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We discuss several aspects of particle production in (a) a time-dependent electric field and (b) an
expanding Friedmann background. In the first part of the paper, we provide an algebraic mapping between
the differential equations describing these two phenomena. This mapping allows a direct comparison
between a and b, and we highlight several interesting features of both cases using this approach. We
determine the form of the (equivalent) electric field corresponding to different Friedmann spacetimes and
discover, e.g., a time-dependent electric field, which, in a specific limit, leads to a Planck spectrum of
particles. We also discuss the conditions under which the particle production in an expanding background
will be nonanalytic in the parameter which encodes the coupling to the curved spacetime, in close analogy
with the generalized Schwinger effect. In the second part of the paper, we study the situation in which both
a time-dependent electric field and an expanding background are simultaneously present. We compute
particle production rate in this context by several different methods, paying special attention to its limiting
forms and possible nonanalytic behavior. We also clarify several conceptual issues related to definitions of

in vacuum and out vacuum in these systems.
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I. INTRODUCTION

Two examples of particle production in external
backgrounds—discussed extensively in the literature—
correspond to (a) quantum field theory of a complex scalar
field in an external, homogeneous, electric field [1] and
(b) quantum field theory of a scalar field in an expanding
Friedmann background [2]. We will be dealing with several
aspects of these two systems in this paper.

The first of these two examples includes the famous
Schwinger effect [1,3], corresponding to a constant elec-
tric field, and its generalizations, which deal with time-
dependent electric fields (see, e.g., Refs. [4—13]). In the
case of constant electric field, the number density of par-
ticles produced from the vacuum has a nonanalytic depen-
dence on the coupling constant, which implies that this
result cannot be obtained from perturbative QED. The
situation changes when the electric field is time dependent
(see, e.g., Refs. [14-18]). Broadly speaking, if the electric
field is sharply localized in a time interval, the particle
production rate exhibits an analytic dependence on the
coupling constant. It is possible to construct examples in
which the particle production rate makes a smooth transition
between nonanalytic to analytic behavior (with respect to the
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coupling constant), when a parameter which controls the
time dependence of the electric field is varied.

In the first part of this paper, we will show that there
exists a purely algebraic correspondence between the
differential equations governing the scalar field in the
cases a and b mentioned above. (Though some authors
have noticed a parallel between particle production in an
expanding universe and the Schwinger effect in the past—
one of the earliest works we know being Ref. [19] and a
more recent one being [20]—the utility of this parallel has
not been adequately exploited in the literature.) Using this
correspondence, it is possible to translate the results
obtained in the case of a time-dependent electric field to
those in an expanding Friedmann background and vice
versa. For example, it turns out that the constant electric
field case can be mapped to a radiation dominated universe,
while the de Sitter universe maps back to a singular electric
field. Further, the Milne universe maps to an electric field in
flat spacetime, which produces a Planckian spectrum of
particles, in a specific limit, thereby providing yet another
“black hole analogue” [21].

Just as the particle production in an external electric
field vanishes when a coupling constant in the problem
goes to zero, the particle production in an expanding
universe will vanish when the parameter describing the
expansion of the universe goes to zero, thereby reducing
the Friedmann universe to a flat spacetime. (For example,
the spatially flat de Sitter universe will become flat
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spacetime when H — 0.) This vanishing of the particle
production in the expanding universe can, again, have
either an analytic or nonanalytic dependence in the relevant
coupling constant, just as it happens in the case of a time-
dependent electric field. In a previous work [22], we
provided a criterion to distinguish between these two types
of behavior for a broad class of time-dependent electric
fields. The mapping between the two cases a and b allows
us to translate the results in Ref. [22] to the case of particle
production in Friedmann universes and obtain a criterion
for analytic vs nonanalytic dependence of the coupling
constant in this context.

In the second part of the paper, we study situations in
which both the time-dependent electric field as well as
background expansion are present in the form of a time-
dependent electric field in the de Sitter universe. (The
effects of pair production in such settings are believed to be
relevant in the study of inflationary magnetogenesis; see,
e.g., Refs. [23-25]). The particle production in this context
should reduce to two previously known limits when we
switch off the electric field or the de Sitter expansion. To
understand these limits properly, we first describe certain
peculiar features which arise in the study of particle
production in the de Sitter background. The conventional
method for studying the particle production in an expand-
ing background is based on calculating the Bogoliubov
coefficients between the in modes and the out modes. The
straightforward application of this method works in a de
Sitter background only when (M/H) > 3/2 (where M is
the mass of the scalar field quanta and H is the Hubble
constant) and fails when (M/H) < 3/2. It turns out that
similar issues arise when we study particle production due
to the combined effect of electric field and de Sitter
expansion. We also pay careful attention to the two limits
E — 0 and H — 0 and ensure that our results have the
correct limiting forms. (This has not been the case in some
of the previous literature in this subject.)

The structure of the paper is as follows. In Sec. II, we
show that there is a well-defined algebraic correspondence
between the differential equations describing the pair pro-
duction of a massive scalar field in the Friedmann universe
and a massive complex scalar in a homogeneous but time-
dependent electric field in Minkowski spacetime. We illus-
trate this correspondence in physically relevant examples
and their useful limiting cases. Using the correspondence
established in Sec. II and the techniques developed in
Ref. [22] to study the generalized Schwinger effect, we
analyze the analytic vs nonanalytic dependence of pair
production in Friedmann universe in Sec. IIl. Finally, we
discuss the Schwinger effect in de Sitter in Sec. IV using two
approximate methods (namely the Landau procedure and the
Euclidean action method) and one exact method (using the
mode functions) and compare the results. In Sec. V, we
complement the results of Sec. II by studying the pair
production in a homogeneous but time-dependent electric
field in a de Sitter universe.

The last section summarizes the paper and gives a
list of new—conceptual and technical—results obtained
in this work.

II. CORRESPONDENCE BETWEEN THE
GENERALIZED SCHWINGER EFFECT AND PAIR
PRODUCTION IN AN EXPANDING UNIVERSE

Two time-dependent quantum systems of importance, in
the discussion of quantum fields in nontrivial backgrounds,
are (a) a massive scalar field in the Friedmann universe and
(b) a massive complex scalar field in a homogeneous but
time-dependent electric field. In this section, we will briefly
review the algebraic correspondence between these two and
study several properties using this correspondence. One of
the common features of these systems is that the time
dependence of the background fields (viz., the metric and
the electric field) leads to the creation of particle pairs from
the vacuum. Though these effects are usually studied
separately in the literature for these two systems, it is
possible to establish an algebraic mapping between them.
This allows us to translate the particle production rate in
one case to the same in the other. In this section, we will
establish this precise correspondence (see, e.g., Ref. [19])
and demonstrate possible applications.

The Friedmann metric describing a spatially flat, iso-
tropic, and homogeneous universe contains a single time-
dependent parameter a(¢) and is given by

ds® = —di* + a?(t)|dx|?. (1)

It is convenient to transform to the conformal time
coordinate 7 defined by dny = dt/a(t), such that the line
element takes the following form,

ds® = a(n)*(—dn® + |dx|?), (2)

which is conformally flat in the # coordinate. We will
consider a conformally coupled, massive, scalar field in this
background with the action

A:%/d“x\/—_gqb{ﬂ—g—Mz}(p. 3)

In the massless limit, the presence of the Ricci scalar
term ensures that this action is invariant under conformal
transformations. Thus, for the conformally flat background
given in Eq. (7), when M =0, the above action is
equivalent to that of a massless field ® = a¢, in flat
spacetime. However, when M # 0, the action in Eq. (3)
transforms to the form

A= % / &5 D[y — M|, @)

where U, is the flat spacetime Laplacian and ® = ad.
We will Fourier transform the field @ in the spatial
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coordinates and introduce the Fourier modes @y . In terms
of @, the action simplifies to that of a bunch of time-
dependent harmonic oscillators, each labeled by the wave
number k. The corresponding Lagrangian associated with
@, is given by
Ly = |<I> > - (k2 +a M) @ . (5)
where the prime denotes a derivative with respect to the
conformal time coordinate #. Variation of the above
Lagrangian with respect to @, yields its equation of
motion, which can be written as
Dy + {K* + Ma*(n) } @ = 0. (6)
with k* = |k|?. This describes a time-dependent harmonic
oscillator of unit mass and frequency wy (1) given by

wi(n) = k* + M*a(n)*. (7)

We will next describe the correspondence between this
differential equation and the one which arises in the case of
a time-dependent electric field in flat spacetime. To do this,
we will consider a complex scalar field ¥ in the background
of a homogeneous, but time-dependent, electric field in flat
spacetime (with the metric ds* = —dn* + dx?) and obtain
an algebraic one-to-one correspondence between the two
systems. Without loss of generality, let us assume that the
electric field is along the z direction and choose the vector
potential to be A, ={0,0,0,A_(n)}. The field equation
for the complex scalar field, minimally coupled to this
background electric field, is given by

(0, —iqA,) (0% —iqgA?)¥Y — m*¥ = 0. (8)
As in the previous case, we introduce the Fourier transform
¥}, of the complex scalar field ¥, defined by

v = [ de/‘“’l ), ()

to describe the dynamics. In the above expression, we have
separated the momentum integral into that of the longi-
tudinal (p,) and the transverse (p, = p — p,Z) components
for later convenience. The equation of motion satisfied by
¥, takes the form

Py +{m* +p1 + (p. +qA)’ ¥, =0.  (10)

Under the one-parameter family of gauge transformations'
given by A,—A,={0.0,0,A,(n)}=1{0.0.0,A,(n)+C},

'In the following discussion, unless otherwise specified, by the
phrases “gauge transformation” and “gauge-invariant,” we mean,
respectively, this one-parameter family of gauge transformations
and invariance under the same.

where C is a constant, the complex scalar field transforms
to ¥ = eMC2y, This, in turn, implies that the Fourier
transforms of ¥ and W are related by \i‘(pz,p = ‘I‘(ﬁz_pl),
where p, = p, — gC. Therefore, the 3-vector p does not
specify a given physical mode of the complex scalar field in
a gauge-invariant way. On the other hand, the “physical
momentum” 3-vector [1(n) = (IL.(ny) = p. + qA.(no),
p. ), where 7 is an arbitrary time, can be used to specify
a physical mode in a gauge-invariant manner, since under a
gauge transformation the quantity p, + gA_(n,) remains
invariant. Once the gauge is fixed, however, we can always
work with p, without any ambiguity.

It is evident that Eq. (10) describes a time-dependent
harmonic oscillator of unit mass and time-dependent
frequency €, (), where

Qi (n) = m* 4+ p3 +{p. +qA.(n)}*. (11)

Thus, the Fourier modes of both (i) the conformally
coupled, massive, scalar field in an expanding background
and (ii) the complex scalar field in a homogeneous electric
field satisfy the equation for a time-dependent harmonic
oscillator with unit mass. Consequently, for appropriate
choice of the parameters and functional forms for a(n)
and A.(n), Egs. (6) and (10) can be made mathematically
identical. That is, a purely algebraic correspondence
between the equations of motion of the two systems exists
when the following identification is made:

K+ M2a(n) 2 m* + p3 +{p. +qA,(n)}*.  (12)

This, in turn, implies that the solutions in one case can be
mapped to those in the other. We stress that this is just a
useful algebraic correspondence, at the level of differential
equations governing the Fourier modes, using the principle
that same equations have the same solutions. (We do not
imply any physical equivalence between the two systems;
e.g., parameters which appear in the two cases do not share
similar physical interpretation.) In the following subsec-
tions, we will investigate what this mapping translates to, in
terms of the particle production, using some special cases.

A. Sauter-type electric field and its
Friedmann analogue

As a warm-up exercise for the above correspondence
between a time-dependent electric field and an expanding
universe, we start by discussing the Sauter-type electric
field. This is a time-dependent electric field and has the
following form:

E = (0,0, Eysech?(1n)). (13)

The corresponding vector potential, called the Sauter-type
potential, is given by
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A=- <%) tanh ()2 (14)

where 4 is a constant having dimensions of the inverse of
time. The differential equation for the Fourier modes of a
complex scalar field in this background electric field can be
exactly solved, and hence the particle production rate can
be explicitly calculated. The result is given by (see, e.g.,
Refs. [26,27]),

cosh? [% (4/7150)2 - 1} B Sinhz% (@, —a-)] (15)
sinh(%) sinh(%) ’

ng =

where the frequencies @ are defined as

- Ey\?
wi:\/mQ—l—pi—F (PZZF%) ) (16)

We will next discuss how the above expression for the
particle number also arises for a conformally coupled
massive scalar field in an expanding universe, for a certain
choice for the scale factor a(n). To keep the discussion
somewhat general, we will start with the following form of
the scale factor [28],

a*(n) = A + Btanh(Jn) + Ctanh?(Az), (17)

where A, B, and C are dimensionless constants. The
number of produced particles in the asymptotic limit, for
the scale factor presented in Eq. (17), has been explicitly
worked out in Ref. [28] and is given by

cosh (27%7) + cosh (ﬂ MC 1)

cosh (2z%%) —cosh 2z%)

(18)

ng =

where the frequencies w, are defined in terms of the
constants A, B, and C appearing in the scale factor and the
mass M as

1
wizi{\/k2+M2(A+B+C)

i\/k2+M2(A—B+C)}. (19)

To algebraically map the time-dependent frequency wy (1),
with the scale factor a(n) as in Eq. (17), to () for the
Sauter-type potential, we start by making the following
choice for the arbitrary constants:

A= <&>2; B=-2/AC; C= (q—E")z. (20)

m mA

The scale factor, after this identification, becomes
a(n) = (p./m) — (qEy/m) tanh(4n). (Note that in the

expression for scale factor p, now appears purely as a
parameter that describes a family of scale factors.) Given
this, one can immediately verify, following Eq. (12), that
with the identification k> = M? + p? the corresponding
vector potential takes the form as in Eq. (14). Once this
correspondence is established, we can use Egs. (18) and
(20), to obtain the particle number in an expanding
universe:

B cosh[% (@, — @_)] + cosh [% (420)? — 1}

@®

@, + o) —cotE (@, -5 O
This coincides exactly with the number of particles
produced in a Sauter potential given in Eq. (14), and the
frequencies @, are those presented in Eq. (16). This
explicitly demonstrates how one may use the correspon-
dence expressed by Eq. (12) to obtain the particle pro-
duction rate in a given expanding background using the
information about the particle production rate in a homo-
geneous electric field and vice versa.

Before concluding this discussion, let us briefly discuss
some of the limiting cases of the particle number in
Eq. (18). First, consider the case B =0 = C, in which
case the scale factor is a constant. This yields w, =

Vk* + M?A and w_ = 0, so that the particle production
rate vanishes, as it should:

1 + cosh (ix)

1. = =
o'k cosh(27 %) — 1

Am 0. (22)
Second, consider the vanishing A limit, when the scale
factor becomes a(n) ~ A + ABn + A*Cn* and hence a(n)
becomes constant as A — 0. Thus, it is expected that
the particle production should also vanish in the 4 — 0
limit. A key question is whether it vanishes in an
analytical fashion or nonanalytically in 4. For positive A,
B, and C, we obtain @, > w_, and in the vanishing A limit,
we have cosh(2zw. /1) ~exp(2zwy/4), as well as

(4M>C/2*)—1~(2M/2)\/C. Thus, in the A — 0 limit,
the particle number presented in Eq. (18) becomes

iy~ exp {—27”(6(4 —w_)} +exp{-2/1_”(w+ —M\/E)}.
(23)

Since w, is greater than w_ as well as M \/5 it follows that
nx — 0 in the 4 — 0 limit. However, due to (1/4) depend-
ence in the exponential, it is nonanalytic in A near 4 ~ 0, as
evident from Eq. (23).

Finally, let us consider the other extreme, namely,
the A — oo limit. The scale factor in this limit takes the
following form,
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a(n) = \/A + BSign(n) + C, (24)

where the Sign function is given by Sign(x) =1 for
x>0 and Sign(x) = -1 for x <0. (This scale factor
corresponds to a “sudden” expansion at a single epoch.)
Following an identical procedure, the particle number in
this limit becomes

? (r*wiw? —3M*C?)

P e TOWH @)

As evident from the above expression, the particle number
ny is analytic near A ~ co. Thus, we conclude that the
particle production in an expanding universe for the scale
factor in Eq. (17) may be either analytic or nonanalytic in A
depending upon the limit of A under consideration.

The behavior of the particle production rate n, for
the last two cases, namely, 41 — 0 and A — o0, is closely
related to two well-known limiting cases of the Sauter
potential. They are, respectively, the following two limits
of Eq. (14): (i) mi/(qEy) — 0, i.e., when the electric
field approaches a constant value (the particle pro-
duction rate in this case is nonanalytic in gE;), and
(il) mA/(gEy) — 0, i.e., when the electric field approaches
a sharply localized function in time, like a pulse (the
particle production rate in this case is analytic in gE). Our
mapping allows us to obtain an expanding universe
analogue of these limits.

In general, there is no assurance that the scale factor
corresponding to an arbitrary electric field configuration is
sourced by a physically acceptable matter distribution; this
is the situation, e.g., in the case for a localized pulselike
electric field obtained from the mi/(gE,) — oo limit of the
Sauter-type field. However, it turns out that the constant
electric field—with nonanalytic dependence—actually
maps to a radiation dominated universe. We shall briefly
discuss this situation next.

B. Radiation dominated universe is equivalent
to constant electric field

As a second example, we examine whether a Friedmann
universe with a scale factor, which can be generated by a
physically acceptable source, can be mapped to a constant
electric field. For this purpose, let us again consider the
A — 0 limit of the scale factor in Eq. (17), but with the
following choices of the parameters B and C:

B:ao\/z; C:a—%.
A 4)2

(26)

Here, q is a constant with dimension of inverse length. In
this particular case, after substitution of the previous
expressions for B and C, the square of the scale factor
becomes

A 2
a*(n) = }11_{13 <A + aojl/_tanh(/ln) + %tanhz(ﬂn))
2
_ <\/Z + —ag”> . (27)

Therefore, the scalar factor in the conformal time coor-

dinate has the form a(i7) = VA + (an/2). To see what
kind of matter fluid may generate the same, let us consider
the scale factor to be sourced by an ideal fluid with the
equation of state p = wp, where p is the pressure and p is
the energy density; then, the scale factor evolves with the
conformal time as

_2
a(n) = (bo + byn)m, (28)

where b, and b, are two unknown constants of integration.
For a radiation dominated universe, we have w = 1/3, so
that the scale factor becomes a(n) « 7, which immediately
connects to the scale factor given by Eq. (27). Thus, the
choices made in Eq. (26) for the constants B and C
correspond to a radiation dominated universe. In this case,
we have the following limiting behavior for the particle
number in the asymptotic limit (see the Appendix A for
details),

27k?
limny, = exp | — : 29
limny, eXp( Ma()) (29)

where k> = |k|>. When ayM — 0, we expect the particle
production to vanish because (i) as ay — 0 the spacetime is
flat and (ii) as M — 0, because of the conformal coupling,
the scalar field in the background of a flat Friedmann metric
is equivalent to that in Minkowski spacetime. The particle
production rate indeed drops to zero as ay — 0 in Eq. (29),
but in a nonanalytic fashion. An identical scenario arises in
the context of constant electric field as well, where the
particle number is nonanalytic in the coupling constant.
This analogy can in fact be made more precise in light of
the correspondence given in Eq. (12), with the following
identification,

M
Repl+m?  MVAzp. % 2 qE).  (30)
so that the particle number in Eq. (29) takes the following
familiar form:

2 2

1y :exp{_M} (31)
qEy

The particle number n,,, clearly, matches that in the context

of a constant electric field and is nonanalytic in gE. It is

interesting to see that two of the important cases of pair

production, namely, the Schwinger effect and pair creation
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in a radiation dominated universe, which are seemingly
different, are related in a very simple manner [19,22,28].
Next, we will seek a time-dependent electric field con-
figuration that corresponds to a de Sitter or quasi—de Sitter
spacetime.

C. De Sitter universe is equivalent to a
singular electric field

The above analysis shows that the well-known case of
the Schwinger effect can be mapped to a radiation
dominated universe and the nonanalytic behavior of the
particle number holds true in the radiation dominated
universe as well. We will next discuss the mapping in
the reverse direction; i.e., we will start from a well-known
expanding universe, namely, de Sitter, and then study the
form of the electric field it maps to. To keep the discussion
slightly general, we will start with a generalization of the de
Sitter spacetime, described by the following scale factor:

aln) = (ao . Hﬂ). (32)

This metric approaches (i) the Minkowski metric, except
for some rescaling, when |Hy| > 1 and (ii) the de Sitter
metric as Hyp~1 or as ayg — 0. From the Friedmann
equations, we can determine the density p and pressure
p of the ideal fluid that can act as the source for this
geometry. They are given by

3 1 (da\? 3H?(a-ay)*

pla) = oot () L (e ),
dn 872G  a
(da/dn)*

872G a*
1 2d ((da/d
pla) = 872G {3 a* JrEd_r] <( aa/2 m) }
_3H? (a+ay/3)(a - a)’®

782G a* : (33)

The density and pressure vanish as a — a, (equivalently, as
n — —o0), as expected, since the spacetime approaches
Minkowski space in this limit. On the other hand, as
a — oo (equivalently, as 7 — H~!), the density and pres-
sure approach constant values such that p=-—p =
(3H?)/(87G), like in the de Sitter spacetime. Note that
the scale factor has a lower bound, namely, a,, a feature that
emerges in theories with certain modifications of general
relativity (see, for instance, Ref. [29]).

Now, from Eq. (6), we find that the Fourier modes of a
massive conformally coupled scalar field in this back-
ground satisfy the following differential equation:

1
1 —Hpy

2
We can simplify this differential equation by introducing
two new parameters k and u, as well as a new variable z,
such that

iagM? 1 M?
= o H=\3" g2
Hy/azM* + k

2i(Ht —1)\/aiM?* + k* (35)

H

=

In terms of these variables, Eq. (34) takes the form

1 i~ H
o4 E4e ”><Dk=0, (36)

4 z 22

The solutions to this differential equation can be written
in terms of Whittaker functions W, ,(z) and M, ,(z). In
particular, the “in” modes, which are the solutions to
Eq. (36) that behave as positive frequency functions
near 7 — —oo, are given by W, ,(z). One can verify this
by looking at the behavior of ¢y, near the asymptotic
past:

¢k(in) ~ e—i(a§M2+k2)1/2l1; § = —co. (37)
The “out” modes, on the other hand, are oscillatory and
thus well defined only when (M2?/H?) > 1/4, a result
which arises repeatedly in the context of de Sitter space-
time. (We will comment on this feature, in detail, later on.)
The parameter y becomes purely imaginary in this case, so
that we can write 4 = i|u| and the out modes ¢y oy turn
out to be proportional to M, ;,((z). From the asymptotic
expansion of the Whittaker function, it follows that, the out
modes take the following form at late times,

Diowy ~ e — HTY, (38)
where ¢ is the cosmic time and related to the conformal
time 5 through the well-known relation, dr = a(n)dn.
The in modes and out modes introduced above are
related through a Bogoliubov transformation of the follow-
ing form,

Pr(ow) = AP (in) + PxPDiin)» (39)
where a; and f are the Bogoliubov coefficients. To find

the explicit expressions for a and f, we can use the
following relation involving the Whittaker functions,

_ T(2u + 1)eirkr=)

MK,/A(Z) - F(/,t Tk _'_%) WK,/4<Z)
F(Z[.l + l)eim(
m W—K,[l(_z) (40)
=AW,y (2) + BeW_u(—2), (41)

where the last line defines the constants A, and B,
respectively. It is then straightforward to see that the
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Bogoliubov coefficients are given in terms of the constants
Ay and By such that

Ay By

W= fm
VIA = By[? VIA P =Byl

Further, the number (density) of particles produced in the
asymptotic future can be expressed as

(42)

(el ) oS A7 (K] — |u)) }
sinh {27|u|}

ne = |pxl* =e (43)

Recall that the ay — 0 limit of the scale factor in Eq. (32)
describes an exact de Sitter spacetime. The number of
particles produced in this limit is given by

1

limn, = —————.
k™ 2l

Jim, (44)
This matches with the well-known result in the literature
[30,31] (Also, see Appendix B 1, where we will explore a
closely related case in more details). In the limit H — 0,
the scale factor becomes constant, and hence we expect
zero particle production. This comes out naturally from
Eq. (43), since the rhs in the |u| — oo (equivalent to the
H — 0 limit) identically vanishes. We also see that this
vanishing occurs through a nonanalytic dependence in the
parameter H. On the other hand, the above formula is not
applicable for the M — 0 limit, as the mode functions at
late times will not be of oscillatory nature in this case.
(We will discuss this feature in detail later on.) One can,
of course, work out the M = 0 case separately and prove
that the particle production vanishes. This is consistent,
since there cannot be any particle production for a
massless, conformally coupled scalar field in a confor-
mally flat spacetime.

We will now determine an electric field configuration
that, in accordance with Eq. (12), corresponds to the quasi—
de Sitter metric that we have introduced. The form of the
scale factor suggests that the vector potential will be of the
following form:

By demanding that the time-dependent frequencies wy (1)
and Q,(n) be algebraically the same, we arrive at the
following identification between the parameters of the two
scenarios:

m*+pl =k w=H

(46)

The time-dependent electric field turns out to be singular at
n = w~!, where it diverges quadratically. Its explicit form is
given by

Ey

ke (‘*‘*m)-

This describes a family of electric fields parametrized by E
and . (It is tempting to interpret the parameter w as the
inverse of time at which the electric field diverges. But by
virtue of a shift in the time coordinate, the point of
divergence can be shifted to any arbitrary instant in time.)
It turns out that the above electric field satisfies the
following condition:

(47)

1 (9,[E)? ’

w
— constant = —
E,

4 |EP

=o0.

(48)
Let us now determine the number of particles n,,, associated
with a complex scalar field, produced in this electric field
background during the period —co < 5 < w™!. First, note

that the parameters « and y defined in Eq. (35) are replaced
by the following expressions,

iqEy(p, — gEqw™") :

@ \/(p. — qEg@ ") + pT +m*’

K=

9’

=
UG

M =
(49)

and the condition u = i|u| translates to ¢ < 2¢g. Having
identified the parameters that are related to each other in
either side of the correspondence, we can use Eq. (43) to

A (n) = _=0 (45)  show that the particle number for the above time-dependent
o(l —wn) electric field becomes
|
q9Eo(p.~qEo@”") _ ek 1)}
o cosh [7/7 <w2 (Pr=aEow Vot A e 4
P 2
sinh 2 /145 — 1]

qEo(p, — gEqw™")

« exp |7 N (9Ey)* 1
o*\/(p. — qEq0™")? + p2 + m? ot 4
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The following aspects are worth noticing as regards this

result:

(a) In the @ — O limit, the electric field approaches a
constant, and the particle number density ny ap-
proaches the Schwinger result, which is expected.

(b) The p, — gEy/w limit (which is the analogue of pure
de Sitter spacetime) gives

1
lim n, = . (51)
P~ (qEo/w) exp [2” (qE0)* ﬂ -1

(1)4

Let us discuss the equivalent of the H — 0 limit in this
context. As the correspondence in Eq. (49) shows, this
is achieved by taking the following two limits: @ — 0
as well as gEy — 0, keeping M = (qEy/w) finite. As
evident from Eq. (51), the particle number identically
vanishes in this limit, which is what we expect in the
limit of vanishing electric field.

(c) On the other hand, the above estimation for particle
number density is not applicable for the gEy, — 0
limit, as o diverges, rendering the above analysis
inapplicable. This is identical to the massless, con-
formally coupled, limit of de Sitter. The particle
number indeed vanishes in this limit, but this case
needs to be worked out separately.

(d) Itis instructive to rewrite Eq. (50) in a gauge-invariant
manner. In order to do that, we first define the gauge-
invariant physical momentum at the asymptotic
past by IT = (p, + qA.(—0),py). It is easy to see
that TI, = (p, — gEo/®) and II, = p . This moti-
vates us to define an “energy” for each mode by
ep = VII* + m?, where II* = |II|>. The particle pro-
duction rate can then be written as

I,
B cosh (”gep“ — zlul) { qll,

™ = " Sinh (27]u]) ‘”'“']' (52)

p

When I1> m, i.e., in the ultrarelativistic limit, the
above expression approximates to

g cos
L] Granink ) JECEISY

I~ 1> m,
P sinh (7] "

n

(53)

where 6 is the angle between electric and the physical
momentum /7. It is interesting to note that, in the
ultrarelativistic limit, the leading order particle pro-
duction depends only on the direction of physical
momentum and is independent of its magnitude.

To summarize, we have shown that the particle produc-
tion by a scalar field in an expanding Friedmann spacetime,
that smoothly extrapolates from Minkoswki space to the de
Sitter universe, can be algebraically mapped to that of a

complex scalar field in the background of a singular electric
field that diverges quadratically at a certain instant of
time. The special case of particle production in de Sitter
spacetime (i.e., ap = 0), under this map, translates to the
case of particle production by the complex scalar field with
a certain value of the component of canonical momentum
along the electric field (i.e., p, = gEqo™").

D. Electric field that produces Planck
spectrum of particles

The background geometries which produce a Planck
spectrum of particles (e.g., black hole spacetimes) are of
considerable importance in the study of quantum field
theory in curved spacetime. This prompts us to ask if there
is a time-dependent electric field in the flat spacetime which
produces a Planck spectrum of particles.

It is well known that, for a suitable vacuum choice, the
Milne universe does lead to a Planck spectrum of particles
at late times [28,32]. Therefore, the corresponding electric
field will lead to the same result. We briefly mention this
result here, postponing detailed discussion of this “black
hole analogue model” to a future work [21]. The scale
factor for the Milne universe is given by a(t) = Ht, where
‘H has inverse dimensions of time. [The standard Hubble
parameter is (a/a) = 1/t, and hence H is not the Hubble
parameter.] The passage to conformal time is straightfor-
ward, and one obtains Hr = exp(Hu), such that t = 1/H
corresponds to 7 = 0 and ¢ = O relates to 7 = —co. Thus,
the scale factor in conformal time reads a(n) = exp(Hpn).
As we will see, it is convenient to generalize the discussion
slightly and consider the scale factor of the following form:

a(n) = ay + ™. (54)

Notice that the scale factor reduces to that of the Milne
universe in the ay — 0 limit. Moreover, the spacetime
corresponding to the above scale factor smoothly extrap-
olates from a Minkowski spacetime (when, n <0 and
|Hn| > 1) to a Milne universe (whenn > 0 and |Hz| > 1).
For a pure Milne universe (i.e., ag = 0), it can be shown
that the density of produced particles [28,32] is Planckian,

1

T -1 o

ng

with the temperature given by T = H/(2x).

To study the particle production in the ‘“generalized
Milne” universe, corresponding to the scale factor in
Eq. (54), let us first consider the equation of motion of
the Fourier mode @y in this background, which is given by

@) + [k2 + M?(ay + €")?|Dy = 0. (56)

It is convenient at this stage to define a new dependent
variable &, such that
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Dy = e7IME, (57)
and a new independent variable z by
 2ie"M
Z - H 9
so that Eq. (56) reduces the standard form of Whittaker’s
differential equation:

2 2
dé“+<—1+1/47”>5k:0. (59)

(58)

dz> 4 72

Hence, the general solution to Eq. (56) can be written in
terms of the Whittaker functions W, ,(z) and M, ,(z). It
turns out that the out modes ¢y () are given by

¢k (out) & e_%H” WK',M (Z) (60)

One can verify this by noting that the late time behavior of
®x(our) turns out to be

_lL _ M My 4oM
Py (our) % €M™ HETTITN o0, (61)

Clearly, this mode behaves as a positive frequency solution
at late times and hence qualifies as the out modes. On the
other hand, in the early times, ¢y o) has the following
limiting behavior,

D (our) & eV M agn + Pre’v KM agn,

n— —oo,
(62)
where
g F 2 ~ g F _2
G = & (ﬂ)l; 5= oI ﬂ)l_
F(p—x+3) L(—p—x+3)
(63)

The asymptotic value of particle production rate can then be
evaluated to get

i Bi |2 FlaM+/RHMaF) | ”
k=72 = = .
| |* — || PV R+May

From Eq. (62), we can see that the in mode labeled by k has

the energy e, = \/k* + M?a}. Hence, in the ultrarelativ-
istic limit, given by €, > Ma,, the particle spectrum in
Eq. (64) approximates to

ng X —- . (65)
eH

This corresponds to a Planckian distribution with the
temperature 7 = H/(2x). Note that, in the special case
of ay = 0, which corresponds to the pure Milne universe,
the spectrum is exactly Planckian.

The correspondence of scale factor in Eq. (54) with an
electric field can be easily achieved, by virtue of Eq. (12),
which gives

kK =m?+pl;  qA,(n)+ p, = M(ag+e"™).  (66)

Hence, the associated electric field becomes

_MH

E.(n) = E, exp(Hn); E, = q (67)

Thus, at 7 - —oo, we obtain E() = 0, while forn = 0, we
have E(5) = E,. Therefore, using Eqs. (64) and (66), the
number density of the quanta of a complex scalar field,
produced due to the coupling with this time-dependent
electric field, is given by

#(IL+ep) 4 ]
1 :u’ (68)

P e%gp -1

where we have defined the gauge-invariant physical
momentum II and the energy €, for each modes, respec-

tively, by IT = (p, + gA,(—o0),p,) and €, = VII* + m*.
For small values of longitudinal physical momentum, i.e.,
for I, < €, the particle spectrum approximates to

1

2, ’
ener — 1

(69)

~
I’lp~

which corresponds to a Planckian distribution with tem-
perature 7 = H/(2x). The expression for T is reminiscent
of that of a fictitious de Sitter spacetime with Hubble
parameter H. [We also note that 7 is the Davies-Unruh
temperature corresponding to the asymptotic acceleration
g = (qE|/M). However, M is not the mass of the complex
scalar field under consideration but that of the scalar field in
the generalized Milne universe; so, this interpretation of 7'
as a Davies-Unruh temperature is incorrect.] The fact that a
thermal spectrum can be generated from a homogeneous
but time-dependent electric field is an interesting result by
itself and definitely needs further study [21].

In the 'H — 0 limit, the electric field in Eq. (67)
approaches a constant. Therefore, we expect that the par-
ticle rate in the H — O limit approaches the Schwinger
result. In order to see that this is indeed the case, we choose
the vector potential to be of the following form:

Alr) = =2h (=) (70)

Clearly, the H — 0 limit of this potential is given by —E#,
as is desired. The explicit expression for the longitudinal
physical momentum of a mode labeled by p, in this gauge,
becomes II, = p. + gE/H. The particle number density,
given by Eq. (68), can then be rewritten as
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exp {3 | (p: + aE1/H)? + /m7 + P+ (e + aEJHP| |+ 1

n, =

(71)

P

In the small H limit, the above expression, to the leading
order, reduces to n, = exp [-z(m?* + p3)/(gE,)], which
matches exactly with the Schwinger result.

We will conclude this section with a brief comment
regarding the correspondence between the electric field and
more general expansion factors of the universe, for the sake
of completeness. Consider a universe sourced by matter
with the equation of state p = wp, with constant w (#—1).

Then, the scale factor behaves as a(t) = (¢/ to)ﬁ. The
conformal time is
3(14w) it Lo
= — " f w 13(14w) 72
g 143w © (72)
sothat /1, = (1/no)>(!*)/(143%) The scale factor, in terms
of the conformal time, is then a(n) = (17/1,)%('+3*). The
mode functions then satisfy the following differential
equation:

_4
¢ﬁ+{k2+ﬂﬂ<ﬁ)mw}®k_0. (73)

o

The corresponding vector potential for the equivalent
electric field is easy to find using Eq. (12). We get

2
n\ T
k? =m? + pi; M<%> =qA,(n) +p, (74)

so that the electric field becomes

E—__ M 1 <i>_ (75)
: (1+3w)gny \no

Thus, most of our discussion can be generalized to this
case as well, when the mode functions are known.
Unfortunately, the closed form solution to Eq. (73) is
known only in a few special cases. Thus, we will not pursue
this analogy any further. We will next take up more general
features suggested by the mapping between the time-
dependent electric field and the expanding universe.

III. PERTURBATIVE VS NONPERTURBATIVE
LIMITS OF PARTICLE PRODUCTION

In an earlier work [22], we studied pair production in a
homogeneous electric field background with the emphasis
on analytic vs nonanalytic dependence of the asymptotic
particle number on the coupling constant ¢. In that case,
we could obtain two distinct general classes of electric
field configurations that exhibit, respectively, analytic and

WPE$¢m2+pi+%p¢+qEMHV}—1

|
nonanalytic behavior in the coupling constant. In this
section, we will explore the implications of these results
for particle production in an expanding universe using the
correspondence discussed in Sec. II.

Recall that the time-dependent harmonic oscillator
equation satisfied by @y is given by

2
k

M

Let us now study the solutions of this equation in two
regimes: (i) when a?/y? is “small” and can be considered as
a perturbation and (ii) when a®/y* cannot be treated as a
perturbation. The precise meaning of these conditions will
become clear as we proceed.

A. Perturbative limit

Let us consider a regime of expansion in which the scale
factor is bounded from above by some value, such that

a(n) < dyax <7 (77)

In this case, the time-dependent term in Eq. (76) can be
treated as a perturbation. For a Friedman universe expand-
ing monotonically from a singularity (a = 0), there always
exists an epoch in which this condition holds. The particle
number obtained may then be interpreted as the instanta-
neous particle number at the end of this epoch. We can then
expand @y as

1 1
Dy (17) = D) + ;(Dk(l) +y_2(bk(2) +- (78)

We seek a solution ¢ to Eq. (76) that behaves as e~/ as
n — —oo. Using standard perturbative analysis techniques,
we find that

¢Mm__(%m7§/1dﬂﬁnwm—ﬂﬂa%#k4w
+0(r™). (79)

The asymptotic behavior of this solution to leading order in
y~! is then given by

e—ikﬂ;

Ae=k1 4 Beikn,

n— —oco

hetn) = { (50)

n— oo,

where A = 1+ O(y72) and B = (ink/y?*)y(2k) with
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) = / D 2 gy (81)

00 27T

being the Fourier transform of the conformal factor. The
number of particles n, produced at the asymptotic future, to
leading order in y~!, can then be calculated as

T 2\ 2
=157 = () 1r@0P + 06 (52)

For an example, let us apply this result to the large A limit
of Eq. (17), in which case the scale factor is given by
Eq. (24). In this case, the Fourier transform in Eq. (81) can
be easily evaluated to get y(2k) = iB/(2kx). Hence, the
leading order particle number, from Eq. (82), takes the form

ny = (i—iﬁz)z +O(r™). (83)

One can easily verify that this is consistent with leading
order behavior of ny given in Eq. (25).

B. Nonperturbative limit

We will next consider the more interesting case of the
nonperturbative limit. The idea is to translate the procedure
adopted in Ref. [22], for a time-dependent electric field, to
the expanding universe case. This arises when the scale
factor is such that a(n) > y and || > n,. (That is, at some
critical value of time #n =1,, the perturbative analysis,
discussed in Sec. IIT A, fails.) We will further assume that
|

aln)k

y 1/2 . n ,
¢k(in) ~ ak eXp l/’7 dn y
—To

7\ 12
¢k(out) ~ <ak> exXp

the scale factor is changing adiabatically in the asymptotic
past and future, i.e.,

<Ly |nl>n,>ne. (84)

al
Ma?
where 7, is another critical time. This condition enables us
to perform Wentzel-Kramers-Brillouin (WKB) analysis for
finding the asymptotic solution of Eq. (76). The time-

dependent frequency of the oscillator @, from Eq. (76) can
now be expanded as

ak vk
onn) =7+ 3.+ 00) (85)
Motivated by the correspondence—between electric field
and expanding universe backgrounds—that we discussed
above and the nonperturbative analysis of the electric field
case in Ref. [22], we will assume the following asymptotic
behavior for the scale factor for |57| > 7.,

(i) a(n) ~>_ Cu[Hn"! (86)
n=0
ii LN . 7 2n—1
Oy :_X(Nj_l)cnmnl : (87)

for some positive integer N. (These correspond to the
conditions (35) and (36) in Ref. [22].) The positive
frequency modes of the asymptotic past (¢yn)) and future
(éx (our))» in the WKB approximation, can then be written as

)+/ d”'(zay&'))} e (88)
_i/—:o dnf <“(’7/)k> —i/_ZO d;7/<2a}’(/}€7/))]; y o oo )

where we have assumed that a(n) > 0 for # > 7,. Let us use Eqgs. (86) and (87) to simplify the argument of exponential

factors in ¢y (in) and Py (ouy), yielding

/ " iy <a(n)k> . klog(Hn)
- v Hy

o vk vklog(Hn)
d ~
/_,,0 1 <2a(i1’)> H

2n
<Hiy> ZL (Zl”) . >0 (90)
n#0
<;1;)ch($7)”; 0> 0. (o)
n#0

Subsequently we can use these expressions to rewrite @y iy) and @y (o) as

1/2 kCy ykC kC, yC,k\ (Hn)*
o~ (o) o (L e et + S+ e} o)) om0

n#0
y \'? ([ [KCy | vkCy kCy | 1Cak\ (Hn)™™\1.
Px(ou) (a(n)k> exp [ l({Hy + H }log(Hn) + ;{Hy + H } o ;= oo. (93)
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Since both {yin) D n>} and { ey (our)» Py ( Out)} are a set of
linearly independent solutions of Eq. (76), we can expand
¢k(in) in terms of {¢k(0ut)’ ¢§(out)}’

P (in) = AxPr(ow) + By (our)- (94)

where Ay and By are the Bogoliubov coefficients.
To determine the particle production rate, we need to
evaluate By.

We will now find an approximate expression for By
using the asymptotic expressions for the in and out modes.
This can be done by a procedure, originally due to Landau,
which we will call the Landau procedure. (This was used
earlier in Ref. [22] in the case of a time-dependent electric
field, wherein more details can be found. We will not repeat
the technical details here.) To use the Landau procedure,
we will interpret # as a complex variable in Eq. (92).
In essence, the procedure amounts to rotating # in the
complex plane from arg[y] = 0 to arg[y] = z. We can see
that under this transformation the asymptotic expression for

$x(in) near n — —oo transforms to that of ¢§(0m) near

n — oo, except for a constant factor. In view of Eq. (94), we
can immediately interpret this factor as the Bogoliubov
coefficient B, which reads

(95)

< P
Hy 2H /)|

By ~ e'" exp [—ﬂ(

The number of particles produced can then be computed in
a straightforward manner as

kCy . ykC
n = |By| = exp |:—27T <H—; + },2—7-{0)] . (96)

Thus, to the leading order, the nonanalytic dependence of
particle production rate is controlled by the two constants:
Cy and C~0. We will now illustrate this result with two
examples discussed earlier.

Example [1.—For a first example of this procedure,
consider the physically important case of a locally de
Sitter metric, with the scale factor, in some appropriate
interval being given by

1 1
D =TFmm at)

=1+ H|n| (97)
so that the relevant constants appearing in the expression
for particle number, taking a cue from Egs. (86) and (87),
yield Cp =1, Cy =0, and ‘H — H. Thus, the number of
particles produced, according to Eq. (96), is given by
2zM
i ] , (98)

ng ~ exXp |:— T

which, as we will see in the next section, is consistent with
the large mass limit of the exact value of ny. If we treat M
as the energy, this is just the Boltzmann limit of a Planck
spectrum at temperature T = H/2x.

Example 2.—For a second example, consider the scale
factor given by Eq. (27). The asymptotic expansion now
reads a(n) ~ (|agn|/2), and hence the inverse scale factor
reads (1/a(n))=(2/]agn|). With the identification ay — H,
the coefficients C, and @0 in this case are given by 0 and 2,
respectively. The particle number then becomes

27Zk2:| , (99)

Ny X exp [— Ma
0

which matches exactly with Eq. (29). This explicitly
demonstrates the usefulness of this approach.

This concludes the first part of this work, related to the
correspondence between a time-dependent electric field
and the expanding universe. We next want to study the case
of a time-dependent electric field in an expanding de Sitter
background wherein both of these effects will be present.
(For completeness, in Appendix B, we briefly discuss the
case of particle definition and production in the de Sitter
universe, in order to clarify/highlight several conceptual
and technical features.)

IV. CONSTANT ELECTRIC FIELD IN DE SITTER

In the following sections, we are going to explore pair
production when there is both an expanding scale factor as
well as a time-dependent electric field. However, for the
sake of simplicity, we will be mainly concerned with a scale
factor that corresponds to the de Sitter universe.

The particle number in the context of de Sitter spacetime
is fairly well studied (see Appendix B for a brief review).
There has been some interest in the literature [30,31,33,34]
to study the particle number when a constant electric field is
present in de Sitter spacetime. Our main aim is to determine
the particle number in the context of a time-dependent
electric field in de Sitter; however, it is useful to discuss
the case of a constant electric field first. We will work
exclusively in the spatially flat Friedmann universe,
expressed in terms of the conformal time #, in which case
the scale factor a(n) is given by Eq. (B1). The constant
electric field must be defined in a covariant way, and the
most natural choice is F**F,, = constant = —2EJ. We will
assume that the field is along the z direction and is des-
cribed by the (spatial) vector potential, A = {0,0,A.(n)}.
This implies, given the above definition of constant electric
field, that A,(n) must satisfy the following differential
equation: 0,A, = —a’E,. This equation can be immedi-
ately integrated, yielding the following expression for the
vector potential:
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-+ constant.

AZ:—/%—-@ : (100)

1—Hy)?>  H(1-Hp)

The constant of integration must be chosen carefully such
that in the 7 — 0 limit A, () turns out to be finite. This fixes
the constant to be (E,/H). With this choice for the constant,
the vector potential turns out to be

Ey, H
A =——0 T
H1-Hpy

(101)

Note that when H = 0 spacetime becomes flat and this
expression reduces to the one in standard flat spacetime
Schwinger effect. (If this is not ensured, the final result may
not have the correct H — 0 limit, which has happened in
some of the previous discussions in the literature.)

As an aside, we will comment on the source for the
electromagnetic field which is usually not stressed in the
literature. In general, a time-dependent electric field
gives rise to a magnetic field. If that is the case, we need
to take into account the effect of the magnetic field in
the computation of particle production. However, in the
present context, the vector potential (assumed to be along
the z direction) depends on time alone. Therefore, the only
nontrivial component of F,, corresponds to Fy, :AZ =-F,
(say, in flat spacetime), and there are no magnetic fields. But
for consistency of Maxwell’s equations, we must have a
nonzero current, which is given by J* = (1/4x)V Fr*. If we
consider time-dependent electric field in a flat spacetime,
then it follows that J* is the only nonzero component, such
that J¢ = (1/4x)E.. In the cosmological spacetime as well,
we have J* as the only nonzero component, but its explicit
form becomes J° = (1/4r)a~*(n)9,E,. Hence, in all the
cases considered here, there are no magnetic fields, but a
nontrivial current must exist to ensure that we have a purely
electric field situation. (The role of the current is not usually
discussed in the literature—and we will also ignore it—
though it may be worth investigating for a more complete
picture.)

We now consider a complex scalar field in this back-
ground. Its Fourier modes will satisfy the equation of a
time-dependent harmonic oscillator, with unit mass and
time-dependent frequency. This is essentially a generali-
zation of Eq. (7), which, for this background, yields the
time-dependent frequency as

M? qEy \?
(I —Hy? (kZ+1—Hﬂ> '
It can be easily verified that in the H — 0 limit the
frequency becomes M? + k3 + (k. + qEqn)*, which is
consistent with that of the Schwinger effect discussed
in Ref. [22]. On the other hand, in the gEy, — O limit,
it immediately follows that the frequency becomes
k*> + M?(1 — Hy)~2, coinciding with the frequency of

(102)

@, in the de Sitter spacetime. In what follows, we will
study the particle production in this background by three
different methods, namely, (i) the Landau procedure, (ii) the
Hamilton-Jacobi method, and (iii) using mode functions.

A. Landau procedure

In Sec. III B, we discussed a procedure to calculate the
WKB limit of particle production. We will now apply the
same techniques—the Landau procedure—to compute
particle production for our current case. It turns out that
we do not have to redo the whole calculation in Sec. III B to
find the generalization of Eq. (96) to the present problem.
Instead, we can proceed as follows. Let us first look at the
expansion of wy for large ||, which takes the form

M  Hp
wy ® H—”+m{k2¢ + (k, — qEo/H)*}.

(103)
Comparing this with Egs. (86) and (87), we see the
following identification of parameters exists:

M (Cok ykC
—2 |0+ 104
H* (Hy * 2H> (104)
Hence, using Eq. (96), the particle number can be immedi-
ately written down as

2zM }

ng = exp |:—7 .

(105)
This is, however, only the leading order term, as can be seen
from the fact that this expression is independent of the
electric field. Thus, the Landau procedure, to the leading
order, only captures a factor independent of gE,.

To get the dependence on the electric field and H, then
we need to retain more terms in the asymptotic expansion.
That is, when n — oo, one must keep Hn — finite < 1.
Then, the expansion in Eq. (103) should be replaced by

M*H
oy ~ \/q*E} + 3M*H?n +
§ 0 E} + 3M°H

1 { K+ M? M*H? } 1
2\/@E +3MPH?  (PEG +3MPH) |y
(106)
Further, the identification in Eq. (104) should be
replaced by
1[ K+ M? M*H? ]
2 |/PEE +3M*H?  (4°E} +3M*H?)*?
=0OH,M,qE)) 2 | —+=—). 107
M) = (00 (107
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Thus, the particle number density evaluates to

n, = e 279,

(108)
This expression has correct limits. In particular, it can
easily be verified that, in the H — 0 limit, this expression
reduces to

(109)

(k3 + MZ)]
qEy ’

ny = exp |:—
which is the standard result in the Schwinger effect.

B. Euclidean action approach

Another elegant method of computing the semiclassical
limit of the particle number is by using the Euclidean
action. The idea is to first evaluate the action Ay for an
appropriate classical solution of the Euclidean equation of
motion for a hypothetical particle. It can be shown that, for
the cases which are of interest to us, the particle number,
when Ag > 1, is given by

n=exp(—Ag). (110)
The Euclidean action is most easily computed by solving
the Hamilton-Jacobi equation. For our case, let us denote
by A the action for a charged particle in the Friedmann
spacetime with the scale factor a(n) and constant electric
field. The Hamilton-Jacobi equation in this context is
given by
|

[0, A+ [0, AP + (0.A = gAP) = -MPa. (111)

The symmetry of the problem suggests the ansatz, A, =
k,z+k,.x, + F(n), where F(n) satisfies

—(0,F)* + 1% + (k, — gA,)? = —M*a>. (112)

This can be integrated to give

A= /dn\/M2a2 VI 4 (k. — gA)? + k2 + kX,
(113)

In particular, for the de Sitter spacetime, the classical action
evaluates to

A= /I—Hn

X \/M2 K3 (1 — Hy)? + {qEgn + k(1 — )}
(114)

+kz+k, x;.

We are interested in closed classical trajectories (in the
Euclidean sector), for which the last two terms in Eq. (114)
vanish. Then, a straightforward computation shows that
there are two complex turning points, defined by the
vanishing of the square root terms in the integrand in
Eq. (114). These turning points are given by

K2 + k. (k. — qEgH™") £ iM /K% +

(k. — EoH ' + (qEo) " M°H?

Hn. = (115)
. K+ (k. — qEH™')?
|
The expression for number of particles given in Eq. (110) is K3 + k. (k, — qEoH™")
good approximation only for a sufficiently large value of Hn(6) = 12 + (k, — gE,H1)>
the Euclidean action Ag. This, in turn, holds for large values N .
. o . iM .
of M. Hence, let us look at the turning points in the leading +—= —sin 0,
order in M~!, which are located at \/ ki + (k. — qEoH™")
r 37
k2 + k (k. — qEH™") 96( 2’ 2) (117)
Hnym— 2
ki + (k, — qEoH™)
M (116) Substituting in Eq. (114), we can evaluate the action to get
\/kZ (k, — qEoH )2

The number of particles is related to the imaginary action
evaluated for the closed classical trajectory that starts at 77_
and comes back to that point through 7. The following
parametrization turns out to be a convenient choice for
describing this trajectory:

M? / /2 cos’0dl
(k, — qEgH™ )2 J—zj2 —iA + Bsin@’
(118)

G

where
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_ qEo(k, — gE,H™)

ki + (k, — qE,H™')?
MH
(k, — gEgH )

(119)

NGE
Then, the Euclidean action can be evaluated to get
M2

VI A+ (k; = gEH™')?
27(—-A + VA + B?)

AE - —lA

BZ
M E k, — qE,H™!
=27 — 27 L0 (ke — gEH™) (M)
H " H \/iZ + (k. — qEH )
(120)

The number of particles is then given by

M qE k, — qgE,H™!
ny X exp [—27:{—(120 (k. — gEo ) H
H  H* \/iZ + (k, — qEoH™')?

(121)

The gE, — 0 limit of the above expression can be easily
verified to be consistent our discussions so far on particle
production in pure de Sitter, for instance, Eq. (B34).

C. Using mode functions

Finally, we will use the appropriate mode functions
to calculate the exact expression for the particle number
from the Bogoliubov coefficients. We have deliberately
discussed approximate methods first to emphasize the
elegance and applicability of these approaches to cases
when explicit calculations are impossible. Towards the end
of this section, we explicitly verify that the exact expres-
sion, in fact, reduces to the results derived in Secs. IV A and
IV B in the appropriate limits.

The differential equation satisfied by the Fourier trans-
form @y, in an expanding universe, in the presence of an
electric field, is given by

d | ,ddy

— k —gA 202\ @,.. 122
Al R (S IVENR (e
For a constant electric field in de Sitter, we obtain

LD, 2H dd,
dp* 1 —Hpy dn

e (s
(1 —Hp? T

E 2
qLton @y = 0.
1 —Hpy

(123)

Let @, = (1 — Hn)wy so that ) satisfies

m* —2H? + ¢°E3np?
(1—Hn)?

wx = 0.
(124)

We can easily verify that this equation has the correct
limits. When H — 0, we obtain

wi + [+ 2qEok.n +m* + @ Egnlyy = 0; (H = 0),

(125)

which matches with the time-dependent frequency of the
Fourier mode of a complex scalar field in a constant electric
field in flat spacetime, in the time-dependent gauge. On the
other hand, for ¢gE, — 0, we have

2_2H2
m]llfk:(x (gEy — 0),  (126)

Wi + {kz +
which is perfectly consistent with Eq. (B4). Let us
introduce a new variable z = 2ikny so that Eq. (124)
simplifies to

Wi nse o
where
£ (k. — qEy/H) (q_EO>
\/k2 (k. — qEo/H)* \ H*
. %_Z_z_%_ (128)

The general solution to this equation can be written in terms
of the Whittaker functions as

= 2 2 — -
Vi CIW&Dl 1\/kl+ <k m > <17 H)]
M 2 2 - -—— 1.
+ G 5’”[ ’\/kiJr <k H> (’7 H)]

(129)

From the asymptotic expansion of the Whittaker functions,
we get

We, {Zi\/ki + (k; —qEo/H)? (’7 - %)]

Hn)‘fexp( \/k2 (k, —qEy/H)? ); for n = —oco
(130)
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M 209/ + (k= oo/ 1P (- ;)|
<o/t + = a2 (n- )]

—vHt
9

fornmH ' xe (131)
where the last relation is true for the case when v is purely
imaginary, i.e., when v =i[v|. This is similar to the
situation in pure de Sitter discussed earlier. Hence, for
v = ilv|, we have M, defining the late time vacuum (in
terms of cosmic time 7) and W, defining the in vacuum (in
terms of the conformal time 7).

Some comments regarding the nature of the in-vacuum
state are appropriate at this stage. In the # — —oo limit,
which is the appropriate initial Cauchy slice for the de Sitter
spacetime, the modes used to define the in-vacuum state
behave as 7°exp(—ik'n), where & has been defined in
Eq. (128). So, this state is similar to the Bunch-Davies
vacuum, with two crucial differences:

(i) First, the wave number appearing in the exponential
is not the same as that of the Fourier mode @, as in
the de Sitter spacetime, and rather is modified
to k¥ = +/k% + (k. — gEo)*. This modification is

|

cosh (72'|IJ| -

due to the appearance of canonical momenta k;,
through the combination k; —gA;. Since at the
asymptotic past (when  — —oo) the vector potential
becomes ¢A. = qEy/H, it is the combination
k3 + (k. — qEy/H)? that appears in the solution
of the associated mode function.

(ii) Second, the prefactor depends on # through a term
approximately 7¢, where £ is proportional to the
electric field. The presence of this prefactor 7° can
be understood using the WKB limit. In this limit, the
mode function (in the 7 — —oo limit) takes the form
exp(i [dz\/(1/4) — (£/z)). Since z is very large,
one can expand it to the leading order, which upon
integration yields a term exp(—¢£1nz). This leads to
the 7° term in the mode function. Defining the in
vacuum in terms of the exponential part of the mode
functions, one immediately observes that these modes
indeed carry positive energy like the Bunch-Davies
vacuum state, but with a modified wave number k'.

The problem of particle production is mathematically

identical to our discussion in Sec. II C. In particular, an
argument similar to the one used to derive Eq. (50) can
employed here to arrive at the following expression for the
number of particles:

ki+(k:_qE0/H)2

k — 2 rqE,
e* cosh (n|1/| + H20

It can be easily verified that we get the correct limiting
forms. For, gE, — 0, we have

1

= (133)

ng
which matches with, say, Eq. (B10). On the other hand, if
we demand that M > H, then, Eq. (132) to the leading
order is given by

., |iM aEy  (k—qEqH™") i|
I Ty s
k ~

(134)
This is also in perfect agreement with Eq. (121). Finally,
the H — 0 limit reduces to
2 k2
ny = exp [_M]’ (135)
qEy

which is the correct result for the Schwinger effect.
It is worth mentioning that in most of the previous
literature the scale factor as well as the vector potential
have been chosen in such a form that they diverge in the

2 (k:—qEo/H)
H ki+(k1_qE0/H)z

(132)

E kz_ E /H
) —cosh (7T|V| - ”zlzow)

|
H — 0 limit [30,31,33]. This makes the interpretation of
the particle number in the limit of the vanishing Hubble
constant problematic. This is primarily due to the fact
that the scale factor and gauge choice for the vector
potential did not have the appropriate limiting behavior.
Keeping this in mind, in this paper, we have worked with
expressions for the scale factor and vector potential
which have appropriate limiting behavior. Then, the
particle number as well, naturally, leads to the desired
expressions for the pure de Sitter and pure Schwinger
effect, in the gE; — 0 and H — 0 limits, respectively.
(For a different view of arriving at the appropriate limits,
see Ref. [35]).

As remarked in the beginning of this subsection, we
cannot analytically solve for the mode functions for the
most general, time-dependent, homogeneous electric field
configuration in de Sitter spacetime. In such cases, one
plausible strategy is to employ numerical techniques.
However, the approximate methods discussed in
Secs. IVA and IV B give us an elegant analytic handle.
In the following section, we will be using one of these
approaches, namely, the Landau procedure, to study the
generalized Schwinger effect in a de Sitter background.
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V. EXAMPLE OF TIME-DEPENDENT
ELECTRIC FIELD IN DE SITTER

In the previous section, we determined the particle
production of a complex scalar field in a de Sitter back-
ground in the presence of a constant electric field. However,
in practical situations, the electric field is often not a
constant but depends on time. Keeping this in mind, we
would like to understand particle production due to a time-
dependent electric field in de Sitter, which may also provide
us some insight into the nonanalytic vs analytic behavior of
the same.

We start by considering a homogeneous electric field-
electric field in the de Sitter background, satisfying the
following condition,

Fm/F;w = Ez(“’o’?)’ (136)
where the raising and lowering of indices has been
performed using the conformally flat form of the metric
ansatz, given by Eq. (B1). Assuming, without any loss of
generality, that the electric field is in the z-direction, the
above equation provides us with Fy. = E(wn)a(n)? as
the only nonvanishing component. Given the field tensor,
the differential equation governing the vector potential can
then be expressed as

A, _ _ M (137)
dn  (1-Hn)?

Determination of the vector potential from the above
differential equation requires an integration, and that
requires an explicit expression for the time dependence
of the electric field. It also requires an additional condition;
namely, the vector potential should be finite in the H — 0
limit. To see what this second condition means, let us
consider a power law electric field, such that E(wgn) ~
Ey(won)*; then, the vector potential becomes

E d Ey1 1 s
PR siﬂzz__o_<1+ )
) n*(1—Hp) oy’ Hnp—1

P (5,145,245, 12)

+ constant 138
(1+s)H(-1+ Hn) (138)
so that we obtain

Ey1 Fi(s,1+s5,2+s,1
limA, = ——%_(Hp)s2 s 149245 1) + constant
H—0 o n* (1+s)H

E

~——2 {>~! 4 constant (139)

@y

Thus, for s > 1, the vector potential is always finite in the
H — 0 limit, and we can choose the constant to be
vanishing, while for s < 0, one must take the constant to
be (Ey/wy)H*~" to make the vector potential finite in the
H — 0 limit.

In what follows, we will concentrate on the electric field
of the form E(wyn) = Eo{1 + f(won)}, where f(won) is
some arbitrary function which decays for large #. That is,
the electric field becomes a constant at late times. The
corresponding vector potential, having a finite H — 0 limit,
can be written as

(140)

where the function F(wgn; H) satisfies the following
differential equation:

ar(s) __ f(s) an

= H 2
ds (I=2)

It is, of course, convenient to work with F' rather than f,
which is what we will do.

A complex massive scalar field, in the background of
the time-dependent electric field in the de Sitter uni-
verse, will have Fourier modes which again satisfy the
equation for a time-dependent harmonic oscillator. In
this case, the oscillator associated with the kth wave
mode will have unit mass and a time-dependent fre-
quency given by

2

m
qEon  qEy 2
k, — ——F H . 142

Here, k3 = k* — k? is the wave vector component trans-
verse to the direction of the electric field. One cannot,
of course, solve for the mode functions for arbitrary F.
To illustrate the use of the Landau procedure, we shall
confine ourselves to a specific choice, viz., f(won) =
2f>(won) {1 = 2Hn}{1 — Hy}~', where f, is a con-
stant. With this kind of electric field, the contribution to
the vector potential becomes —f,(won)~2(1 — Hn)™2.
Thus, the time-dependent frequency in the large # limit,
but with small Hzn, can be expanded as
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qEof>

2
wi(n) = k5 +m*(1+2Hn + 3H*n*) + <qun(1 + Hn + Hn*) + prem (1 +2Hn + 3H2n2))

~ (¢°E5 + 3m*H*)* + <2m2H +2qE,
=An* + Bn+ C.
Here, the last relation defines the constants A, B, and C in
terms of the parameters appearing in this model, e.g., the

electric field strength E,,, Hubble constant H, inverse time
scale @, etc. The corresponding expansion for wy is

B Cc \1/2
wk:\/Zn(H—Jr—)

An  Ap?

B C 1 B?
=Van(1+— 4+ —
Vin ( T oan T oay 8A2n2>

C 1 B?

= VAR +—+ - :
7 2VA  2VAp 8 A2y

(144)

cC 1B
n; = exp |2« —2\/Z_§W

3H2f26]E0
3

0

3H2f,qE 2
)n + (K2 +m?) + (%)
®p @y

(143)

|

Having derived this expression, one can invoke the Landau
procedure to extract the nonanalytic part of the particle
number. This requires one to analytically continue the
range of 7 from {—oo, (1/H)} to {—o0, oo}. Further, using
the WKB method, one can determine the in states and out
states associated with the Fourier modes at 1 = Foo,
respectively. The Bogoliubov coefficient connecting them
can be obtained by treating # as a complex variable and
rotating it in the complex plane from Arg[n] =0 to
Argln] = #. This provides the nonanalytic part of the
particle number to be dependent on the coefficient of
(1/n) in the expression for w;, which reads

K2 2 (3H2f2qu
=exp |27 Wt “% _
2V/(¢PE3 +3m?H?) 8

Note that in the H — 0 limit the particle number becomes
exp[— (k3 + m?)/qE,)] irrespective of the presence of f,.
This is what we expect, as the Landau procedure picks up
the nonanalytic part which is given by the coefficient of the
constant term irrespective of other terms in the expansion.
This assures that Landau procedure works in de Sitter
spacetime as well and yields the nonanalytic part of the
particle number for time-dependent electric fields in de
Sitter, while remaining compatible with the flat spacetime
limit.

However, the particle number presented above does not
yield the de Sitter particle production as the electric field
vanishes. This is due to the fact that for the Landau
procedure to work we have analytically extended the de
Sitter spacetime to cover the full range of 5, namely, 1 €
(—o0,00) and hence the background spacetime is not
exactly the de Sitter background we want to work with.
Besides, this feature is also present in the context of
constant electric field, as evident from Eq. (106). This
suggests that, even though the Landau procedure is a useful
method to understand nonanalytic behavior of the particle
production in the time-dependent electric field, it has its
limitations when applied in the context of an expanding
universe.

(145)

)2 1 (2m2H + 2qE, 3H2£§q50)2>‘|

(¢*E} + 3m*H?)3/?

VI. SUMMARY

The previous sections discussed several aspects of
particle production in an expanding universe and its
possible correspondence with the generalized Schwinger
effect. Given the fact that both these phenomena have been
investigated extensively in the literature, it is useful to
highlight the new—conceptual and technical—results in
this paper:

(i) The correspondence between the time-dependent
electric field and an expanding universe has been
noticed earlier, one of the earliest works being
Ref. [19] and a more recent one being Ref. [20].
However, this correspondence was noticed at a
formal level and was not adequately exploited. In
this work, we have taken this further and applied this
formalism to connect some well-known cosmologi-
cal spacetimes to specific time-dependent electric
fields and vice versa.

For example, we studied the cosmological ana-
logue of a Sauter-type electric field and showed that
the particle number possess nonanalytic behavior as
the scale factor approaches that of the radiation
dominated universe. Further, through this correspon-
dence, we could provide estimation of the particle
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(i)

(iii)

(iv)

number for a nontrivial electric field configuration
using our knowledge of the results for the expanding
universe. Starting from the de Sitter (or quasi—de
Sitter) spacetime, we determined the corresponding
electric field and hence the corresponding particle
production. We also discovered a time-dependent
electric field in flat spacetime, which can lead, in a
specific limit, to a Planck spectrum of particles at
late times. (This analogue black hole model deserves
further exploration especially with regard to back-
reaction. To our knowledge, such electric fields have
not been explored earlier.) It will also be interesting
to take this correspondence further, to the level of
two-point functions, and analyze the analogue of
inflationary power spectrum in the context of the
generalized Schwinger effect.

In our earlier work [22], we used an asymptotic
expansion of the electric field and identified the
terms responsible for nonanalytic behavior of the
particle number. Through the correspondence be-
tween the generalized Schwinger effect and particle
production in an expanding universe, we have
determined the corresponding factors responsible
for the nonanalytic behavior of the particle number
in an expanding background. In particular, we have
shown that the coefficients of #~! in the expansion of
a(n) as well as a~'(5) control the nonanalytic
behavior of the particle number.

In the last part, we discussed the case of a constant
electric field in de Sitter spacetime, using three
different approaches, and compared the results.
First, we described how the Landau procedure can
be used to infer the nonanalytic part of the particle
number, and we showed that it reproduces the
correct result. Second, we used the Euclidean action
approach to obtain the asymptotic limit of the same
result. Finally, we studied this case using the
conventional approach based on mode functions.
In all the cases, we worked in a gauge which allows
taking appropriate limits, and we explicitly verified
these limits. (This has been an issue in some of the
previous works in the literature.)

Taking a cue from this discussion and our earlier
results in Ref. [22], we described how one may go
about studying particle production due to a time-
dependent electric field in de Sitter. Using the
technique due to Landau, we were able to obtain
the nonanalytic part of the particle production in the
context of a specific time-dependent field in de
Sitter. Even though we could retrieve the desired
Schwinger result in the appropriate limit, the general
structure of the particle number is more complicated
and deserves further attention. We hope to study this
in a future work.
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APPENDIX A: DERIVATION FOR RADIATION
DOMINATED UNIVERSE

Let us begin by looking at the 4 — O limits of @..
We have

V& + MAA + B+ C)

- \/k2+M2(A+aO\/_+4/12>

M A K+ M2A 12
~ 220 1+4£z+4%ﬁ
24 a M<aj

~Ha 0+M\/_+/1k—2+(’)(/12)
b May

(A1)

as well as

2
May _yoygya X o).

2+ M*(A—B+C) =

(A2)

Therefore, the following limits of the characteristic
frequencies w, are obtained:

M k?
2D o),

— 2
= e = MVA +O(22).

(A3)

Thus, the 4 — 0 limit of Eq. (18), with the parameters B
and C as given in Eq. (26), becomes

i cosh(%) + cosh(224%) <—2nk2>
imny = = — ).
=0 cosh (—2”2]1;“0 + —ﬁ;’;‘z) —cosh (—z”ﬁj‘/x) Mag

(A4)

APPENDIX B: PARTICLE PRODUCTION IN DE
SITTER SPACETIME: REVISITED

The purpose of this section is to revisit certain aspects of
particle production in a de Sitter universe [36]. We will first
recall the standard results using the mode functions to
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compute the exact Bogoliubov coefficients. Next, we will
discuss the instantaneous diagonalization method and
compare it with a new technique, explored recently in
Ref. [37] (also see Refs. [38,39]), that maps any time-
dependent oscillator to an oscillator with constant fre-
quency. This comparison gives us a handle on several
conceptual issues, related to the definition of particles
which is inherently ambiguous in curved spacetime.

Before we begin, we would like to make the following
cautionary comments to avoid any misunderstanding. It
should be stressed that there is no unambiguous way to
define particles corresponding to a field that is evolving in
an arbitrary time-dependent background (see, e.g.,
Ref. [40]). The best one can do is to just explore different
approaches, each of which comes with its own merits and
demerits. For an example, consider three standard
approaches used in the literature:

(i) The instantaneous diagonalization method, for in-
stance, has the advantage of being simple and
generally makes sense when the time evolution is
adiabatic. But it runs into serious problems in its
physical interpretation in a general context.

(i) The particle detector approach is another alternative,
which has the advantage of being operationally
defined. But the detector approach can give mis-
leading results in certain contexts because the
spectrum of fluctuations (measured by the detector)
does not match the particle content defined by
Bogoliubov transformation. For instance, even
though a uniformly rotating observer identifies
his/her vacuum state with the Minkowski vacuum,
an Unruh-Davies detector in circular motion in the
Minkowski vacuum has a nonzero excitation rate
[41]. There are other issues which arise in a time-
dependent context when the detector is not moving
along a Killing trajectory.

(iii) The imaginary part of the effective Lagrangian
allows us to determine particle production in some
other situations, but this requires the existence of
well-defined asymptotic vacuum states, something
which does not exist in a generic situation (like, e.g.,
in a FRW universe).

In short, no single method for defining the particle works in
all contexts.

In Appendix B 2, we will concentrate on the instanta-
neous diagonalization method. The purpose of this choice
is not to advocate this particular method as unambiguous or
better than the rest; as we said above, each method has its
own merits and drawbacks. Our purpose is strictly limited
to comparing this method and rephrasing it in the context of
some recent work [37] (also see Refs. [38,39]). We believe
this connection is interesting even though it does not
eliminate the basic issues related to the instantaneous
diagonalization method.

1. Particle production using the
Bogoliubov coefficients

We start by writing down the de Sitter metric in the
conformal flat slicing, which takes the following form:

ds* = (=dn* + |dx|*); —oco<n<H.

(1 - Hn)?
(B1)

We will consider particle production due to a massive
quantum field living in this background spacetime, the
action of which is given by

A= / d*x\/=g [— % §9,00,® — %Mztbz ., (B2)

where ¢g,, corresponds to the metric given in Eq. (B1).
[Note that the above action is different from that in Eq. (3),
in that the nonminimal coupling term, R®? is absent. This
is because we are now considering the minimally coupled
scalar field, which—since R is a constant for de Sitter
spacetime—can be generalized in a straightforward manner
to arrive at the results of a scalar field with conformal
coupling as well.] Let us introduce the Fourier modes @y
by standard means, in terms of which the action simplifies
to that of a bunch of time-dependent harmonic oscillators,
each labeled by Kk, the time-dependent frequency and mass
or which are given by

oy (n) = & +a*M*; my(n) = a*(n). (B3)
Hence, the equation of motion satisfied by the Fourier
mode functions can then be written as

d*®, 2H ddy M?
4+———— &, =0. (B4
+< +(1—H'7)2) k=0 (B4)

+
dp*  1—Hn dn
The solution ¢, to this equation that corresponds
to a positive frequency solution in the asymptotic past is
given by

Diim) (1) = (W) l/zHﬁl) (%) (BS)

9 M?
V=A\l———.
4 H?

This expression for v tells us that the situation can be quite
different depending on whether (M/H) is greater than or
less than (3/2), and we will see that this is indeed the case.
One can verify that ¢y, is indeed the positive frequency

where

(B6)
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solution in the early time by noting that as a - 0 (or
n— —oo)

=ik o1 J dnon(n)

¢ (n) \/2ka2(,1) ~ \/ka (o (1) .

(B7)

On the other hand, in the late time limit, i.e., as
n— —(1/H), ¢y takes the form

dlm) ~ V2 1y ()"

NG H
VavH2 ™! . o kN
+W{1 + lCOt(ﬂ:I/)}a 2<ﬁ>

= Aga™ % 4 Bra 2, (B3)
To determine the particle content at late times, we have to
somehow interpret these two terms as positive and negative
frequency oscillations, which, of course, is possible only if
they are oscillatory. This, in turn happens when v is purely
imaginary, so we can write v = i|v|. This corresponds to the
situation with M?/H? > 9/4, when we can interpret
Eq. (B8) as a linear combination of positive and negative
frequency modes in the asymptotic future. (The oscillations
are with respect to Ina o, the cosmic time, in the
asymptotic future, while the oscillations are with respect
to conformal time # in the asymptotic past.) In this case, one
can read off the Bogoliubov coefficients to be

A B
o= p— . (BY)
VIAx]* — [ B| VIAx[* = [ B|
The number of particles can then be computed as
) 1
ne = [Pyl ; (B10)

- el — 1

which is a constant, independent of k. The form of
Eq. (B10) is very misleading; it is not a thermal spectrum
in the energy of the particle, except when M > H. Only in
this limit, for k < M, one can interpret Eq. (B10) as a
thermal spectrum of particles with a temperature H/2x.

The situation gets worse for M?/H? < 9/4. In this case,
there are no solutions to Eq. (B4) that behave as positive/
negative frequency oscillatory modes near # ~ —1/H. This
can be seen from the asymptotic behavior of Eq. (B4) in
this limit, which takes the following form:

d*®, 2H dd, ( M?

@, ~0. (Bll
dp 1—Hpn dn (l—Hﬂ)2>k 0- (B

The two linearly independent sets of solutions of Eq. (B11),
with no restriction on the rage of parameters, are given by

D () = (1 — Hp)™*i = 7, (B12)
where
3iH M?* 9
=——+ H\/—5—— Bl
Ex 2 H> 4 (B13)

and we have once again introduced the cosmic time ¢
defined by (1 — Hy) = e~"’. Once again, we see that the
notion of positive and negative frequency oscillatory modes
makes sense only when M?/H? > 9/4. This implies that,
for an arbitrary value of mass M outside this range, we
cannot define positive and negative frequency modes in a
natural fashion and compute the number of particles
produced asymptotically. In the next section, we circum-
vent this situation by resorting to a different prescription for
defining particles.

2. Particle number from constant
frequency representation

It is well known that, in the study of the quantum
mechanics of a time-dependent oscillator, one can construct
an operator, called the Ermakov-Lewis invariant, that
is quadratic in the phase space coordinates and has
eigenvalues that are constant in time. An important appli-
cation of this operator is in the study of the particle
production of quantum fields in time-dependent back-
grounds (see, e.g., Refs. [42,43]). In a recent work [37]
(also see Refs. [38,39]), a rather simple and elegant
mapping was found between an arbitrary time-dependent
harmonic oscillator and a simple harmonic oscillator of unit
mass and time-independent frequency. This new formal-
isms “demystifies” the constancy of the Ermakov-Lewis
invariant and reveals a natural way of defining particles.
We shall first review this approach here for the sake of
completeness.

The classical version of this mapping can be summarized
as follows. If a dynamical variable ¢ satisfies the time-
dependent harmonic oscillator equation with mass and
frequency given by m(n) and w(n), respectively, then one
can show that the variable Q = ¢/f(n) satisfies the
equation of motion of a constant frequency oscillator,

d—Q+92Q:0,

I (B14)

where € is a constant and we have introduced a new time
coordinate 7 through mf?dr = dy, provided the function f
is chosen to be a solution to the differential equation:

AV a)2 — Q
{mm)f'Y + o*(n)f YR

The quantum mechanical version of this mapping works
in a similar way. Let the wave function y(q,#), for the

(B15)
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dynamical system ¢, satisfy the following time-dependent
Schrodinger equation:

1 1

i0,w(q.n) = [—W% + —m(ﬂ)wz(ﬂ)qz] w(q.n).

2
(B16)

It can then be shown that the new wave function ¥(Q, 7),
defined by

U

L N
vl = e (zmw) L >‘I‘[Q — a/f. ().

(B17)

satisfies the Schrodinger equation for a particle of unit mass
in the potential of a simple harmonic oscillator of constant
frequency €, i.e.,

i0,¥(Q,7) = {—%GZQ—F%QZQZ}‘P(Q,T), (B18)

provided that f satisfies Eq. (B15).

This mapping offers a fresh view of the quantization of a
time-dependent harmonic oscillator and definition of vac-
uum and particle states. Recall that implicit time depend-
ence of the system implies that there is, in general, no stable
vacuum state for a time-dependent harmonic oscillator.
However, there is a unique vacuum state for the Q system,
the wave function of which is given by

O\ /4 o
¥y (0,7) = (—) e e
b3

Clearly, being an eigenstate of the Hamiltonian of the Q
system, this state is stationary, and hence, once the system
is prepared in this state, it continues to be in this state
forever. On the other hand, from Eq. (B17), it follows that
this vacuum corresponds to a time-dependent state of the g
system of which the wave function is given by

1/4 / :
wolg:in) = <f%> exp [— (2%2— tm;—f) q* —%Qf(n)} :

(B20)

(B19)

We can expand this state in terms of the complete set of
eigenstates, denoted by {¢,(n);n=0,1,2...}, of the
instantaneous Hamiltonian of the ¢ system at the instant
n. When the oscillator ¢ corresponds to a time-dependent
mode function of a physical field in an external back-
ground, the average value of the ‘“excitation” parameter n
serves as a natural definition for the average number of
particles 71() produced in that particular mode. A straight-
forward computation gives

n(n) = mf;w [(—1 + m}%w)z + (}{—;))2] (B21)

3. Application to particle production in de Sitter

In this section, we will compute the particle number
associated with a certain Fourier mode of a scalar field in
de Sitter spacetime, using the formalism presented above.
This uses the fact that the Fourier modes of a scalar field
in de Sitter spacetime can be transformed into a time-
dependent harmonic oscillator, the frequency and mass of
which take the following form:

wi(n) = k* + M*a? (B22)

m(n) = a*(n). (B23)
Using the redefinition of the dynamical variable through
the function fy (n), one can convert the time-dependent
oscillator to a constant frequency oscillator with unit mass.
The frequency of the constant frequency oscillator has been
fixed to be wy ;) associated with some initial time 1 = 7;.
Thus, with the appropriate choice of fy, Eq. (B21) gives
particle number ny for each mode labeled by k. As evident
from Eq. (B22), it follows that in this limit @y ;) = k and

the function f} becomes
k 1/2 k
fi = (—f) H£”<—> .~
2Ha’ () Ha(n))| a(n)

which, in the asymptotic past, behaves as f) ~ 1/a(n). One
can verify that the in vacuum defined with this f} actually
corresponds to the standard Bunch-Davies vacuum. So, the
particle number at later times, calculated by this approach,
should also correspond to the standard situation when the
quantum field starts from the Bunch-Davies vacuum.
Finally, let us examine the validity of the adiabatic con-
dition at n; = —co and , = H™',

L
~ ) 3H
2M

The adiabatic condition clearly holds well in the early
times. On the other hand, in the asymptotic late times, the
adiabatic condition holds only for M/H > 3/2, and hence
the interpretation of |B(H™')|?> as the number of out
particles makes sense only in this limit. This is exactly
the reason why we encountered a problem in Appendix B 1
while trying to study particles production for M/H < 3/2
using the conventional approach. In what follows, we will
study the particle production using the approach discussed
in Appendix B 2 for all values of M/H.

! (B24)

1 d

‘2["1(71)60%]_'7[’”(’7)@"]

i — —0

in~ HL
(B25)
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a. Massless fields in de Sitter
Application of Eq. (B21) in this case leads to the

following expression for the particle number,
B H? _ H?a(n)?
C4K*(1 - Hp)? 4K

g , (B26)

where we have used the fact that scale factor for de Sitter
spacetime behaves as (1 — Hy)~!. We see that ny diverges
in the late time limit as a — oo [or, equivalently as
n — (1/H)]. (We note that a similar divergence was also
noticed earlier in Ref. [44].) However, it is interesting to
note that the proper number density of particles with
physical momentum p = k/a inside a spherical shell in
p-space of radius p and thickness dp is finite, constant, and
independent of p,

2 2
dzp*dp _ <i> dp. (B27)

nk(l’) (271.)3 871'2
‘We shall next consider the massive field.

b. Massive field in de Sitter satisfying

case which we will comment on. We know from the
earlier discussion [see Eq. (B26)] that, in the massless
limit, corresponding to v — (3/2), the particle number
should vary as a?. But if we naively take the v — (3/2)
limit of Eq. (B28), the particle number seems to vary as
approximately @’ rather than as approximately a’. This
arises because the intermediate steps in the calculation
involve handling the combination M?a® and its limiting
value depends on the order in which the limits a — oo
and M — 0 are taken. If one takes the M — O limit
first—at finite a—the combination Ma reduces to zero,
but if one first takes a — oo—with nonzero M—the
combination Ma diverges. This requires us to be careful
in defining the two limits. We can see this more clearly
by defining a function Ay (v,a) given by

Ny (v,a) = ma ™. (B29)

Let us now consider the following two limits of this
functions: (i) v — 3/2 followed by a — co and
(ii) a — oo followed by v — 3/2. We find that

(M?/H?) < (9/4) (i) lim 11131}2/\/ (v.a) =0 (B30)
Using Eq. (B21), the asymptotic particle number for this
case takes the following form:
(ii) 1ir3n2 lim Ny (v, a) = co. (B31)
s 2P () {3 - ) + 4M°) v
(tHM)
(B28) ¢. Massive fields in de Sitter satisfying
2 /g2
Thus, in this case as well, we find that n), — co as (M*/H?) > (9/4)
a — oo. However, there is a bit of subtlety in the massless Finally, application of Eq. (B21) leads to
|
—8|v|? + (8|v|*> + 9) coth(z|v|) + 3csch(z|v])(3 cos(2|v| log x) — 4|v| sin(2|v|log x)) (B32)
ny ~ .

The cosine and sine terms in this expression, as x — 0,
oscillate fast and average to zero. Thus, the above ex-
pression simplifies to

. (8]v]> +9) coth(x|v|) — 8|v|?
k= 16]1)2 ‘

(B33)

Recall that an adiabatic out vacuum exists only when
M/H > 3/2, in which case we can also assume that
|| > 1. In this limit, Eq. (B33) further simplifies to

1
~ eer\le -1

(B34)

ny

and matches with the earlier result in Eq. (B10).

16[]?

4. Discontinuity in asymptotic behavior
of ny atv=3/2

Let us first consider the particle number as v = 3/2.
From Eq. (B26), we get

H2

lim Nk(l/,a) :m

B35
v—3/2 ( )
One can see that Eq. (B30) easily follows. For the second
limit, let us consider the large a(#) limit of n; for a fixed
value of v. We start with the series expansion for J,,

[eS) -1 i
J,(x) = ;mxﬂ. (B36)
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The Hankel function can be written in terms of the J, as

Jo (x) — e_im/']—z/ (x)

(1)
H, = - B37
(x) i sin(zv) (B37)
1 o (=D . (=1’ 2
_ v _ ,—inv v . B38
<isin(7w)> [x ;Z!F(u+l+1)x ©F ;I!F(—IH—H—I)X (B38)
Therefore, from Eq. (B24), the function f) has the following behavior at the leading order in a~! as a ~ co:
20 kv
fo S air(w) <—> . (B39)
T H
The particle number can then be computed from Eq. (B21) as
a* , K 9 H?
~ — Sv-3 - Vv 0, B40
ny, 4f%kl”m +a2+{(1/ )y+4}\/m v> (B40)
where
k \2v
= si rai-v)|=—1, . B41
fo=sin(er(1-0)(55) (Ba1)
This implies that
3V3H* 3\
lim Ny (v,a) = ([T) (v—§> 2—|—(’)((1/—3/2)1/2). (B42)
a—oo T

By taking v — 3/2 in this equation, we arrive at Eq. (B31).
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