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We reveal the existence of a certain hidden symmetry in general ghost-free scalar-tensor theories
which can only be seen when generalizing the geometry of the spacetime from Riemannian. For this
purpose, we study scalar-tensor theories in the metric-affine (Palatini) formalism of gravity, which we call
scalar-metric-affine theories for short, where the metric and the connection are independent. We show that
the projective symmetry, a local symmetry under a shift of the connection, can provide a ghost-free
structure of scalar-metric-affine theories. The ghostly sector of the second-order derivative of the scalar is
absorbed into the projective gauge mode when the unitary gauge can be imposed. Incidentally,
the connection does not have the kinetic term in these theories, and then it is just an auxiliary field.
We can thus (at least in principle) integrate the connection out and obtain a form of scalar-tensor
theories in the Riemannian geometry. The projective symmetry then hides in the ghost-free scalar-tensor
theories. For an explicit example, we show the relationship between the quadratic-order scalar-
metric-affine theory and the quadratic U-degenerate theory. The explicit correspondence between the
metric-affine (Palatini) formalism and the metric one could be also useful for analyzing phenomenology
such as inflation.
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I. INTRODUCTION

In the last decade, a great deal of attention has been paid
to scalar-tensor theories including second-order derivatives
of a scalar field in the Lagrangian for building models of
inflation and dark energy. The prototype theory, called the
Galileon, is motivated by the decoupling limit of the Dvali-
Gabadadze-Porrati model [1] where the effect of the
modification of gravity is effectively described by a single
scalar degree of freedom (d.o.f.) in addition to the tensor
ones [2]. The absence of an explicit UV complete model of
gravity motivates us to consider general scalar-tensor
theories as an effective field theory (EFT). The standard
guidance of EFT is to include all possible terms consistent
with the underlying (exact or approximate) symmetry in
the Lagrangian. However, in the context of the modified

gravity, the ghost-free class of scalar-tensor theories has
been extensively discussed.
The second-order derivatives in the Lagrangian generally

yield a fourth-order equation of motion which contains an
unstable mode called the Ostrogradsky ghost. The Galileon
interactions are so special that the equation of motion
becomes second order even though the Lagrangian contains
second-order derivatives. The generalized Galileon, now
dubbed as the Horndeski theory [3–7], is the most general
scalar-tensor theory with the equation of motion with at
most second-order derivatives. After the discovery of the
Gleyzes-Langlois-Piazza-Vernizzi (GLPV) theory [8,9], it is
recognized that the assumption of keeping the second-order
equation of motion is too strong for general Ostrogradsky
ghost-free theories. This led to the idea of degeneracy, in
which a constraint is imposed onto the Lagrangian and
eliminates the Ostrogradsky ghost. The degenerate higher-
order scalar-tensor (DHOST) theory is a theorywhere higher
derivative interactions are tuned to satisfy the degeneracy
conditions [10–15]. Furthermore, it was recently suggested
that the degeneracy conditions are not necessarily satisfied
in an arbitrary gauge of the spacetime when assuming
appropriate boundary conditions [16]. Reference [16] pro-
posed a more general ghost-free scalar-tensor theory, the
U-degenerate theory, which satisfies the degeneracy
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conditions at least in the unitary gauge1 in which uniform
scalar field hypersurfaces correspond to constant time
hypersurfaces (see also Refs. [17,18]).
Although a ghost mode can exist in a low energy EFT,

the existence of the ghost restricts the cutoff scale of EFT to
be lower than the mass of the ghost mode. Therefore, the
ghostly higher derivative terms provide just subleading
contributions within the regime of validity of EFT. In order
for the higher derivative interactions to provide leading
contributions for inflation or dark energy phenomena, the
interactions have to be tuned to eliminate the Ostrogradsky
ghost. In a subset of ghost-free theories, this ghost-free
structure can be protected by the weakly broken Galileon
symmetry [19,20]. On the other hand, in the generic ghost-
free theories, the fine-tuned ghost-free structure seems not
to be robust since no underlying symmetry apparently
exists. If there are no robust structures, could they still be
considered as interesting theories of EFTs for inflation/dark
energy?
In the present paper, we, however, point out that the

general ghost-free scalar-tensor theories indeed have a
hidden symmetry which can be seen only when general-
izing the geometry of spacetime. Gravitational theories are
usually formulated in Riemannian geometry, where only
the metric is the independent object that characterizes the
intrinsic structure of spacetime geometry. The connection in
Riemannian geometry is called the Levi-Civita connection,
which is calculated by themetric.Meanwhile, themetric and
the connection define different geometrical concepts, the
inner product and the parallel transport, and thus they are
independent in the first place. Following this philosophy,
one could consider a geometry with the Riemannian metric
and a general affine connection:metric-affine geometry. The
metric-affine geometry becomes the Riemannian geometry
when the metric-compatibility condition and the torsionless
condition are imposed.
It is worth mentioning that both metric-affine geometry

and scalars could emerge from a more fundamental per-
spective. Scalars, such as dilatons, radions, axions, scalar-
ons, and sfermions, are known famously to appear from
extended theories of the standard model or certain quantum
gravity models, whereas metric-affine geometry is expected
to emerge from spacetime defects [21,22], and Riemann-
Cartan geometry, which is a subset of metric-affine geom-
etry, may come from Poincaré gauge theory [23] or super-
gravity [24]. Thus, from such a perspective, scalar-tensor
theories within metric-affine geometry are a field worth
investigating. From here and now on, we shall call scalar-
tensor theories constructed on metric-affine geometry

“scalar-metric-affine theories” for short. On the other hand,
we will call scalar-tensor theories based on Riemannian
geometry simply “scalar-tensor theories.”Wewill show that
the projective symmetry, a local symmetry under a shift of
the connection, can provide a ghost-free structure of scalar-
metric-affine theories. The ghostly part of the second-order
derivative of the scalar could be taken into the gauge mode,
which means that the connection plays the role of a
“ghostbuster field” [25,26]. Incidentally, the connection
does not have a kinetic term as long as higher curvature
terms are not included, and then it is just an auxiliary field.
We can thus (at least in principle) integrate the connection
out and obtain a form of scalar-tensor theories [27]. The
projective symmetry then hides in the ghost-free scalar-
tensor theories.
The rest of the present paper is organized as follows. We

briefly review metric-affine geometry and the formalism of
gravity based on it in Sec. II. The main result of the present
paper is shown in Sec. III where we consider scalar-metric-
affine theories without nonminimal couplings to the cur-
vature; the Lagrangian is given by the Einstein-Hilbert
Lagrangian plus an arbitrary function constructed by up
to the second-order covariant derivatives of a scalar field.
We will show that this class of theory is free from the
Ostrogradsky ghost when the projective symmetry is
imposed and the unitary gauge can be assumed. More
general scalar-metric-affine theories with nonminimal cou-
pling to the curvature are discussed in Sec. IV, and some
ghost-free couplings are found. We integrate the connec-
tion out and explicitly show the relation between the
quadratic-order scalar-metric-affine theory and the quadratic
U-degenerate theory in Sec.V.Wemake summary remarks in
the last section, Sec. VI. General Hamiltonian analysis of
scalar-metric-affine theories is discussed in the Appendix.

II. METRIC-AFFINE FORMALISM OF GRAVITY

The intrinsic structure of the metric-affine geometry
is defined in terms of two independent objects: the
Riemannian metric gμν and the general affine connection
Γμ
αβ. The covariant derivatives for a vector and a covector

are defined by

∇Γ αAμ ¼ ∂αAμ þ Γμ
βαAβ; ð2:1Þ

∇Γ αAμ ¼ ∂αAμ − Γβ
μαAβ: ð2:2Þ

The Riemann curvature tensor is then defined by

R
Γ
μ
ναβðΓÞ≔∂αΓμ

νβ−∂βΓμ
ναþΓμ

σαΓσ
νβ−Γμ

σβΓσ
να: ð2:3Þ

Since the metric and the connection are independent, in
addition to the Riemann curvature tensor, there exist non-
vanishing tensors characterizing the geometry,

1In Ref. [16], U-degenerate theories and DHOST theories are
classified; U-degenerate theories are not degenerate in an arbitrary
gauge but degenerate in the unitary gauge, while DHOST theories
are degenerate under any gauge. However, in the present paper, we
will just call theories “U-degenerate theories” if the Lagrangian is
degenerate at least in the unitary gauge for simplicity.

KATSUKI AOKI and KEIGO SHIMADA PHYS. REV. D 100, 044037 (2019)

044037-2



Tμ
αβ ≔ Γμ

βα − Γμ
αβ; ð2:4Þ

Qμ
αβ ≔ ∇Γ μgαβ; ð2:5Þ

which are called the torsion tensor and the nonmetricity
tensor, respectively. The Riemannian geometry, which is
usually used to formulate gravitational theories, is obtained
by imposing two constraints, Tμ

αβ ¼ 0, Qμ
αβ ¼ 0, under

which the connection is then uniquely determined to be the
Levi-Civita connection as

Γμ
αβ ¼

n μ

αβ

o
≔

1

2
gμνð∂αgβν þ ∂βgαν − ∂νgαβÞ; ð2:6Þ

and then the connection is no longer independent from the
metric. Thus, the only independent object in Riemannian
geometry becomes the metric.
The metric-affine formalism (also called Palatini formal-

ism) of gravity assumes that the metric and the connection
are independent in the first place and gravitational theories
determine dynamics of not only the metric but also the
connection. Therefore, all of the intrinsic structure of
spacetime geometry is determined by gravity. On the other
hand, the metric formalism a priori assumes Riemannian
geometry, and gravitational theories determine the metric
only, that is, gravity assumed to be essentially represented
by a symmetric tensor field.
Let us first consider the metric-affine counterpart of the

Einstein-Hilbert (EH) action

LEH ¼ M2
pl

2
R
Γ ðg;ΓÞ; ð2:7Þ

where the Ricci scalar is defined by

R
Γ
≔ gμνR

Γ
α
μαν: ð2:8Þ

Note that the EH action in the metric-affine formalism
enjoys an additional gauge symmetry of

Γμ
αβ → Γμ

αβ þ δμαUβ; ð2:9Þ

with an arbitrary vector UβðxÞ. The transformation (2.9),
called the projective transformation, preserves two char-
acteristics: the geodesic equation up to the redefinition of
the affine parameter and the angle between two vectors
under parallel transport [28,29]. The invariance/symmetry
under (2.9) is dubbed the projective invariance/symmetry.
There are two facts that are worth mentioning. First,
projective symmetry only emerges in metric-affine geom-
etry and not in its subsets such asRiemann-Cartan geometry.
Second, the particles of the standard models are also known
to inhibit projective symmetry. Some properties of the

projective invariance at quantum level are discussed in
Refs. [30–33].
In the case of vacuum, the equation of motion of the

connection yields

Γμ
αβ ¼

n μ

αβ

o
; ð2:10Þ

up to the gauge freedom associated with the projective
symmetry. Therefore, the connection does not introduce
any new dynamical d.o.f., and (2.7) predicts the same
results obtained by the Einstein-Hilbert action in the metric
formalism [34–37].
In general, however, theories in the metric-affine for-

malism compute different results from their metric formal-
ism counterpart. To discuss general theories, we introduce
the distortion tensor defined by

κμαβ ≔ Γμ
αβ −

n μ

αβ

o
; ð2:11Þ

which expresses the deviations from Riemannian geometry.
The curvature tensor, the torsion tensor, and the non-
metricity tensor are then

R
Γ
μ
ναβðΓÞ ¼ Rμ

ναβðgÞ þ 2∇½ακμνjβ� þ 2κμσ½ακσνjβ�; ð2:12Þ

Tμ
αβ ¼ 2κμ½βα�; ð2:13Þ

Qαβ
μ ¼ 2κðαβÞμ; ð2:14Þ

where Rμ
ναβ and ∇μ are the Riemann curvature and the

covariant derivatives defined by the Levi-Civita connec-
tion, respectively. Since only the curvature contains the
derivative of κ and it is linear, kinetic terms of κ appear
when higher curvature terms are involved in the
Lagrangian. Even if such higher curvature terms exist in
a full theory, one may ignore higher curvature corrections
in a low energy limit. In such case, the “dynamics” of κ is
determined by a constraint equation (at least in a low
energy limit) and then can be integrated out as with the case
of the Einstein-Hilbert action.2 In this paper, we shall focus
on the Lagrangian consisting of terms up to linear in the
curvature so that κ does not carry any new d.o.f. If the
constraint yields κ ≠ 0, such a theory gives a different
theory from its metric formalism counterpart, i.e., theory
with setting κ ¼ 0. For further discussion and reviews of
metric-affine gravity, see, for example, Refs. [41–46].

2In special cases, κ is still non-dynamical even when higher
curvature terms are introduced in metric-affine gravity. For
example, metric-affine fðRÞ theories do not introduce new
d.o.f., unlike their metric formalism counterpart [35,38–40].
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III. GHOST-FREE SCALAR FIELD FROM
PROJECTIVE SYMMETRY

In this section, we assume the Einstein-Hilbert action as
the gravitational sector and consider a scalar field of which
the Lagrangian is assumed to be constructed by up to
second-order covariant derivatives,

Lϕ ¼ Lϕðg;ϕ;∇
Γ
μϕ;∇

Γ
μ∇
Γ
νϕÞ; ð3:1Þ

where the covariant derivatives are

∇Γ μϕ ¼ ∂μϕ; ∇Γ μ∇
Γ
νϕ ¼ ∂μ∂νϕ − Γα

νμ∂αϕ: ð3:2Þ

The total Lagrangian describing the present system is, thus,

Lðg;Γ;ϕÞ ¼ M2
pl

2
R
Γ ðg;ΓÞ þ Lϕðg;ϕ;∇

Γ
μϕ;∇

Γ
μ∇
Γ
νϕÞ: ð3:3Þ

Since the second-order derivative of ϕ contains the con-
nection and therefore κ as

∇Γ μ∇
Γ
νϕ ¼ ∇μ∇νϕ − κανμ∂αϕ; ð3:4Þ

the existence of ∇Γ ∇Γ ϕ in the Lagrangian changes the
constraint equation of κ of which the solution would be
generally given by κ ¼ κðg;ϕ;∇ϕ;∇2ϕÞ (see Ref. [27] for
an explicit solution of the constraint in a scalar-metric-
affine theory). Substituting it into the Lagrangian, we
obtain the form of a scalar-tensor theory as

Lðg;ϕÞ ¼ M2
pl

2
Rþ L0

ϕðg;ϕ;∇ϕ;∇2ϕÞ: ð3:5Þ

In general, Eq. (3.3) [or the equivalent Lagrangian (3.5)]
must have second-order time derivatives of the scalar field
yielding the Ostrogradsky ghost mode. One way to obtain
Ostrogradsky ghost-free theories is that the second time
derivatives are tuned to satisfy the degeneracy conditions.
We do not assume such conditions; instead, we assume the
projective symmetry to absorb the ghostly time derivatives
into the gauge mode.
The EH action is invariant under the projective trans-

formation (2.9). Let us suppose that the scalar field
Lagrangian also enjoys the projective symmetry. Since
the connection appears only in the covariant derivative of
the scalar field, the projective symmetry of Lϕ is realized
by the invariance under

∇Γ μ∇
Γ
νϕ → ∇Γ μ∇

Γ
νϕ −Uμ∂νϕ: ð3:6Þ

To see the relation between this invariance and the ghost-
free property, we consider the 3þ 1 decomposition.

Introducing the unit normal vector nα to three-dimensional
spacelike hypersurfaces and the projection tensor on the
hypersurfaces, defined by

γμν ≔ gμν þ nμnν; ð3:7Þ

we first decompose the first derivative of ϕ into the
temporal part and the spatial parts,

A� ≔ nμAμ; Âμ ≔ γνμAν; ð3:8Þ

with Aμ ≔ ∂μϕ. The second-order derivative is then

∇μ∇νϕ ¼ DμÂν − A�Kμν þ 2nðμðKνÞαÂ
α −DνÞA�Þ

þ nμnνð£nA� − ÂαaαÞ; ð3:9Þ

where Dμ is the covariant derivative associated with the
spatial metric γμν, £n is the Lie derivative with respect to nμ,
aμ ≔ nα∇αnμ is the acceleration, N is the lapse function,
and Kμν ≔ 1

2
£nγμν is the extrinsic curvature. The existence

of £nA�, which contains the second time derivative of ϕ and
the first time derivative of N, in the Lagrangian is a
signature of the Ostrogradsky ghost.
Reference [16] argues that the original degeneracy

conditions obtained by Ref. [11] are too strong for the
theory to be free from the Ostrogradsky ghost. The authors
suggest that it is sufficient for the ghost-free-ness to satisfy
the degeneracy condition at least in the unitary gauge
ϕ ¼ ϕðtÞ. Note that in the unitary gauge ϕ is not a
dynamical variable. Even so, the degeneracy of £nA� yields
the Ostrogradsky ghost-free theory because A� ¼ _ϕðtÞ=N
in the unitary gauge and then the disappearance of £nA�
guarantees that the lapse function is still nondynamical.
We assume that the unitary gauge can be consistently

chosen in theory (3.3). In the unitary gauge, the uniform ϕ
hypersurfaces correspond to the three-dimensional hyper-
surfaces, and then the unit normal vector is proportional to
∂μϕ. This leads to the projective symmetry now becoming
the invariance under

∇Γ μ∇
Γ
νϕ → ∇Γ μ∇

Γ
νϕþ A�Uμnν; ð3:10Þ

for an arbitrary vector UμðxÞ. Comparing with (3.9), one
can find that the term with £nA� in (3.9) is just the
projective mode. Hence, the projective symmetry of Lϕ

guarantees that the scalar field Lagrangian does not have
£nA�

3; that is, the Lagrangian is trivially U degenerate.
As a result, the projective symmetry of Lϕ guarantees

that (3.3) has no dependence on £nA� in the unitary gauge,

3Alternatively, one can fix the projective gauge so that £nA�

does not appear in ∇Γ μ∇
Γ
νϕ.
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Lϕðg;ϕ;∇
Γ
μϕ;∇

Γ
μ∇
Γ
νϕÞ¼Lϕðt;N;γμν;Kμν;κ;DμÞ: ð3:11Þ

Note that the diffeomorphism invariance of (3.3) guarantees
that the Lagrangian has no explicit dependence on the shift.
Since the action (3.3) is algebraic in terms on the distortion
tensor κ, integrating out κ does not yield £nA�. Hence, the
Lagrangian may be given by the form

L ¼ Lðt; N; γμν; Kμν;DμÞ; ð3:12Þ

after integrating out κ. The remaining spatial diffeomor-
phism invariance and the fact that the corresponding
Hamiltonian to (3.12) is linear in Ni give six first-class
constraints, which reduce 12 d.o.f. from the phase space.
Furthermore, since (3.12) does not have _N, there is a
primary constraint πN ≈ 0 of which the time preservation
yields a secondary constraint. Since the temporal diffeo-
morphism invariance is broken due to the gauge fixing, the
constraints πN ≈ 0 and _πN ≈ 0 are generally second class
and then reduce 2 d.o.f. Whether or not there exist further
constraints in (3.12), the number of constraints is sufficient
to eliminate theOstrogradsky ghost. Therefore,we conclude
that the projective invariant Lagrangian (3.3) has at most
3 d.o.f. and is free from the Ostrogradsky ghost. General
Hamiltonian analysis is discussed in the Appendix.

IV. NONMINIMAL COUPLING TO CURVATURE

We then consider nonminimal couplings to the curvature
tensor keeping the projective symmetry. When a non-
minimal coupling is introduced, we need to take care of
the fact that the curvature tensor has the first derivative of κ.
For instance, the nonminimal coupling to the Ricci scalar,

f1R
Γ
⊃ 2f1∇ακ

½αβ�
β; ð4:1Þ

where f1 is some function, can be rewritten, by taking
integration by parts, as

−2ð∇αf1Þκ½αβ�β:

Hence, even if f1 does not contain £nA�, ∇αf1 may yield it
when f1 contains A�, and then the ghost-free characteristic
of scalar-metric-affine theories with a nonminimal coupling
is not manifest.
Although whether projective invariant nonminimal cou-

plings are generally ghost free or not is interesting question,
we only discuss some particular couplings to curvature
tensors which are definitely ghost free.4

A. Trivially U-degenerate couplings

We find that the nonminimal couplings

f2G
Γ

μν∇Γ μϕ∇
Γ
νϕ; f3G

Γ
μανβ∇Γ μϕ∇

Γ
νϕ∇

Γ
α∇
Γ
βϕ ð4:2Þ

do not lead to the Ostrogradsky ghost, where f2 and f3 are

projective invariant functions of ϕ;∇Γ μϕ;∇
Γ
μ∇
Γ
νϕ, and

G
Γ

μναβ ≔
1

4
ϵμνρσϵαβγδR

Γ
ρσγδ; ð4:3Þ

G
Γ

μν ≔ G
Γ

μαν
α ð4:4Þ

are the dual Riemann tensor and the Einstein tensor,
respectively.
In the unitary gauge,∇Γ μϕ ∝ nμ, the relevant components

of the nonminimal couplings (4.2) are

G
Γ

μνnμnν; G
Γ

μανβnμnνγα
0

α γ
β0
β : ð4:5Þ

The 3þ 1 decomposition shows that these terms do not
have either £nKμν or £nκαμν as explicitly shown in
Appendix. Therefore, even if (4.2) are included, the
Lagrangian still consists of

t; N; γμν; Kμν; καμν; Dμ; ð4:6Þ

and then the theory is free from the Ostrogradsky ghost.
We thus conclude that the Lagrangian,

L ¼ M2
pl

2
R
Γ þ f2G

Γ
μν∇Γ μϕ∇

Γ
νϕ

þ f3G
Γ

μανβ∇Γ μϕ∇
Γ

νϕ∇
Γ

α∇
Γ

βϕþ Lϕ; ð4:7Þ

does not contain £nA� even after integrating out κ; the
theory is a trivially U-degenerate theory.

B. U-degenerate theories via conformal
and disformal transformations

We then consider theories of which the Lagrangian
explicitly contains £nA� after integrating out κ but £nA�
is degenerate and then free from the Ostrogradsky ghost.
The degeneracy of the kinetic matrix indicates that the
kinetic matrix has zero eigenvalues and corresponding
eigenvectors. Hence, appropriately choosing the basic
variables, the kinetic matrix may be block diagonalized
and decomposed into the zero matrix and a nondegenerate
matrix. In the frame of the block diagonalization, the theory
is trivially degenerate. Conversely, we can generate a
degenerate theory from a trivially degenerate theory via
a change of the variables. This was actually used to derive

4For simplicity, we do not consider torsion nor nonmetricity
couplings in this paper. Since the torsion and the nonmetricity do
not contain derivatives of the distortion tensor, it is expected that
these couplings do not drastically change the structure of the
theories and do not lead to the Ostrogradsky ghost.
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beyond Horndeski theories (degenerate theories) from the
Horndeski theory (a trivially degenerate theory) [10] (see
also Ref. [47]).
We thus take field redefinitions to generate more general

ghost-free theories from (4.7). We note that the Lagrangian
does not contain any derivatives of the metric when
regarding that the metric and the connection are indepen-
dent variables. Therefore, the transformation of the metric
with keeping the connection gives just an algebraic change
in the metric-affine formalism. Let us consider a conformal
transformation,

gμν → ḡμν ¼ Ω2gμν; ð4:8Þ

where Ω is a function of ϕ and its nth derivatives. The
theory (4.7) is then transformed into

ffiffiffiffiffiffi
−ḡ

p
Ljgμν→ḡμν ¼

ffiffiffiffiffiffi
−g

p �
M2

pl

2
Ω2R

Γ þ f̄2G
Γ
μν∇Γ μϕ∇

Γ
νϕ

þΩ−2f̄3G
Γ
μανβ∇Γ μϕ∇

Γ
νϕ∇

Γ
α∇
Γ
βϕþΩ4L̄ϕ

�
;

ð4:9Þ

where the functions with a bar are the functions of

the seed Lagrangian (4.7), f̄2 ¼ f̄2ðḡ;ϕ;∇
Γ

μϕ;∇
Γ

μ∇
Γ

νϕÞ ¼
f̄2ðΩ2g;ϕ;∇Γ μϕ;∇

Γ
μ∇
Γ

νϕÞ and so on.
Although the change of the variables must not increase

or decrease the number of d.o.f. as long as the trans-
formation is invertible and matter fields are not introduced,
the ghost may appear when we consider an additional
matter field ψ (see, e.g., Refs. [48,49]). For instance,
Eq. (4.9) with a minimal matter coupling,

ffiffiffiffiffiffi
−g

p �
M2

pl

2
Ω2R

Γ þ � � � þ Lmðg;Γ;ψÞ
�
; ð4:10Þ

is equivalent to (4.7) with a nonminimal coupling,

ffiffiffiffiffiffi
−ḡ

p �
M2

pl

2
R
Γ þ � � � þ Ω−4LmðΩ−2ḡ;Γ;ψÞ

�
: ð4:11Þ

The simplest “matter coupling” is coupling to the cosmo-
logical constant

Lm ¼ −M2
plΛ; ð4:12Þ

which yields the term

−Ω−4M2
plΛ ð4:13Þ

in the Lagrangian (4.11). If Ω contains £nA�, the theory
(4.11) with just a constant term (4.12) is no longer ghost

free. Hence, the conformal factor Ω is usually assumed to
be a function up to the first derivative of ϕ. However, we
have already shown that any functions with up to a second-
order covariant derivative of ϕ do not contain £nA� in the
unitary gauge if the function is projective invariant. The
conformal factor can include the second-order derivatives
when it does not contain the second-order time derivative.
We thus assume that Ω is projective invariant and is

given by

Ω ¼ Ωðg;ϕ;∇Γ μϕ;∇
Γ

μ∇
Γ

νϕÞ ð4:14Þ

in order that the nonminimal couplings do not yield the
Ostrogradsky ghost even after adding a matter field. In
particular, the term obtained from the cosmological con-
stant (4.12) is absorbed into the definition of Lϕ. As a
result, the conformal transformation generates a degenerate
Lagrangian

f1R
Γ þ f2G

Γ
μν∇Γ μϕ∇

Γ
νϕþ f3G

Γ
μανβ∇Γ μϕ∇

Γ
νϕ∇

Γ
α∇
Γ

βϕþLϕ;

ð4:15Þ

with four arbitrary functions f1, f2, f3, Lϕ, where

f1 ¼
M2

pl

2
Ω2; f2 ¼ f̄2;

f3 ¼ f̄3Ω−2; Lϕ ¼ Ω4L̄ϕ: ð4:16Þ

As discussed in the beginning of this section, the non-
minimal coupling to the Ricci curvature may yield £nA�
after integrating out κ; however, since the Lagrangian is
degenerate, Eq. (4.15) is free from the Ostrogradsky ghost
as long as the unitary gauge can be imposed.
One may further consider a general transformation [10],

gμν → ḡμν ¼ Ω−2ðgμν þ ΓμνÞ; ð4:17Þ

where Γμν is a symmetric and projective invariant tensor

constructed by gμν;ϕ;∇Γ μϕ;∇
Γ
μ∇
Γ
νϕ. Furthermore, gμν is

assumed to be nondegenerate. We define the transformation
of the inverse matrix for convenience. Using the relation

detðḡμνÞ ¼
Ω8

detðδμν þ Γμ
νÞ detðgμνÞ; ð4:18Þ

one can straightforwardly calculate the transformed theory
from (4.7). Since the general expression is complicated due
to the couplings to the Einstein tensor and the dual
Riemann tensor, we just show the case of the disformal
transformation [50]

Γμν ¼ Γ∇Γ μϕ∇Γ νϕ; ð4:19Þ
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whereas Γ is a scalar function constructed by gμν;ϕ;

∇Γ μϕ;∇
Γ
μ∇
Γ
νϕ. Due to the fact that the Einstein tensor

and the dual Riemann tensor couplings are given by the
contraction of the Levi-Civita tensor, these couplings do
not generate a new kind of terms via the disformal trans-
formation. The only new coupling is obtained from the
Ricci scalar. The U-degenerate Lagrangian of the trans-
formed theory is thus given by

LUD ¼ f1R
Γ þ f2G

Γ
μν∇Γ μϕ∇

Γ
νϕþ f3G

Γ
μανβ∇Γ μϕ∇

Γ
νϕ∇

Γ
α∇
Γ
βϕ

þ f4R
Γ
μν∇

Γ
μϕ∇Γ νϕþ Lϕ; ð4:20Þ

with

f1 ¼
M2

plΩ2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ΓX

p ; f2 ¼ f̄2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ΓX

p
;

f3 ¼ Ω−2f̄3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ΓX

p
; f4 ¼

M2
plΩ2Γ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ΓX

p ;

Lϕ ¼ Ω4L̄ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ΓX

p
; ð4:21Þ

where X ¼ gμν∇Γ μϕ∇
Γ
νϕ and R

Γ
μν ¼ R

Γ
α
μαν. This theory

contains five arbitrary functions f1, f2, f3, f4, Lϕ. The
regularity of the transformation imposes that Ω and 1þ ΓX
do not cross zero nor diverge, which give restrictions
f1, f1 þ f4X ≠ 0.

Note that R
Γ
μν ≠ R

Γ
μαν

α in metric-affine geometry and the
Einstein tensor is

G
Γ
μν ¼

1

2

�
R
Γ
μν þ R

Γ
μαν

α − gμνR
Γ
�
: ð4:22Þ

Hence, the Ricci tensor coupling R
Γ
μν∇

Γ
μϕ∇Γ νϕ cannot be

absorbed into the couplings to the Ricci scalar and the
Einstein tensor via the redefinitions of the functions.

V. QUADRATIC SCALAR-METRIC-AFFINE
THEORY

We consider a concrete Lagrangian and show the kinetic
structure after integrating out κ. To explicitly solve the
equation of the connection, we shall focus on up to the
quadratic order of the connection. Then, the most general
quadratic-order projective invariant Lagrangian consisting
of the curvature, the scalar field ϕ, and its derivatives is

LqPIðg;Γ;ϕÞ

¼ f1R
Γ þf2G

Γ
μν∇Γ μϕ∇

Γ
νϕþf4R

Γ
μν∇

Γ
μϕ∇Γ νϕ

þF2þF3L
galΓ
3 þF4L

galΓ
4

þC1ϵ
μνρσϵμ

0ν0ρ0
σ∇
Γ
μϕ∇

Γ
μ0ϕ∇

Γ
ν∇
Γ
ν0ϕ∇

Γ
½ρ∇

Γ
ρ0�ϕþC2ðLgalΓ

3 Þ2

þC3ðgμβgνδgαγ −gμνgαγgβδÞ∂μϕ∂νϕ∇
Γ
α∇
Γ
βϕ∇

Γ
γ∇
Γ
δϕ;

ð5:1Þ
where

LgalΓ
3 ¼ ϵαβγδϵα

0β0
γδ∇

Γ
αϕ∇

Γ
α0ϕ∇

Γ
β∇
Γ
β0ϕ; ð5:2Þ

LgalΓ
4 ¼ ϵαβγδϵα

0β0γ0
δ∇
Γ
αϕ∇

Γ
α0ϕ∇

Γ
β∇
Γ
β0ϕ∇

Γ
γ∇
Γ
γ0ϕ ð5:3Þ

are the projective invariant Galileon terms and f1, f2, f4,
F2, F3, F4, C1, C2, C3 are arbitrary functions of ϕ and
X ≔ ð∂ϕÞ2. Note that, up to the quadratic order of the
connection, the most general scalar-metric-affine theory
is a class of the ghost-free scalar-metric-affine theory (4.20).
We also notice thatC1 does not appear in the final expression
and can set C1 ¼ 0 without loss of generality [27].
As shown in Ref. [27], the quadratic DHOST theory is

obtained when C2 ¼ C3 ¼ 0; in this case, all scalar self-
interactions are given by the form of Galileon. On the other
hand, in the case C2, C3 ≠ 0, the Lagrangian is not a class
of the quadratic DHOST. However, we will explicitly show
that (5.1) indeed satisfies the degeneracy condition in the
unitary gauge even when C2, C3 ≠ 0, and (5.1) is equiv-
alent to the quadratic U-degenerate theory.
After integrating out κ from (5.1), we obtain the

quadratic U-degenerate Lagrangian

LqUðg;ϕÞ ¼ fRðgÞ þ PþQ1gμνϕμν þQ2ϕ
μϕμνϕ

ν

þ
�
κ1 þ

f
X

�
Lð2Þ
1 þ

�
κ2 −

f
X

�
Lð2Þ
2

þ
�
2f
X2

−
4fX
X

þ 2σκ1 þ 2

�
3σ −

1

X

�
κ2

�
Lð2Þ
3

þ
�
αþ 2fX

X
−
2f
X2

−
2κ1
X

�
Lð2Þ
4

þ
�
−
α

X
þ 2fX

X2
þ κ1

�
1

X2
þ 3σ2 −

2σ

X

�

þ κ2

�
3σ −

1

X

�
2
�
Lð2Þ
5 ; ð5:4Þ

where

Lð2Þ
1 ¼ϕμνϕ

μν; Lð2Þ
2 ¼ðϕμ

μÞ2; Lð2Þ
3 ¼ϕμϕνϕμνϕ

ρ
ρ;

Lð2Þ
4 ¼ϕμνϕ

μϕνρϕρ; Lð2Þ
5 ¼ðϕμϕνϕμνÞ2: ð5:5Þ
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with the notations ϕμ ¼ ∇μϕ, ϕμν ¼ ∇μ∇νϕ. The functions
f, P, Q1, Q2, α, κ1, κ2, σ are given by

f ¼ f1 −
f2X
2

; ð5:6Þ

P ¼ F2 þ
3Xðgϕ − 2F0

3XÞ2
8fgþ 4X2½C0

3 þ 2ðF0
4 − 6C0

2XÞ�
; ð5:7Þ

Q1 ¼ −2fϕ þ
2gðgϕ − 2F0

3XÞ
2fgþ X2½C0

3 þ 2ðF0
4 − 6C0

2XÞ�
; ð5:8Þ

Q2 ¼
2fϕ
X

−
ðgϕ − 2F0

3XÞð2g − 3gXXÞ
X½2fgþ X2

n
C0
3 þ 2ðF0

4 − 6C0
2XÞ

o
�
; ð5:9Þ

α ¼ −
fgXð4gþ gXXÞ − 4fXgðgþ 2gXXÞ þ 2C0

3Xðf2 − 3ffXX þ 4f2XX
2Þ

2g2X − C0
3fX

3
; ð5:10Þ

κ1 ¼ −
g2

fgX − ðC0
3 − F0

4ÞX3
; ð5:11Þ

κ2 ¼
g2ð2fgþ X2ð2F0

4 − 4C0
2X − C0

3ÞÞ
Xðfg − ðC0

3 − F0
4ÞX2Þ½2fgþ X2

n
C0
3 þ 2ðF0

4 − 6C0
2XÞ

o
�
; ð5:12Þ

σ ¼ gX
2g

ð5:13Þ

with

g ¼ f1ðf1 þ f4XÞ; F0
3 ¼ F3ðf1 þ f4XÞ;

F0
4 ¼ F4ðf1 þ f4XÞ2; C0

2 ¼ C2ðf1 þ f4XÞ2;
C0
3 ¼ C3ðf1 þ f4XÞ2: ð5:14Þ

In the unitary gauge, the Lagrangian is reduced to

LqU ¼ A2�K̂μν;αβðKμν − σγμνA�£nA�ÞðKαβ − σγαβA�£nA�Þ
þ P − ðQ1 − A2�Q2Þ£nA� − A�ð2fϕ þQ1ÞKμ

μ

þ f3Rþ ð2fX þ A2�αÞDμA�DμA�; ð5:15Þ

where

K̂μν;αβ ¼ ðκ1γμðαγβÞν þ κ2γ
μνγαβÞ: ð5:16Þ

We should emphasize that the cases f1 ¼ 0 and f1 þ
f4X ¼ 0 cannot be reduced to the Lagrangian (4.7) via
regular conformal/disformal transformations. The dynami-
cal d.o.f. may not be 3 in these cases. Indeed, the kinetic
structure (5.15) shows that the case g ¼ 0 (which is the case
when f1 ¼ 0 or f1 þ f4X ¼ 0) leads to a totally degenerate
theory where there are no dynamical d.o.f.
We can also see that the cases σ ¼ 0 (gX ¼ 0) give

trivially U-degenerate theories. Because of the relation

Q1 þ XQ2 ¼ gX ·
3Xðgϕ − 2F0

3XÞ
2fgþ X2½C0

3 þ 2ðF0
4 − 6C0

2XÞ�
; ð5:17Þ

the unitary gauge Lagrangian (5.15) does not contain £nA�
if gX ¼ 0. This confirms the discussion done in Sec. IV:

Eq. (4.7) describes a trivially U-degenerate theory, while
(4.20) includes U-degenerate theories.

VI. CONCLUDING REMARKS

In this paper, we discussed the possibility that the
Ostrogradsky ghost-free property of scalar-tensor theories
is guaranteed by symmetry and show that the projective
symmetry could be an important ingredient for ghost-free
theories. The projective transformation, which causes a
shift of the affine connection, is defined in metric-affine
geometry where the metric and the connection are inde-
pendent. We call scalar-tensor theories in the metric-affine
geometry scalar-metric-affine theories since their indepen-
dent variables are not only the scalar field and the metric
but also the affine connection.We consider two classes of the
projective invariant scalar-metric-affine theories: theories
without nonminimal coupling to the curvature and theories
with it. In the former theories,we have shown that theories of
which the Lagrangian is constructed by up to second-order
covariant derivatives are free from the Ostrogradsky ghost
when the Lagrangian enjoys the projective symmetry and
the unitary gauge can be imposed. In the latter case, although
we have not been able to conclude that general projective
invariant scalar-metric-affine theories are ghost free, we
have found that a wide class of theories is free from the
ghost. The general ghost-free Lagrangian, which we found,
contains five arbitrary scalar functions consisting of up to
second-order derivatives of the scalar field.5

It would beworth emphasizing that the theories discussed
in the present paper satisfy the degeneracy conditions at least

5In Appendix, we will discuss the existence of a more general
ghost-free scalar-metric-affine theory.
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in the unitary gauge, while scalar-metric-affine theories
constructed by Galileon type self-interactions satisfy the
degeneracy conditions in any gauge (at least up to a quartic
Galileon) [27]. If one imposes satisfying the degeneracy
conditions in an arbitrary gauge, another restriction on the
Lagrangian in addition to the projective symmetry, such as
the weakly broken Galileon symmetry [19,20], should be
required.
We have also shown the explicit relation between the

quadratic-order scalar-metric-affine theories and the quad-
ratic U-degenerate theories. This reveals that the quadratic
U-degenerate theories have the hidden projective symmetry
which cannot be seen after integrating out the connection.
Furthermore, this explicit relation would be useful for
phenomenology. The metric-affine (Palatini) formalism of
gravity has gained increasing attention in light of construct-
ing inflation models since the metric and the metric-affine
(Palatini) formalisms compute different results and thus
observations of inflation can potentially reveal what the
fundamental variables of gravity are [46,51–73]. In this
context, theories which can have the Einstein frame have
been mainly analyzed because the equation of the con-
nection becomes simple in the Einstein frame. Instead, we
have already solved the equation of the connection to obtain
(5.4). One can analyze the phenomenology of the quadratic
scalar-metric-affine theories by using the scalar-tensor
theories without solving the equation of the connection.
In summary, we have highlighted the importance of the

projective symmetry for ghost-free theories. In particular,
theories without nonminimal couplings to gravity are
guaranteed to be free from the ghost by the projective
symmetry. It would be thus interesting to discuss whether
the ghost-free structure is protected by the symmetry even
in more general theories including complicated nonmini-
mal couplings to the curvature as well as higher curvature
terms. Recently, Ref. [74] showed the projective symmetry

is required to make fðRΓ μνÞ theories ghost free, which also
suggests the importance of the projective symmetry. We
may come back to the issue of clarifying further relations
between the symmetry and the ghost-free property in
generic theories in the future.
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APPENDIX: HAMILTONIAN ANALYSIS OF
SCALAR-METRIC-AFFINE THEORIES

1. 3 + 1 decomposition of the curvature tensors

Here, we summarize the 3þ 1 decomposed metric-affine
Riemann curvature tensor by using the distortion tensor.

We first define the 3þ 1 decomposed components of the
distortion tensor as follows:

κ� ≔ καβγnαnβnγ; ðA1Þ

κ̂1μ ≔ καβγnαnβγ
γ
μ; ðA2Þ

κ̂2μ ≔ καβγnαγ
β
μnγ; ðA3Þ

κ̂3μ ≔ καβγγ
α
μnβnγ; ðA4Þ

κ̂1μν ≔ καβγnαγ
β
μγ

γ
ν; ðA5Þ

κ̂2μν ≔ καβγγ
α
μnβγ

γ
ν; ðA6Þ

κ̂3μν ≔ καβγγ
α
μγ

β
νnγ; ðA7Þ

κ̂μνρ ≔ καβγγ
α
μγ

β
νγ

γ
ρ: ðA8Þ

Under the projective transformation, κμνρ → κμνρ þ gμνUρ,
the 3þ 1 decomposed components are transformed as

κ� → κ� −U�; κ̂3μν → κ̂3μν þ γμνU�;

κ̂1μ → κ̂1μ − Ûμ; κ̂μνρ → κ̂μνρ þ γμνÛρ; ðA9Þ

and other components are unchanged where

U� ≔ Uαnα; Ûμ ≔ Uαγ
α
μ: ðA10Þ

To decompose the Riemann curvature, it is useful to define
the variables,

K
Γ

1
μν ≔ ð∇Γ βnαÞγαμγβν ¼ Kμν − κ̂1μν; ðA11Þ

K
Γ

2
μν ≔ ð∇Γ βnαÞγαμγβν ¼ Kμν þ κ̂2μν; ðA12Þ

which could be considered as the extrinsic curvature of
metric-affine geometry. Then, all independent components
of the 3þ 1 decomposed curvature are

R
Γ
αβγδnαnβnγγδρ

¼ £nκ̂1ρ −Dρκ� − aρκ� þ aγðK
Γ

1
γρ −K

Γ
2
γρÞ

þK
Γ

1γ
ρκ̂

3
γ þK

Γ
2γ

ρκ̂
2
γ ; ðA13Þ

R
Γ
αβγδnαγ

β
μnγγδρ ¼ −£nK

Γ
1
μρ −Dρκ̂

2
μ þK

Γ
1
αρKα

μ

− aακ̂αμρ − aμκ̂1ρ − aρκ̂2μ þK
Γ

1
μρκ�

þK
Γ

1α
ρκ̂

3
αμ þ κ̂1ρκ̂

2
μ þ κ̂αμρκ̂

2
α ðA14Þ
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R
Γ
αβγδγ

α
μnβnγγδρ ¼ £nK

Γ
2
μρ −Dρκ̂

3
μ −K

Γ
2
αρKα

μ − aακ̂μαρ

− aμκ̂1ρ − aρκ̂3μ þK
Γ

2
μρκ� þK

Γ
2α

ρκ̂
3
μα

− κ̂1ρκ̂
3
μ − κ̂μ

α
ρκ̂

3
α; ðA15Þ

R
Γ
αβγδγ

α
μγ

β
νnγγδρ¼ £nκ̂μνρ−Dρκ̂

3
μν−2D½μKν�ρ

−aμðKνρ−K
Γ
1
νρÞþaνðKμρ−K

Γ
2
μρÞ−aρκ̂3μν

þðκ̂3μα−Kμ
αÞκ̂ανρ− ðκ̂3ανþKα

νÞκ̂μαρ
þK

Γ
1
νρκ̂

3
μþK

Γ
2
μρκ̂

2
ν; ðA16Þ

R
Γ
αβγδnαnβγ

γ
ργδσ ¼ 2D½ρκ̂1σ� − 2K

Γ
1γ ½ρK

Γ
2
jγjσ�; ðA17Þ

R
Γ
αβγδnαγ

β
μγ

γ
ργδσ ¼ −2D½ρK

Γ
1
jμjσ� − 2K

Γ
1
μ½ρκ̂1σ� − 2K

Γ
1α½ρκ̂jαμjσ�;

ðA18Þ

R
Γ
αβγδγ

α
μnβγ

γ
ργδσ ¼ 2D½ρK

Γ
2
jμjσ� − 2K

Γ
2
μ½ρκ̂

1
σ� − 2K

Γ
2α½ρκ̂jμαjσ�;

ðA19Þ

R
Γ
αβγδγ

α
μγ

β
νγ

γ
ργδσ ¼ R

Γ
μνρσ þ 2K

Γ
1
ν½σK

Γ
2
jμjρ�; ðA20Þ

where

R
Γ
μνρσ ≔ RμνρσðγÞ þ 2D½ρκ̂μνjσ� þ 2κ̂μ

α
½ρκ̂ανjσ� ðA21Þ

and RμνρσðγÞ is the spatial curvature constructed by the
spatial metric γμν. We then obtain

G
Γ

μνnμnν ¼
1

2
ðR
Γ

μν
μν þK

Γ
1μ

μK
Γ

2μ
μ −K

Γ
1μνK

Γ
2
νμÞ; ðA22Þ

G
Γ μανβ

nμnνγα
0

α γ
β0
β ¼

1

2

�
K
Γ
1μα0K

Γ
2β0

μþK
Γ
1β0μK

Γ
2
μ

α0

−K
Γ
1μ

μK
Γ
2β0α0

−K
Γ
1β0α0K

Γ
2μ

μþ
�
K
Γ
1μ

μK
Γ
2μ

μ−K
Γ
1μνK

Γ
2
νμ

�
γα

0β0

−R
Γ
μ
β0μα0−R

Γ
β0μα0

μþR
Γ
μν

μνγ
α0β0

�
; ðA23Þ

which show that the couplings (4.2) do not have time
derivatives of the distortion tensor in the unitary gauge.

2. Counting the number of d.o.f.

In the unitary gauge, the second-order derivative of the
scalar field is

∇Γ μ∇
Γ
νϕ ¼ nμnνð£nA� þ A�κ�Þ − nμðDνA� þ A�κ̂2νÞ

− nνðDμA� þ A�κ̂1μÞ − A�K
Γ

1
νμ: ðA24Þ

Recall that κ� and κ̂1μ are projective modes which never
appear in the projective invariant functions. We define a
new variable:

Vμ ≔ κ̂2μ −DμN=N: ðA25Þ

Then, the second-order derivative is expressed by

∇Γ μ∇
Γ
νϕ ¼ −A�nμVν − A�K

Γ
1
νμ þ projective modes; ðA26Þ

which indicates that any projective invariant functions
including up to the second-order derivatives are algebraic

functions of t, N, γμν, Vμ, K
Γ

1
μν in the unitary gauge.

Here, we consider the Lagrangian

L ¼ FμνρσR
Γ
μνρσ þ Lϕ; ðA27Þ

where Fμνρσ and Lϕ are constructed by gμν, ϕ, ∇Γ μϕ,

∇Γ μ∇
Γ
νϕ. Due to the antisymmetric property of the last

two indices of the curvature tensor, the tensor Fμνρσ is
assumed to be FμνðρσÞ ¼ 0 without loss of generality. For
simplicity, we assume Fμνρσ is given the form

Fμνρσ ¼ F̂μνρσ þ F1γ
ν½ρnσ�nμ − F2γ

μ½ρnσ�nν þ F̂α
α
ρσnμnν;

ðA28Þ

with F1, F2 ≠ 0 and F̂μνðρσÞ ¼ 0 in the unitary gauge. Since
the projective transformation of the curvature tensor is

R
Γ
μνρσ → R

Γ
μνρσ þ 2gμν∂ ½μUν�; ðA29Þ

the property gμνFμνρσ ¼ 0 leads to the projective invariance
of the Lagrangian being guaranteed when Fμνρσ and Lϕ

are projective invariant. The functions F1, F2, F̂
μνρσ, and

Lϕ are thus functions of t, N, γμν, Vμ, and K
Γ 1

μν in the
unitary gauge.
In the unitary gauge, Eq. (4.20) is given by

LUD¼½F̂μνρσ
UD þf1γν½ρnσ�nμ−ðf1−A2�f4Þγμ½ρnσ�nν�R

Γ
μνρσþLϕ

ðA30Þ

with
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F̂μνρσ
UD ¼ 1

2
ð2f1 þ A2�f2 − A3�f3K

Γ
1α

αÞγμ½ργσ�ν

þ 1

2
A3�f3K

Γ
1μ½ργσ�ν −

1

2
A3�f3K

Γ
1ν½ργσ�μ: ðA31Þ

Therefore, Eq. (4.20) is a subclass of (A27) with (A28). We
will show the ghost-free-ness of the more general theory
(A27) instead of (4.20) itself.
After taking integration by parts, the unitary gauge

Lagrangian is given by

NL ¼ N½F1γ
μν£nK

Γ
1
μν þ F2γ

μν£nK
Γ

2
μν − ðF1K

Γ
1μν þ F2K

Γ
2μνÞKμν þ F̂μνρσðRμνρσ þ 2Dρκ

PI
μνσ þ 2κPI αμ ρκ

PI
ανσ þ 2K

Γ
1
νσK

Γ
2
μρÞ

− 2F̂σ
σμνK

Γ
1
ρμK

Γ
2ρ

ν − F1Vμκ
PIμν

ν − VμDμF1 þD2F1 þ κPIμνμDνF2 þ F2Dμκ
PIνμ

ν − ðF1K
Γ

1
μν − F2K

Γ
2
νμÞκPIμν

þ ðDνF2 − F2κ
PIμν

μÞκ̂3ν þ Lϕ�; ðA32Þ

where

κPIμνρ ≔ κ̂μνρ þ γμνκ̂
1
ρ; κPIμν ≔ κ̂3μν þ γμνκ� ðA33Þ

are projective invariant variables. Since F1, F2,

F̂μνρσ, Lϕ depend only on t, N, γμν, Vμ, K
Γ

1
μν, the

Lagrangian is linear in κPIαβ and κ̂3μ, which act as the
Lagrangian multipliers.
Time derivatives of the variables are given by the Lie

derivatives with respect to the vector tμ defined by

tμ ¼ Nnμ þ Nμ; ðA34Þ
where N and Nμ are the lapse and the shift vectors.
Introducing the 116 canonical variables

ðN; πNÞ; ðNμ; πμÞ; ðγμν; πμνÞ; ðK
Γ

1
μν;Π

μν
1 Þ;

ðK
Γ

2
μν;Π

μν
2 Þ; ðκPIμνρ;Πμνρ

PI Þ; ðVμ;ΠμÞ;

we have the 70 primary constraints given by

πN ≈ 0; πμ ≈ 0; Πμνρ
PI ≈ 0; Πα ≈ 0;

Πμν
1 −

ffiffiffi
γ

p
F1γ

μν ≈ 0; Πμν
2 −

ffiffiffi
γ

p
F2γ

μν ≈ 0;

πμν þ
ffiffiffi
γ

p
2

ðF1K
Γ

1ðμνÞ þ F2K
Γ

2ðμνÞÞ ≈ 0; ðA35Þ

and

F1K
Γ

1
μν − F2K

Γ
2
νμ ≈ 0; DνF2 − F2κ

PIμν
μ ≈ 0; ðA36Þ

where the last two constraints are obtained because
of the existence of the Lagrangian multipliers κPIμν and κ̂3μ.
Due to the constraints Πμν

1 − ffiffiffi
γ

p
F1γ

μν ≈ 0 and Πμν
2 −ffiffiffi

γ
p

F2γ
μν ≈ 0, the functions F1 and F2 can be replaced

with Π̃1 ≔ γμνΠ
μν
1 =

ffiffiffi
γ

p
and Π̃2 ≔ γμνΠ

μν
2 =

ffiffiffi
γ

p
by redefining

the Lagrangian multipliers. The total Hamiltonian is thus

Htot ¼
Z

d3xðHV þ λμπμ þ NμHμ þ λIΦIÞ; ðA37Þ

with

HV ¼ −N
ffiffiffi
γ

p �
F̂μνρσðRμνρσ þ 2Dρκ

PI
μνσ þ 2κPIμ

α
ρκ

PI
ανσ þ 2K

Γ
1
νσK

Γ
2
μρÞ − 2F̂σ

σμνK
Γ

1
ρμK

Γ
2ρ

ν

−
1

3
Π̃1Vμκ

PIμν
ν −

1

3
VμDμΠ̃1 þ

1

3
D2Π̃1 þ

1

3
κPIμνμDνΠ̃2 þ

1

3
Π̃2Dμκ

PIνμ
ν þ Lϕ

�
; ðA38Þ

and

HμðxÞ ¼
δ

δNμðxÞ
Z

d3yPAðyÞ£NQAðyÞ; ðA39Þ

where £N is the Lie derivative with respect to the shift and QA and PA are the sets of the canonical variables, QA ¼
fN; γμν;K

Γ
1
μν;K

Γ
2
μν; κPIμνρ; Vμg and PA ¼ fπN; πμν;Πμν

1 ;Πμν
2 ;Πμνρ

PI ;Πμg. ΦI and λI are the sets of the 67 primary constraints,
and the associated Lagrangian multipliers explicitly given by

λIΦI ¼ λNπN þ λPIμνρΠ
μνρ
PI þ λVμΠμ þ λ1μνðΠμν

1 −
ffiffiffi
γ

p
F1γ

μνÞ þ λ2μνðΠμν
2 −

ffiffiffi
γ

p
F2γ

μνÞ

þ λμν

�
πμν þ

ffiffiffi
γ

p
6

ðΠ̃1K
Γ

1ðμνÞ þ Π̃2K
Γ

2ðμνÞÞ
�
þ 1

3

ffiffiffi
γ

p
λμνκ ðΠ̃1K

Γ
1
μν − Π̃2K

Γ
2
νμÞ þ

1

3

ffiffiffi
γ

p
λνκðDνΠ̃2 − Π̃2κ

PI
μν

μÞ; ðA40Þ
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where we have introduced

λμνκ ¼ NκPIμν; λμκ ¼ −Nκ̂3μ ðA41Þ

in order to emphasize that these two variables are just the
Lagrangian multipliers.
The time preservation of πμ ≈ 0 leads to the momentum

constraint Hμ ≈ 0, which is surely first class due to the
existence of the spatial diffeomorphism invariance. The
time preservations of the other constraints yield

d
dt
ΦIðt;xÞ≈

Z
d3yλJðyÞMIJðt;x;yÞ

þ
�
ΦIðt;xÞ;

Z
d3yHVðt;yÞ

�
þ ∂
∂tΦ

Iðt;xÞ≈0;

ðA42Þ

where

MIJ ≔ fΦIðt; xÞ;ΦJðt; yÞg: ðA43Þ

If MIJ has zero eigenvalues, some of the Lagrangian
multipliers are undetermined, and then the preservations of
the primary constraints generate the secondary constraints
when d

dtΦ
I ≈ 0 are not trivially satisfied.

To explicitly discuss how many secondary constraints
are obtained from d

dtΦ
I ≈ 0, we first consider a simple case,

F̂μνρσ ¼ F̂γμ½ργνjσ�; ðA44Þ

with F1, F2, F̂ ¼ constant. In this case, the 31 components
of the Lagrangian multipliers,

λN; λμκ ; F1λ
1
½μν�−F2λ

2
½μν�; λPIμνρ−

1

3
γμρλ

PI
σν

σ; ðA45Þ

are undetermined, and there exist 31 secondary
constraints,

d
dt
πN ≈LϕþN

∂Lϕ

∂N −F1VακPIβαβ

þ F̂

�
K
Γ
1α

αK
Γ
2β

β−K
Γ
1αβK

Γ
2
βαþRðγÞ− κPIαβγκPIβγα

þDακ
PIαβ

β

�
≈ 0; ðA46Þ

d
dt

Πμ ≈ N

�∂Lϕ

∂Vμ
− F1κ

PIμα
α

�
≈ 0; ðA47Þ

1

F1

d
dt
Π½μν�

1 −
1

F2

d
dt
Π½μν�

2 ≈ −N
�
2F̂
F2

K
Γ

1½μν� −
1

F1

∂Lϕ

∂KΓ 1

½μν�

�
≈ 0;

ðA48Þ

d
dt

�
Πμνρ−

1

3
γμρΠαν

α

�

≈−NF1Vμγνρ−NF̂κPIνρμ−NF̂κPIρμν− F̂γνρDμN

þ1

3
γμρðNF1VνþNF̂κPIανα þNF̂κPIνααþ F̂DνNÞ≈ 0;

ðA49Þ
the set of which is denoted by Ψi ≈ 0. As a result, the
number of phase space d.o.f. is

≤ 116 − 6 × 2|ffl{zffl}
πμ≈0;Hμ≈0

− 67|{z}
ΦI≈0

− 31|{z}
Ψi≈0

¼ 6; ðA50Þ

which is sufficient to conclude that the Lagrangian is free
from the Ostrogradsky ghost mode.6

For generic functions of F1, F2, F̂
μνρσ, the expressions

become quite complicated. Nonetheless, the structure of
the constraints is not so changed. Indeed, we confirm that
the Lagrangian multipliers

λN; λμκ ; F1λ
1
½μν�−F2λ

2
½μν�; λPIμνρ−

1

3
γμρλ

PIσ
σν ðA51Þ

are undetermined, while others are determined even for the
generic cases. Equations (A46)–(A49) become

d
dt

πN ≈
∂F1

∂N λ1αα þ
∂F2

∂N λ2αα þ � � � ≈ 0; ðA52Þ

d
dt

Πμ ≈
∂F1

∂Vμ
λ1αα þ

∂F2

∂Vμ
λ2αα þ � � � ≈ 0; ðA53Þ

1

F1

d
dt
Π½μν�

1 −
1

F2

d
dt
Π½μν�

2 ≈
1

F1

∂F1

∂KΓ 1

½μν�

λ1ααþ
1

F1

∂F2

∂KΓ 1

½μν�

λ2ααþ���

≈0; ðA54Þ

d
dt

�
Πμνρ −

1

3
γμρΠαν

α

�
≈ � � � ≈ 0; ðA55Þ

where � � � stands for the terms not including the Lagrangian
multipliers. Since λ1αα and λ2αα are determined by the other
components of d

dtΦ
I ≈ 0, Eqs. (A52)–(A55) also give the

31 secondary constraints as with the previous example.
Therefore, the Lagrangian (A27) with (A28) has at most
6 d.o.f. in the phase space and is then free from the
Ostrogradsky ghost.

6There could be a first-class constraint in ΦI ≈ 0, Ψi ≈ 0 or a
tertiary constraint from d

dtΨ ≈ 0 depending on the Lagrangian
which give further reductions of the number of d.o.f. The
resultant theory would be a class of the minimally modified
gravity theories [49,75] or the cuscuton theories [76–78]. How-
ever, we do not discuss whether such additional reductions exist
and only focus on the fact the Lagrangian is free from the
Ostrogradsky ghost.
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