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We investigate the behavior of two-dimensional quantum field theories withN ¼ ð0; 2Þ supersymmetry
under a deformation induced by the “TT̄” composite operator. We show that the deforming operator can be
defined by a point-splitting regularization in such a way as to preserve N ¼ ð0; 2Þ supersymmetry. As an
example of this construction, we work out the deformation of a free N ¼ ð0; 2Þ theory, compare to that
induced by the Noether stress-energy tensor and argue that, despite their apparent difference, they are
equivalent on shell. Finally, we show that the N ¼ ð0; 2Þ supersymmetric deformed action actually
possesses N ¼ ð2; 2Þ symmetry, half of which is nonlinearly realized.
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I. INTRODUCTION AND SUMMARY

A fruitful way to gain new insight on quantum field
theories (QFTs), and indeed on many physical theories, is
to start by studying a particularly simple theory—for
instance one that can be solved completely by virtue of
its symmetries—and deform it. Generally, of course such
deformations can be only understood in some perturbative
or even formal expansion in a small parameter. In rare cases
it is possible to treat the perturbation exactly, at least for the
purpose of computing certain observables. Important
examples of this type arise for instance for two-dimensional
QFTs asmarginal deformations, which preserve the scaling
invariance of a two-dimensional relativistic conformal field
theory (CFT), and (relevant) integrable deformations,
which introduce a mass scale while preserving an infinite
set of symmetries of the original (conformal) QFT. A recent
addition to these two classes is that of so-called TT̄
deformations of two-dimensional QFTs. They arise by
deforming any Poincaré-invariant theory by a composite
operator built as the determinant of the stress-energy tensor
[1], leading to an irrelevant deformation. Not only does this
deformation preserve many of the symmetries of the
underlying theory (which makes it very interesting to study
TT̄ deformations of integrable QFTs and CFTs) but it

modifies the theory’s spectrum in a simple, “solvable” way
[2,3], whose classical action can be often constructed in
closed form [3,4].1

Following these observations, several other interesting
properties of such deformations have recently been ana-
lyzed. In the case of integrable theories these deformations
can be understood [2,3] as a modification of the factorized
S matrix by a universal Castillejo-Dalitz-Dyson (“CDD”)
[10] factor. Such a CDD factor is rather peculiar, because it
deforms the large-energy ultraviolet properties of the
original theory—in accord with the fact that TT̄ deforma-
tions are “irrelevant”—rather than introducing poles as it is
usually the case for integrable deformations. Interestingly,
the “TT̄” CDD factor had also appeared in the study of the
S matrix on the world sheet of flat-space strings [3,11–16],
strongly suggesting that flat-space strings are the TT̄
deformation of a free theory (a fact that can also be
substantiated from a Lagrangian or Hamiltonian analysis
[3,15,16]). Indeed TT̄ deformations are naturally related
[15,16] to the “uniform” light-cone gauge which is quite
natural for the study of integrable string theories [17–19],
and the TT̄ CDD factor also describes the scattering on
more general backgrounds such as AdS3 Wess-Zumino-
Witten backgrounds [15,20,21].2 A separate but equally
interesting link between TT̄ deformations and AdS3 strings
appears in the context of holography [27–34], where the
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1A number of generalizations of TT̄, involving other conserved
currents, have also been considered in the literature [5–9].

2Such backgrounds are supported by Neveu-Schwarz-Neveu-
Schwarz fluxes only; the world sheet scattering for AdS3 back-
grounds involving Ramond-Ramond fluxes is substantially more
involved [22–24], as it may also be understood by world sheet–
CFT considerations [25]; see e.g., Ref. [26].
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deformed two-dimensional theory is the holographic dual
of some (AdS3) gravity or string theory rather than being a
world sheet theory.
The irrelevant nature of TT̄ deformations leads to a

number of very peculiar consequences. It turns out that
TT̄-deformed QFTs can also be understood as a gravita-
tional theory and more specifically [35–38] as coupling the
original two-dimensional theory to Jackiw-Teitelboim
gravity [39,40]. For a generic theory, furthermore, the
TT̄ flow induces a singular behavior of some of the energy
levels for a finite value of the deformation parameter in
units of the theory’s volume [2,3,41]. One exception to this
scenario are supersymmetric QFTs which admit a well-
defined flow. This is in good accord with the fact that some
superstring theories can be described as TT̄ deformations;
interestingly, this setup seems to be well defined even when
supersymmetry is nonlinearly realized [21]. Such musings,
together with the intrinsic interest in supersymmetric CFTs,
spurred a systematic investigation of the relation between
TT̄ deformation and supersymmetry [16,42]. So far, this
investigation focused on theories with N ¼ ð0; 1Þ and
N ¼ ð1; 1Þ supersymmetry.
The aim of this note is to extend such considerations to

the case of extended N ¼ ð0; 2Þ supersymmetry. The
conclusion is that, indeed, TT̄ deformations can be defined
in such a way as to manifestly preserve the extended
supersymmetry. In particular, the deforming operator can
be thought of as the supersymmetric descendant of some
suitable composite operator. Still, there are a few technical
complications and conceptual subtleties with respect to the
cases known in the literature which we find worth address-
ing in some detail.
We begin our note by introducing the N ¼ ð0; 2Þ

framework in Secs. II and III. After reviewing in Sec. II
the structure of the N ¼ ð0; 2Þ supercurrent multiplet, in
Sec. III A we construct the TT̄ operator as the super-
symmetric descendant of a suitably defined composite
operator, which is constructed out of the coincident-point
limit of a quadratic combination of the supercurrents. Here
we encounter a new feature: the primary operator does not
take the form discussed by Smirnov and Zamolodchikov
[2], yet it is possible to show that the coincident-point limit
is free of short-distance singularities. Interestingly, the
well-definedness arguments that we develop in this paper
apply also for TT̄ deformations of N ¼ ð2; 2Þ supersym-
metric QFTs and JT̄=TJ̄ deformations. Also in these cases,
as we will report in the near future [43,44], the primary
operators are not of Smirnov-Zamolodchikov type, yet they
are well defined.
As an example of this construction, in Sec. IV we work

out the supersymmetric TT̄ deformation of a free N ¼
ð0; 2Þ action and compare it with the one constructed out of
the Noether TT̄ operator. The latter is most easily obtained
from the Green-Schwarz string; see Ref. [16]. We conclude
that, while apparently different, the two deformations are

identical on shell, giving rise to equivalent flow equations
for the spectrum—as expected from the lower supersym-
metric cases [16]. Finally, in Sec. V we show that the
deformation of the free theory also describes the partial
supersymmetry breaking from N ¼ ð2; 2Þ to N ¼ ð0; 2Þ.
In fact, such a TT̄-deformed action is equivalent to the
model of partial supersymmetry breaking in two dimen-
sions by Hughes and Polchinski [45]; see also Ref. [46],
which describes a N ¼ ð0; 2Þ extension of a 4D Nambu-
Goto superstring action. The action also shares several
analogies with the four-dimensional Bagger-Galperin
action describing the partial supersymmetry breaking from
N ¼ 2 to N ¼ 1 in four dimensions [47]. This is a further
example of how TT̄-deformed theories possess non-
linearly realized (super)symmetries, which is something
that would be interesting to explore in greater detail. Some
first results will appear in the near future [43,48]. In
particular, it can be shown that the TT̄ deformation of
free N ¼ ð2; 2Þ theories also describes supersymmetric
extensions of a 4D Nambu-Goto superstring action pos-
sessing extra N ¼ ð2; 2Þ nonlinearly realized supersym-
metry. In the N ¼ ð2; 2Þ case, the resulting actions can in
fact be recast in forms that are formally identical to the 4D
Bagger-Galperin action [47] for the supersymmetric exten-
sion of the Dirac-Born-Infeld (DBI) action, hinting at a TT̄
structure of the latter. It was already been shown in [38] that
the classical bosonic 4D DBI action satisfies a peculiar
TT̄-flow equation. The same property generalizes to the
supersymmetric case [48].

II. SUPERCURRENT MULTIPLET IN (0,2)

Let us review the structure of the supercurrent S
multiplet of two-dimensional N ¼ ð0; 2Þ supersymmetric
field theories that we will need in our paper. In this section
we follow the paper of Dumitrescu and Seiberg [49],
including their conventions.
In light-cone coordinates, a flat 2D N ¼ ð0; 2Þ super-

space is parametrized by

ζM ¼ ðσþþ; σ−−; θþ; θ̄þÞ; ð1Þ

with θþ a complex Grassmann coordinate and θ̄þ its
complex conjugate. The spinor covariant derivatives and
supercharges are given by

Dþ ¼ ∂
∂θþ −

i
2
θ̄þ∂þþ; D̄þ ¼ −

∂
∂θ̄þ þ i

2
θþ∂þþ;

Qþ ¼ ∂
∂θþ þ i

2
θ̄þ∂þþ; Q̄þ ¼ −

∂
∂θ̄þ −

i
2
θþ∂þþ ð2Þ

and obey the anticommutation relations

fDþ; D̄þg ¼ i∂þþ; fQþ; Q̄þg ¼ −i∂þþ; ð3Þ
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with all the other (anti)commutators between D’s, Q’s, and
∂�� being identically zero. Given an N ¼ ð0; 2Þ super-
field3 F ðζÞ ¼ F ðσ; θÞ, its supersymmetry transformations
are given by

δQF ≔ iϵþQþF ðσ; θÞ − iϵ̄þQ̄þF ðσ; θÞ: ð4Þ

Here ϵþ and its complex conjugate ϵ̄þ are the complex
fermionic supersymmetry transformation parameters. If
FðσÞ is the operator defined as the θþ ¼ θ̄þ ¼ 0 compo-
nent of the superfield F ðζÞ, FðσÞ ≔ F ðσ; θÞjθ¼0, then its
supersymmetry transformations are such that

δQFðσÞ ¼ ½ðϵþQþ − ϵ̄þQ̄þÞ; FðσÞ�
¼ ½iϵþQþF ðσ; θÞ − iϵ̄þQ̄þF ðσ; θÞ�jθ¼0

¼ ½iϵþDþF ðσ; θÞ − iϵ̄þD̄þF ðσ; θÞ�jθ¼0: ð5Þ

We will indicate by Qþ and Q̄þ the supersymmetry
generator acting on a component operator and distinguish
them from Qþ and Q̄þ, which are linear differential
operators acting on superfields.

In two-dimensional N ¼ ð0; 2Þ supersymmetric field
theories, the supercurrent S multiplet is defined by the
following constraints [49]:

∂−−Sþþ ¼ DþW− − D̄þW̄−; ð6aÞ

DþT −−−− ¼ 1

2
∂−−W̄−; ð6bÞ

D̄þT −−−− ¼ 1

2
∂−−W−; ð6cÞ

D̄þW− ¼ C; ð6dÞ

DþW̄− ¼ −C̄; ð6eÞ

where the complex constant C is associated with a space-
time brane current. Since this term leads to symmetry
breaking [45,49], in this paper for simplicity wewill set it to
zero, C ¼ 0.
In components, the supercurrent S multiplet is given by

Sþþ ¼ jþþ − iθþSþþþ − iθ̄þS̄þþþ − θþθ̄þTþþþþ;

W− ¼ −S̄þ−− − iθþ
�
Tþþ−− þ i

2
∂−−jþþ

�
þ i
2
θþθ̄þ∂þþS̄þ−−;

T −−−− ¼ T−−−− −
1

2
θþ∂−−Sþ−− þ 1

2
θ̄þ∂−−S̄þ−− þ 1

4
θþθ̄þ∂2

−−jþþ: ð7Þ

The jþþðσÞ, Sþ��ðσÞ, S̄þ��ðσÞ, T����ðσÞ, and Tþþ−−ðσÞ fields arise as the lowest, θþ ¼ θ̄þ ¼ 0, components of the
superfields SþþðζÞ, W−ðζÞ, W̄−ðζÞ, and T −−−−ðζÞ together with their descendants,

SþþþðζÞ ≔ iDþSþþðζÞ; S̄þþþðζÞ ≔ −iD̄þSþþðζÞ;

T þþþþðζÞ ≔
1

2
½Dþ; D̄þ�SþþðζÞ; T þþ−−ðζÞ ≔

i
2
ðDþW−ðζÞ þ D̄þW̄−ðζÞÞ: ð8Þ

In this paper we will also use the definitions

T ðζÞ ≔ T þþ−−ðζÞ≡ T −−þþðζÞ;
ΘðσÞ ≔ T jθ¼0 ¼ Tþþ−−ðσÞ≡ T−−þþðσÞ: ð9Þ

From the supercurrent equations (6) together with the
definitions (8), one can derive the conservation equations

∂þþSþ−−ðζÞ ¼ −∂−−SþþþðζÞ;
∂þþT −−−−ðζÞ ¼ −∂−−T ðζÞ;

∂þþT ðζÞ ¼ −∂−−T þþþþðζÞ: ð10Þ

These imply that the supersymmetry currents Sþ�� and
S̄þ�� are conserved while the energy-momentum tensor
Tμν is real, symmetric and conserved.
It is possible to modify the S multiplet by a class

of “improvement terms” without changing its defining
constraint equations (6). This is analogous to how the
energy-momentum tensor can be modified by improve-
ment terms that do not affect its conservation equations.
The improvement transformations that leave invariant the
S-multiplet conservation equations are

Sþþ → S̃þþ ¼ Sþþ þ 2½Dþ; D̄þ�U;
W− → W̃− ¼ W− þ 2∂−−D̄þU;

T −−−− → T̃ −−−− ¼ T −−−− þ ∂2
−−U; ð11Þ

3For convenience we will equivalently use the notations
F ðζÞ ¼ F ðσ; θÞ ¼ F ðσþþ; σ−−; θþ; θ̄þÞ; in particular, we will
often indicate collectively by θ the dependence on both θþ
and θ̄þ.
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where UðζÞ is a real scalar superfield with lowest compo-
nent field UðσÞ ≔ UðζÞjθ¼0. The improvement transforma-
tions of the energy-momentum tensor induced by (11) are

Tþþþþ → T̃þþþþ ¼ Tþþþþ þ ∂2þþU;

T−−−− → T̃−−−− ¼ T−−−− þ ∂2
−−U;

Tþþ−− → T̃þþ−− ¼ Tþþ−− − ∂þþ∂−−U: ð12Þ

It is clear that T̃μν is also real, symmetric and conserved.
The S multiplet described above is the most general

supercurrent multiplet for a Lorentz invariant and N ¼
ð0; 2Þ supersymmetric quantum field theory in two space-
time dimensions. In some cases, the multiplet is decom-
posable and the currents can be improved. A case that will
play a central role in our paper is the R multiplet. This
arises when C ¼ 0, which is indeed the case under our
consideration, and when there is a well-defined real super-
fieldR−−ðζÞ resolving the chirality constraint ofW−ðζÞ as

W− ¼ iD̄þR−−: ð13Þ

The defining conservation equations for the R multiplet
can then be written as4

∂−−Rþþ þ ∂þþR−− ¼ 0; ð14aÞ

Dþ

�
T −−−− þ i

2
∂−−R−−

�
¼ 0; ð14bÞ

D̄þ

�
T −−−− −

i
2
∂−−R−−

�
¼ 0; ð14cÞ

where Rþþ ≡ Sþþ. The main consequence of the extra
constraints imposed on the R multiplet is the existence of
an extra conserved vector current j��ðσÞ:

∂þþj−− þ ∂−−jþþ ¼ 0; ð15Þ

with j−− ≔ R−−jθ¼0. This current is associated to
2D N ¼ ð0; 2Þ theories possessing a Uð1ÞR R symmetry.

As described in Appendix B, the R multiplet naturally
arises from N ¼ ð0; 2Þ Poincaré supergravity. In the
explicit examples of 2D N ¼ ð0; 2Þ theories which we
will consider in our paper, we will always compute the
supercurrent multiplet by means of coupling the theory to
supergravity with a procedure that mimics the calculation
of the Hilbert stress-energy tensor from gravity. This
approach will guarantee that the resulting supercurrent
multiplet will be an R multiplet.
We conclude this section by mentioning that in a 2D

N ¼ ð0; 2Þ superconformal field theory (SCFT) the S
multiplet can be further simplified. In fact, for a SCFT
withN ¼ ð0; 2Þ supersymmetry, C ¼ 0 andW− can be set
to zero by an improvement transformation. Then the S
multiplet only contains a right-moving superfield current
SþþðζÞ, ∂−−Sþþ ¼ 0 and a left-moving antichiral super-
field T −−−−ðζÞ, DþT −−−−ðζÞ ¼ 0. This leads to a set of
left- and right-moving currents in components.

III. THE TT̄ OPERATOR AND N = (0;2)
SUPERSYMMETRY

After having described in the previous section the
structure of the S multiplet, we are ready to prove that
the TT̄ operator [1]

OðσÞ ¼ TþþþþðσÞT−−−−ðσÞ − ½ΘðσÞ�2 ð16Þ

is a supersymmetric descendant, in complete analogy
to the N ¼ ð0; 1Þ and N ¼ ð1; 1Þ cases first studied
in [16,42].

A. The TT̄ primary operator

We propose the N ¼ ð0; 2Þ supersymmetric primary TT̄
operator to be given by the following combination of the
S-multiplet superfields:

O−−ðζÞ ≔ T −−−−ðζÞSþþðζÞ − W̄−ðζÞW−ðζÞ: ð17Þ

In fact, it is a straightforward exercise to show that the
following relation holds:

DþD̄þO−−ðζÞ ¼ T −−−−ðζÞT þþþþðζÞ − ½T ðζÞ�2

þ ∂−−

�
1

4
SþþðζÞ∂−−SþþðζÞ −

1

2
W−ðζÞDþSþþðζÞ þ

1

2
W̄−ðζÞD̄þSþþðζÞ

�

þ ∂þþ

�
i
2
T −−−−ðζÞSþþðζÞ −

i
2
W̄−ðζÞW−ðζÞ

�

þ EOMs; ð18Þ

4The R-multiplet conservation equations are also derived from supergravity in the Appendix B.
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where with “EOMs” we mean terms that are identically
zero when the S-multiplet conservation equations (6) are
used. Since the conservation equations classically hold only
when the equations of motion are satisfied, the previous
results show that, on shell and up to total derivatives, the
previous descendant is equivalent to the TT̄ operator (16).
Quantum mechanically, the same statement is true for the
corresponding operators since conservation equations
(Ward identities) hold in correlation functions (up to
contact terms).
If we now define

O−−ðσÞ≡O−−ðζÞjθ¼0; ð19Þ
by using the previous results, up to total derivatives and
EOMs, the operator OðσÞ [Eq. (16)] satisfies

OðσÞ ¼
Z

dθ̄þdθþO−−ðζÞ ¼ DþD̄þO−−ðζÞjθ¼0

¼ fQþ; ½Q̄þ; O−−ðσÞ�g: ð20Þ
Then, O−−ðσÞ is the supersymmetric primary operator of
the multiplet containing OðσÞ as its bottom component.
Hence the TT̄ deformation for an N ¼ ð0; 2Þ supersym-
metric quantum field theory is manifestly supersymmetric
since Eq. (20) implies�

Qþ;
Z

d2σOðσÞ
�
¼

�
Q̄þ;

Z
d2σOðσÞ

�
¼ 0: ð21Þ

The TT̄ primary operator (17) is defined uniquely by the
requirement that OðσÞ is its descendant, up to conservation
equations and total derivatives. Another virtue enjoyed by
O−−ðζÞ is that its form, up to total derivatives, is invariant
under the improvement transformation (11):

O−− → Õ−− ¼ S̃þþT̃ −−−− − ˜̄W−W̃−

¼ O−− þ total derivatives: ð22Þ
This is not too surprising since the combination
ðT−−−−Tþþþþ − Θ2Þ is invariant under the improvement
transformations (12).

B. Point splitting and well definedness

As shown by Zamolodchikov in his seminal work [1],
one of the main properties of the TT̄ operator OðσÞ is to
be free of short-distance divergences and hence to be a
well-defined, though irrelevant, composite local operator.
More in general, it was later shown by Smirnov and
Zamolodchikov in [2] that given two pairs of conserved
currents ðAs; Bsþ2Þ and ðA0

s0 ; B
0
s0−2Þ such that

∂þþAs ¼ −∂−−Bsþ2; ∂−−A0
s0 ¼ −∂þþB0

s0−2; ð23Þ
then the bilocal operator ½AsðσÞA0

s0 ðσ0Þ − Bsþ2ðσÞBs0−2ðσ0Þ�
is free of short-distance divergences and, up to total
derivative terms, independent of the separation ðσ − σ0Þ.

Here s and s0 label spins. Hence, any composite local
operator of the “Smirnov-Zamolodchikov” type,Z

d2σ½AsðσÞA0
s0 ðσÞ − Bsþ2ðσÞBs0−2ðσÞ�; ð24Þ

is well defined. This is indeed the case of the bosonic TT̄
operator OðσÞ. In the case of N ¼ ð0; 1Þ and N ¼ ð1; 1Þ
supersymmetric TT̄ deformations, the primary TT̄ super-
field operators are still of Smirnov-Zamolodchikov type
[16,42], hence well defined and leading to a whole
multiplet of well-defined composite operators.
In the N ¼ ð0; 2Þ case, the TT̄ primary operator

O−−ðσÞ ¼ O−−ðζÞjθ¼0 from Eq. (17) is not of Smirnov-
Zamolodchikov type. It is then natural to wonder whether
the primary O−−ðσÞ can also be defined by a similar point-
splitting procedure without incurring in short-distance
singularities. Were this not the case, we would have an
apparent clash between supersymmetry and the structure of
the TT̄ deformation at the quantum level. We shall see
below that, owing to supersymmetry, O−−ðσ; θÞ can be
indeed defined in superspace by a point-splitting procedure
of the bosonic coordinate5 σ in analogy with the arguments
of [1,2].
Let us consider a point-split version of the N ¼ ð0; 2Þ

primary TT̄ operator:

O−−ðσ; σ0; θÞ ≔ T −−−−ðσ; θÞSþþðσ0; θÞ
− W̄−ðσ; θÞW−ðσ0; θÞ: ð25Þ

We want to show that the previous bilocal superfield is free
of short-distance divergences in the limit σ → σ0. Following
Refs. [1,2], let us compute ∂��O−−ðσ; σ0; θÞ. We start by
defining

O−−ðζ; ζ0Þ ≔ ½T −−−−ðζÞSþþðζ0Þ − W̄−ðζÞW−ðζ0Þ�; ð26Þ

which is the fully superspace point-split version of
O−−ðζÞ—from that, we will easily extract O−−ðσ; σ0; θÞ ¼
O−−ðζ; ζ0Þjθ¼θ0 . Let us compute ∂��O−−ðζ; ζ0Þ. After some
straightforward algebraic manipulation, and by using the
fact that ∂þþ ¼ −iðDþD̄þ þ D̄þDþÞ, it is possible to
derive the following result:

∂��O−−ðζ; ζ0Þ ¼ 0þ EOMsþ ð∂ þ ∂ 0Þ½� � ��
þ ðDþD0Þ½� � ��: ð27Þ

Here with EOMs we again refer to terms that are identically
zero once the conservation equations (6) for the S multiplet
are used while with the last two terms in (27) we indicate
terms that are superspace total derivatives, such as for

5As for the θ’s, we can straightforwardly set them to be equal
since no divergence of the form e.g., 1=ðθ − θ0Þ arises for the
Grassmann coordinates. See Sec. 6 of [50] for examples of point-
splitting techniques in superspace.
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example the vector derivatives ð∂�� þ ∂ 0
��Þ or the spinor

derivatives ðDþ þD0þÞ, acting on bilocal operators. The
precise expressions for (27) are given by Eqs. (A1a) and
(A1b) in Appendix A, where we collect some technical
results and explanations that support the analysis of this
subsection. When we consider the coincident limit θ ¼ θ0
in the Grassmann coordinates, thanks to (A2), Eq. (27) can
be rewritten in the following useful form:

∂��O−−ðσ; σ0; θÞ ¼ 0þ fEOMsþ ð∂ þ ∂ 0Þ½� � ��
þ ðQþQ0Þ½� � ��gjθ¼θ0 ; ð28Þ

where the supersymmetry generators appear instead of
the covariant spinor derivatives. In the previous expression
ð∂ þ ∂ 0Þ generates translations in the σ and σ0 coordi-
nates while schematically ðQþQ0Þ generates supersym-
metry transformations of the bilocal operators they act
upon.6 The results presented above are reminiscent of
Zamolodchikov’s argument to prove the well definedness
of the bosonic TT̄ operator, as well as to the arguments used
in the N ¼ ð0; 1Þ and N ¼ ð1; 1Þ cases [16,42]. A new
feature with respect to those cases is the supersymmetry-
transformation terms, which represent a natural generaliza-
tion of the translation contribution. Still, Zamolodchikov’s
operator product expansion (OPE) argument of [1] can be
used almost identically here in the θ ¼ θ0 limit, which is
sufficient to probe the short-distance singularities in σ → σ0.
Let us briefly review it.
By setting to zero the EOM’s terms, the left-hand side of

(28) has an OPE expansion of the formX
I

∂��FIðσ − σ0ÞOIðσ0; θÞ; ð29Þ

with fOIðζ0Þg a complete set of local superfield operators,
depending on the Grassmann coordinate θ0 ¼ θ. Similarly,
the right-hand side of (28) will schematically be of the formX
I

AIðσ − σ0ÞQ0OIðσ0; θÞ þ
X
I

BIðσ − σ0Þ∂ 0OIðσ0; θÞ;

ð30Þ
which is equivalent toX
I

AIðσ − σ0ÞD0OIðσ0; θÞ þ
X
I

CIðσ − σ0Þ∂ 0OIðσ0; θÞ:

ð31Þ
Hence the OPE of ∂��O−−ðσ; σ0; θÞ involves only deriv-
atives and supercovariant derivatives of local operators.
This means that the OPE of O−− involves only such
derivatives, or terms FIðσ − σ0ÞOIðσ0; θÞ such that the

coefficients FI are actually constant (so that ∂��FI ¼ 0),
i.e., regular terms. Then, the point-split superfield operator
leads to the definition of the composite N ¼ ð0; 2Þ TT̄
primary:

O−−ðσ; σ0; θ0Þ ¼ O−−ðζ0Þ þ derivative terms; ð32Þ
arising from the regular, nonderivative part of the OPE—
precisely as for the purely bosonic TT̄ operator of [1]. When
considering the integral of O−−ðζÞ in superspace, only the
regular terms in the OPE would contribute. As a result the
integrated operator

SO ¼
Z

d2σdθ̄þdθþ lim
ε→0

O−−ðσ; σ þ ε; θÞ

¼
Z

d2σdθ̄þdθþ∶O−−ðσ; σ; θÞ∶ ð33Þ

is free of any short-distance divergence and well defined.
As a further evidence of the consistency of the previous

point-splitting argument with supersymmetry, one can
consider the point-split version of Eq. (18) and show that

ðDþ þD0þÞðD̄þ þ D̄0þÞO−−ðζ; ζ0Þ
¼ T −−−−ðζÞT þþþþðζ0Þ − T ðζÞT ðζ0Þ
þ EOMsþ ð∂ þ ∂ 0Þ½� � ��; ð34Þ

with the terms in the ellipsis being a simple point-split
generalization of the total derivatives appearing in Eq. (18).
This shows explicitly that the descendant of the point-split
primary TT̄ operator is equivalent, up to Ward identities
and total vector derivatives, to the point-split version of the
descendant (standard) TT̄ operator.

IV. DEFORMING THE FREE
SUPERSYMMETRIC ACTION

After having described some general properties of the
N ¼ ð0; 2Þ TT̄ operator, we are ready to study TT̄
deformations. We will focus our attention for the rest of
the paper on the simplest possible case: the TT̄ deformation
of a free action with N ¼ ð0; 2Þ supersymmetry. Though
simple, we will see that a detailed analysis of this model is
nontrivial and rich.7

6Note that, thanks to the super-Leibniz rule satisfied by ∂
∂θþ and∂

∂θ̄þ, the operation of taking the θ ¼ θ0 limit and acting on bilocal
superfields with a Grassmann-dependent differential operator,
such as ðDþD0Þ or ðQþQ0Þ, commutes. Hence (28) is well
defined. See Appendix A for more comments on this point.

7Note that in our paper the definition of the TT̄ flow is purely
field theoretical and follows in spirit the original prescription of
Zamolodchikov [1]. Alternative descriptions based on the rela-
tion with two-dimensional gravitational theories were pursued
in [35–38]. It would be very interesting to extend these results to
the supersymmetric case. Chiral supersymmetric theories, as
N ¼ ð0; 2Þ, once coupled to supergravity are typically plagued
by gravitational anomalies and it would be important to under-
stand the role of the anomalies in TT̄ deformation interpreted in
terms of 2D quantum gravity. This is also an important issue for
some nonsupersymmetric TT̄ deformations, like the deformation
of systems of chiral fermions.
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Before turning to the supersymmetric analysis, let us
briefly recall the form of the TT̄ deformation of a bosonic
action for a complex boson whose free action is

S0;bos ¼
1

4

Z
d2σ½∂þþϕ∂−−ϕ̄þ ∂þþϕ̄∂−−ϕ�: ð35Þ

The aim of our analysis is to consider the supersymmetric
extension of this simple model and derive its integrated
deformation. The TT̄-deformed action of the above free
scalar can be compactly written as [3]

Sα;bos ¼
Z

d2σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p
− 1

4α
; ð36Þ

where we have introduced the shorthand notation

x ¼ ∂þþϕ∂−−ϕ̄þ ∂þþϕ̄∂−−ϕ;

y ¼ ∂þþϕ∂−−ϕ̄ − ∂þþϕ̄∂−−ϕ: ð37Þ

It is such that

∂Sα;bos
∂α ¼ −

1

2

Z
d2σOðσÞ; ð38Þ

where OðσÞ ¼ det½TμνðαÞ� with the stress-energy tensor of
(36) given by

T��;�� ¼ −
∂��ϕ∂��ϕ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p ;

T��;∓∓ ¼ 1þ αx −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p
2α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p : ð39Þ

It is not difficult to make an educated guess for the N ¼
ð0; 2Þ supersymmetric extension of such a bosonic action,
by requiring firstly that the action is manifestly super-
symmetric and secondly that its bosonic part is given by
Eq. (36). We can easily take care of the former requirement
by working in superspace; as for the latter, let us note that
the bosonic action can be recast in the form

Sα;bos ¼ −
Z

d2σ

�
−
x
4
þ α

∂þþϕ∂−−ϕ∂þþϕ̄∂−−ϕ̄

1þ αxþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p
�
:

ð40Þ

This immediately suggests the following manifestly off-
shell supersymmetric action:

Sα ¼ −
Z

d2σdθþdθ̄þ
�
−
i
2
Φ̄∂−−Φ

þ α
DþΦD̄þΦ̄∂−−Φ∂−−Φ̄

1þ αX þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p
�
; ð41Þ

which we have written in terms of the chiral and antichiral
superfields Φ and Φ̄. They satisfy DþΦ̄ ¼ D̄þΦ ¼ 0
and are given by the following expansion in component
fields:

Φ ¼ ϕþ θþψþ −
i
2
θþθ̄þ∂þþϕ;

Φ̄ ¼ ϕ̄ − θ̄þψ̄þ þ i
2
θþθ̄þ∂þþϕ̄: ð42Þ

We have also introduced the bilinear combinations

X ¼ ∂þþΦ∂−−Φ̄þ ∂þþΦ̄∂−−Φ;

Y ¼ ∂þþΦ∂−−Φ̄ − ∂þþΦ̄∂−−Φ: ð43Þ

Notice that they are simply related to the shorthand x, y of
Eq. (37) as

x ¼ X jθ¼0; y ¼ Yjθ¼0: ð44Þ

Actually, there is a very natural reason why the previous
educated guess should work. The action (40) describes the
Nambu-Goto action for a four-dimensional string in a
uniform light-cone gauge. Its N ¼ ð0; 2Þ superstring
extension has been studied long ago by Hughes and
Polchinski in one of the seminal works on partial super-
symmetry breaking [45]. In fact, their results lead to an
action equivalent to (41) which in turn admit a nonlinearly
realized extraN ¼ ð2; 0Þ supersymmetry. See Ref. [46] for
a more recent analysis that we will follow quite closely in
Sec. V when we review and extend the results on partial
supersymmetry breaking of (41). Considering that the
action (41) was already known to be an N ¼ ð0; 2Þ
extension of (40), it is absolutely natural to guess that it
describes the supersymmetric TT̄ flow. Let us now validate
this guess.

A. Some limits of the deformed action

As a first sanity check of our proposal we consider
it in some limits, starting from α → 0. In that case, it is
manifest that only the first summand in (41) survives, so
that we find

S0 ¼
i
2

Z
d2σdθþdθ̄þΦ̄∂−−Φ

¼ 1

4

Z
d2σð∂þþϕ∂−−ϕ̄þ ∂þþϕ̄∂−−ϕþ 2iψ̄þ∂−−ψþÞ;

ð45Þ

which is indeed the free action for the supersymmetric
extension of (35).
Furthermore, we can check which form the action (41)

takes when setting some of its fields to zero. To this end, it
is useful to note that
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DþΦ ¼ ψþ − iθ̄þ∂þþϕþ i
2
θþθ̄þ∂þþψþ; D̄þΦ̄ ¼ ψ̄þ þ iθþ∂þþϕ̄ −

i
2
θþθ̄þ∂þþψ̄þ: ð46Þ

Setting now all ψ ¼ ψ̄ ¼ 0 we find that the action takes the form

Sα;bos ¼ −
Z

d2σdθþdθ̄þ
�
−
i
2
Φ̄∂−−Φþ α

ð−iθ̄þ∂þþϕÞðiθþ∂þþϕ̄Þ∂−−Φ∂−−Φ̄
1þ αX þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p
�

¼
Z

d2σ

�
1

4
x − α

∂þþϕ∂þþϕ̄∂−−ϕ∂−−ϕ̄

1þ αxþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p
�
; ð47Þ

as expected. Conversely, keeping track of the fermions but setting the bosons to zero, ϕ ¼ ϕ̄ ¼ 0, we have

Sα;ferm ¼ −
Z

d2σdθþdθ̄þ
�
−
i
2
Φ̄∂−−Φþ αψþψ̄þðθþ∂−−ψþÞð−θ̄þ∂−−ψ̄þÞ

�

¼
Z

d2σ

�
i
2
ψ̄þ∂−−ψþ þ αψþψ̄þ∂−−ψþ∂−−ψ̄þ

�
: ð48Þ

This is indeed the TT̄ deformation of a complex free-fermion action.

B. Constructing the deforming operator

If the action (41) satisfies the supersymmetric TT̄ flow equation, then the following equation must be satisfied:

∂αSα ¼ −
1

2

Z
d2σdθ̄þdθþðSþþT −−−− − W̄−W−Þ: ð49Þ

It is easy to compute the left-hand side of this equation:

∂αSα ¼
Z

d2σdθþdθ̄þ
DþΦD̄þΦ̄∂−−Φ∂−−Φ̄

1þ αX þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p : ð50Þ

As for the right-hand side of Eq. (49), we can find the supercurrents by coupling the theory to supergravity—in analogy to
how the Hilbert stress-energy tensor is computed by coupling the theory to a metric. For this task, we can use off-shell
supergravity techniques developed in the 1980s; see Appendix B for detail and references. With this analysis at hand, it is
straightforward, though lengthy, to derive the supercurrent R multiplet of the action (41). The details of the supercurrent
computation, that might be in principle used in the future also for more complicated models, are relegated to Appendix B.
The results of our analysis are as follows. We find

Sþþ ¼ Rþþ ¼ −
DþΦD̄þΦ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2αX þ α2Y2
p ;

R−− ¼ 2α

1þ αX þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p DþΦD̄þΦ̄∂−−Φ̄∂−−Φffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p ;

T −−−− ¼ −
∂−−Φ∂−−Φ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2αX þ α2Y2
p þ ð� � �ÞDþΦþ ð� � �ÞD̄þΦ̄; ð51Þ

where we indicated with ellipses terms which will not play a role in our computation. Indeed when considering the product
SþþT −−−− such terms vanish identically due to their Grassmann-odd nature and the fact that Sþþ is proportional to
ðDþΦD̄þΦ̄Þ. Furthermore when truncating to the bosonic part of these supercurrents, one can check that the stress-energy
tensor superfields (8) satisfy

T μνjbos;θ¼0 ¼ Tμν; ð52Þ
where μ; ν ¼ þþ;−− and the right-hand side is the bosonic stress-energy tensor in Eq. (39).8

8Note that for the bosonic part of T −−−− to match T−−−− we need the fermionic terms involving the ellipses to vanish. We have
verified that this is indeed the case on shell, at leading order in α.
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From these expressions and Eq. (13) it follows that

W̄− ¼ −2α
1þ αX þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p ∂þþΦ̄DþΦ∂−−Φ̄∂−−Φffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p þ ð� � �ÞDþΦDþΦ̄;

W− ¼ −2α
1þ αX þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p ∂þþΦD̄þΦ̄∂−−Φ̄∂−−Φffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p þ ð� � �ÞDþΦDþΦ̄; ð53Þ

where, once again, the terms in the ellipses are irrelevant
when considering the product W̄−W−. It is now a matter of
algebra to find

O−− ¼ SþþT −−−− − W̄−W−

¼ 2
DþΦD̄þΦ̄∂−−Φ∂−−Φ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2αX þ α2Y2
p

×
1

1þ αX þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p ; ð54Þ

which shows that indeed Eq. (49) holds.

C. Expression in components and comparison
with the “Noether” deformation

It is instructive to rewrite the deformed action (41)
explicitly in components. By using the definition of the
superfields (42) and performing some integration by parts
we can recast the action in the form

Ssusy ¼
Z

d2σ½Aðx; yÞ þ Bðx; yÞΨ

þ Cðx; yÞ∂−−ϕ∂−−ϕ̄Ψþþþþ þD−−ðx; yÞψ̄þψþ
þ Eðx; yÞðΨÞ2 þ Fðx; yÞ∂−−ϕ∂−−ϕ̄ΨΨþþþþ
þ Gðx; yÞð∂−−ϕ∂−−ϕ̄Þ2ðΨþþþþÞ2�; ð55Þ

where the subscript “susy” emphasizes that the action was
obtained from our manifestly supersymmetric construction.
Note that we introduced a shorthand notation for the
fermion bilinears:

Ψ ¼ ψ̄þ∂−−ψþ þ ψþ∂−−ψ̄þ;

Ψþþþþ ¼ ψ̄þ∂þþψþ þ ψþ∂þþψ̄þ: ð56Þ

The coefficient Aðx; yÞ; Bðx; yÞ, etc., depend on the bilinear
combinations of the bosonic fields x, y of Eq. (37) and on
the deformation parameter α; they are given in Appendix C.
Without delving too deep in their specific form, we simply
note that all these coefficients are nonvanishing. We wish
now to compare the form of this action with that of a TT̄
deformation built out of the Noether energy-momentum
tensor. As emphasised in Ref. [16], we should not expect
the two actions to be identical—indeed that was found not
to be the case already for deformations of an N ¼ ð0; 1Þ
Lagrangian. Again in Ref. [16], the deformation of a free
supersymmetric action of eight N ¼ ð1; 1Þ multiplets was
constructed by exploiting a connection with light-cone
gauge-fixed strings [16]. For the reader’s convenience, let
us copy that result—which is given in Eq. (4.18) there—
specializing to the case where the undeformed action takes
the form (45) corresponding to an N ¼ ð0; 2Þ theory.
We have

SNoether ¼
Z

d2σ
1

2α

h
−1þ 2iαΨþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2 þ iαð4 − αxÞΨ − 4α2ðΨÞ2 − iα2ð∂−−ϕ∂−−ϕ̄ÞΨþþþþ

q i
: ð57Þ

The action can be readily expanded in powers of the
fermion bilinears Ψ and Ψþþþþ, and indeed it truncates at
quadratic order. It is easy to see that no term without
derivatives on the fermions—such as the one multiplying
D−−ðx; yÞ in the supersymmetric action (55)—may be
generated in this expansion.9 Despite such a substantial
difference, the two deforming operators, which may be
found from the two actions by taking the partial α

derivative, should coincide on shell.10 It is easy to verify
that this is the case in theN ¼ ð0; 1Þ case where ψþ ≡ ψ̄þ;
then both actions are linear inΨ andΨþþþþ, and the ψ̄þψþ
term vanishes identically. As discussed at some length in
Ref. [16], the fermion equations of motions for the super-
symmetric and Noether action then coincide, which is

9Indeed such a term cannot even be generated by partial
integration, as that would introduce new fermion bilinears of the
form ψ̄þ∂��ψþ − ψþ∂��ψ̄þ.

10Equivalently, the two theories should be the same up to
(nonlinear) field redefinitions. In particular, while the Noether-
deformed action is not invariant under the free supersymmetry
variations, it should be invariant under suitably modified super-
symmetry variations (whose form is induced by the nonlinear
field redefinition).
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sufficient to show that the two deforming operators
coincide on shell at all orders in α. In the full N ¼
ð0; 2Þ case, however, the fermion equations of motions are
different and in order to check the on-shell equivalence
of the two deforming operators it is necessary to use both
the fermion and boson equations of motion which makes
things rather less transparent. We have verified that the two
deforming operators coincide on shell up to order Oðα3Þ
and total derivatives and we expect these results to hold
at all order in α. Hence these two seemingly different
deformations should give rise to the same deformed
theory, at least as long as the spectrum is concerned.
A more constructive check would be to explicitly produce
the field redefinition relating the two actions. This would
be particularly helpful in order to study the contact terms
arising in deformed correlation functions. However, this is
a relatively difficult task. A simpler starting point would
be the N ¼ ð0; 1Þ case [16,42] before moving to the N ¼
ð0; 2Þ case. We leave both these interesting studies, that fall
beyond the scope of this paper, for future research.

V. PARTIAL SUPERSYMMETRY
BREAKING N = (2;2) → (0;2)

In the previous section, we have found the action for
the supersymmetric TT̄ deformation of a N ¼ ð0; 2Þ free
theory, Eq. (41). This action, which is equivalent to the one
originally studied in [45], as shown in [46], resembles the
four-dimensional Bagger-Galperin action which describes
the partial supersymmetry breaking from N ¼ 2 to N ¼ 1

in four dimensions [47]. Interestingly, the TT̄-deformed
free model is related to partial supersymmetry breaking in
two dimensions.11 Indeed, following [46], we will show
that exactly the same action describes a model of partial
supersymmetry breaking from N ¼ ð2; 2Þ → N ¼ ð0; 2Þ
in two dimensions [46].
In light-cone coordinates, a flat 2D N ¼ ð2; 2Þ super-

space is parametrized by

ζM ¼ ðσ��; θ�; θ̄�Þ; ð58Þ

and spinor covariant derivatives and supercharges are
given, respectively, by

D� ¼ ∂
∂θ� −

i
2
θ̄�∂��; Q� ¼ ∂

∂θ� þ i
2
θ̄�∂��; ð59Þ

together with their complex conjugates. They obey the
anticommutation relations

fD�; D̄�g ¼ i∂��; fQ�; Q̄�g ¼ −i∂��; ð60Þ

with all the other (anti)commutators between D’s, Q’s, and
∂�� being identically zero. Given anN ¼ ð2; 2Þ superfield
F ðζÞ ¼ F ðσ��; θ�; θ̄�Þ its supersymmetry transforma-
tions are given by

δQF ≔ iϵþQþF þ iη−Q−F − iϵ̄þQ̄þF − iη̄−Q̄−F :

ð61Þ

To discuss the partial supersymmetry breaking, we begin
introducing the simplest N ¼ ð2; 2Þ scalar multiplet. This
is described by an N ¼ ð2; 2Þ chiral superfield ϒðζÞ
satisfying

D̄þϒ ¼ D̄−ϒ ¼ 0: ð62Þ

In general, ϒðζÞ can efficiently be decomposed into N ¼
ð0; 2Þ multiplets expanding in the θ− and θ̄− coordinates

ϒðζÞ ¼ ΦðζÞ þ θ−ΨþðζÞ − i
2
θ−θ̄−∂−−ΦðζÞ;

ΦðζÞ ≔ ϒðζÞjθ−¼θ̄−¼0;

ΨþðζÞ ≔ D−ϒðζÞjθ−¼θ̄−¼0: ð63Þ

Here Φ and Ψþ are N ¼ ð0; 2Þ scalar and Fermi chiral
multiplets, respectively, satisfying

D̄þΦ ¼ D̄þΨþ ¼ 0: ð64Þ

Since we are interested in partial supersymmetry break-
ing, we only consider the transformation underQ−; Q̄− and
thus set ϵþ ¼ ϵ̄þ ¼ 0. The ϵþ, ϵ̄þ transformations will have
preserved off-shell supersymmetry while the η−, η̄− trans-
formations will be the ones spontaneously broken. The
supersymmetry transformation rules can straightforwardly
be read from (61) and, in particular, the two N ¼ ð0; 2Þ
superfields transform under the left supersymmetry as

δηΦ ¼ iη−Ψþ; δηΨþ ¼ η̄−∂−−Φ: ð65Þ

To realize the partial supersymmetry breaking from N ¼
ð2; 2Þ to N ¼ ð0; 2Þ, one needs to deform the above
transformation rules to

δ̃ηΦ ¼ iη−ðκθþ þΨþÞ; δ̃ηΨþ ¼ η̄−∂−−Φ; ð66Þ

where κ has mass dimension 1 and represents the super-
symmetry-breaking scale. As described in detail in [45,46],
the extra κη−θþ term is linked to a central charge defor-
mation of the supersymmetry algebra which is necessary to
have partial supersymmetry breaking. In fact, if we define
Ξþ ≔ DþΦ, by using the previous transformations it
follows

11Though it was not discussed in Refs. [16,42], it is simple
to show that the previously considered TT̄ deformations of
N ¼ ð0; 1Þ and N ¼ ð1; 1Þ free models of [16,42] also possess
additional, nonlinearly realized supersymmetry [N ¼ ð1; 0Þ and
N ¼ ð1; 1Þ, respectively], as their actions are equivalent to those
first studied in Ref. [46].
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δ̃ηΞþ ¼ −iη−ðκ þDþΨþÞ: ð67Þ

As in [51], these transformations can be converted into
standard nonlinearly realized supersymmetry transforma-
tions by defining

Ξ̃þ ¼ eδ̃ηΞþjη¼−1
κλ
; Ψ̃þ ¼ eδ̃ηΨþjη¼−1

κλ
; ð68Þ

where λ, which transforms as

δ̃ηλ
− ¼ κη− −

i
2κ

ðη−λ̄− þ η̄−λ−Þ∂−−λ
−; ð69Þ

is the complex Goldstino associated to the N ¼ ð2; 2Þ →
ð0; 2Þ partial supersymmetry breaking. One can then show
that Ξ̃þ and Ψ̃þ transform homogeneously as

δ̃ηΞ̃þ ¼ −
i
2κ

ðη−λ̄− þ η̄−λ−Þ∂−−Ξ̃þ;

δ̃ηΨ̃þ ¼ −
i
2κ

ðη−λ̄− þ η̄−λ−Þ∂−−Ψ̃þ: ð70Þ

This enables one to impose the supersymmetric invariant
constraints Ξ̃þ ¼ Ψ̃þ ¼ 0 that are solved by

Ψþ ¼ i
D̄þΦ̄∂−−Φ
κ − D̄þΨ̄þ ; Ψ̄þ ¼ −i

DþΦ∂−−Φ̄
κ þDþΨþ ;

ðΨþÞ2 ¼ ðΨ̄þÞ2 ¼ 0: ð71Þ

The previous result can also be rewritten as

Ψþ ¼ 1

κ
D̄þ½iΦ̄∂−−Φ −ΨþΨ̄þ�

¼ 1

κ
D̄þ

�
iΦ̄∂−−Φ −

D̄þΦ̄DþΦ∂−−Φ∂−−Φ̄
ðκ − D̄þΨ̄þÞðκ þDþΨþÞ

�
; ð72Þ

together with its complex conjugates. By using a standard
trick [46,47], the denominator ðκ þDþΨþÞ cannot con-
tribute terms like D̄þΦ̄, since the same fermionic terms
appear already in the numerator. Hence the ðκ þDþΨþÞ
term only appears effectively as

ðκ þDþΨþÞeff ¼
�
κ þDþ

iD̄þΦ̄∂−−Φ
κ − D̄þΨ̄þ

�
eff

¼ κ −
∂þþΦ̄∂−−Φ

κ − ðD̄þΨ̄þÞeff
; ð73Þ

which leads to

ðDþΨþÞeff ¼ −
∂þþΦ̄∂−−Φ

κ − ðD̄þΨ̄þÞeff
;

ðD̄þΨ̄þÞeff ¼
∂þþΦ∂−−Φ̄

κ þ ðDþΨþÞeff
: ð74Þ

Their solution gives

ðDþΨþÞeff ¼
1

2κ

�
B − B̄ − κ2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ4 − 2κ2ðBþ B̄Þ þ ðB − B̄Þ2

q �
;

B ≔ ∂þþΦ∂−−Φ̄;

B̄ ≔ ∂þþΦ̄∂−−Φ: ð75Þ

Substituting back into (71), one can express Ψþ in term of
Φ; Φ̄ and their derivatives:

Ψþ ¼ 1

κ
D̄þ

�
iΦ̄∂−−Φ −

2D̄þΦ̄DþΦ∂−−Φ∂−−Φ̄
κ2 − X þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ4 − 2κ2X þ Y2

p
�
:

ð76Þ

By construction, the two N ¼ ð0; 2Þ superfields ΦðζÞ
and ΨþðζÞ also possess a hidden nonlinearly realized
N ¼ ð2; 0Þ supersymmetry (66).
Now we can construct the following full superspace

action:

Sκ ¼
1

2

Z
d2σdθþdθ̄þdθ−dθ̄−ϒϒ̄ ð77aÞ

¼ 1

2

Z
d2σdθþdθ̄þ

�
i
2
ðΦ̄∂−−Φ −Φ∂−−Φ̄Þ −ΨþΨ̄þ

�
:

ð77bÞ

Alternatively, sinceϒ is chiral, one can also consider the
following supersymmetric action integrating over half
superspace:

Sκ ¼ −
κ

4

Z
d2σdθþdθ−ϒþ κ

4

Z
d2σdθ̄þdθ̄−ϒ̄ ð78aÞ

¼ −
κ

4

Z
d2σdθþΨþ −

κ

4

Z
d2σdθ̄þΨ̄þ: ð78bÞ

Note that here ϒðζÞ is defined as in (63) but with
ΦðζÞ and ΨþðζÞ now transforming as in (66). Then the
supersymmetry N ¼ ð2; 2Þ transformations of ϒðζÞ gets
modified to

δ̃Qϒ ¼ δQϒþ iκη−θþ; ð79Þ

with δQϒ as in (61). Despite the deformation of the
N ¼ ð2; 0Þ supersymmetry one can still explicitly verify
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that the N ¼ ð2; 0Þ supersymmetric variations of the
integrands in (77b) and (78b) are total derivatives [46].
Together with their manifest N ¼ ð0; 2Þ supersymmetry,
one finds that (77b) and (78b) are supersymmetric under
N ¼ ð2; 2Þ. This also justifies the manifest N ¼ ð2; 2Þ
superspace formulation of the actions in (77a) and (78a).
Using (72), it can be even shown that the above two

actions with N ¼ ð2; 2Þ supersymmetry are equivalent:

Sκ ¼
1

2

Z
d2σdθþdθ̄þdθ−dθ̄−ϒϒ̄

¼ −
κ

4

Z
d2σdθþdθ−ϒþ κ

4

Z
d2σdθ̄þdθ̄−ϒ̄: ð80Þ

Inserting the explicit solution (76), one can explicitly write
down the action as

Sκ ¼ −
κ

2

Z
d2σdθþΨþ ¼

Z
d2σdθþdθ̄þ

×

�
i
2
Φ̄∂−−Φþ DþΦD̄þΦ̄∂−−Φ∂−−Φ̄

κ2 − X þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ4 − 2κ2X þ Y2

p
�
: ð81Þ

Once we identify

α ¼ −
1

κ2
; ð82Þ

it is obvious that (81) gives exactly our previous TT̄-
deformed action Sα in Eq. (41), showing that Sα, besides

being manifestly N ¼ ð0; 2Þ supersymmetric, is also
invariant under the extra spontaneously broken N ¼
ð2; 0Þ supersymmetry (66).
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APPENDIX A: USEFUL RESULTS
FOR SEC. III B

Here we collect some useful technical results used in
Sec. III B. Equation (27) is

∂−−O−−ðζ; ζ0Þ ¼ −T −−−−ðζÞ½∂ 0
−−Sþþðζ0Þ −D0þW−ðζ0Þ þ D̄0þW̄−ðζ0Þ�

þ
�
DþT −−−−ðζÞ −

1

2
∂−−W̄−ðζÞ

�
W−ðζ0Þ −

�
D̄þT −−−−ðζÞ −

1

2
∂−−W−ðζÞ

�
W̄−ðζ0Þ

þ ð∂−− þ ∂ 0
−−Þ½T −−−−ðζÞSþþðζ0Þ� − ðDþ þD0þÞ½T −−−−ðζÞW−ðζ0Þ�

þ ðD̄þ þ D̄0þÞ½T −−−−ðζÞW̄−ðζ0Þ� ðA1aÞ

and

∂þþO−−ðζ; ζ0Þ ¼ −i
�
Dþ

�
D̄þT −−−−ðζÞ −

1

2
∂−−W−ðζÞ

��
Sþþðζ0Þ

− i

�
D̄þ

�
DþT −−−−ðζÞ −

1

2
∂−−W̄−ðζÞ

��
Sþþðζ0Þ

þ i
2
½DþW−ðζÞ þ D̄þW̄−ðζÞ�½∂ 0

−−Sþþðζ0Þ −D0þW−ðζ0Þ þ D̄0þW̄−ðζ0Þ�

−
i
2
ð∂−− þ ∂ 0

−−Þ½DþW−ðζÞSþþðζ0Þ þ D̄þW̄−ðζÞSþþðζ0Þ�

−
i
2
ðD̄þ þ D̄0þÞ½ðDþW−ðζÞÞW̄−ðζ0Þ� þ

i
2
ðDþ þD0þÞ½ðD̄þW̄−ðζÞÞW−ðζ0Þ�

þ i
2
ðDþ þD0þÞ½W−ðζÞD0þW−ðζ0Þ� −

i
2
ðD̄þ þ D̄0þÞ½W̄−ðζÞD̄0þW̄−ðζ0Þ�; ðA1bÞ
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where the unprimed superspace covariant derivatives,DA ¼ ð∂��;Dþ; D̄þÞ, act only on the superspace coordinates ζ while
the primed derivativesD0

A act only on ζ0. To emphasize the difference between (27), (A1a), (A1b) and (28), before and after
the θ ¼ θ0 limit, it is also useful to point out that the following equations hold:

ðDþ þD0þÞ ¼ ðQþ þQ0þÞ − iθ̄þð∂þþ þ ∂ 0þþÞ þ iðθ̄þ − θ̄0þÞ∂ 0þþ; ðA2aÞ

ðDþ þD0þÞ ¼ðQþ þQ0þÞ − iθ̄0þð∂þþ þ ∂ 0þþÞ − iðθ̄þ − θ̄0þÞ∂þþ; ðA2bÞ

and

ðD̄þ þ D̄0þÞ ¼ ðQ̄þ þ Q̄0þÞ þ iθþð∂þþ þ ∂ 0þþÞ − iðθþ − θ0þÞ∂ 0þþ; ðA3aÞ

ðD̄þ þ D̄0þÞ ¼ðQ̄þ þ Q̄0þÞ þ iθ0þð∂þþ þ ∂ 0þþÞ þ iðθþ − θ0þÞ∂þþ: ðA3bÞ

The last terms, that are functions of the distances in the
Grassmannian directions, ðθþ − θ0þÞ and ðθ̄þ − θ̄0þÞ, are
not multiplying a generator of (super)translations. For this
reason, in general, they do not annihilate superspace OPE
coefficients,which is necessary for the argument inSec. III B
to go through. Since these terms disappear when θ ¼ θ0, it is
enough to consider the coincident Grassmannian limit for
(28), which derives from (A1a)–(A3), to be true. This in the
end suffices to show the well definedness of the composite
operator O−−ðζÞ. To make more clear how to properly read
Eq. (28) let us elaborate further on how to interpret
expressions where the θ ¼ θ0 limit is taken.
Given two superfields U1ðζÞ and U2ðζ0Þ we consider

the superspace point-split bilocal operator Oðζ; ζ0Þ ¼
Oðσ; θ; σ0; θ0Þ defined as

Oðζ; ζ0Þ ¼ U1ðζÞU2ðζ0Þ: ðA4Þ

Its θ ¼ θ0 limit, Oðσ; σ0; θÞ ≔ Oðσ; θ; σ0; θÞ, is
Oðσ; σ0; θÞ ¼ U1ðσ; θÞU2ðσ0; θÞ ðA5Þ

and represents a point-split version in the bosonic coor-
dinates σ and σ0 of the composite operator OðζÞ ≔
U1ðζÞU2ðζÞ. We define the following differential operators:

D̂þ ≔
∂

∂θþ −
i
2
θ̄þ∂̂þþ; D̂þ ¼ −

∂
∂θ̄þ þ i

2
θþ∂̂þþ;

ðA6aÞ

Q̂þ ≔
∂

∂θþ þ i
2
θ̄þ∂̂þþ; Q̂þ ¼ −

∂
∂θ̄þ −

i
2
θþ∂̂þþ;

ðA6bÞ
with

∂̂�� ≔
∂

∂σ�� þ ∂
∂σ0�� : ðA7Þ

These satisfy the same algebra as the unhatted covariant

derivatives and supercharges, e.g., fD̂þ; D̂þg ¼ i∂̂þþ, etc.

It is then clear that, thanks to the Leibniz rule of the spinor
derivatives ∂

∂θþ and ∂
∂θ̄þ, it holds

D̂þOðσ; σ0; θÞ ¼ fðDþ þD0þÞOðζ; ζ0Þgjθ¼θ0 ; ðA8aÞ

Q̂þOðσ; σ0; θÞ ¼ fðQþ þQ0þÞOðζ; ζ0Þgjθ¼θ0 ; ðA8bÞ

and similar expressions for their complex conjugates. The
convenience to have introduced the hatted operators
becomes clear when we consider how supersymmetry
transformations act on Oðσ; σ0; θÞ. By using (4) for
δQU1ðζÞ and δQU2ðζÞ, it follows

δQOðσ; σ0; θÞ
¼ ½δQU1ðσ; θÞ�U2ðσ0; θÞ þ U1ðσ; θÞ½δQU1ðσ0; θÞ�
¼ f½iϵþðQþ þQ0þÞ − iϵ̄þðQ̄þ þ Q̄0þÞ�Oðζ; ζ0Þgjθ¼θ0

ðA9aÞ

¼ f½iϵþðDþ þD0þÞ − iϵ̄þðD̄þ þ D̄0þÞ�Oðζ; ζ0Þgjθ¼θ0

þ ðϵþθ̄þ þ ϵ̄þθþÞð∂þþ þ ∂ 0þþÞOðσ; σ0; θÞ; ðA9bÞ

which can be equivalently represented as

δQOðσ; σ0; θÞ ¼ ½iϵþQ̂þ − iϵ̄þQ̂þ�Oðσ; σ0; θÞ ðA10aÞ

¼ ½iϵþD̂þ − iϵ̄þD̂þ�Oðσ; σ0; θÞ
þ ðϵþθ̄þ þ ϵ̄þθþÞ∂̂þþOðσ; σ0; θÞ: ðA10bÞ

Then the hatted operators are the ones generating trans-
lations and N ¼ ð0; 2Þ supersymmetry transformations of
bilocal operators such as Oðσ; σ0; θÞ. These are the oper-
ators appearing in (28). Moreover, the results above make it
evident that taking the θ ¼ θ0 limit and acting on bilocal
superfields with Grassmann-dependent differential opera-
tors are two commuting operations.
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APPENDIX B: COMPUTATION OF THE
SUPERCURRENT

In this Appendix, we calculate the supercurrent of the
action (41) in order to verify that it is indeed arising form
the TT̄ deformation of the free theory (45). The strategy to
compute the supercurrent is to couple the model to super-
gravity in superspace and then take functional derivates
with respect to the gravitational superfield prepotentials.
This procedure is the superspace analog of the calculation
of the Hilbert stress-energy tensor in a generic QFT.
The study of 2D N ¼ ð0; 2Þ supergravity in superspace

was largely developed in the 1980s and we refer the reader
to the following works and references therein for details
[52–59]. In particular, we refer to [54,59] that we will
closely follow including their notations. The covariant
derivatives are defined as

Dþ ¼ ∂
∂θþ þ iθ̄þ∂þþ; D̄þ ¼ ∂

∂θ̄þ þ iθþ∂þþ; ðB1Þ

satisfying

D2þ ¼ D̄2þ ¼ 0; fDþ; D̄þg ¼ 2i∂þþ;

fDþ; ∂��g ¼ fD̄þ; ∂��g ¼ 0: ðB2Þ

Due to the covariant properties of these derivatives and
the isomorphism of different representations of the super-
algebra, all the expressions in different notations should
take the same form except for the coefficients. When
translating among different notations, the coefficients can
be fixed unambiguously by comparing the component
expression. For our supercurrent, the coefficients can be
fixed by considering the component of the supercurrent
which are related to the energy-momentum tensor.

1. N = (0;2) supergravity

In this section, we review the 2D N ¼ ð0; 2Þ super-
gravity following Refs. [54,59]. The superspace geometry
we consider is based on a structure group based on the 2D
Lorentz group. The covariant derivatives include the super-
Vielbein EM

A and its inverse EA
M, together with the

Lorentz connection superfield ωM, and take in general
the form12 ∇A ¼ ð∇��;∇þ; ∇̄þ̄Þ:

∇A ¼ EA
M∂M þ ωAM; ∂M ¼

� ∂
∂σ�� ;

∂
∂θþ ;

∂
∂θ̄þ̄

�
:

ðB3Þ

They satisfy an algebra of the form

½∇A;∇Bg ¼ TAB
C∇C þ RABM: ðB4Þ

The torsion TAB
C and curvature RAB superfields represent

highly reducible representations of local supersymmetry
and they are in general constrained to appropriately
describe the multiplet of N ¼ ð0; 2Þ Poincaré supergravity
off shell. We refer to [54,59] for a detailed analysis of the
constraints for the torsion and curvature tensors and the
Bianchi identities they satisfy. For the purpose of comput-
ing the supercurrent it is enough to describe how the
constraints are solved at the linear order in terms of a set of
unconstrained “prepotential” superfields that play the role
of the metric in the context of superfield supergravity; see
[50,60] for pedagogical reviews. At linearized order the
covariant derivatives can be expanded about a flat back-
ground as

∇A ¼ DA −HA
MDM þ ωAðHÞM; ðB5Þ

where the superconnection ωA is completely determined in
terms ofHA

M. To linear order, the constraints can be solved
in terms of three independent prepotential superfields:
H−−

−−, H−−
þþ, and H−−. All the other components of

HA
M can be expressed in terms of the prepotentials. The

expressions used in our paper are13

H−−
þ ¼ 1

2i
D̄þH−−

þþ; ðB6aÞ

H−−
þ̄ ¼ −

1

2i
DþH−−

þþ; ðB6bÞ

Hþþþ ¼ 1

2i
D̄þH−−

−−; ðB6cÞ

Hþþþ̄ ¼ −
1

2i
DþH−−

−−; ðB6dÞ

Hþþþþ ¼ H−−
−−; ðB6eÞ

Hþþ−− ¼ −
1

2
½Dþ; D̄þ�H−−; ðB6fÞ

Hþþ̄ ¼ Hþþþ ¼ Hþ̄þ ¼ Hþ̄þþ ¼ 0; ðB6gÞ

Hþþ þHþ̄þ̄ ¼ H−−
−−; ðB6hÞ

Hþ−− ¼ iDþH−−; ðB6iÞ

Hþ̄−− ¼ −iD̄þH−−: ðB6jÞ

The various components of the supergravity multiplet
can be obtained from the prepotentials through projections.
In particular, the linearized metric fluctuations are

12The þ̄ notation is used for convenience only to keep track of
barred and unbarred terms. 13The complex conjugate relation is ðHA

MÞ� ¼HĀ
M̄ð−ÞjAjþjMj.
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h−−þþ ¼ −H−−
þþjθ¼0; ðB7aÞ

h−−−− ¼ hþþþþ ¼ −H−−
−−jθ¼0; ðB7bÞ

hþþ−− ¼ 1

2
½Dþ; D̄þ�H−−jθ¼0: ðB7cÞ

After solving the constraints, the linearized supergravity
transformations of the prepotentials turn out to be [54,59]

δH−− ¼ iðΛþþ − Λ̄þþÞ; ðB8aÞ

δH−−
−− ¼ −

1

2
∂−−ðΛþþ þ Λ̄þþÞ −

1

2
∂þþK−−; ðB8bÞ

δH−−
þþ ¼ −∂−−K−−; ðB8cÞ

where K−− is real, while Λþþ; Λ̄þþ are chiral and anti-
chiral, respectively:

K−− ¼ K̄−−; D̄þΛþþ ¼ 0; DþΛ̄þþ ¼ 0: ðB9Þ

2. R multiplet from supergravity

Consider a general Lorentz invariant matter system
coupled to N ¼ ð0; 2Þ supergravity. Its action expanded
to first order in the supergravity prepotential is

Sint ¼ −
1

4

Z
d2σdθþdθ̄þð2H−−T −−−− þ 2H−−

−−R−− þH−−
þþRþþÞ; ðB10Þ

which leads to

Sint ¼ −
1

2

Z
d2σðh−−þþTþþþþ þ 2h−−−−Tþþ−− þ hþþ−−T−−−−Þ þ � � � ; ðB11Þ

where the ellipsis represents the fermionic contributions.
Assuming that the equations of motion for the matter are satisfied, the variation of the action under arbitrary supergravity

gauge transformations (B9) takes the form

δSint ¼ −
1

4

Z
d2σdθþdθ̄þ

	
2iΛþþ

�
T −−−− −

i
2
∂−−R−−

�
− 2iΛ̄þþ

�
T −−−− þ i

2
∂−−R−−

�

þ K−−ð∂þþR−− þ ∂−−RþþÞ


: ðB12Þ

The invariance of the action then dictates the following
conservation equations:

D̄þ

�
T −−−− −

i
2
∂−−R−−

�
¼ 0; ðB13aÞ

Dþ

�
T −−−− þ i

2
∂−−R−−

�
¼ 0; ðB13bÞ

∂þþR−− þ ∂−−Rþþ ¼ 0: ðB13cÞ

These, are exactly the conservation law for the R multi-
plet (14).

3. Computing the supercurrent

Next we are going to derive the supercurrent multiplet
for the models of interest in our paper. To do that, we first
need to covariantize the actions.
Since we are dealing with scalar multiplets, the Lorentz

connection ωA will be irrelevant for our calculations. Then
the covariant derivatives will always be

∇A ¼ DA −HA
MDM: ðB14Þ

The superdensity is expanded at the linear order in terms of
the prepotentials as

E−1 ¼ 1þ StrHA
M ¼ 1þHþþþþ þH−−

−− −Hþþ

−H−
− ¼ 1þH−−

−−: ðB15Þ

We also need to define the covariantly chiral and antichiral
superfields in supergravity:

∇þ
¯̂Φ ¼ ðDþ −HþþDþ − iDþH−−∂−−Þ ¯̂Φ ¼ 0: ðB16Þ

To linearized order, one finds the following expression for a

covariantly (anti)chiral superfield ( ¯̂Φ) Φ̂, in terms of a
standard (anti)chiral superfield (Φ̄) Φ:

Φ̂ ¼ ð1 − iH−−∂−−ÞΦ; ¯̂Φ ¼ ð1þ iH−−∂−−ÞΦ̄:

ðB17Þ
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To covariantize a matter action coupled to supergravity, we
replace all the quantities with covariant ones: DA → ∇A,

Φ → Φ̂; Φ̄ → ¯̂Φ. The superdensity E−1 should also be
taken into account in the superspace measure.

a. Free theory

To illustrate the strategy of computing the supercurrent,
let us first consider the free theory. The action is

S0 ¼ −
i
4

Z
d2σdθþdθ̄þΦ̄∂−−Φ: ðB18Þ

In the supergravity case the action takes the form

S0 ¼ −
i
4

Z
d2σdθþdθ̄þE−1 ¯̂Φ∇−−Φ̂: ðB19Þ

The integrand can be computed explicitly. To linear order in
the prepotentials, it holds

E−1 ¯̂Φ∇−−Φ̂

¼ Φ̄∂−−ΦþH−−
−−ðΦ̄∂−−Φ − Φ̄∂−−ΦÞ

þ
�
−H−−

þþΦ̄∂þþΦþ i
2
D̄þH−−

þþΦ̄DþΦ
�

þ ðiH−−ð∂−−Φ̄∂−−Φ − Φ̄∂2
−−ΦÞ − iΦ̄∂−−H−−∂−−ΦÞ:

ðB20Þ

Plugging this back into the action (B19) and integrating by
parts, we get

S0 ¼ −
1

4

Z
d2σdθþdθ̄þðiΦ̄∂−−Φþ 2H−−T −−−−

þ 2H−−
−−R−− þH−−

þþRþþÞ; ðB21Þ

where

R−− ¼ 0; ðB22aÞ

Rþþ ¼ −
1

2
DþΦD̄þΦ̄; ðB22bÞ

T −−−− ¼ −∂−−Φ∂−−Φ̄: ðB22cÞ

This is indeed the correct supercurrent R multiplet for a
massless free theory.

b. TT̄-deformed action

Now, we switch to our TT̄-deformed action (41). In
terms of the notation employed in this Appendix it is
given by

Sα ¼
1

4

Z
d2σdθþdθ̄þ

×

�
−iΦ̄∂−−Φþ α

DþΦD̄þΦ̄∂−−Φ∂−−Φ̄
1þ αX þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p
�
:

ðB23Þ

Covariantizing it, we get

Sα ¼
1

4

Z
d2σdθþdθ̄þE−1

×

�
−i ¯̂Φ∇−−Φ̂þ α

∇þΦ̂∇̄þ
¯̂Φ∇−−Φ̂∇−−

¯̂Φ

1þ αX̂ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX̂ þ α2Ŷ2

p
�
;

ðB24Þ

where

X̂ ¼ ∇þþΦ̂∇−−
¯̂Φþ∇þþ

¯̂Φ∇−−Φ̂;

Ŷ ¼ ∇þþΦ̂∇−−
¯̂Φ −∇þþ

¯̂Φ∇−−Φ̂: ðB25Þ

Since the free part has been computed, we now focus on
the second term, the nonlinear part. The three currents are
considered separately.
Computation of Rþþ.—The simplest current is Rþþ

which can be computed by turning on only H−−
þþ while

setting the other prepotentials to zero H−− ¼ H−−
−− ¼ 0.

In this case, to leading order, the covariant derivatives are
given by

∇þþ ¼ ∂þþ; ∇þ ¼ Dþ; ∇̄þ ¼ D̄þ; ðB26aÞ

∇−− ¼ ∂−− −H−−
þþ∂þþ þ i

2
D̄þH−−

þþDþ

−
i
2
DþH−−

þþD̄þ: ðB26bÞ

The superdensity is E−1 ¼ 1 and Φ̂ ¼ Φ; ¯̂Φ ¼ Φ̄. The
numerator of the nonlinear part is

∇þΦ̂∇̄þ
¯̂Φ ¼ DþΦþD̄þΦ̄þ: ðB27Þ

Due to the fermionic nature of this term, the denominators
of the nonlinear part cannot have terms likeDþΦþ; D̄þΦ̄þ.
So effectively, we can use

∇−− ¼ ∂−− −H−−
þþ∂þþ: ðB28Þ

Ultimately, it is easy to find, to linear order in the
prepotentials
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∇−−Φ̂∇−−
¯̂Φ

1þ αX̂ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX̂ þ α2Ŷ2

p

¼ ∂−−Φ∂−−Φ̄
1þ αX þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p

þH−−
þþ

2α

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2αX þ α2Y2
p − 1

�
: ðB29Þ

Then, it is straightforward to extract the Rþþ supercurrent
which takes the form

Rþþ ¼ −
DþΦD̄þΦ̄

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p ; ðB30Þ

where the free part contribution has also been included.
Computation of R−−.—Now we set H−− ¼ H−−

þþ ¼ 0
and keep only H−−

−−. Then, the covariant derivatives
become

∇þ ¼ Dþ −HþþDþ; ðB31aÞ

∇̄þ ¼ D̄þ −Hþ̄þ̄D̄þ: ðB31bÞ

The superdensity is E−1 ¼ ð1þH−−
−−Þ and Φ̂ ¼ Φ;

¯̂Φ ¼ Φ̄. In this case the numerator of (B24), at the linear
order, takes the form

∇þΦ̂∇̄þ
¯̂Φ ¼ ð1 −H−−

−−ÞDþΦþD̄þΦ̄þ: ðB32Þ

Using similar arguments as in the last subsection,
effectively we have

∇−− ¼ ∂−− −H−−
−−∂−−; ðB33aÞ

∇þþ ¼ ∂þþ −H−−
−−∂þþ: ðB33bÞ

Plugging these results back into the action and expand-
ing to linear order in the prepotentials, one finds the
supercurrent

R−− ¼ α
DþΦD̄þΦ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2αX þ α2Y2
p

×
∂−−Φ̄∂−−Φ

1þ αX þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p : ðB34Þ

Computation of T −−−−.—Finally, we are going to
calculate T −−−− by just turning on H−− and by setting
H−−

−− ¼ H−−
þþ ¼ 0. The covariant derivatives are

∇þ ¼ Dþ − iDþH−−∂−−; ðB35aÞ

∇̄þ ¼ D̄þ þ iD̄þH−−∂−−; ðB35bÞ

∇þþ ¼ ∂þþ þ 1

2
½Dþ; D̄þ�H−−∂−−; ðB35cÞ

∇−− ¼ ∂−−: ðB35dÞ

The superdensity is simply given by E−1 ¼ 1, but the
covariantly chiral superfield and its covariant derivative
have a nontrivial dependence upon H−−:

Φ̂ ¼ ð1 − iH−−∂−−ÞΦ; ∇þΦ̂ ¼ ðDþ − 2iDþH−−∂−−ÞΦ:

ðB36Þ

The extra pieces here pose an obstruction to further
simplifying the covariant derivatives as we did before.
This makes the calculation of T −−−− more complicated.
Collecting all the results together, we get the covariantized
action expanded to first order in H−−:

Sint ¼
1

4

Z
d2σdθþdθ̄þ

�
αDþΦD̄þΦ̄ · ½Dþ; D̄þ�H−−ð−αÞð∂−−Φ∂−−Φ̄Þ2 1þ V

VZ2

þ 2iαðDþΦ · D̄þH−−∂−−Φ̄þ D̄þΦ̄ ·DþH−−∂−−ΦÞ ∂−−Φ∂−−Φ̄
Z

�
; ðB37Þ

where (we also introduce Z̃ for later convenience)

V ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p
; ðB38aÞ

Z ¼ 1þ αX þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p
; ðB38bÞ

Z̃ ¼ 1þ αX −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αX þ α2Y2

p
: ðB38cÞ

To simplify the calculation, from now on we focus on
terms contributing to the supercurrent which have no bare
DþΦ and D̄þΦ̄ terms. The reason is that, when we consider
the TT̄ primary operator, the contribution involving T −−−−
will appear in the product T −−−−Rþþ. From the explicit
expression of Rþþ (B30), we immediately see that any
DþΦ; D̄þΦ̄ part in T −−−− has no contributions due to its
fermionic nature. After some integration by parts in (B37)
we obtain
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Sint ¼
1

4

Z
d2σdθþdθ̄þ2H−−ð∂−−Φ∂−−Φ̄Þ

×

�
α2ðX2 − Y2Þ 1þ V

VZ2
− 2α

X
Z
þ � � �

�

¼ 1

4

Z
d2σdθþdθ̄þ2H−−ð∂−−Φ∂−−Φ̄Þ

�
1

V
− 1þ � � �

�
;

ðB39Þ

where the ellipses represent terms proportional to DþΦ or
D̄þΦ̄, and we used the relations

α2ðX2 − Y2Þ ¼ ZZ̃;
1

V
−

Z̃
VZ

¼ 2

Z
: ðB40Þ

Once we add the contribution form the free action (B22c)
we obtain

T −−−− ¼ −
∂−−Φ∂−−Φ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2αX þ α2Y2
p þDþΦ · #þ D̄þΦ̄ · #:

ðB41Þ

It is easy to verify that these supercurrents give rise to the
correct energy-momentum tensor in the pure bosonic case.
This also enables us to translate the results here into the
notation of the main body of the paper.

APPENDIX C: DEFORMATION OF THE FREE
ACTION IN COMPONENTS

We have given schematically the component expression
of the supersymmetric TT̄ deformation of a freeN ¼ ð0; 2Þ
action in Eq. (55). Here we give the explicit form of the
coefficients, in terms of the variable x, y introduced
in Eq. (37):

Aðx; yÞ ¼ 1

4α

�
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

q �
;

Bðx; yÞ ¼ i

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p ;

Cðx; yÞ ¼ i
2αðx2 − y2Þ

�
1 −

1þ αxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p
�
;

D−−ðx; yÞ ¼
iα

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p ½ð1þ αðxþ 2yÞÞð∂−−∂−−ϕ∂þþϕ̄þ ∂−−∂þþϕ̄∂−−ϕÞ� þ i∂−−ϕð∂−−ϕ̄Þ2∂2þþϕ

×

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p
αðx − yÞðxþ y2Þ þ 3

2αðx − yÞ2ðxþ yÞ þ
1þ 3α2x2 − α3ð2x3 − x2y − 4xy2 þ y3Þ
2αðx − yÞ2ðxþ yÞð1þ 2αxþ α2y2Þ

�
þ c:c:;

Eðx; yÞ ¼ −
α

4

1 − αx

ð1þ 2αxþ α2y2Þ3=2 ;

Fðx; yÞ ¼ α2

ð1þ 2αxþ α2y2Þ3=2 ;

Gðx; yÞ ¼ 4

αðx2 − y2Þ2
�
1 −

ð1þ αxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2αxþ α2y2

p þ x2 − y2

2

α2

ð1þ 2αxþ α2y2Þ3=2
�
: ðC1Þ
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