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We study 3d N = 2 Chern-Simons (CS) quiver theories on S> and X, xS I, Using localization results,
we examine their partition functions in the large rank limit and requiring the resulting matrix models to be

local, find a large class of quiver theories that include quivers in one-to-one correspondence with the ADE

Dynkin diagrams. We compute explicitly the partition function on S for D quivers and that on Ty xS ! for

AD quivers, which lead to certain predictions for their holographic duals. We also provide a new and simple
proof of the “index theorem,” extending its applicability to a larger class of theories than considered before

in the literature.
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I. INTRODUCTION AND OUTLINE

Supersymmetric localization has made a whole host of
theories accessible to nonperturbative analysis. It provides
a powerful framework to construct and compute quantities
along the renormalization group flow nonperturbatively.
One of them is the exact partition function Z for super-
symmetric gauge theories put on various curved manifolds
in different dimensions (see [1] and references therein).
This has led to a deeper understanding, checks and/or
discovery of various dualities among field theories, even
across dimensions. Since one gets access to exact results,
one can test AdS/CFT correspondence in the regime
relating weak gravity results (may or may not have been
obtained via localization) to strong coupling results in the
field theory (highly likely to have been obtained via
localization). We will focus here on this latter possibility
with the study of supersymmetric quiver gauge theories in
three-dimensions, i.e., an example of AdS,/CFTj.

Free energy. Localization was successfully applied to
compute the partition function of 3d Chern-Simons-matter
(CSm) theories placed on 3-sphere S* in [2—4]. The first
explicit construction of a 3d N’ = 6 gauge theory with
M-theory dual was presented in [5] and is now known as
ABJM theory. It involved two U(N) gauge groups with CS
terms at levels +k and four bifundamental chiral multiplets
(in terms of N =2 multiplets). The dual geometry
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involved placing N M2-branes at the tip of a C*/Z,
singularity such that in large N limit, the AdS,xS’/Z,
vacuum solution of M-theory was obtained. Following this,
a large number of A > 2 dual pairs have been identified,
with the M-theory dual of the form AdS, x Y, where Y5 is
a (tri-)Sasaki-Einstein manifold given by the base of a
certain 8d (hyper-)Kéhler cone [6-12]. The AdS/CFT
dictionary relates Vol(Y;) to the free energy Fg of the
dual gauge theories in the large N limit [7,13]

270

Fg =—log|Zy| =N/ | ————.
s = ~log|Zg| 27Vol(Y5)

(1.1)

This provides an important tool to compute the volumes via
computations in the dual field theory.

We will consider general ' = 2 quiver gauge theories
on S3 involving matter multiplets with arbitrary R-charges
A’s in the large N limit. This will lead us to a large class of
quiver theories whose free energy scales as N*/? from
requiring that the long-range forces in the resulting matrix
model cancel (or equivalently, that the matrix model be
local) along with a constraint on the R-charges of bifun-
damental multiplets given by (2.6). A subset of this
constraint leads to the ADE classification via a simple
constraint on the bifundamental R-charges:

A(a.b) + A(b,a) - 1 (12)

Note that for A/ > 3 case, this condition is automatic since
the supersymmetry enhancement fixes the R-charges to be %

and ADE classification was presented in [14]. We will then
explicitly solve the large N matrix model of the N = 2 D
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quiver theories,' whose dual geometry involves certain
7-dimensional Sasaki-Einstein manifolds Y. Computation
of their volumes directly does not necessarily give the
volume for the Calabi-Yau (CY) metric necessary for the
AdS/CFT correspondence.” This can be circumvented by
using the geometrical result of volume minimization that
fixes the Reeb vector and gives the correct volume of
the Ricci-flat Kéhler manifold, which corresponds in
the dual field theory to F-maximization that fixes the
R-charges at the IR fixed point [8,18,19]. We will leave the
check of this correspondence in the case of D quivers for
future work and treat the Fg computed in Sec. IV as
predicting the volumes of the relevant Sasaki-Einstein Y ’s.

Twisted index. Localization has also been used to
compute the partition function of 3d CSm theories on
DIP S' with a partial topological twist [20] on the
Riemann surface (X,) of genus g [21-23]. This partition
function is usually called topologically twisted index and

depends on chemical potentials v = A% + ig? (complex
mass parameters constructed from the background vector
multiplets coupled to the flavor symmetries) as well as
background magnetic fluxes n through %, for the flavor
and R-symmetry. It was shown in [24] that the large N limit
of NlogZg, ¢ for ABJM theory reproduces the macro-
scopic entropy Spy of supersymmetric magnetic AdS,
black holes discussed in [25]. The large N limit for many
other theories has been considered in [26,27], which
revealed a connection of Bethe potential }—obtained
as an intermediate step while computing the twisted
index—to the F ¢ discussed above. In addition, a relation
dubbed “index theorem™ was proven which showed
that the twisted index could be written directly in terms
of the V and its derivatives with respect to the chemical
potentials.

We will again consider general N/ =2 quiver gauge
theories on X, X S! in large N limit and find that ADE
classification [as a subset of quiver theories which satisfy
(3.7) and (3.12)] follows from the requirement that the
matrix model is local and the following set of constraints is
satisfied:

1
V(a.b) + V(pa) = E and LT + Npa) = 1. (13)

"The N =2 A quivers have been discussed in detail in [15]
and E quivers can be solved using the approach discussed in this
paper, but due to increasing complexity (and decreasing clarity)
of the expressions, we refrain from giving the explicit results
here.

*It was not the case for \VV > 3 theories where the hyper-Khler
structure guarantees the CY condition, which was used to
calculate explicit volumes for toric quivers like A in [16] and
nontoric ones like D in [17].

3This nomenclature was introduced in [26] and has stuck in the
derivative literature since then. It has no relation to the (Atiyah-
Singer) theorem about the index of elliptic differential operators.

We will then compute the large N limit of the topologically

twisted index for AD quivers. Abusing the terminology
slightly, we will denote 7 = log|Zy , 1| and call it the

twisted index most of the time.* Along the way, we will
extend (and simplify) the proof of the relation between the
Bethe potential and the twisted index to cover not just the
A-type quiver theories [26] but a large class of theories

including the DE quivers. Once again, we will not construct
the dual AdS, black hole solutions to compute the entropy
Sy explicitly (see the recent review [31] and references
therein for more on twisted index and entropy matching).
Assuming AdS/CFT correspondence to hold, we can
conjecture that the twisted index computed in Sec. V for

AD quivers is the entropy for the corresponding dual black
holes (after extremization with respect to the chemical
potentials), leaving an explicit check for future. However,
for the specific case of the universal twist [32,33], we
provide further evidence for the AdS/CFT correspondence.
In this case, due to holographic renormalization group flow
from AdS, to AdS,, the black hole entropy follows a
simple relation (g > 1):

SBH = (g— 1)F53. (14)
The twisted index is also proportional to the free energy and

a simple relation between various quantities introduced till
now follows

ol

with —

(1.5)

Here, A’s are the R-charges of the bifundamental fields

appearing in the ADE quiver at a superconformal fixed

OF 3

. . . . .
point where Fg: is extremized, i.e., Aoy =

Outline. In Sec. II we review the computation of free
energy on S in large N limit. In Sec. Il we revisit the
twisted index computation in large N limit and set up our
notation consistent with the previous section. Along the
way, we provide some new results including a simple proof
of the relation between Z and V. In Sec. IV we specialize to
the free energy computation: we review the result for Am
quivers; provide an explicit example of D, quiver and
conjecture the result for D,, quivers. In Sec. V we move on

“We will consider here field theories having M-theory duals
only. Theories with type IIA duals can also be similarly
considered as have been done in [28-30].
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to the twisted index computation: we provide explicit
computations for Ay and D, quivers, and present the
general results for Ams and D, quivers based on the
previous section. We conclude with Sec. VI and
the Appendix where we collect some derivations and
proofs to make this paper self-contained.

IL. $* AND FREE ENERGY

We consider N = 2 quiver CS gauge theories involving
vector multiplets (VM) with gauge group G =®, U(N,,)
and matter multiplets (MM) in representation ®; R; of G.
We will deal with (anti)bifundamental and (anti)fundamen-
tal representations only. VM consists of a gauge field A, an
auxiliary complex fermion 4, (¢ = 1, 2) and two auxiliary
real scalars ¢ and D. MM consists of a complex scalar ¢, a
complex fermion y, and an auxiliary complex scalar F.

The theories in consideration have been localized on $3
in [2-4]. According to them, Zg gets localized on
configurations where o, in the N’ =2 VMs are constant
N, x N, matrices and thus the original path integral
reduces to a matrix model:

in kytr(c2)
Zg = / ( d0a>e 2
|W| a an

X HdetAd 2sinh(za(o,) HdetR 2(1=Atipi(e)))
vk,
(2.1)
i . in . i
£(z) = Zle(ez’”Z) + Ezz — zlog(1 — €27%) — ok

£'(z) =

where k, are the CS levels of the VM corresponding to
U(N,), A; are the R-charges of the corresponding MM in
representation R;, and a(c), p(o) are the roots and weights
of the appropriate gauge group representations. Denoting
the eigenvalues of o, matrices by 4,; with i =1,...,N,
leads to a simple expression for free energy:

FSS = —10g|ZS3| = ZS3 :/Hd}{a.ie_Fﬁ({ﬂaj})

—rz cot(nz), (2.2)

:>FS3z—iﬂZk/1 =2) " “log|2sinh(zd,; — 74, ;)]
a i>j
- Z Zf 1_ (a,b) +l(ﬂ'al )“17]))
(a,b)EE 1]
=Y DD A0 = Apetidgy). (2.3)
a {5

>To our knowledge, the general result for twisted index of A,,
quivers presented here is new and only certain limits of that result
are available in the literature.

Here, we have included only bifundamental and funda-
mental representations explicitly; the (anti)reps can be
similarly added and will be added below as required.
We are most concerned with the above expression’s large
rank limit, keeping the CS levels fixed. For that purpose, we
rewrite N, — n,N for some integers n,(>1) and then take
N — o by going to a continuum limit. We will mostly
follow [7,10,14,15,34] in our saddle point analysis of F
so most of this section has appeared before in the literature
in one form or the other, apart from the explicit identi-

fication of N =2 ADE quivers.
The saddle point equation following from (2.3) for 4, ; is

8F53
0= T 2; coth[ (i = Aa j)]
=Y (U= By + il = 4 ))
b|(a.b)EE.j
X COth[iT(/la’,- - /1/,,]' + iA(a,h))]

= Y (I =Apy —i(de

b|(a,b)EE.j
x coth[z(d,; = Ap

— )

- lA(ba))] (24)
The CS term and terms from fundamental matter are
subleading compared to the vector and bifundamental
contribution so we do not write them above. To take the

continuum limit, we assume the eigenvalue distribution for
U(n,N) to be

Aai = Aag(x) = N%x 41y, (x) (with I=1,....n,),

(2.5)

and introduce an eigenvalue density p(x) =+ >_,6(x — x;)
such that [dxp(x) = 1. This allows us to use the large
argument approximation for coth(z(4,;—4, ;)| ~sgn(x—x’)
and convert ) ; > N [dxp(x)}_,. Note that if we demand
the same number of bifundamental and antibifundamental
matters at each edge, then no contributions arise at
O(N'*%). The contribution at O(N) then gives a constraint
on n,’s and R-charges as follows:

8F53
0= aﬂa,i X (Zna — b(z (2 - A(a,b) - A(b.a))nb)

a,b)eE

X N/dx’p(x’)sgn(x -x')

= 2”(1 = Z (2 - A(a,b) - A(bVa))nb'
b|(a,b)EE

(2.6)

This constraint originating from the saddle point analysis
guarantees the cancellation of long-range forces and the
expression for free energy will turn out to be local. We will
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FIG. I. ADE quivers with comarks n, written inside the nodes. (For D, quivers, CS levels are also marked.)

present the off-shell expression for free energy with generic R-charges but for explicit computation of free energy, we will
consider a stricter constraint: A, ) + A4 = 1. Itis easy to see that this gives us an ADE classification (see Fig. 1) for

these N/ = 2 quivers just like in the N' = 3 case.” This condition can also be motivated from the analysis of superpotential
as discussed in [15].
Now moving to Fg, we have from (2.3)

Fszz—mN/dxp Zk (Nx + iy, (x))?

- N? / dxdx'p(x)p(x')y _ log [2sinh(zN*(x = x') + iz (7, (x) = Yo ()]

al.J

- N? / dxdx'p(x)p(x') Z Z (1= Ay +IN“(x = X') = (yau(x) = yps(x)))
(

ab)ee 1.J

—N/dxp(x) Z (1= Ape +iN“x =y, ;) N/dxp Z (1= Ap —IN“X+ ).
affy1

We change variables from N%(x — x') — & where required and keep at most two highest orders of N in each term to get’

Fg ~ —i;tN”z“Z(nuka)/dxp(x)x2 + 271N1+”/dxp(x)Zkaxya,,(x)
a,l

a

1 .
4 EN2—(1 / dxp(x)zz arg(ean(yuy,—yd_,—l/2))2

al.J

1 : oy
—ENZ‘“/dxp Z Z[ (1= App) = Vau — Yp)) arg(e¥ /2= Aan=0ar=vos)) )2

YeE 1.J

+ 3L arg(ezni(1/2_A(a,b)_(ya.l_.YbJ)) ) (77:2 —_ arg(ezzi(1/2_A(a.b)_<ya.1_yb.l>) )2) + (A(b a)terms)}
T s

HYND (o, = ) [ asotoe

a3 [ dxo(a)i [ (1= &g =3+ 320 = By 3| 27)

77 7

®This is not the only simple solution of (2.6). For example, ABIM theory (A,) and other odd A quivers can still be constructed with the
less strict condition: Aq,_14) + Aua-1) T Awar1) T Aaria) = 2. It would be interesting to study generic non-ADE theories with
nontrivial constraints on R-charges compatible with (2.6).

We use arg(e?™*) = 2zx + 2xr|} — x| later. We have omitted divergent (as well as constant) terms that cancel due to (2.6). See
Appendix for details.
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Here, f(f“) are the total number of (anti)fundamental fields at node a. We see 3 powers of N so let us assume > ,n,k, = 0

and 3, (f

nontrivial solutions, a much stricter equality f¢
extremized:

Fg = N3/2/dxp {Zﬂkaayal(x

— f9)n, = 0 so that we can match N'** = N>~ giving us the expected a = % We also point out that to get
= f“ needs to be imposed8 leading us to the final expression to be

x) (Z arg(eZ”i()’a.l—)’u_/—l/Z))2

a,l.J

B Z Z{ (1= Agap) = (Vas = Yp.g)) arg (e /2 Ban=0armm)))2

(a,b)eE 1.J

+ L arg(e27i(1/2=8n=0ur=02)) (72 — arg

3

+ z|x|(2np — AF)] — 2auN3/? </ dxp(x) — 1).

(ezni(l/z—A(a,b)—(ya.I—yb./)))2) + (Aw‘a)terms)])

(2.8)

We defined np = >, fn, = > f 0o Ap = >, oy a(Bpa + A.) and have added a Lagrange multiplier (x) term to
enforce the normalizability of the eigenvalue density. On general grounds [11], extremizing F¢ gives

53 =

47 N3/?
3

. (2.9)

We will sometimes use a bar to denote an on-shell quantity as in (2.9) above, when compared to the off-shell quantity given

by an integral expression as in (2.8).

This completes the review of the free energy Fg. Let us now turn to computation of the twisted index.

IIL X, x S’ AND TWISTED INDEX

The topologically twisted index is the 7, x § ! partition function with a topological twist along the Riemann surface of
genus g, X,. It was derived for £; = $? in [21] and extended to generic g in [22]. The main result reads (we choose unit

radius for the circle S!):

s =y 2 f (I I o )= T (T

a Cartan

7‘[/) uy)+rivy
x H H ( 27rp up)+2wiv;
PER;
where u=1i([gA+ic) are the holonomies and
m =t fz F are the magnetic fluxes corresponding to

the gauge group, V= f AP9 + i6?9) are the holonomies
(or chemical potentials) and n are the fluxes for the

*While solving the matrix models explicitly, we will set f¢ = 0
since nonzero f“ modify the resulting expressions in a well-
known (and trivial) way (see for example [34,35]).

*We have kept the (—1)*™ contribution of the vector
multiplet explicitly as it contributes to the Bethe potential and
is required for a consistent result, the way we take the large N
limit (see Appendix).

> pr(m)+(g=1)(n;+(4,-1))

— ezﬂa(ua))]_QH(_l)a(mu)>

a aceG a>0

: (3.1)

[
background vector multiplet coupled to flavor symmetry
such that n(g — 1) is integer-quantized.'® The real part of v
is defined modulo 1 so we choose v to satisfy 0 < v < 1.
The Hessian B is a contribution due to fermionic zero-
modes and (up to some constant factors) is given by

~ d ch+] looj
B~ detwh, o0l om Ip,

appearing in (3. 1) except for the B8 factor.

where Z . j40p 18 the full integrand

'"The different definitions for the same quantities correspond-
ing to gauge and flavor groups are chosen for later convenience
when comparing the large N results for twisted index to those for
free energy on S°.
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As with Z, we are interested in the large N limit of the
above expression. It was studied for ABIM theory (A;) in
[24] and for A-type quiver theories in [26]. As discussed
there, due to the sum over magnetic fluxes, evaluating this
limit becomes a two-step process: (1) Sum over magnetic
fluxes, m,; (2) Integrate over the holonomies, u,. The first
step involves summing a geometric series, which generates
factors like - - leading to poles at i, such that

B,

AB’
) =1. We solve for i1, by constructing an auxiliary
object called the “Bethe potential” V' defined as 5 - = B
such that extremizing V gives the Bethe ansatz equations
(BAEs): av luea = B (&) = 0."" V once again turns out to
be related to Fg so we can easily solve it in the large N

limit. The second step then involves substituting this
solution back in Zy , s and using the residue theorem to

get the final result:

ZngS‘ = Z (B(ﬁ))g_IH H (1 — eZna(ﬁa)>l—

i1EBAE a acG
el i (g=1)(i-1)
x H H 2IZ[I i)+ 2riv; ’ (32)
PER;

where the Hessian can now be rewritten as B =

det and we have shifted the flavor flux with

ai,bj 5. 5,7 8 3 /
the R- charge fi = (n 4 A) but we will suppress the “over n

in what follows. Again, we will evaluate this final expres-
sion only in the large N limit.

A. Summing fluxes - V

We consider ' = 2 quiver theories with gauge group
®, U(N,) now so most expressions below have a non-
trivial summation Zb|(a,h)e £ accompanying the vector and
bifundamental matter contributions when compared to
similar expressions in the literature.

We begin with the BAEs which are obtained as coef-
ficients of m/, from the exponentiated form of the integrand
in (3.1):

=Bl = 2wk, ul, + ngn (j—i)ir

+ZZ

bl(a.b)eE ]

= u, + ()
—v(ub—u;—i-w( )

+ Zv’(ui + i) Zv

f“ fu

u + wfa

(3.3)

"Bi () = 0is stricter than ¢/%:(i) = 1 but we will see that the
solution obtained is consistent with known results and has
expected behavior in simplifying limits of v’s.

These can be derived from the following Bethe potential V
via B, = V.

oul,
V:—iZﬂka( Zﬂsgn]—z ul — ul)
tll]

—1i Z Z ul, —uh—l—w(ab>)

(a,b)EE 1.j

+ v(ub —ul + i, ,,)))

—lzz u +ll/fa —zz u +”Jfa
(3.4)
where we defined, in analogy to £(z),
zr 7
—L 2rz TR _ 2.
7]( ) 12( ) + 2Z 12 5
V(z) = Lil(ez”z) + 7z. (3.5)

We chose v(z) such that »(0) =0, however, v/(z) is
divergent at z = 0.

To take the continuum limit, we again denote the
eigenvalues of the u, matrices by 4,; and assume the
eigenvalue distribution for a node with U(n,N) group to be
the same as before:

Aai = Aag(x) = Nx+iy,(x) (withI=1,....n,),

(3.6)

with an associated eigenvalue density p(x) normalized as
Jdxp(x) = 1. We convert y_; > N [dxp(x))_, and note
that we again need the same number of bifundamental and
anti-bifundamental matters at each edge to cancel higher
order terms. To cancel potential divergent terms (as before),
we are led to a constraint relating the comarks n,’s and
chemical potentials 2’s as follows (see Appendix for
details):

)DLED (B

(a,b)€EE

( ))nanb. (37)

This leads to a larger class of theories than those considered
in the literature whose twisted index turns out to scale as
N*?in the large N limit. We note that for v, ) + v(y4) = %

we get an ADE classification just like the F g as the above
equation becomes equivalent to 2n, = 3 (4 p)e #1. "> This
condition can also be derived from the analysis of possible
superpotential terms as discussed in [24,26]. Thus, we are
led to the same constraint on a as before (1 +a =2 —a)
implying @ = % and the Bethe potential in large N limit reads

12As discussed in footnote 6, for ABJM theory and other odd A
quivers, the condition can be made less strict: v(,_1 o) + V(4,a-1)+

V(ga+1) T Var1a) = 1. However, we will not discuss non-ADE
constraints in detail.
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VzN3/2/dxp [2ﬂx2kaya, Y 2p

Z Z {arg 271(Y a1 =YV ab) —1/2))

(a.b)eE 1J

x (m2 — arg(e¥ i 0arprtvan=1/2))2) 4 (Z/(b,a)term)] + z|x|(np — I/F)] — 27fiN3/? (/ dxp(x) — 1). (3.8)

Here, vy =), Z{fu} n,(vs« + Dy ) and we have again set
S gk, =0, f* = f¢ We have also added a Lagrange
multiplier (1) term to enforce the normalizability of the
eigenvalue density. We can also simplify the exponent by
using the constraint v, + v, =3 Which will be
employed below to derive the twisted index in terms of
the Bethe potential. Notice the similarities and differences
of the above expression with the expression for Fg in (2.8),
especially the scaling N*/? and missing vector contribu-
tions. This naively seems to suggest that V ~ F ;s may not
hold for the larger class of theories being considered here.
We will see later that it is not so. On general grounds [11],
extremizing ) gives (just like the free energy)

0=n8+

> 3| (it

b|(a,b)EE

9 <i(yb,1(x) = Ya1(X) + V(p.a) +

N'/2 Z Z|: (8Yap.10(X)+V(a,),0)

= Bl ~ -N
|(a,b)€E

where () 0) 1s the Kronecker delta symbol that equals 1
when f(x) =0 and O otherwise. We used the following
large N limit:

Li; (exp(2ze™""Y())) = —log(1 — exp(2me™N"*Y))

~ —log(—2me V"1 ()

~ +N'2Y(x). (3.11)

Note that Y*(x) >0 for all x so that the exponential
term is subleading and is a consistency check for
explicit computations. We stress that the above equation
is used to extract the Y*(x) functions (while keeping track
of the sign) from (naive) equations of motion B/, evaluated
at the saturation values of the y(x)’s as denoted by the

O(5y(x)40.0)

B. Integrating holonomies — 7
Moving back to Zs xs'» We NOW have to derive the large
N limit of (3.2). This limit can be taken in a similar way to

Y&,l;b,]) (x) - 5(5)’4117.11()‘)—”(1:.:4)’0) Y(_a,I;b,J) (x):| ’

I
47N3/?

V=73

. (3.9)

It turns out that the large N limit of V is not enough to
compute the twisted index because ) has no divergences at
leading order whereas the original BAEs display divergent
behavior. This behavior follows due to bifundamental
contributions involving ¢'(z) being divergent at z =0
[24]. Let us separate out the divergent part of (3.3) but
continue to denote rest of the finite terms as B and
schematically introduce exponentially small corrections as
follows:

_Nl2y+
be(x) +V(g,b)) +e NYEY G (& )>

eV Vs )>]

(3.10)

|
the Bethe potential (see Appendix for some details)

but with fixed a :% such that the overall scaling of the

index turns out to be N3/? as expected. To cancel the
divergent terms in order to get local integrands as in
the case of Bethe potential, we are led to a constraint on
the flavor fluxes:

This general constraint goes together with (3.7) to define a
larger class of theories with N3/ scaling of their twisted
index. Note that for n(,; + n, =1, we recover the

ADE classification which we will impose for evaluating
examples explicitly.13 Finally, the large N limit of the
twisted index reads (see Appendix for some details):

BFor ABIM theory and other odd A quivers, the condition is
less strict: n(,_14) + Maa-1) + Maar1) T Mar1a) = 2, S €X-
pected by now.
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7 = log|Zs, e~ (4= DN [ dipto)| ot

<Z arg 27zt (ar(x V,,J(x)—l/2)>2

alJ

e S g arg( 2O (0 >>)2]—(n(a,b)term))

(a,b)eE 1.J
S S B 0V (6) el (20— w)} (3.13)
ub eE 1.J

where nj is defined similar to v, and the conditions on
N, s and v(, p)’s have been used. The above expression is

to be evaluated by substituting {p(x). y, ;(x), Ya o) (®)}
obtained from extremizing the Bethe potential.

C. Relating Z - YV

We now present a simple derivation of the relation
between the twisted index Z and the Bethe potential V.
As the Bethe potential gets no contribution from vector
multiplets, it seems unlikely at first that } can be directly
related to Z. This fact is precisely what comes in handy. We
augment V in (3.8) by terms similar to the bifundamental
contributions that look like adjoint contributions parame-
trized with v, such that for v, = 0, these adjoint terms
vanish. Then, we can write off-shell:

- a 1 an 31/1

where / runs over all multiplets and it is understood that for
vectors we set n, = —1 and v, =0 at the end of the
differentiation. This is true simply because )V depends on
v(z) functions and Z on ¢'(z) multiplied with (g — 1)n,

though (3.12) has to be used to cancel some 5’s. The
Kronecker & contributions are also included in this form,
which can be shown by using the equations of motion

(3.10) and chain rule for differentiation, for example,

(3.14)

b
n,=—1,v,=0

GV 6ya I
aya 1 81/ (a,b)
= (ap) (5(6)7ab.11(x)+y(a.b)so) thz,l;b,l) (x)) (+1)’ (3'15)
J
a]_) 8]_}(1/(‘{ b)’ e
After: — = _
. an T B,

which is what appears in (3.13). The n(,,) Y~ (x) term
with proper sign also similarly follows. Thus, we have
proven that the twisted index can be obtained from the
Bethe potential and this relation is valid for a larger
class of theories than considered in [26], as the more
general constraint (3.12) was required to complete the
proof.

The above formula focuses on the integrands and
under certain conditions (for example, whenever definite
integration and differentiation commutes), it is valid even
after the integration is done (i.e., on-shell):

(3.16)

- oV
T=(g-1 n,—
(g )21: 181/1

It is understood that the index / now runs only over
the matter multiplets since vector v,’s are set to
zero already at the level of the integrand. For (anti-)
fundamental matter contributions, we can take v; =
np—vp and m; =2np —ny and the above relation
continues to hold. Note that we are allowed to choose
a suitable basis for the n’s and v’s by including even
redundant combinations. Thus, to keep the expression for
V tractable, constraints on Vap) and myp) may be
imposed and that makes the sum over I for all bifunda-
mentals ill-defined leading to violation of (3.16). To
understand this better, let us compare what happens to the
SUM D, pa(ha) if the two constraints v, ) + V() =1
and n(,; + ngp,) =1 are imposed after and before the
differentiation:

(3.17)
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oV
Before: Z’n,a—y = Wab) (V/(l/(a,b)’ T
I

1

(3.18)

where > denotes sum over independent set of v’s, which seems to be missing a term when compared to the full ). Let us

look at the following expression now:

oV _ _ (1
z]:/l/l a5, Ylab) (V/(V(a,b)7 )=V <§ —V(ap) "

_ 1
= Vap)V Wap)> )+ <§ -

1
_Z”’ay, B ( U(u.b)7"‘>v

(3.19)

where the last term is half of the extra term found in (3.18). Now, collecting all the terms, the general relation between

twisted index and Bethe potential follows:

~—

- )Y
T=(q-1 n—=(g—1
(g )EI 50 (g

We used the “homogeneous™ property of V such that
Z,ylg—x =2V (proven in Appendix) to write the first
term. We will also see later that 4[] = F[2¢] for the
ADE quivers. The 2u°s here become the R-charges A’s in
F¢ for this comparison, as can be expected from the
constraints imposed on them to get ADE classification. In
general, 7 needs to be extremized with respect to v’s and
critical values for v’s are obtained in terms of the flavor
fluxes n’s. The resulting expression Z (v(n), n) is supposed
to match the corresponding black hole entropy Spy as
discussed in Sec. I. However, for the case of universal twist,
n; = 2u; [32,33] leading to the expected simple relation for

ADE quiver theories and their duals:

Universal twist: Sgy =Z = (g—1)4V = (g — 1)F
. af} an3
that —— = =0. 3.21
given tha o= o, (3.21)

This completes the setup for the twisted index Z. Let us

now turn to explicit computation of the free energy of AD
quivers.

—Z'n @%-
L/ Iayl
[ oV
= (a=1)12 Zz
(s ) ZVI 0, +

=T=(g-1) 4V+Z -2

oy , oV
.
)i 21/1) 8_1/,]
W] (3.20)

IV. FREE ENERGY AND VOLUME

In this section, we consider the AD quivers and evaluate
their free energy, or equivalently the Vol(Y;). We will
follow the algorithm developed in [34] but suitably
modified for the case of general R-charges. We briefly
review it here to introduce the terminology we use when
writing down the explicit solutions.

Algorithm. We take the principle value for the arg()
functions leading to the inequalities:

0<ya.1_ya,1< 1; O<ya,1_
-1< Yag = Ybg — A(h,u) < 0.

= |ya.1 _ya,J| < 1; _A(a,b) < Ya,1

You +B@p) <1,

=Yg < Apa)
(4.1)

As discussed in previous section, we will insist
A + A = 1. Since we have pairing up of bifunda-
mentals, while the inequalities are not violated, the con-
tribution from these fields to (2.8) simplifies:
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(a.b)®(b.a)

- — ;r/ dxp(x)zz <ya,l = Ypgt
(a.b)®(b,a)

1.J

where A (a b = = Agup) £ Apq)- We will also insist that all
Ya1(x) = y,(x) = 0 initially, which simplifies the vector
contribution to just Y, [ dxp(x)*>, ;%

Extremizing Fg; now with respect to y(x)’s and p(x), we
find a solution which is consistent only in a bounded region
around the origin (x = 0). This is because as |x| increases,
the differences y,;(x) — yp.s(x) = 8y,p1s(x) monotoni-
cally increase (or decrease), saturating at least one of the
inequalities given above at some point on either side of
x = 0, which we label as x7. This saturation is maintained
beyond these points, requiring the corresponding y, ;(x)’s
to either bifurcate (for n, > 1) or develop a kink. Once an
inequality is saturated, we have to remove one of the y(x)’s
from the integral expression (2.8) by using the saturation
value and solve the revised equations of motion separately
on both positive and negative side of the x-axis until new
saturation points are encountered on both sides. This leads
to pair of regions on either side of the central region (or
region 1), which we will label as “region 2*” bounded by
x5 for obvious reason. This procedure needs to be iterated
until either all y(x)’s get related or p(x) = 0, determining a
maximum of Y ,n, regions for A quivers and 3 1, — 1

regions for DE quivers.'* Once the eigenvalue density p(x)
is determined in all the regions, the value of y is found from
the normalization condition of p(x), which gives the
quantities we want via the following relations:

7 4xN3/?

VOI(Y7) 1
3= 3 H;

VoI(S7) ~ 82" 43)

We combined the former equation with (1.1) to get the
latter.

1
ﬂa—< ) fora=1,....m+1,
p

m+1

Oy = Z |:|7/a,b| + yb,aA(_b,b+1)i| >

b=1

AT 2
(2 - A+ /dx x)? [( ] = + (“’h)> +—
Z ) p(x) ; Yai = YbJ >

il )2, (4.2)

Outmt1 = Z |:|7a.b - 7b.aA(_b,b+1) ’

S(G=a0,)(1-40,)

A. A,, revisited

We review the A quivers dealt succinctly in [15]. The
above discussion applies to this case just by setting the
values of I,J = 1. The contribution from bifundamentals
(4.2) can be rewritten as F given by Eq. (4.2) of [15]. The
solution for free energy is given in terms of the area of the
following polygon:

m+1
P= {(s,t) € R2|Z|t—|—qas| +eit+cps < 1};

a=1
Z A €= Z Qa
(a,b)€EE

(a,b)€E

(4.4)

The redefined CS levels g, are constrained parameters

obeying >"""! g, = 0 and are related to k,’s as follows:

QaZka_ka-&-l’ azl,...,m; :km+1—k1.

(4.5)

dm+1

The Area(P) is related to [ dxp(x) such that we get"

Vol(Y;) 1 1
Vol(s") ~ g ~ 2Area(P)
1 m+1
— |:|yu,a+l | + |7/a,a+l | (46)
4 a=1 0404+1 Outm+10a+m+2

This reduces to the correct A/ = 3 expression when all

A, b) 2 as can be directly checked from the definition
of o’s:
Pmi2 = —P1s b= Pa N Pp;

m+1

b=1

A trivial example to check the above formulas is A, quiver (consider the ordering g; > 0 > ¢, and ¢; = ")

“We count disjointed n* regions as one single region so Al has two regions, even though there are four saturation points bounding

three apparent regions {-27-1-2%.}.

It is a fun exercise to show that the definition of P as given in (4.4) can be “integrated” to get precisely the area of P as given

in (4.6) [11].
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Vol(Y7) _ 1 ( 29, i 29, 29, n 2q, )
VO](S7) 4 (4QIA?2,1)>(4‘11A1(5’1,2)) (4qlA1(91,2))(4‘I1A€32,1)) <4QIAI(92.1))(4QIA‘(41,2)) (4QIAIE‘1,2))(4QIA?2,1))
1
_ ‘ (4.8)
32A?1.2)A1(91.2)A?z,l)Al(gz,l)%

This expression appears in literature a lot and it can be
straightforwardly checked that it reproduces the correct i for
ABIM theory when all A’s equal % A slightly nontrivial
example is Ay but we will discuss it for twisted index in the
next section.

Let us move on to the D quivers now (specifically D,
which is related to A5 via unfolding procedure in the " = 3
case [34,36]).

B. ﬁ4 solved

We give the detailed solution for the D, quiver here and
to make the expressions easier to read, we do a bit of
housekeeping first. Let us redefine the five constrained CS
levels k’s to four unconstrained variables p’s as follows:

|
We will also suppress the second index on the four y, ; with
a =1, ...,4. Furthermore, we introduce a “vector” of R-
charges:

1

_ _ I _
a,(A7) = {E(A(],S) - A(z,s))’z(Aa,s) +ALs)):
— A_

o)}

(4.10)

1 . 1
—5(8Gs T 855). —5 (845

which will appear in a combination 22:1 Proy(A7)=p-
a(A~) below. For generic p’s, there are going to be 5
regions consisting of one central region spanning
both negative and positive side of the x-axis and 4 pairs
of disjointed regions beyond the central one as explained

ki = —(p1 + pa). ky = p; — pa. k3 = p3 — pa. @n the algorithm above. Let us now enumerate the solution
in each region for a particular ordering p; > p, >
ky = p3 + pa, ks = p> = ps. (4.9)  pi>pi>0.
|
Region 1: — 24 <x< 24
glon L = aam)-2pala) = * = A p)+2pa(a)
(1) = 51— xp - a(A);
plx —2,u 2xp a ;
1 x(p1+ pa) 1 x(=p1 + p2)
- =—=-A7 _ - =—=A7 _ =
Y1 —DYs52 7213 it xp- a(A‘) Y2 = DY52 e it xp- a(A‘)
1 x(=p3 + pa) 1 x(ps + pa)
— =—=A7 _— - =—-A, - - =0.
V3= Y52 7265 i+ xp-a(A) Y4 — Y52 7 2(45) —u+xp - a(A) V5.1~ V52
Region 27 ——24 < y<——— M
8 T Api2pa(AT) =7 = A(pitpy)-2p-a(A”)
(x) = 51— xp-a(A):
PR == P2 )
1 2xp;
—ys,=1-A —ysa==(1-A7 ) ———
Yi—=DVs2 (1.5)> Y2 —JYs2 2( (2,5)) i+ xp-a(A)’
1 x(p1+ P2+ p3— p4) 1 x(p1 + p2+ p3+ pa)
- =—(1-AL.)— - =—(1-A7.)—
Y3 = Y52 2( (3_5)) —utaxp-ald) Ya—=DYs52 2( (4,5)) —hutxp-a(d)
Vo= ysa =1 2x(p1 + p2)
5.1 52 —/t—i-xpa(A_)
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. . 2 2
Region 27 g 3 opata) S X < g iapata)
(¥) = 25— xp- a(A7);
px) =51 —5xp-a ;
1 _ 2xp,
Yi=Ysa==Aus), = ysa =5 (1 AG5) pir——r
1 x(py + pa + p3 — pa) 1 x(p1 + pa+ p3+ pa)
oy, =~ (1 =A%) — , oy, =~ (1= A7) = ,
Y3 —=DY52 2( (3_5)) it xp- a(A‘) Y4—Y52 2( (4,5)) i txp- a(A_)
Ve —yea = 1— 2x(p1 + p2)
Mo —p+xp-a(AT)
Region 3™: — 2 <x<— 2
8 © o 2(pitpatpitpa)2pa(AT) =7 = 4p=2pa(AT)

p(x) =p+xp; —xp-alA”);

1
yi—ysp=1- A(1,5)7 Y2 —DVs2 = —A(z,s), Y3 = Ys2 = B
Vemy _ Ly x(patpstpa) Ve — ey = —
MGl 274 2 —2xp, +2xp - a(AT)’ >
Region 37 — 2 < x< 2
8 T Api+2pa(AT) = 7 = 2(pi+patpstpa)H2p-alAT)
p(x) =p—xp; —xp-a(A7);
1
Y1 —Ys2=—Aqs), y2—yso=1-Aps). V3= Ysa=—5

[ x(p2+ p3+ pa) y
47752 2745 2u - 2xpy +2xp - a(AT)’ 31

Region 47: —5; 2

2,
—~<x<- e
Pitpatp3—ps)=2pa(AT) =7 =

2(p1+partp3tps)-2p-alA)
3 1 3 _
p(x) = SH+ Ex(?’pl +po+p3+ps) - 2P a(A7);

yi—ys2=1=Aqs), Y2 —Ys2 = —Aps),

A
2

— V52 =

2x(2ps = p2 = p3)

_ x(p2+ p3 — pa)
(5 T 24— 2xp, +2xp-alA)’

2xp,
—2u —2xp, +2xp-a(A7)’

_ x(p2 + p3 — pa)

(33 2+ 2xp, +2xp - a(A)’

3 2xp,
—2u+2xp, +2xp-a(A7)’

1 1
Cyey = ——— A
Y3—Vs2 6 2 09 " —9u—3x(3p, + pr+ p3+ ps4) +9xp - a(A7)
2x(=2py + p3 + p4)

’

1
Ya— Y52 = —Aus), Y51~ Ys2 = T3 +

Region 47 5 2

2u
—<x<
PrApatpytp)i2palh) =1 S

2(p1+patp3—pa)+2p-alA”)

3001 3
p(x) =spu—==x(3py + pr+ p3+ ps) —5xp-alA7);

2 2
Y1 — Y52 = —A(1,5),
1

2
Y2—ysp=1- A(z,s),

—_—

2x(2py = p2 — p3)

—9u =3x(3py + po + p3+ pa) + 9xp - a(A7)

Y3~ Ys2 = E_EA(_&S) +

Ya—ysp=1- A(4,5),

—9u +3x(3py + pa+ p3 + p4) + 9xp - a(A7)’

2x(=2py + p3 + pa)

Y51 — V52 =
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p(x)
u
2 1
i ys5,1(x
1 1
1 1
1 1
1 1
1 1
1 1
| % 9
_ + 1.
15: T :I5
i i
i 1 1
i i ! !
i i ] yi(z) 1
1 1 1 1
1 1 1 1
i i i i
: . i

FIG. 2. Eigenvalue density p(x) and distributions y,,(x) for D, quiver (ys,(x) = 0).

; - _ 2p _ 2

Region 57 2(p1+p2)-2p-a(A7) sSxs 2(p1+patp3—pa)—2p-a(A7)
p(x) =2u+x(2py + p2 + p3) = 2xp - a(A7);
yi—Yysp=1-4qs), Y2 = Y52 = —Aps), Y3 —Ys2 = —A@s),
Vu—Vsy = —A Ysi—y :_l_ x(py — p3)

CTTTRAS TS T T a0y + o+ ps) + A a(A)
Finally, the last saturation occurs at the end of this region with y5; —ys, = —1.
Region 57: 2 <x< 2

2(p1+patps—pa)+2p-al(A™) = 7 = 2(p+py)+2p-a(A7)

p(x) = 2u = x(2py + py + p3) = 2xp - a(A7);
Yi—Ys2=—Aqs), y2—ys2=1-Aps). Y3—yso=1-Ap3s).

Va—ysa=1-A Vo = sy = om x(p2 = p3)
L G T Ay £ 2x(2py + pa o+ pa) +dxp-a(AT)

Finally, the last saturation occurs at the end of this region with ys | —ys, = 1.
To get a feel for these expressions for p(x) and y(x ) s, we have plotted them in Fig. 2 using the numerical values:
p1 =15, p, =8, p3 =4, p, =1 and all A’s equal to . With the p(x) known in all the regions, we can just use the

normalization condition [ dxp(x) = 1 to get , which is dlrectly related to the Vol(Y5). As with the A quiver, this volume

can be recast as a polygon’s area and for D4 quiver, this polygon turns out to be

4
S+ pusl 4 It = pusl) —4li] +2p - a(A7)s < 1},with

a=1

VOII((?; }LA ea(P).  (4.11)

P = {st)elR2

: : : O | __ _1992856091659101
For the above mentioned numerical values, the polygon is shown in Fig. 3 with ; Area(P) = sge=i234313005¢00 ~ 0-005. This
2//3((?)) = # exactly. Also, note that this construction is valid for all possible orderings and signs of p’s.

We can, of course, write the explicit volume for D, here but instead we prefer to give the explicit expression for general
D, quiver directly.

L A\

FIG. 3. Polygon P for D, quiver. (s —  coordinate system rotated by %)

value matches
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C. ﬁ,, result
Given the result for D, quiver above and the known
result for N =3 D, quivers [34], we conjecture the
polygon for N' =2 D, quivers to be

n

> (|t + pasl + 1t = pasl)

a=1

P = {(s,t) € R?

n

—4lt| +es < 1}; c=Y (2py)ay(A7),

b=1

(4.12)

_ _ N _
ay(A7) = {E(A(I,S) - A(z,s))’i(A(l,S) + A(2»5))’

_ 1, _
o By~ 5 (A i) T AG )

I _ _
=5 (A - A(MH))}. (4.13)

For generic n, the p’s are related to the CS levels as follows:

ki =—=(p1+ p2), ky = p1 — pa,
k3 Pn-1 = Pn> k4 Pn-1 +pn’

ki = pi.3 — pi_as i=5,...,n+1. (4.14)

Note the difference with (4.4) for A quivers which
requires two constants. As explained in [15], this is due
to the two U(1) isometries of the toric A quivers so it makes
sense that for the case of nontoric D quivers which has only
one U(1) isometry, we see only one constant in the polygon
formula (4.12).

One can verify that this polygon’s area gives the general
volume formula corresponding to D,, quivers:

Y7) 1 |7a a+1 | |7a.a+l |
=i et |

Vol
ol( = = —Area
VOI(S) 8ﬂ a a+1 aUzH—l

(4.15)
|

which we have explicitly checked for Ds, ..., D,0.16
The definitions of various quantities are slightly elaborate

here:
0 1
ta fora=1,...,n,
1 +p,

1
ﬂn+1_<0> b:ﬂa/\ﬂb;

Z |:7ab| + ¥a-sl £ Vap — Ya,—b)ab(A_):|

_4|7/a,n+1" (416)

The combination (y,; — ya_p) = 2p; for a # 0 is used to

show similarity with the definitions for A quivers in (4.7),
otherwise it is a simple factor defining ¢ in (4.12).
This completes the free energy or dual volume com-

putation of AD quivers. Let us now continue with the
computation of their twisted indices.

V. TWISTED INDEX AND ENTROPY

We will again work on AD quivers and first evaluate
the Bethe potential (3.8) and then the index (3.13)
(equivalently, dual black hole entropy). We will follow
the same algorithm used to evaluate Fg but start with
the reduced set of inequalities as VM do not contribute

to V:

0< Yai = YbJ +I/(a.b) <1

=1 <Yar=Ybo0 = Vipa) <0. (5.1)

As discussed before, we will insist v, ;) + V(pa) :%.
Since we have pairing up of bifundamentals, while the
inequalities are not violated, the contribution from these

fields simplify to

l/_a’b 2 1
- > wtt=vy) [ Y| (sur =+ 5) = 2= )

(a.b)®(b.a)

77
g/dXP(X)Q [( yb1+ (e
77

)1

(5.2)

"t is interesting to note that the = structure in (4.15) produces independent terms, which is in contrast to the expression (4.6) of A
quivers, where the analogous ¢ and a‘ terms produce one mixed term. However, that is just an artifact of the way we have defined /’s.

_ ol
(7061 Zrl‘éf )

Po is quite redundant if we realize + &7
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TABLE 1. Scaling different parameters to relate Fg and V.
Note that these scalings are different from those of [26].

Free Energy - Bethe Potential

Fg - 4y

2 - 4

A - 2u

y - 2y

X - 2x

p - ip
where ”i,b) = V(ap) T V(p.a)- Comparing (2.8) and (4.2) in

the central region (i.e., y,; = y,.s) with (3.8) and (5.2), we
find that the two expressions (whether off-shell or on-shell)
are same up to the scalings given in Table 1.

Once an inequality is saturated, we have to use the
general expression involving arg() functions. This step is to
be taken much more seriously here than the case of free
energy because moving away from the central region
generates terms like (y,; — y,,)? leading to new inequal-
ities:

1

-5 < Yai — YaJ <0 or

5 (5.3)

0< Yai = Yag < 5’
which can drastically affect the evaluation of V in the new
regions. This process of generation of new terms and
inequalities that look like coming from vector contributions
of F i means that )V can indeed be related to Fg in all the
regions, not just in the central region, even though these

two expressions seemed very different for DE quivers in
subsection III A. In fact, using the scalings given in Table I,
we can verify that it is indeed so allowing us to use the
results for Fg to write down )V for the same quiver.

As far as saturation points, p(x) and y, ;(x) are con-
cerned, we can get them from the similar computations
already done for F g but to get the divergent contributions
Y*(x), we need to perform one more step during extrem-
ization of V in different regions. This step is to substitute
the solutions of each region n* in the equations of motion
B! found in the region 1. Of course, B, # 0 in other regions
but provide the divergent contributions Y*(x)’s via (3.10).
One technicality is that the Bl of (3.10) are related to the
equations of motion obtained from V via ﬁ = Np(x)BL.
This step needs a slight modification as discussed in
subsection V. C.

A. Aj; solved

As far as we know, only theories like A; quiver (ABIM)
whose matrix models involve just 2 regions have been
discussed in the literature. So we improve the situation by
considering a nontrivial example explicitly for A quivers:
A3, whose matrix model involves 4 regions. Let us set up
some notation before presenting the explicit solution. We
use the redefined CS variables following (4.5) with the
given ordering: q; > g, > 0> g3 and ¢4 = - >_, q,.
We will again suppress the second index on the four y,
with a = 1, ...,4 and introduce two short-hand notations:

which will appear in a combination > ;_, g,a,(v™) =g -
a(v™) below.

, a=1,23.

. . 2 o
Region 1: — 2q|+q12:l—q~a(v‘) =xs 2q|—c712u”+q~a(f)
(x) 324 — 16xq - a(v™)
xX)=— ;
g (= -2, +2)
- 2ﬂ(2v - 47/(_a,a+1)) + X[Qa(zv - 2) (zu + 2) —q- a(y_)(zv - 41/(_a.a+1))]
Ya = Yar1 = 16ji — 8xq - a(v™)
Region 27: — 2 <x< -2
© 2qitartas)—(qitartas)E—gavT) =7 = 2q1+qi1Z,—qa(v7)
24p—4x|q(2,-2)+3q - a(v™ 1
p(x) —_ [ 1 ( ) ( )] .

(£,-2)(%,+1) e

20(2E, =607, 1y~ 1)+l (14207, 1))+ 200 (5 + 1) (5, -2) = g-a(v) (25, ~60], 1y~ )]

—)’225—1/(1,2),

Ya=Ya+1=—=

. 4rii+2nx(q, (X, +2)—q-a(v7)]
Y =— :
(1:2) T, +1

24fi—4xq,(2,-2)—12xq-a(v") ’

a=2,3;
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. 2 2
Region 27: -—# < x < # _
8 2 =12, +ga(”) =7 = 2q1+42+q3)+(q1+92+43) 2, +g-alvT)

_ 24fi—4x[q, (T, +2) +3q-a(v7)]

p(x)_ (Zp+2)(zp_]) sV Y2="Va)s
R 6 D+l (14 2) 42005 - D) A2) =g 0 ) B =6t D
Yo Yan = 247i—4xq, (3, +2)— 12xq-a(v") L AEs
Y+ :4ﬂﬂ+2ﬂx[q1(2y—2)—Q'(Z(l/_)]
(1:2) z, -1 '
Region 3~ - W <x<- 2
Tt —gaT) =7 = 2q1+92+493) (91 +92+43)Z,—q-a(vT)
p(x):—16/1—4x[2q1+(q2+q3)(1+ZU)—2q-a(z/‘)]‘ -y :l_y [ —
A& 1) s TR =57Va), V4T (4.1)s
_4/:‘(211_21/(_3,4))+x[26h(zu_21/(_3,4))+(‘12(1_2”(_3,4))_613(1_22u+2y(_3,4)))(2u+1)_2‘]'0‘(7/_)(21/_2”(_3,4))].
Y3TYa= 16fi+8xq; +4x(q,+q3)(Z,+1)—8xg-a(v™) ’
y- o TAm=2ax(q (5, 42)~q-aWT)] | Ama=2ax((qi + 4, +95) (2, =2) +q-a(vT)]
(1;2) — 2y+1 ’ (1) — Zy—l .
Region 37: 2 —_<x< 2 =
C2gitartas) Ha+ar+a) L +galT) = 7 = qita—g X qalvT)

p(x):—16ﬂ+4X[2q1—(qz+C13)(2u—1)+2q-a(v‘)]. Vimyy— v ey =y
=+ 1)(Z,—1) D S i 2 (12> Y4=V1=57V@),

Gay) T (@(14+20G 4) — a3 (1428, =20 4))) (2, — 1) +2g-a(v7)(2, - 205 4))]

B 4z, =20 ) -x[2q,(Z, - 25y
YT 16ji—8xq; +4x(q2+¢3) (2, —1) —8xg-a(v7) ’
L Amp+2nx(q (2, -2)—q a(v7)] ¥ A+ 2zx((q1 + ¢+ q3)(E,+2) +q-a(v)]
(1:2) -1 SO T, +1 ’
. _. 27 i
Region 47: — ‘I|+Clz+572£p—qﬂ(l’_) =xs- q|+qz+q3£—q~a<v‘)
p(x):_Sﬂ_4x[ql+QZ(1+ZU)_(’Ia(l/_>] yi—y :1_1/ V3— V4 =—V Yo=Yy =—V .
Zy(zy+ 1) s 1 2 2 (1.2)» 3 4 (3.4)> 4 1 (4,1)»
y-  _TAma=2uax(q (2, 4+2)~q-a(T)] 4w+ 2ax(g, + 45 +q55, g a(vT)]
(12— z,+1 B T, ’
L Ami2nx(qy +qr— (g1 + g+ q3)Z,—q-a(vT)]
SO T, :
S 2 2%
Region 4™ G+ =@ +qalvT) stqﬁrqz—qsiﬁq-a(v’)
(X):_8ﬁ+4x[‘h+QZ_Q321/+C]'“(U_)], ey ey L S
P 2,,(2,,—1—1) R S ) (12), Y2—Y3 (23), Ya—N1 7 (4.1)5
yt A2 S~ () + ) —graT)] ., 4mp=2ax]q ~ (2~ 1) +g-a(T)]
(12)= s, » Tan T > ’
y- i 2ax((q) + 4 +43) (2, +2) +q-a(v7)]
wn = S :
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p(z)
20

y3(x)

= = + T
Ty T3 - Ty Ty

+ .. +
Ty
_ 1 ]

y2(z)

y1(z)

FIG. 4. Eigenvalue density p(x) and distributions y,(x) for Ay quiver (y4(x) = 0).

Let us visualize all these expressions for p(x) and y(x)’s
in Fig. 4 using the numerical values: g; = 78, ¢, = 2, g3 =
—29 and all A’s equal to L. With the p(x) known in all the
regions, we can just use the normalization condition
Jdxp(x) =1 to get i, which gives the Bethe potential
V « ji. Next, we plot the divergent contributions in
Figure 5, which are crucial to get the correct twisted index.
Note that all the Y*(x)’s are in the upper half plane as
required by consistency.

Finally, we have to integrate the expression given in
(3.13) with all the {p(x), y,;(x), Y?Z Ib, J)} obtained here in
each region carefully. The result is a huge expression and
unless we take the help of (3.20), it is hard to make sense of
it. Though, we can make sure that the integrated expression
and the one obtained via (3.20) are identical, which we
have done for both flz and A3 to check that (3.10) does give
the correct Y*(x)’s. Thus, instead of writing the full
expression for A3 here, we present the explicit general

result for Am quiver directly.

B. A m result

Having discussed the nontrivial case of 2\3 quiver of
this class explicitly, we write down the generalization of

Y(Y:Z)(z)
5Th
Y(I:2)(T')
Y(X;l)@)
Yi.(z)
@)
Vi (@) / Y @)
x
Ty Tz - zT - z}
FIG. 5. Divergent contributions Y a;b) (x) for Ay quiver.

(well-known) ;\1 and (above-mentioned) 213 results quite
straightforwardly:

4xN3/?
y="" i with
1 m+1
—= 32 |:|7/a,a+1| + |}/a,a+l| :| , (55)
U a=1 040441 Out+m+10a+m+2

where only the ¢’s definitions slightly changes compared
to (4.7)

m+1

Oq = Z |:7a,b| =+ 27b,ay(_b,b+1):| s
b=1

m+1

Outm+1 — Z |:7/ub| - 2yb,al/(_b,b+1):| :
b=1

(5.6)

Thus, we see that if we substitute A — 2v in (4.6), we get
for A quivers:

1 1

m - W = 4V[] = Fe[20]

(5.7)

as promised earlier.

The index is implicitly given by the relation (3.20) but
massaging it a little bit, we can give an explicit expression
in terms of ji that facilitates checking with the expression
given by the integral in (3.13):

4ZN32 T4 1 k)
s =2

The derivative term reads explicitly (after some tedious
algebra) as follows:

I=(g-1) ] (5.8)
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Lz m+1

B 2fa (V))o-a+l

Z("I -

+ Oatm+1 (fa+m+2(n)

— _64Z|7aa+1| |:6a fa+l( ) _Zfa+1<y)) + (fa(n)

~2f arm2(V)) +

2 2
040,44

(farme1(M) =2f 4imi1(V))Ousmsn

where f, (i1 (n) = 2 (ppirys and simi-

(=) 2204
larly for f,(v).

Let us move on to the D quivers now with an explicit
solution for D, quiver first.

C. D, solved

Given the scalings of Table I, the boundary x-values,
p(x) and y, ;(x) follow straightforwardly from Sec. IV B so
we do not repeat them here. Only the divergent contribu-
tions Y*(x)’s are new and we enumerate them region-wise
below (we again suppress the / = 1 index fora =1, ...,4
and J = 2 for b = 5). It turns out that there are no kinks in
Y*(x)’s here so we write only the new ones appearing in
each given region.

. q. 2 2
Region 1: — 2(p1+pa)-2p-a(v) Sxs 2(pi+pa)+2p-alv)
No Y*(x)’s yet.
Region 2=: —~— 2 <x<—— 24
8 T 2pi2pa(vt) =7 = 2Apitpr)-2p-alvT)
Yi.5) = —4n(ii + x(p1 + p2) —xp - a(v7)).

20 <y 20
2(prtpa)+2palv”) =7 = 2p1+2n a(v”)

Region 27:

Vi = 42— x(py + p2) = xp - a(v)).

2
Pi+patp3tpa=2p-alv”)

24

<x< -+
=X S T 2pal)

Region 37: —

Vi = —4n(ii+xp) = xp - a(v7)).

2 < 2
x < —
2p1R2pa(vy) = 7 = pi+patpitpat2palvy)

Region 37:

Yoy, = —4n(fi— xpy — xp - alv")).

2 2 ’
6a+m+ 1 Ua+m+2

. - 24 _ 25
Region 4 pl+pz+ps—134—217-0t(1f)SxS P1+patp3tpa—2pa(v”)
Y5 = =272 +x(p1 + pa+ p3 + pa) = 2xp - a(v7)).
Region 4*: 2t <x< 2t

8 ’ = p1+p2tp3—pat2pav)

pi+patpstpst2palvy) =

Yis) = =22 = x(p1 + p2+ p3 + ps) = 2xp - a(v7)).

j - _ _ 2ji
Region 57 pi+pa—2p-a(v”) sxs pi1+p2tp3—ps—2p-a(v”)
Y(35> —27(2fi + x(py + p2 + p3 — pa) —2xp - a(v7)).
. . 20 27
Region 57: p1+p2+p3—z4+2p~a(v’) <x< ngu(f)

Y5 = —27(2ft = x(py + pa + p3 — ps) = 2xp - a(v7)).

These Y*(x)’s are plotted in Fig. 6 using the numerical
values: p; =15, p, =8, p3 =4, ps = 1 and all v’s equal
to % and we see that all of them are in the upper half plane as
expected.

Finally, we integrate the expression given in (3.13) by
substituting the {p(x),y,;(x), Y(ialb 5} in each region
carefully. The result is again a huge expression and we
take help of (3.20) to write it concisely. Before we do that, a
comment about insufficiency of (3.10) for D, with n > 4 is
in order, after which, we will present the explicit general
result for D, quiver.

Comment. Note that the Y*(x)-functions of D, are same
in all the regions and no discontinuity appears unlike the
case of A;. This might lead one to think that all D quivers
exhibit such a simple behavior but this is a highly
misleading behavior of D, and does not generalize any
further. A true general behavior appears with Ds with
discontinuities and subtleties, which breaks down the
algebraic system of equations (3.10) used to solve for
Y*(x)’s. This happens because (assuming similar order
of p’s and similar progression of regions) one of the
original inequalities, say, 0 < y,; —ys; + Vs <1 can
change to (a subset of) an already existing inequality, say,

—% < Y51 — Y62 — V(6.5 < 0 insome region (via saturation
Vi (@) 4mji .
Y5 (@)
(155)
Y%s)(‘”) V) (@)
Y5 (@) / Y55 (@)
(3:5) / (3:5)
PN 7 7 IR v

FIG. 6. Divergent contributions Y, (ia,l;s,z) (x) for D, quiver.

046007-18



3D N =2 ADE CHERN-SIMONS QUIVERS

PHYS. REV. D 100, 046007 (2019)

sequence like y,; — ys» = Y¥62) and when saturation
oceurs ys | — Ye 2 — V(e,5) = 0 in some later region, we will
have one more Y*(x)’s to solve than there are equations in
(3.10). This problem can be solved by demanding the two
relevant Y*(x)’s (Y (2.1:5.1) and Y (5.1:62) in above scenario)
to be the same. Thus the algorlthm discussed before
subsection VA needs to be modified by augmenting
(3.10) with extra equality constraints among Y= (x)’s that
appear due to saturation of multiple original inequalities.
We have used this modified algorithm for solving D5 and
D¢ matrix models and checked that the twisted index
obtained from the integral expression (3.13) and that
obtained via (3.20) are indeed identical.

D. ﬁ,, result

It should be no surprise that the result for D quivers will
look similar to that for A quivers:

:4HN3/2/1 with 322 |:|yaa+l| |yaa+l|:|’

=0 LPa%+1  %aOqyi

(5.9)
|

4zN3% T4
I=(-1) u3L7

3

Z("[

I

where £(n) = 01 2(/ap — 7ap)ay(n), and similarly
for f(v). Due to the fact that (y,, —y._s) = 2p;, does
not depend on the subscript a, these f(-)’s become an
overall factor and the explicit expression for D quivers’
index simplifies considerably compared to the analogous
expression for A quivers.

VI. SUMMARY AND OUTLOOK

This paper contains two interconnected results:

Volume: We computed the explicit free energy F'g for D
quivers in terms of the R-charges A, ;) of the
bifundamentals, obtained by combining (2.9) and
(4.15). According to AdS/CFT correspondence, the
formula (4.15) provides a prediction for the volumes
of certain Sasaki-Einstein 7-manifolds Y-, which
describe the AdS,; x Y; M-theory duals.

Entropy: We computed the explicit twisted index Z for

AD quivers, (5.8) and (5.12), in terms of the chemical
potentials v, ;) and flavor fluxes n(, ;). We expect
that the extremization of these formulas with respect
to v’s leading to the expression Z (v(n), n) reproduces

0
~2u) 5 = —sa(s(m) - 270) (1

where only the
(4.16)

o’s definitions slightly changes compared to

n

o = 3 [l + sl £ 20700 = ra)s )

b=1
_4|}/a,n+l|' (510)

Thus, we again see that upon substituting A — 2vin (4.15),
we get for D quivers

1
ul2e]? 16

= 4V =Fg[2]  (5.11)

as expected. One caveat here is that the result for f\m
quivers is an exact result whereas that for D, quivers is a
conjecture. This boils down to the polygon formulas (4.4)
and (4.12). While the former is a proven solution to the A,
matrix model [15], the latter is a conjecture that we have
checked for D, matrix model up to n = 10.

Finally, the index can be written explicitly as follows:

(5.12)

the macroscopic entropy of the dual black hole
solutions in the 4d gauged supergravity uplifted to
M-theory with the above-mentioned Y,’s. In the
simplifying case of universal twist, the extremization
procedure is automatic, leading to n; =2y, and
Sgu=Z =(g—1)Fg follows via the relation

(3.20) for ADE quivers as shown holographically
in [32,33].

Along the way, we computed the large N limit of the
partition functions for 3d ' = 2 quiver theories on S* and
XX S !involving bifundamental and fundamental matters.
We obtained constraints on relevant parameters (A for Fg
and {v, n} for Z) under the requirement that the resulting
matrix model be local, leading to a large class of CSm

quiver theories including the ADE quivers. The fundamen-
tal matters contribute in a trivial way and that contribution
can be included in the results presented here following
[34,35]. An intermediate construction to obtain the twisted
index is that of the Bethe potential V, which we find is
related to the free energy via Fg[2v] = 4V[v] with an
explicit matching of the matrix model. It was shown in [26]

that for A quivers and related theories, this relation is true
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off-shell too but with a different numerical factor.

We extended this result to DE quivers and showed that
the relation holds true in all the integration regions with
the same numerical factor of 4. This fact fits nicely with the
simpler proof of the relation (3.20) between the twisted
index and the Bethe potential provided in the main text.

We note that one could study these theories on more
general Seifert manifolds as discussed in [37-39]. The
M, , manifolds include both the manifolds studied here as
in My, = 8% and M,y = Z, x S'. In this framework, the
observation 4V[v] = F[2v] in the present context may be
easily explained following the logic of [38]. In addition, it
should be possible to generalize the results presented here
straightforwardly to these manifolds.

An elephant in the room is the fact that expressions
for free energies of fim,g are missing in this paper. As is
well-known, even in the A/ =3 case [34] the known
expressions are valid only for a subset of CS levels. An
all-encompassing formula in terms of roots or graphs as in

the case of AD quivers is not known for them. So we
refrained from giving the N = 2 extensions of the N' =3
formulas but comment that it would be much more
interesting to figure out the fully general volume formula
for E quivers. The Fermi-gas formalism [40—43] could be a
helpful tool in this quest, given that the polygon formula
appears naturally as a Fermi surface in this formalism.

|

F53~—mN/dxp Zk (N%x + iy, (x))?

—Nz/dxdxp
al.J

—Nz/dxdxp
(a,b)ekE 1J

Finally, it goes without saying that computing volumes
of the Sasaki-Einstein 7-manifolds explicitly and construct-
ing explicit M-theory duals for ADE quivers with nonuni-
versal flavor fluxes would be an interesting exercise to test
the AdS/CFT correspondence.
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APPENDIX: DERIVATIONS AND PROOFS

We collect here some details of the calculations that went
into evaluating free energy and twisted index of the CS
quiver gauge theories. Our derivations have considerably
more overlap with [10,38] than with [24,26].

1. Fs3

We start with the expression whose large N limit is to be
obtained:

(¥)) log |2 sinh (xN“(x = &) + i (V4.1 (x) = ¥as ()]

N3N T = Ay +IN(x = ) = (Vs () = yps(x)))

—N/dxp(x) Z £(1=Ap +iN“X = y,/) — N/dxp Z (1= Ap —iNX+ ).

a{f*}.1

af{fea

The four lines correspond to four different contributions as follows:

a. Chern-Simons

This is pretty straightforward

mN/dxp Zk (N?2x2 + 2iNxy, 1(x) = ya.1(x)?)

= —iﬂN1+2“/dxp(x)Z(naka)x2+271'N1+“/dxp kaaya,

a

and we get the first line of equation (2.7).

)+ O(N),

al
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b. Vectors

This is again straightforward following [14]. We change variables zN%(x — x') — & which implies to leading order
p(x') = p(x) and y(x') = y(x) so we get:

S [ [ deY" togl2sinn(le] + insen(v,.(6)]

r ald

Nz ! E 2 E 27i(8 1
= — i(0ya.1s /2
/dxp |: n (M 1 ) arg (e Va1 (X)= )) (A2)

al.J

The arg() term appears in second line of (2.7) and requiring the value of exponent to lie in the principal branch (i.e.,
1 < 8Ya1s — % <3 gives the relevant inequality of (4.1). Now we show that the divergent O(M?) [and a finite O(1)] piece
cancels a 51m11ar term coming from matter contributions.

c. (Anti)bifundamentals

This is slightly tricky but assuming equal number of bifundamental and antibifundamental matter at each edge
initiates a few cancellations. Following through a direct calculation (refer to [10] for a slightly different
derivation) with a similar change of variables N*(x —x") — & as above and defining P, ;) = 1 = A(qp) = Vap.1s (%),
Py = 1 = Dpa) + 6Yap1s(x), we get [using the definition (2.1) of #(z)]:

N [ [ de 3 Y Py +10) + AP~ i6)
-M (a,p)eE 1.J
~EM}+EM(-1+6P, )
= N>« / dxp(x)? Z | = (M + 1P )i (XM Pen)) | 4 (Piasy = Poa)- (A3)
eE 1.J + Ll ( 27‘[(M+1/P(a>b)))

The following identities are required for polylogs when M — +o00 and a € R to simplify the above expressions:

Lil(eM+2ﬂia) - —-M — iarg(ez”i(““/z)) (A4)
, M? . 2 .
Liz(eMJera) N _7 —iM arg(eZHZ(a+1/2)) _ <% _ Earg(e2fn(a+l/2))2> (AS)
3 2
Liy(eM+27ia) M L arg(e2(@t1/2) _ T _ larg(62ni(a+1/2))2
6 2 6 2
_ éarg(eZni(aH/Q))(”Z _ arg(e2i(at1/2))2) (A6)

The terms at O(M?*) simply cancel without the need to add P, and P, contributions. Upon adding both
contributions,'” we get the following terms at various orders of M (suppressing the overall [ dxp(x)):

N2 —-a

oM?): - D nany(=2+ Ay + A (A7)
(a,b)EE
iNZ—a
oM): 2(1 =477, ) +arg(--)(4nPap) = arg(- ) + (Plas) = Piva)): (A8)
(a,b)eE 1J

"We also scaled M — % to match the transcendentality of other terms and to compare with (A2).
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N2 a
o): - > "”b—( 24 Ay T Apa))
b4
(a.b)eE
N2 a 1 5 5
Z > | Pasyarg(--)? +o () (@ —arg(-)%) | + (Pap) = Pioa)): (A9)
(a,b)eE 1J
where - - - = ¢2(Pant1/2) The O(Mz) term from (A2) and (A7) add up to give the ADE constraint (2.6) that was derived

from the saddle point equation in the main text. This kills the O(M?) as well as one of the O(1) contributions from VM and
(anti)bifundamental MM. Again, requiring the exponent inside arg(- - ) to lie in the principal branch gives the relevant
inequalities of (4.1). Effectively, we have to impose 0 < 6y, 17 + A(ap) < 1 and =1 < 8yqp, 17 — Ay o) < 0 (the equalities
denote the saturation values at region boundaries) which lead to the O(M) contribution (A8) vanishing identically.
The remaining O(1) contribution from (A9) is what appears in the third and fourth lines of (2.7).

d. (Anti)fundamentals

This contribution follows directly from the definition of the #(z)-function after using the polylog identities given above:

—N/dxp

— N | dxp(x) iN20’7rx2 = Nez|x|(1 = Apa + y,4(x)) +O(1) ), (A10)
(/ a%fz ! >

i
< ENZ"‘ftx2 — Nz|x[(1 = Ap — v, 1(x)) + (’)(1))
a{f}.1

which is what appears in the last two lines of (2.7).

2.V
We again start with the expression whose large N limit is to be obtained:

V:—iZﬂka( Zﬂsgnj—l wl, — ul) —i Z Z ul, —ub—l—w(ab))

alj (a.b)eE ij
+v(u,,—u +w,,a —zZZv(u +wfa —zzz ua—vaa
ai {f} ai {f}

<-iah [ (s DS kN ()

FEN? [ a0} sn(x — 9N ) + 8,100)

al,J

—iNz/dxdxp ) S S W = )+ i6Yapas () + V) + ((paterm)

(a,b)eE 1J

1N/dxp V(N + i(ya(x) +vpa)) zN/dxp o(=N% —i(---)).
a{f'}1 a{f*}1

The four lines above correspond to different contributions as follows:

a. Chern-Simons

This is straightforward to compute and after imposing n,k, = 0 leads to just one term at leading order:
7TN1+a/ dxp(x)zxzkaya,l('x)’ (All)
a,l

which appears as the first term in (3.8).
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b. Vectors

This integral is to be done using the same transformation (N*(x — x’) — &) as was done in the case of F'¢s which gives us:

gNZ“’/dxp(x /_ d.stgn J(E+i8y,1y(x)) = NZ“’MZZn /dxp(x (A12)

alJ

which is clearly divergent but we expect this to be cancelled by the bifundamental matter contributions as we show next.

c. (Anti)bifundamentals

As done in the Fg case, we change variables N*(x —x') — & and define P, ;) = 6Yap1s(X) + Viap)» Poa) =
~8Yap.17(X) + V(54 to get [using the definition (3.5) of v(z)]:

—iNz“”/dxp(x /_ dé Z Z (€ +iPlap) + (= +iPpa)))

(a.b)ete 1.J
_ —ZM(1 +6Pfa.b))
= —zNz‘a/dxp Z Z( 2n(M+iP ) ) + (P(a,b) - P(b,a))' (A13)
(@beE TT \ +Tim )

Again, the terms at O(M?) simply cancel after using the polylog identities and we get the following terms at various orders
of M (suppressing [ dxp(x)?):

OM?): =N* 7 > nany(=1 + Uap) + Vpa)): (A14)
(a.b)eEE
. lNz ‘ 2 2
OM): —— > > (B(1+4Py, ) +arg( ) + (Plas) = Piva): (A15)
(a,b)eE 1.J
o(1): 24 — Z > (arg(-- ) (a2 —arg(--+)?) + (Plas) = Ploa)): (A16)
T (abyeE TJ
where - - - = 2Py t1/2) The O(M?) term from (A12) and (A14) can be canceled now leading to the ADE constraint of

(3.7). The O(M) term leads to an imaginary constant in ) which does not affect the BAEs so we ignore it. The O(1)
contribution in (A16) is what appears in (3.8).

d. (Anti)fundamentals

This contribution follows directly from the definition of the v(z)-function after using the polylog identities as done in the
case of Fg:

1
lN/ dxp(x <—§N2“ﬂx2 —iIN“z|x|(=1 + yo (x) + vp) + (9(1)>
a{f}1
1
ZN/ dxp(x <2 N*7x? 4+ iN°z|x| (v (x) — D) + (9(1)). (A17)
a, {f“} 1
After using the simplifying condition f* = f¢, x*> and y(x) terms above cancel and we get (ny —vy) term of (3.8).

“Homogeneous” Y

V as written in the main text is not homogeneous with respect to v’s so first of all, we make ) scale with v’s (at the very
least) by defining new shifted v’s or multiplying 2v* to y,, terms in &’s. Next, let us look at the on-shell expression for

Bethe potential of D, quiver and combine terms over a common denominator. We find that the highest power of v that

046007-23



DHARMESH JAIN and AUGNIVA RAY PHYS. REV. D 100, 046007 (2019)

survives (after a few simplifications) in the numerator is 6 whereas that in the denominator is 10. The difference between
them is of course —4. Now, looking at the general expression for Vin (5.9), we note that a pair of terms with 65 get included
when moving up to Ds, which changes the degree of both numerator and denominator by 2 so the difference still continues
to be —4. Thus, by induction, we get that the highest power of v in the numerator of V for D, is 2(n — 1) whereas that in the
denominator is 2(n + 1). The difference between them is of course —4 meaning that /% is of degree —4, which translates to

the fact that VV o p is of degree 2 as used in the main text. The same counting works for A quivers (starting with A, which has
V of obvious degree —4) and should work out for E quivers too.

3.7

The expression to be massaged at large N is obtained from (3.2) [up to a factor of (g — 1)1

7= Z Ll _ua z Z Nap) —] M —ui+iu<a’h))+(n<b,a)—l)

a,i,j#i (a,p)EE 1i,j
XV (l/t;7 - Mﬁz + ly(b,a))) + Z (nfu - 1)1) (MZ + il/fu) + Z (ﬁfﬂ - 1)7/(-”2 + ina) + IOgB
af{f'}i af{f'}i
TN [ dxaeplx)pl) 0 (VG = ) + 07, )
al
—|—N2/dxdxp Z Z Ny — 1) v'(V/N(x — X') 4+ iPapy) + (0 q term))
(a.b)ee 1.J
+N/dxp (npe—1) (VNx + i(yq(x) + Vpa +N/dxp Z (fpe —1)0'(--)
a{f'}d a{fya

+N / dxp(x)[O(V/N) term from log B].

As before, we work out serially each of the four lines above corresponding to different contributions as follows:

a. Vectors

The function v’ (a(u)) appears as the vector contribution because [],e”** = 1. Using the polylog identities, we simply
get:

—N3/2 — /dxp [Z;;( ) Zzarg (€27(®an(®)=1/2)2 | (A18)

a,l,J

The arg() term appears in (3.13) and again the rest of the terms will cancel the next contribution.'®

b. (Anti)bifundamentals
The evaluation of this term is same as above and we get:

1 1 .
_NS/ZZ/dxp<x)2 Z { |:n nb( %) Ziarg (ezm(ﬁyahll( )+l’uh 1/2)) :|
(

a.b)eE 1.J
1
-1 — 27(=0yap 1y () Fvpa=1/2))2| A19
vy = 1) [ (B + ) = 2 g ) (A19)
We see that the (’)(M2) (and the %2) term cancels between the above expression and (A18) if

¥We do not explicitly write the imaginary O(M) terms but one can check that using >, ; ;6y,1;(x) = 0, y(x)-dependence does not

survive and using the ADE constraint, constant pieces cancel between vector and bifundamental contributions, just like the ( My ’%)
terms.
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Zn + D (Map) + Npa) = 2)nany =0, (A20)

(a,b)€E

which is same as (3.12), leading to the ADE constraint when Nup) + Npa =1 as mentioned in the main text.

The remaining arg() terms upon imposing the constraint on v’s and n’s gives the finite bifundamental contributions
to (3.13).

In addition, there are contributions from bifundamentals when ©'(z) diverges at z =0, which are called tail
contributions in the literature.' This happens when x = x' and 8y, ;;(x) +Viap) =0 or 8y 15(x) = V(pa) = 0.

Thus, following the analysis around (3.10), we can write for the divergent bifundamental contributions to Z (for specific
a, b, I, J values):

_NL2y+
5yab~lj(x) +l/(tz,b) =0: _N/dxp(x)n(b,a)”/(e N Y(albj< )) —N3/2/dxp(x)n(me(*;J;bJ)(x)

1/2y—
Vap1s(X) = Vpa) =01 =N / dxp(x) gy (e ™)) N2 / dxp(X) () Yy (X (A21)

c. (Anti)fundamentals

This is again a straightforward computation using the polylog identities and imposing f* = f¢ leads to
N3 / dxp()l] 3 (g +fige —2), (A22)
a{f'}a
which is what appears in the last term of (3.13).

d. Hessian

The log B term is naively of O(Nlog N) but due to the diverging nature of v”(z) = —z coth(zz)* at z = 0, there

arise terms of O(\/IV ) that contribute to Z at the leading order. A careful splitting of divergent and nondivergent
terms of log BB has been discussed in [24]. We will just show how the divergent term contributes to the large N limit of the
index. The divergence in B occurs exactly when the bifundamental contribution diverges so the Hessian in large N limit
contributes:

_N1/2
8an11(¥) + Viap) = 0% N / dap(x) log v" (e Torr ) o NO/2 / dxp(x)Y, 15 ()
Yapis(¥) = Vpa) = 0: N / dxp(x) log v (¢ Viers ) g 4 N3/2 / dxp(x)Y7, 1 (%),

where we used that lim,_,v"(z) = —z~!. Combining above expressions with the bifundamental contributions (A21), we get
the total divergent contribution to the twisted index as:

8YVap1y(x) £v(y = 0: N3/2/dxp(x)n(.»YaI;bJ) (x), (A23)

which appears in the last line of (3.13) with the Kronecker & enforcing the condition on &y(x)’s.

YThis termmology makes sense in the case of ABJM and other theories which have only 2 regions. As we saw in explicit examples of
A, and D,, there is no clear demarcatlon between tail regions and non-tail regions.

*Recall that V depends on v(u, — u) + - --) and B = det,; b ad;/, so B would depend on v”(---).
a0l
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