducting order parameter at early time, we show that the initial nonequilibrium condensation
process can be predicted by linear quasinormal modes of scalar field perturbation on the background of the
bald AdS black hole. Finally, we study the time evolution of the event and apparent horizons.
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I. INTRODUCTION

The application of anti–de Sitter/conformal field
theory (AdS=CFT) correspondence [1–3] to study strongly
coupled quantum field theory has received increasing
attention over the past two decades. Within the framework
of holographic duality, the strongly coupled quantum many
body systems in condensed matter physics can be simply
described by the classical gravity theory on the AdS
spacetime. A recent review studying the properties of
quantum matter by using the holographic method can
be found in Ref. [4]. Specifically, in the seminal work
of Hartnoll et al. [5,6], the holographic model of
Einstein-Maxwell-charged complex scalar field theory
was constructed to capture the essential properties of a
superconductor with an s-wave order parameter. It is shown
that, due to the instability of the Reissner-Nordström-AdS
(RN-AdS) black hole below the critical temperature, the
scalar field will condense into a nontrivial configuration in
the bulk, and a nonvanishing vacuum expectation value of
the charged s-wave condensate operator will emerge in
boundary theory. The RN-AdS black hole and hairy black
hole in gravitational theory are dual to the normal and
superconducting phases of a superconductor in the

boundary. One can also refer to Ref. [7] for a overview
of some holographic superconductor models with s-wave,
p-wave, and d-wave orders.
However, the construction of superconducting system in

this way omitted the key ingredient of condensed matter
systems: the lattice. The absence of an underlying lattice
means that the boundary system is homogeneous, with
perfect translational symmetry, and the charged particles
cannot dissipate their momentum. As a consequence, there
is a delta function in the ac conductivity at zero frequency.
This implies that the dc conductivity is infinite even in the
normal phase of the superconductor. One way to avoid this
unwanted result is to treat the charge carriers as probes,
i.e., as a small part in a larger system of neutral fields
represented by the bulk geometry where their momentum
can be absorbed [8–11]. Another way is to introduce spatial
inhomogeneities that break translational invariance explic-
itly. In Refs. [12,13], when considering the periodic
gravitational background to simulate the lattice in con-
densed matter systems, it is shown that the zero frequency
delta function resulting from translational symmetry is
broadened and that the dc conductivity is finite.
Vegh put forward a simple proposal of taking de Rham-

Gabadadze-Tolley (dRGT) massive gravity theory [14] as
an alternative holographic framework for describing trans-
lational symmetry breaking and momentum dissipation
[15]. A massive gravity theory can be constructed by
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modifying general relativity with consistent interaction
terms that are interpreted as mass terms for the gravitons.
Fierz and Pauli [16] constructed a linear massive gravity
theory by adding interaction terms in the linearized level of
general relativity. Unfortunately, the massive gravity theory
of Fierz and Pauli suffered from the van Dam–Veltman–
Zakharov discontinuity problem on the linear level [17,18],
and the Boulware-Deser ghost problem on the nonlinear
level [19,20]. Recently, de Rham, Gabadadze, and Tolley
constructed a nonlinear massive gravity theory, dubbed
dRGT massive gravity theory [14], where the Boulware-
Deser ghost was eliminated by introducing higher order
interaction terms into the Einstein-Hilbert action.
Within this framework, bulk gravitons are assumed to

have a mass term, which can serve as a coarse-grained
description of the momentum dissipation effect of a lattice.
The charged asymptotic AdS black hole solution in dRGT
massive gravity theory was constructed in Ref. [15], and
the conductivity was shown to have a Drude peak that
approaches a delta function in the massless gravity limit.
Recently, a holographic superconductor model in the
background of dRGT massive gravity theory was con-
structed by Zeng and Wu in Ref. [21]. It was shown that,
when the temperature is lower than a critical value, the
model has an asymptotic AdS bald black hole solution and
a black hole solution with nontrivial scalar hair, which can
be identified as the normal phase and the superconducting
phase in boundary theory, respectively. The ac conductivity
of the superconducting state exhibits a Drude peak at low
frequency followed by a power-law fall.
In modern condensed matter physics experiments, it is

now possible to drive a system to a far-from-equilibrium
state by a quantum quench [22]. So, one might raise the
natural and legitimate question of studying the far-from-
equilibrium dynamics of the superconductor model from
the viewpoint of holographic duality. In the past few years,
this topic has attracted a lot of attention [23]—for example,
the quantum quench of a superconducting AdS soliton [24],
holographic thermalization [25–27], the formation of topo-
logical defects [28,29], a periodically driven holographic
superconductor [30], nonlinear transport in holographic
superconductors [31], the critical exponents of nonequili-
brium phase transitions [32], and the nonequilibrium
condensation process of s-wave superconductors [33–36]
and p-wave superconductors [37].
It should be noted that the studying of the nonequili-

brium condensation process of holographic superconduc-
tors was initiated by Murata et al. in Ref. [33], and it was
then generalized to other models. However, as far as we
know, all of the previous work investigated the nonequili-
brium condensation process of holographic superconduc-
tors without momentum dissipation. In this work, we
will focus on the nonequilibrium condensation process
of a holographic s-wave superconductor constructed in

dRGT massive gravity theory [21], which is a holographic
superconductor model with momentum dissipation as
introduced previously. By perturbing the bald AdS black
hole spacetime with the Gaussian-type wave package and
numerically solving the full nonlinear dynamics of the bulk
gravitational system, we observe a nontrivial process from
the perturbed bald AdS black hole to the black hole with
scalar hair. In terms of holographic duality, this process is
regarded as the dynamical phase transition process from
normal state to s-wave superconducting state in boundary
theory. By means of investigating the time evolution of the
superconducting condensate operator, we will clarify how
the condensation process from the far-from-equilibrium
state proceeds in boundary theory. It is shown that the
initial nonequilibrium condensation process can be pre-
dicted by the linear quasinormal modes of scalar field
perturbation on the background of the bald AdS black hole.
We will also address the question of the time evolution of
the event and apparent horizons. Our numerical simulations
indicate that the nonequilibrium condensation process of
holographic superconductor with momentum dissipation is
qualitatively consistent with that of superconductor without
momentum dissipation.
This paper is organized as follows. In Sec. II, we present

the setup of the holographic s-wave superconductor model
in dRGT massive gravity. The details for describing the
nonequilibrium condensation process are also given in that
section. In Sec. III, we exhibit the numerical results of the
nonequilibrium condensation process, including the dynam-
ics of the bulk scalar field, the dynamics of order parameter,
quasinormal modes of scalar perturbation, and the evolution
of the areas of apparent and event horizons. Finally, we
conclude this paper with some discussions in Sec. IV.

II. HOLOGRAPHIC SETUP AND
NUMERICAL DETAILS

In this section, we start by introducing the holographic
setup of superconductor models in nonlinear massive
gravity theory, which we will be studied in this paper.
After writing down the action and equations of motion of
the bulk theory, we proceed by discussing the bald black
hole solution that describes the normal phase of the
boundary system, and by deriving the asymptotic expan-
sions for the bulk fields at the AdS boundary. At last, we
will briefly describe the field redefinition, the boundary
conditions, the initial conditions, and the numerical details
used to obtain time-dependent solutions of bulk equations.

A. Action

The total action of the holographic superconductor
model of concern in this paper is given by

I ¼ IG þ IM; ð1Þ
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where we have denoted the action of nonlinear ghost-free
massive gravity as IG, and the action of Uð1Þ gauge field
coupled with charged complex scalar field as IM.
For our purposes, we consider the recently proposed

(3þ 1)-dimensional dRGT ghost-free massive gravity with
the action [14]

IG ¼ 1

2κ2

Z
d4x

ffiffiffiffiffiffi
−g

p �
Rþ 6

L2
þm2

g

X4
i¼1

ciUiðg; fÞ
�
; ð2Þ

where ci are constants andmg is the mass of the graviton. In
this case, besides the usual dynamical metric g, the theory
depends on a fixed rank-2 symmetric tensor f, which is
called the reference metric. The well-known Boulware-
Deser ghost was eliminated by introducing higher order
interaction terms U iðg; fÞ. These terms are defined as the
symmetric polynomials of the eigenvalues of the 4 × 4

matrix Kμ
ν ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
gμλfλν

p
,

U1 ¼ ½K�;
U2 ¼ ½K�2 − ½K2�;
U3 ¼ ½K�3 − 3½K�½K2� þ 2½K3�;
U4 ¼ ½K�4 − 6½K2�½K�2 þ 8½K3�½K� þ 3½K2�2 − 6½K4�;

where K2
μν ¼ KμαKα

ν, and where the rectangular brackets
denote traces—for example, ½K� ¼ Kμ

μ. As mg → 0, the
action recovers to the usual Einstein-Hilbert action with
cosmological constant.
The holographic superconductor model in nonlinear

ghost-free massive gravity [21] can be constructed by
introducing a Uð1Þ gauge field coupled with a charged
complex scalar field with the action

IM¼−
1

2κ2

Z
d4x

ffiffiffiffiffiffi
−g

p �
1

4
FμνFμνþj∇Ψ−iqAΨj2þm2jΨj2

�
;

ð3Þ

where the Uð1Þ gauge field strength is defined by
Fμν ¼ ∇μAν −∇νAμ, and where m and q are the mass
andUð1Þ charge of the complex scalar fieldΨ, respectively.
Hereafter, without loss of generality, we take the unit
of L ¼ 1.

B. Equations of motion

From the total action (1), by varying with respect to
metric, complex scalar field, and gauge potential, one can
get an Einstein equation, a charged Klein-Gordon equation,
and a Maxwell equation as follows,

Rμν −
1

2
gμνR − 3gμν þm2

gXμν ¼ TEM
μν þ TΨ

μν; ð4Þ

ð∇μ − iqAμÞð∇μ − iqAμÞΨ −m2Ψ ¼ 0; ð5Þ

∇μFμν ¼ iq½Ψ�ð∇ν − iqAνÞΨ −Ψð∇ν þ iqAνÞΨ��; ð6Þ

where the stress-energy tensors of the matter sector are
given by

TEM
μν ¼ 1

2

�
gσρFμσFνρ −

1

4
gμνFρσFρσ

�
; ð7Þ

TΨ
μν ¼

1

2
½ð∇μΨ − iqAμΨÞð∇νΨ� þ iqAνΨ�Þ þ c:c:�

−
1

2
gμνj∇Ψ − iqAΨj2 − 1

2
gμνm2jΨj2: ð8Þ

Following Refs. [15,21], we are interested in the case of
a spatial reference metric in the basis ðt; z; x; yÞ

fμν ¼ diagð0; 0; 1; 1Þ: ð9Þ

In this case, Xμν is given by

Xμν ¼
c1
2
ðKμν − ½K�gμνÞ

− c2

�
K2

μν − ½K�Kμν þ
1

2
gμνð½K�2 − ½K2�Þ

�
: ð10Þ

In order to utilize the characteristic solution scheme to
study the nonlinear dynamics of this model, following the
general approach of Ref. [38], we take the metric Ansatz as

ds2 ¼ −
1

z2
½Fðv; zÞdv2 þ 2dvdz� þΦðv; zÞ2ðdx2 þ dy2Þ;

ð11Þ
where Fðv; zÞ and Φðv; zÞ are nontrivial functions depend-
ing on the time v and the holographic bulk direction z. We
work in a axial gauge where the Ansatz of gauge field and
scalar field can be written as

A ¼ αðv; zÞdt; Ψ ¼ ψðv; zÞ: ð12Þ
With these choices, one can derive the equations of

motion as follows:

Φ00 þ 2

z
Φ0 þ 1

2
Φjψ 0j2 ¼ 0; ð13Þ

α00 þ 2

�
1

z
þΦ0

Φ

�
α0 þ iq

z2
ðψψ 0� − ψ�ψ 0Þ ¼ 0; ð14Þ

ðDΦÞ0 þΦ0

Φ
DΦ −

Φ
8z2

ðz4α02 þ 2m2jψ j2 − 12Þ

þ m2
g

2z2

�
c1 þ

c2
Φ

�
¼ 0; ð15Þ
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ðDψÞ0 þΦ0

Φ
Dψ þDΦ

Φ
ψ 0 þ 1

2z2
ðiqz2α0 þm2Þψ ¼ 0;

ð16Þ
�
z2
�
F
z2

�0�0
−
�
4

Φ

�0
DΦþ m2

g

z2Φ

�
c1 þ

2c2
Φ

�
− z2α02 − ðψ 0�Dψ þ ψ 0Dψ�Þ ¼ 0; ð17Þ

and

2z2ðDαÞ0 þ ð4z2Φ−1DΦþ z2F0 − 2zFÞα0
þ 2iqðψ�Dψ − ψDψ�Þ ¼ 0; ð18Þ

zD2Φ − FDΦþ 1

2
zðΦDψDψ� þDΦF0Þ

þ F2

8
ð4Φ0 þ zΦjψ 0j2 þ 2zΦ00Þ ¼ 0; ð19Þ

where the prime denotes the derivative with respect to the
radial coordinate z, and where derivative operator D is
defined as

DΦ ¼ ∂vΦ−
1

2
F∂zΦ; D2Φ ¼ ∂vðDΦÞ− 1

2
F∂zðDΦÞ;

Dα ¼ ∂vα−
1

2
F∂zα; Dψ ¼ ∂vψ −

1

2
F∂zψ − iqαψ ;

Dψ� ¼ ∂vψ
� −

1

2
F∂zψ

� þ iqαψ�: ð20Þ

Here the operator ð∂v − 1
2
F∂zÞ is the derivative along the

radial outgoing null geodesics. In the limit mg → 0, the
equations of motion go back to those obtained in Ref. [33].
In the numerical calculation, we regard Eqs. (13)–(17) as
evolution equations and Eqs. (18) and (19) as constraint
equations in the following.

C. Normal phase solution

According to AdS=CFT correspondence, it is well
known that the normal phase of boundary field theory is
described by a bulk static AdS black hole solution with
vanishing scalar field. This static AdS black hole solution
[15] can be obtained by solving the equations of motion
directly, which is given by

F ¼ 1þ 1

2
c1m2

gzþ c2m2
gz2 − 2Mz3 þ 1

4
Q2z4;

Φ ¼ 1

z
; α ¼ Qz; ψ ¼ 0: ð21Þ

In the limit mg → 0, the solution reduces to the Reissner-
Nordström-AdS black hole solution with planar horizon.
Parameters M and Q are related to the mass and charge of
the black hole, respectively. The event horizon is located at

z ¼ zþ, determined by FðzþÞ ¼ 0. In terms of the horizon
radius zþ, we can rewrite M as

M ¼ 1

2z3þ

�
1þ 1

2
c1m2

gzþ þ c2m2
gz2þ þ 1

4
Q2z4þ

�
: ð22Þ

The Hawking temperature of the black hole is given by

T ¼ −
1

4π

dF
dz

����
z¼zþ

¼ 12þ 4c1m2
gzþ þ 4c2m2

gz2þ −Q2z4þ
16πzþ

:

ð23Þ

The vanishing configuration of the complex scalar field
indicates that the order parameter of boundary dual theory
is also null. The hairless black hole solutions which are
characterized by the two parametersM andQ are identified
as the dual bulk description of normal phase in boundary
theory. As discussed in the next section, this solution is
unstable when the temperature is below a critical temper-
ature Tc. This implies that there exists a hairy black hole
solution with nontrivial scalar configuration when the
temperature is smaller that the critical temperature. The
hairy black hole solution which can be regarded as the
superconducting phase was already obtained in Ref. [21].
The instability is identified as the phase transition from
metal to superconducting in dual boundary theory.
In the following, we will study the dynamics process of

this superconducting phase transition from the viewpoint of
gravity aspect. By considering the slightly perturbed hair-
less black hole spacetime as initial data, and by studying the
full time-dependent solutions of the equations of motion,
we will find that the system settles to the final state of the
hairy black hole at late time when the initial black hole
temperature is smaller than the critical temperature Tc.

D. Asymptotic expansion

Now let us exhibit the asymptotic form for the bulk fields
at the AdS boundary in order to clarify the boundary
conditions for the time evolution. Hereafter, we set the mass
of the complex vector field as m2 ¼ −2. Then the asymp-
totical behavior for the scalar field near the AdS boundary
takes the form of

ψðv; zÞ ¼ ψ1ðvÞzþ ψ2ðvÞz2 þ � � � : ð24Þ

According to the holographic dictionary, if we take ψ1 as
the source, ψ2 is then identified as the vacuum expectation
value of the operator Ô2 in boundary dual field theory, up to
a normalization constant. Since we want the condensate to
turn on without being sourced, we set ψ1 ¼ 0.
It should be noted that the diffeomorphism and Uð1Þ

gauge symmetries are not completely fixed by the Ansätze
(11) and (12). There are residual gauge symmetries given by

RAN LI and YUJIA ZHAO PHYS. REV. D 100, 046018 (2019)

046018-4



1

z
→

1

z
þ gðvÞ; α → αþ ∂vθðvÞ; ψ → ψeiqθðvÞ:

ð25Þ

In asymptotic expansion, the residual gauge freedoms are
represented by Φ0ðvÞ and α0ðvÞ, which are the zero
order terms of the bulk functions ΦðvÞ and αðvÞ. The
freedom of Φ0ðvÞ can be used to fix the position of the
apparent horizon at a constant radial coordinate during
the evolution, as in Ref. [38]. However, we do not explore
the time evolution of Φ0ðvÞ and fix the gauge freedoms by
setting Φ0ðvÞ ¼ α0ðvÞ ¼ 0.
By fixing the gauge as described above and solving the

equations of motion order by order, one can find that the
expansion coefficients FiðvÞ, ΦiðvÞ, αiðvÞ, and ψ iðvÞ can
all be determined by ψ2ðvÞ, except for F3ðvÞ and α1ðvÞ.
The results are as follows,

Fðv; zÞ ¼ 1þ 1

2
c1m2

gzþ c2m2
gz2 − 2Mz3 þ � � � ; ð26Þ

Φðv; zÞ ¼ 1

z
−
1

6
jψ2j2z3 þ � � � ; ð27Þ

αðv; zÞ ¼ Qzþ iq
12

ðψ�
2 _ψ2 − ψ2 _ψ

�
2Þz4 þ � � � ; ð28Þ

ψðv; zÞ ¼ ψ2ðvÞz2 þ _ψ2ðvÞz3 þ � � � ; ð29Þ

where the raised dot means d
dv.

It should be noted that the asymptotic expansion
gives just the time derivative of F3ðvÞ and α1ðvÞ as
_F3ðvÞ ¼ _α1ðvÞ ¼ 0, which implies that F3ðvÞ and α1ðvÞ
are invariant during the dynamical evolution process. In
fact, F3ðvÞ and α1ðvÞ are related to the mass and charge of
the system. We have used the notations F3ðvÞ ¼ −2M and
α1ðvÞ ¼ Q in the above expansion. Hence the constants M
and Q represent the Arnowitt-Deser-Misner mass and the
charge of the initial black hole, respectively. At last, the
function ψ2ðvÞ is the only unknown function which shall be
determined by the numerical solution.

E. Field redefinition and boundary conditions

With the asymptotic expansion exhibited in the last
subsection, one can see clearly that the variable Sðv; zÞ is
divergent at the AdS boundary z ¼ 0. This leads to the
divergence of the variableDSðv; zÞ. However, the divergent
form of these variables is fully determined by the asymp-
totic expansion at the AdS boundary. In order to remove the
divergence of fields at the AdS boundary, we make the
fields redefinition as follows:

F ¼ 1þ 1

2
c1m2

gzþ c2m2
gz2 þ zF̂;

Φ ¼ 1

z
þ z2Φ̂;

α ¼ α̂;

ψ ¼ z2ψ̂ ;

DΦ ¼ 1

2z2
þ 1

4
c1m2

gzþ
1

2
c2m2

gz2 þ zdDΦ;

Dψ ¼ zdDψ : ð30Þ
By definition, the hatted fields then have regular asymp-

totic behavior. The resulting z → 0 boundary conditions
can be obtained from the asymptotic expansion (26)–(29)
directly:

Φ̂ðv; 0Þ ¼ 0; Φ̂0ðv; 0Þ ¼ −
1

6
jψ2j2;

α̂ðv; 0Þ ¼ 0; α̂0ðv; 0Þ ¼ Q;

dDΦðv; 0Þ ¼ −M;

dDψðv; 0Þ ¼ −ψ2;

F̂ðv; 0Þ ¼ F̂0ðv; 0Þ ¼ 0: ð31Þ
The corresponding evolution equations for the hatted

fields are obtained by substituting the redefinitions into the
equations of motion. We do not write the resulting lengthy
expressions here.

F. Initial conditions

To extrapolate the time-dependent solution of the sys-
tem, one is also required to specify the initial condition. The
static bald black hole solution of the equations of motion is
the Reissner-Nordström-AdS black hole solution with
planar horizon described above. We take this bald black
hole as the initial spacetime background. Firstly, we should
specify M and Q of the initial black hole. By using the
following scaling symmetry,

ðv; z; x; yÞ → ðkv; kz; kx; kyÞ;
F → F; Φ → Φ=k;

α → α=k; ψ → ψ ;

M → M=k3; Q → Q=k3; T → T=k; ð32Þ

we can set the initial black hole horizon radius to unity
without loss of generality. Then the mass and temperature
of the black hole are given by

M ¼ 1

2

�
1þ 1

2
c1m2

g þ c2m2
g þ

1

4
Q2

�
;

T ¼ 12þ 4c1m2
g þ 4c2m2

g −Q2

16π
; ð33Þ
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which implies that the initial spacetime background is
completely determined by the parameter Q, or equivalently
the temperature of initial bald black hole.
As for the initial data of scalar field ψ̂ , we consider the

Gaussian-type perturbation on the Reissner-Nordström-
AdS spacetime as

ψ̂ðv ¼ 0; zÞ ¼ Affiffiffiffiffiffi
2π

p
δ
z2 exp

�
−
ðz − zmÞ2

2δ2

�
ð34Þ

with A ¼ 0.01, δ ¼ 0.05, and zm ¼ 0.3. However, our
numerical simulations indicate that the final numerical
results are independent of the choice of parameters A, δ,
and zm as long as the scalar perturbation is small enough
and in the linear regime. We will exhibit our numerical
results only for the initial data given by Eq. (34).

G. Numerical strategy

The procedure to solve the equations of motion (13)–
(17) is described as follows. To begin with, we have to
prepare the initial data of the complex scalar field ψðv ¼
0; zÞ and the initial mass M and charge Q of the black hole
background as described above. On the initial surface
v ¼ 0, the field ψðv; zÞ represents the free initial data.
Then all of the other fields can be solved from the equations
of motion on the initial time slice.
In more detail, at the initial time, with the initial

configuration ψ , we can get the functions Φ, α, DΦ,
Dψ , and F by solving the linear ordinary differential
equations (13)–(17) subjected to the boundary conditions
(31). In this process, we use the Chebyshev pseudospectral
method to discretize the differential equations. The
obtained linear algebraic equations can be straightfor-
wardly solved by standard matrix methods. In this way,
we can obtain all of the fields on the initial time surface. In
terms of the definition of Dψ , we can also extract the time
derivative ∂vψ at this time step. Then we can calculate the

configuration of scalar field ψ on the next time surface by
using the fourth order Runge-Kutta method. By repeating
the above procedure, we can obtain the full time-dependent
numerical solution to the system. The constraint equa-
tions (18) and (19) are used to check the accuracy of the
numerical solution.

III. NONEQUILIBRIUM CONDENSATION
PROCESS

In this section, we will show the numerical results
computed by the evolution strategy described in the
previous section. As mentioned before, we have fixed
the mass of the scalar field as m2 ¼ −2. In this section,
without loss of generality, we further fix the charge of the
complex scalar filed as q ¼ 1.5. We will also choose
the parameters as c1 ¼ −0.75, c2 ¼ 0, and mg ¼ 1 in
the following. For this case, our numerical simulation
indicates that the critical temperature of normal-super-
conductor phase transition in a dual system is given by
Tc ¼ 0.086825

ffiffiffiffi
Q

p
. When the initial temperature of black

hole T is smaller than the critical temperature Tc, the
complex scalar field perturbation grows exponentially and
eventually approaches a nontrivial configuration in the
bulk, which implies that the boundary system undergoes a
phase transition from the normal phase to the s-wave
superconducting phase. For the case of T > Tc, however,
the initial scalar field perturbation decays to zero very
quickly. This indicates that the initial bald black hole with
temperature smaller than the critical temperature is stable
under perturbation, and the normal-superconductor phase
transition in the boundary system cannot happen.

A. Dynamics of the bulk field

In the left panel of Fig. 1, we show the dynamics of the
amplitude of bulk fields jψðv; zÞj for T=Tc ¼ 0.5 at the
initial state. The evolution of the complex scalar field

FIG. 1. The dynamics of the bulk scalar field for initial black hole temperature T ¼ 0.5Tc. (Left panel) Amplitude of the complex
scalar field jψðv; zÞj as a function of vTc and zTc. It is shown that the amplitude grows exponentially till saturation. (Right panel) In
order to focus on the behavior of the wave packet of the initial perturbation, we depict the amplitude jψðv; zÞj for 0 ≤ vTc ≤ 0.15.
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shows three different stages, which is similar to the non-
equilibrium condensation process in a holographic s-wave
superconductor in Einstein gravity [33] and in a holo-
graphic p-wave superconductor in the Einstein-Proca grav-
ity model [37]. As depicted in the right panel of Fig. 1,
during the very early stage, 0 < vTc < 0.15, much of the
wave packet in the initial Gaussian-type perturbation is
absorbed by the black hole horizon. During the second
stage, 0.15 < vTc < 6, the remnant of the wave packet,
which is unstable, grows exponentially. This stage can be
well predicted by the linear quasinormal mode analysis
[33,36], as further discussed in the following subsections.
For the third stage, the exponential growth is saturated by
the nonlinear effect, and an equilibrium between the
complex scalar field and the black hole is finally attained.
It can be seen that the amplitude of bulk complex scalar
field reaches a static hairy black hole solution with the
nontrivial scalar configuration. This implies that the boun-
dary system eventually evolves into an s-wave super-
conducting phase at late time.

B. Dynamics of the order parameter

In the following subsections, we will discuss some
results that are relevant to the dual system in the boundary
from the numerical time-dependent solutions in the AdS
bulk. According to the AdS=CFT dictionary, in the present
subsection, we first extract the nonlinear dynamics of the
order parameter of the dual boundary field theory from the
numerical solutions of the bulk fields.
The vacuum expectation value of the superconducting

s-wave order parameter in dual theory is given by the
asymptotic expansion coefficient ψ2ðvÞ as follows,

hOðvÞi ¼
ffiffiffi
2

p
ψ2ðvÞ; ð35Þ

when setting the source as ψ1ðvÞ ¼ 0 in our numerical
process.

In the left panel of Fig. 2, we depict the real part of
asymptotic expansion coefficient ψ2ðvÞ as a function of
vTc with the initial black hole temperature T=Tc ¼ 0.5.
The imaginary part of ψ2ðvÞ exhibits a similar behavior to
the real part. The sharp signal appearing at small v is caused
by the initial scalar perturbation. Then the time evolution of
ψ2ðvÞ shows two distinct stages. During the first stage, the
amplitude of the oscillating ψ2 grows exponentially due to
the instability of the initial bald black hole, which is the
expected behavior from the linear theory analysis. At the
second stage, the exponential growth of ψ2ðvÞ stops at late
time, and the system reaches the final equilibrium state,
during which the amplitude of the order parameter remains
constant, as depicted in the right panel of Fig. 2.
The inset in the left panel of Fig. 2 shows the time

evolution of the asymptotic expansion coefficient ψ2ðvÞ at
late time, which indicates the oscillating nature of the bulk
scalar field when the final equilibrium state is reached. It
can also be shown that the real part as well as the imaginary
part of the asymptotic expansion coefficient ψ2ðvÞ oscil-
lates with a single frequency and with the opposite phases.
This implies, when the real part of ψ2ðvÞ is at a maximum
of the magnitude of the amplitude, that the imaginary part
has a vanishing amplitude. It should be emphasized that the
vacuum expectation of the superconducting condensate
operator is time independent in the final equilibrium state.
The true nature of the final equilibrium state can be

further revealed by comparing the oscillating frequency of
the bulk scalar field with the horizon electric potential of
the final hairy black hole. By performing the Fourier
transformation of the evolution data of the asymptotic
expansion coefficient ψ2ðvÞ at late time, we can estimate
the oscillating frequency of the bulk scalar field when the
final equilibrium state is reached, which is given by
ω ¼ 3.1283. At late time, the geometry of the final hairy
black hole is invariant with time. The event horizon radius
zEH of the final black hole is determined by the equation
Fðv; zEHÞ ¼ 0. We can obtain the location of the event
horizon by solving the equation after interpolating the
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FIG. 2. (Left panel) Time evolution of the real part of asymptotic expansion coefficient ψ2ðvÞ with T=Tc ¼ 0.5. (Inset) The evolution
at late time, which indicates the oscillating nature of complex scalar field when the final equilibrium state is reached. (Right panel) The
time evolution of condensate operator jhOðvÞij.
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metric function from the evolution data at late time. Then,
by interpolating the electromagnetic potential from the
evolution data, we can also determine the horizon electric
potential αH of the final hairy black hole. The oscillating
frequency ω of the bulk scalar field at late time is nearly
equal to the value of qαH ¼ 3.1248, within acceptable
numerical error. This result implies that the time-dependent
configuration of the bulk system at late time can be
transformed into the static black hole configuration with
the vanishing electric potential at the horizon by a proper
gauge transformation. This provides strong evidence that
the equilibrium state obtained herein is the end point of the
time evolution. This also implies that the final black hole
with nontrivial scalar hair is stable.

C. Quasinormal modes of scalar field perturbation

In Fig. 3, we show the dynamics of the order parameter
with different initial black hole temperatures. As mentioned
before, our numerical results show the critical temperature
is given by Tc ¼ 0.086825

ffiffiffiffi
Q

p
. This value is obtained by

performing the numerical process repeatedly with different
initial temperatures near this critical value. When T < Tc,
the order parameter grows exponentially and eventually
approaches a nontrivial value, as depicted in the left panel
of Fig. 3. This result implies that the boundary system
undergoes a phase transition from the normal phase

described by a bald AdS black hole to the s-wave super-
conducting phase with a nontrivial complex scalar field
configuration. From the left panel of Fig. 3, we can also
conclude that the order parameter converges to its final
value more slowly at higher initial temperatures, which
indicates that the boundary system takes more time to
approach the final equilibrium state at higher initial temper-
atures. For the case of T > Tc, on the other hand, the initial
perturbations decay to zero very quickly, as shown in the
right panel of Fig. 3.
From these numerical results, one can conclude that the

initial bald AdS black hole is unstable due to the so-called
near-horizon instability when T < Tc [39]. The initial
growth rate at early time, when the perturbation remains
small enough, should match the linearized quasinormal
mode analysis. Now let us focus on the early time of the
time evolution. Firstly, we can estimate the relaxation
timescales at early time by fitting the time dependence
of the order parameter as

jhOðvÞij ∼ C expð−t=trelaxÞ: ð36Þ

In Table I, we have listed the relaxation time for the initial
bald AdS black hole at different temperatures.
It is well known that −1=trelax is just the imaginary part

of the fundamental quasinormal mode. We have also
computed the quasinormal modes of the scalar perturbation
of the bald AdS black hole by using the Mathematica
package made by Jansen [40]. The results are also listed in
Table I for comparison. It can be observed that the results
from fitting the time evolution data match with the
linearized quasinormal mode quite well.

D. Evolution of event horizon and apparent horizon

In this subsection, we explore the time evolution of the
apparent and event horizons. The apparent horizon of a
black hole, which is defined as the location of the largest
trapped surface, can be determined by the equation
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FIG. 3. The dynamics of the order parameter with different initial black hole temperatures. (Left panel) The solid curves from top to
bottom correspond to T=Tc ¼ 0.2, 0.4, 0.6, and 0.8, while the dashed curves represent the relaxation timescale by fitting the evolution
data at early time. (Right panel) The different curves from top to bottom correspond to T=Tc ¼ 1.1, 1.2, and 1.3.

TABLE I. The relaxation time and the fundamental quasinor-
mal modes of scalar perturbation for the normal phase.

T=Tc −1=trelax ImðωÞ
0.2 0.117839 0.118855
0.4 0.107671 0.109375
0.6 0.0895161 0.0901151
0.8 0.0533475 0.0536004
1.1 −0.0318835 −0.0318047
1.2 −0.102722 −0.102635
1.3 −0.0663066 −0.0662255
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DSðv; zAHðvÞÞ ¼ 0: ð37Þ

One can also compute the event horizon zEHðvÞ by solving
the radial null geodesics equation

_zEHðvÞ ¼ −
1

2
Bðv; zEHðvÞÞ; ð38Þ

arising from ds2 ¼ 0, with the boundary condition at late
time Bðv; zEHðvÞÞ ¼ 0. Then the area of the apparent and
event horizons can be calculated by the formula

Area ðevent=apparent horizonÞ ¼ Sðv; zEH=AHðvÞÞ2: ð39Þ

In Fig. 4, we show the time evolution of the area of the
event and apparent horizons as a function of time vTc. It is
clear that the monotonic increasing of the area of the
horizons during the time evolution is consistent with
the second law of black hole thermodynamics. Before
the system settles to the final equilibrium state, the event
horizon always has a larger area than that of the apparent
horizon. At late time, the apparent horizon and the event

horizon settle down to a constant value and coincide, which
also implies the formation of a hairy black hole with
nontrivial scalar hair.

IV. SUMMARY AND CONCLUSION

In summary, we study in this paper the nonequilibrium
condensation process of a holographic superconductor with
momentum dissipation, which is constructed in the frame-
work of dRGT massive gravity theory. Using the character-
istic evolution scheme for the AdS gravity, we obtain the
time-dependent solution of full Einstein equations for the
gravitational system in the bulk. The nonlinear dynamical
process from the perturbed bald AdS black hole to the black
hole with scalar hair is illustrated by using the numerical
method. By AdS=CFT, the process is regarded as the
dynamical phase transition process from normal state to
s-wave superconducting state in the boundary. By studying
the time evolution of the s-wave order parameter, we
clarify how the condensation process from the far-from-
equilibrium state proceeds. It is shown that the initial
nonequilibrium condensation process can be predicted by
the linear quasinormal modes of scalar field perturbation
on the background of the bald AdS black hole. Finally, we
also study the time evolution of the event and apparent
horizons, which implies the formation of a hairy black hole
with nontrivial scalar hair.
Our results show that the nonequilibrium condensation

process of holographic superconductor with momentum
dissipation is qualitatively consistent with that of a supercon-
ductor without momentum dissipation. The nonequilibrium
condensation process of other holographic superconductors
with momentum dissipation deserves further study in the
future.
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