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We reveal the existence of a certain hidden symmetry in general ghost-free scalar-tensor theories
which can only be seen when generalizing the geometry of the spacetime from Riemannian. For this
purpose, we study scalar-tensor theories in the metric-affine (Palatini) formalism of gravity, which we call
scalar-metric-affine theories for short, where the metric and the connection are independent. We show that
the projective symmetry, a local symmetry under a shift of the connection, can provide a ghost-free
structure of scalar-metric-affine theories. The ghostly sector of the second-order derivative of the scalar is
absorbed into the projective gauge mode when the unitary gauge can be imposed. Incidentally,
the connection does not have the kinetic term in these theories, and then it is just an auxiliary field.
We can thus (at least in principle) integrate the connection out and obtain a form of scalar-tensor
theories in the Riemannian geometry. The projective symmetry then hides in the ghost-free scalar-tensor
theories. For an explicit example, we show the relationship between the quadratic-order scalar-
metric-affine theory and the quadratic U-degenerate theory. The explicit correspondence between the
metric-affine (Palatini) formalism and the metric one could be also useful for analyzing phenomenology

such as inflation.
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I. INTRODUCTION

In the last decade, a great deal of attention has been paid
to scalar-tensor theories including second-order derivatives
of a scalar field in the Lagrangian for building models of
inflation and dark energy. The prototype theory, called the
Galileon, is motivated by the decoupling limit of the Dvali-
Gabadadze-Porrati model [1] where the effect of the
modification of gravity is effectively described by a single
scalar degree of freedom (d.o.f.) in addition to the tensor
ones [2]. The absence of an explicit UV complete model of
gravity motivates us to consider general scalar-tensor
theories as an effective field theory (EFT). The standard
guidance of EFT is to include all possible terms consistent
with the underlying (exact or approximate) symmetry in
the Lagrangian. However, in the context of the modified
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gravity, the ghost-free class of scalar-tensor theories has
been extensively discussed.

The second-order derivatives in the Lagrangian generally
yield a fourth-order equation of motion which contains an
unstable mode called the Ostrogradsky ghost. The Galileon
interactions are so special that the equation of motion
becomes second order even though the Lagrangian contains
second-order derivatives. The generalized Galileon, now
dubbed as the Horndeski theory [3-7], is the most general
scalar-tensor theory with the equation of motion with at
most second-order derivatives. After the discovery of the
Gleyzes-Langlois-Piazza-Vernizzi (GLPV) theory [8,9], itis
recognized that the assumption of keeping the second-order
equation of motion is too strong for general Ostrogradsky
ghost-free theories. This led to the idea of degeneracy, in
which a constraint is imposed onto the Lagrangian and
eliminates the Ostrogradsky ghost. The degenerate higher-
order scalar-tensor (DHOST) theory is a theory where higher
derivative interactions are tuned to satisfy the degeneracy
conditions [10-15]. Furthermore, it was recently suggested
that the degeneracy conditions are not necessarily satisfied
in an arbitrary gauge of the spacetime when assuming
appropriate boundary conditions [16]. Reference [16] pro-
posed a more general ghost-free scalar-tensor theory, the
U-degenerate theory, which satisfies the degeneracy
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conditions at least in the unitary gauge1 in which uniform
scalar field hypersurfaces correspond to constant time
hypersurfaces (see also Refs. [17,18]).

Although a ghost mode can exist in a low energy EFT,
the existence of the ghost restricts the cutoff scale of EFT to
be lower than the mass of the ghost mode. Therefore, the
ghostly higher derivative terms provide just subleading
contributions within the regime of validity of EFT. In order
for the higher derivative interactions to provide leading
contributions for inflation or dark energy phenomena, the
interactions have to be tuned to eliminate the Ostrogradsky
ghost. In a subset of ghost-free theories, this ghost-free
structure can be protected by the weakly broken Galileon
symmetry [19,20]. On the other hand, in the generic ghost-
free theories, the fine-tuned ghost-free structure seems not
to be robust since no underlying symmetry apparently
exists. If there are no robust structures, could they still be
considered as interesting theories of EFTs for inflation/dark
energy?

In the present paper, we, however, point out that the
general ghost-free scalar-tensor theories indeed have a
hidden symmetry which can be seen only when general-
izing the geometry of spacetime. Gravitational theories are
usually formulated in Riemannian geometry, where only
the metric is the independent object that characterizes the
intrinsic structure of spacetime geometry. The connection in
Riemannian geometry is called the Levi-Civita connection,
which is calculated by the metric. Meanwhile, the metric and
the connection define different geometrical concepts, the
inner product and the parallel transport, and thus they are
independent in the first place. Following this philosophy,
one could consider a geometry with the Riemannian metric
and a general affine connection: metric-affine geometry. The
metric-affine geometry becomes the Riemannian geometry
when the metric-compatibility condition and the torsionless
condition are imposed.

It is worth mentioning that both metric-affine geometry
and scalars could emerge from a more fundamental per-
spective. Scalars, such as dilatons, radions, axions, scalar-
ons, and sfermions, are known famously to appear from
extended theories of the standard model or certain quantum
gravity models, whereas metric-affine geometry is expected
to emerge from spacetime defects [21,22], and Riemann-
Cartan geometry, which is a subset of metric-affine geom-
etry, may come from Poincaré gauge theory [23] or super-
gravity [24]. Thus, from such a perspective, scalar-tensor
theories within metric-affine geometry are a field worth
investigating. From here and now on, we shall call scalar-
tensor theories constructed on metric-affine geometry

In Ref. [16], U-degenerate theories and DHOST theories are
classified; U-degenerate theories are not degenerate in an arbitrary
gauge but degenerate in the unitary gauge, while DHOST theories
are degenerate under any gauge. However, in the present paper, we
will just call theories “U-degenerate theories” if the Lagrangian is
degenerate at least in the unitary gauge for simplicity.

“scalar-metric-affine theories” for short. On the other hand,
we will call scalar-tensor theories based on Riemannian
geometry simply “scalar-tensor theories.” We will show that
the projective symmetry, a local symmetry under a shift of
the connection, can provide a ghost-free structure of scalar-
metric-affine theories. The ghostly part of the second-order
derivative of the scalar could be taken into the gauge mode,
which means that the connection plays the role of a
“ghostbuster field” [25,26]. Incidentally, the connection
does not have a kinetic term as long as higher curvature
terms are not included, and then it is just an auxiliary field.
We can thus (at least in principle) integrate the connection
out and obtain a form of scalar-tensor theories [27]. The
projective symmetry then hides in the ghost-free scalar-
tensor theories.

The rest of the present paper is organized as follows. We
briefly review metric-affine geometry and the formalism of
gravity based on it in Sec. II. The main result of the present
paper is shown in Sec. III where we consider scalar-metric-
affine theories without nonminimal couplings to the cur-
vature; the Lagrangian is given by the Einstein-Hilbert
Lagrangian plus an arbitrary function constructed by up
to the second-order covariant derivatives of a scalar field.
We will show that this class of theory is free from the
Ostrogradsky ghost when the projective symmetry is
imposed and the unitary gauge can be assumed. More
general scalar-metric-affine theories with nonminimal cou-
pling to the curvature are discussed in Sec. IV, and some
ghost-free couplings are found. We integrate the connec-
tion out and explicitly show the relation between the
quadratic-order scalar-metric-affine theory and the quadratic
U-degenerate theory in Sec. V. We make summary remarks in
the last section, Sec. VI. General Hamiltonian analysis of
scalar-metric-affine theories is discussed in the Appendix.

II. METRIC-AFFINE FORMALISM OF GRAVITY

The intrinsic structure of the metric-affine geometry
is defined in terms of two independent objects: the
Riemannian metric g,, and the general affine connection
F’;ﬂ. The covariant derivatives for a vector and a covector

are defined by

I
VAR = 9 A1 + Ty AP (2.1)

I
VoA, = 9uA, — TV 4Ay. (2.2)

The Riemann curvature tensor is then defined by

r

R”yaﬁ’ (F) = 8arﬂuﬂ - aﬂrﬂba + Fﬂo‘aravﬂ - Fﬂaﬂrava' (23)
Since the metric and the connection are independent, in

addition to the Riemann curvature tensor, there exist non-
vanishing tensors characterizing the geometry,
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Tﬂaﬂ = Fﬂﬂa - l—waﬂ, (24)

r
Qﬂaﬂ = Vﬂg“ﬂ, (25)
which are called the torsion tensor and the nonmetricity
tensor, respectively. The Riemannian geometry, which is
usually used to formulate gravitational theories, is obtained
by imposing two constraints, 7,5 = 0, QM“/’ = 0, under
which the connection is then uniquely determined to be the
Levi-Civita connection as

Vo = { s } = l.gW(aag/)’u + OpGa

vol =3 (2.6)

- al/Q(Xﬂ)’

and then the connection is no longer independent from the
metric. Thus, the only independent object in Riemannian
geometry becomes the metric.

The metric-affine formalism (also called Palatini formal-
ism) of gravity assumes that the metric and the connection
are independent in the first place and gravitational theories
determine dynamics of not only the metric but also the
connection. Therefore, all of the intrinsic structure of
spacetime geometry is determined by gravity. On the other
hand, the metric formalism a priori assumes Riemannian
geometry, and gravitational theories determine the metric
only, that is, gravity assumed to be essentially represented
by a symmetric tensor field.

Let us first consider the metric-affine counterpart of the
Einstein-Hilbert (EH) action

2

M T
Ley = TPR(Q» ), (2.7)
where the Ricci scalar is defined by
r r
R:=g"R",q. (2.8)

Note that the EH action in the metric-affine formalism
enjoys an additional gauge symmetry of

F’;ﬂ - Fzﬂ + 8aUy, (2.9)
with an arbitrary vector Upy(x). The transformation (2.9),
called the projective transformation, preserves two char-
acteristics: the geodesic equation up to the redefinition of
the affine parameter and the angle between two vectors
under parallel transport [28,29]. The invariance/symmetry
under (2.9) is dubbed the projective invariance/symmetry.
There are two facts that are worth mentioning. First,
projective symmetry only emerges in metric-affine geom-
etry and not in its subsets such as Riemann-Cartan geometry.
Second, the particles of the standard models are also known
to inhibit projective symmetry. Some properties of the

projective invariance at quantum level are discussed in
Refs. [30-33].
In the case of vacuum, the equation of motion of the

connection yields
U
Py ={
aff (l/j

up to the gauge freedom associated with the projective
symmetry. Therefore, the connection does not introduce
any new dynamical d.o.f., and (2.7) predicts the same
results obtained by the Einstein-Hilbert action in the metric
formalism [34-37].

In general, however, theories in the metric-affine for-
malism compute different results from their metric formal-
ism counterpart. To discuss general theories, we introduce
the distortion tensor defined by

(2.10)

K g i= T g — {:ﬁ}’ (2.11)

which expresses the deviations from Riemannian geometry.
The curvature tensor, the torsion tensor, and the non-
metricity tensor are then

r

Rﬂl/aﬂ(r) = R”ua/}(g) + zv[uKﬂyV)’] + 2Kﬂﬂ[ako—v|ﬂ]7 (212)
Tﬂaﬂ = 2Kﬂ[ﬂa]7 (213)
0 =2k, (2.14)

where R* 5 and V, are the Riemann curvature and the
covariant derivatives defined by the Levi-Civita connec-
tion, respectively. Since only the curvature contains the
derivative of x and it is linear, kinetic terms of x appear
when higher curvature terms are involved in the
Lagrangian. Even if such higher curvature terms exist in
a full theory, one may ignore higher curvature corrections
in a low energy limit. In such case, the “dynamics” of « is
determined by a constraint equation (at least in a low
energy limit) and then can be integrated out as with the case
of the Einstein-Hilbert action.” In this paper, we shall focus
on the Lagrangian consisting of terms up to linear in the
curvature so that x does not carry any new d.o.f. If the
constraint yields x # 0, such a theory gives a different
theory from its metric formalism counterpart, i.e., theory
with setting x = 0. For further discussion and reviews of
metric-affine gravity, see, for example, Refs. [41-46].

’In special cases, « is still non-dynamical even when higher
curvature terms are introduced in metric-affine gravity. For
example, metric-affine f(R) theories do not introduce new
d.o.f., unlike their metric formalism counterpart [35,38—40].
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III. GHOST-FREE SCALAR FIELD FROM
PROJECTIVE SYMMETRY

In this section, we assume the Einstein-Hilbert action as
the gravitational sector and consider a scalar field of which
the Lagrangian is assumed to be constructed by up to
second-order covariant derivatives,

r r r
[’(/) = E(/} (99 ¢v vy¢v vuvy¢)’ (31)
where the covariant derivatives are
r r r
Vﬂfﬁ = 8ﬂ¢, Vﬂquﬁ = Gﬂﬁuqﬁ — F"‘Waaqﬁ. (3.2)

The total Lagrangian describing the present system is, thus,

2

ar r rr
L(g.T,¢) =—-R(9.T) + Ly(9.¢.V, .V, V,0). (3.3)

Since the second-order derivative of ¢ contains the con-
nection and therefore « as

rr
VV,p=V, V- (3.4)

Kal//t aa¢7

rr
the existence of VV ¢ in the Lagrangian changes the
constraint equation of x of which the solution would be
generally given by x = «(g, ¢, Vb, V) (see Ref. [27] for
an explicit solution of the constraint in a scalar-metric-
affine theory). Substituting it into the Lagrangian, we
obtain the form of a scalar-tensor theory as

A%R+EWQ¢V¢V%>

L(g.¢) =~

(3.5)

In general, Eq. (3.3) [or the equivalent Lagrangian (3.5)]
must have second-order time derivatives of the scalar field
yielding the Ostrogradsky ghost mode. One way to obtain
Ostrogradsky ghost-free theories is that the second time
derivatives are tuned to satisfy the degeneracy conditions.
‘We do not assume such conditions; instead, we assume the
projective symmetry to absorb the ghostly time derivatives
into the gauge mode.

The EH action is invariant under the projective trans-
formation (2.9). Let us suppose that the scalar field
Lagrangian also enjoys the projective symmetry. Since
the connection appears only in the covariant derivative of
the scalar field, the projective symmetry of L, is realized
by the invariance under

r

VN0 = V.0 - U0, (3.6)

H"

To see the relation between this invariance and the ghost-
free property, we consider the 3 + 1 decomposition.

Introducing the unit normal vector 7, to three-dimensional
spacelike hypersurfaces and the projection tensor on the
hypersurfaces, defined by

Y = G + MMy, (3.7)

we first decompose the first derivative of ¢ into the
temporal part and the spatial parts,

A =ntA, A=A, (3.8)

with A, := 0,¢. The second-order derivative is then

V.V, =D,A, — A.K,, +2n,(K,A"
+ n/lnl/ (£nA* - Aaaa)7

- Du)A*)
(3.9)

where D, is the covariant derivative associated with the
spatial metric y,,, £, is the Lie derivative with respect to n*,
a, = n”’Van# is the acceleration, N is the lapse function,
and K, = %;E,,y/w is the extrinsic curvature. The existence
of £,,A,, which contains the second time derivative of ¢ and
the first time derivative of N, in the Lagrangian is a
signature of the Ostrogradsky ghost.

Reference [16] argues that the original degeneracy
conditions obtained by Ref. [11] are too strong for the
theory to be free from the Ostrogradsky ghost. The authors
suggest that it is sufficient for the ghost-free-ness to satisfy
the degeneracy condition at least in the unitary gauge
¢ = ¢(r). Note that in the unitary gauge ¢ is not a
dynamical variable. Even so, the degeneracy of £,A, yields
the Ostrogradsky ghost-free theory because A, = ¢(1)/N
in the unitary gauge and then the disappearance of £,A,
guarantees that the lapse function is still nondynamical.

We assume that the unitary gauge can be consistently
chosen in theory (3.3). In the unitary gauge, the uniform ¢
hypersurfaces correspond to the three-dimensional hyper-
surfaces, and then the unit normal vector is proportional to
0,¢. This leads to the projective symmetry now becoming
the invariance under

r

vy(p—»v V.4 A, Uyn,, (3.10)

"
for an arbitrary vector U,(x). Comparing with (3.9), one
can find that the term with £,A, in (3.9) is just the
projective mode. Hence, the projective symmetry of L,
guarantees that the scalar field Lagrangian does not have
£,,A*3; that is, the Lagrangian is trivially U degenerate.
As a result, the projective symmetry of L, guarantees
that (3.3) has no dependence on £,A, in the unitary gauge,

3Alternatively, one can fix the projective gauge so that £,A,

r
does not appear in V,V,¢.
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r r©T
Ly(9.0.V 9.V, V) =L,(t.Ny,. K. kD). (3.11)
Note that the diffeomorphism invariance of (3.3) guarantees
that the Lagrangian has no explicit dependence on the shift.
Since the action (3.3) is algebraic in terms on the distortion
tensor k, integrating out « does not yield £,A,. Hence, the
Lagrangian may be given by the form

L=L(tN, Vs K

D,), (3.12)
after integrating out x. The remaining spatial diffeomor-
phism invariance and the fact that the corresponding
Hamiltonian to (3.12) is linear in N’ give six first-class
constraints, which reduce 12 d.o.f. from the phase space.
Furthermore, since (3.12) does not have N, there is a
primary constraint 7z ~ 0 of which the time preservation
yields a secondary constraint. Since the temporal diffeo-
morphism invariance is broken due to the gauge fixing, the
constraints 7y ~ 0 and 7y ~ 0 are generally second class
and then reduce 2 d.o.f. Whether or not there exist further
constraints in (3.12), the number of constraints is sufficient
to eliminate the Ostrogradsky ghost. Therefore, we conclude
that the projective invariant Lagrangian (3.3) has at most
3 d.o.f. and is free from the Ostrogradsky ghost. General
Hamiltonian analysis is discussed in the Appendix.

IV. NONMINIMAL COUPLING TO CURVATURE

We then consider nonminimal couplings to the curvature
tensor keeping the projective symmetry. When a non-
minimal coupling is introduced, we need to take care of
the fact that the curvature tensor has the first derivative of «.
For instance, the nonminimal coupling to the Ricci scalar,

r

fiR D 2f V', (4.1)
where f| is some function, can be rewritten, by taking
integration by parts, as

_2(vafl)K[aﬁ]ﬁ'

Hence, even if f; does not contain £,A,, V,f; may yield it
when f| contains A,, and then the ghost-free characteristic
of scalar-metric-affine theories with a nonminimal coupling
is not manifest.

Although whether projective invariant nonminimal cou-
plings are generally ghost free or not is interesting question,
we only discuss some particular couplings to curvature
tensors which are definitely ghost free.*

*For simplicity, we do not consider torsion nor nonmetricity
couplings in this paper. Since the torsion and the nonmetricity do
not contain derivatives of the distortion tensor, it is expected that
these couplings do not drastically change the structure of the
theories and do not lead to the Ostrogradsky ghost.

A. Trivially U-degenerate couplings

We find that the nonminimal couplings

cr T r r I I T
£,G !‘”Vﬂqﬁqub, 3G MaUﬁVﬂ¢Vy¢vaVﬁ¢ (4.2)

do not lead to the Ostrogradsky ghost, where f, and f5 are
r r©rT
projective invariant functions of ¢,V,¢,V,V,¢, and

r 1 r
S G (43)

r r
GH = GH¥, (4.4)
are the dual Riemann tensor and the Einstein tensor,
respectively. r

In the unitary gauge, V,¢  n,, the relevant components
of the nonminimal couplings (4.2) are

r r ,
G*n,n,, G”“”ﬂnﬂnyyg/yg . (4.5)
The 3 + 1 decomposition shows that these terms do not
have either £,K,, or £,k%,, as explicitly shown in
Appendix. Therefore, even if (4.2) are included, the
Lagrangian still consists of

Ka;w , D/,t ,

t: N’ y”y’ K

Hv

(4.6)

and then the theory is free from the Ostrogradsky ghost.
We thus conclude that the Lagrangian,

My T r r T
L= TR + [L,GHV ¢V ¢
r r r T
+f3GlmDﬁvy¢v y¢v {zvﬂ¢ + ﬁ()v (47)
does not contain £,A, even after integrating out «; the
theory is a trivially U-degenerate theory.

B. U-degenerate theories via conformal
and disformal transformations

We then consider theories of which the Lagrangian
explicitly contains £,A, after integrating out x but £,A,
is degenerate and then free from the Ostrogradsky ghost.
The degeneracy of the kinetic matrix indicates that the
kinetic matrix has zero eigenvalues and corresponding
eigenvectors. Hence, appropriately choosing the basic
variables, the kinetic matrix may be block diagonalized
and decomposed into the zero matrix and a nondegenerate
matrix. In the frame of the block diagonalization, the theory
is trivially degenerate. Conversely, we can generate a
degenerate theory from a trivially degenerate theory via
a change of the variables. This was actually used to derive
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beyond Horndeski theories (degenerate theories) from the
Horndeski theory (a trivially degenerate theory) [10] (see
also Ref. [47]).

We thus take field redefinitions to generate more general
ghost-free theories from (4.7). We note that the Lagrangian
does not contain any derivatives of the metric when
regarding that the metric and the connection are indepen-
dent variables. Therefore, the transformation of the metric
with keeping the connection gives just an algebraic change
in the metric-affine formalism. Let us consider a conformal
transformation,

G = g;w = ngyw (48)
where Q is a function of ¢ and its nth derivatives. The
theory (4.7) is then transformed into

an IS
V —§£|gw—>_z,m =v—9g TQ R+ fr,G"V ¢V ¢

_ T I I r r _
+ Q_2f3Gﬂayﬁvﬂ¢vu¢vav/i¢ + Q4£(/) s

(4.9)

where the functions with a bar are the functions of
_ _ r r T

the seed Lagrangian (4.7), f> = f,(3.¢.V ,¢.V ,V ,¢) =

r r r
f2(R%9.¢.V ..V ,V ,$) and so on.

Although the change of the variables must not increase
or decrease the number of d.o.f. as long as the trans-
formation is invertible and matter fields are not introduced,
the ghost may appear when we consider an additional
matter field y (see, e.g., Refs. [48,49]). For instance,
Eq. (4.9) with a minimal matter coupling,

M? T
,/——g[TPmR + -+ Ln(g, T, y/)} . (4.10)

is equivalent to (4.7) with a nonminimal coupling,

M? T
\/—_Q[TPR-F"'+9_4£m(9_2_’r7‘//)]- (4.11)

The simplest “matter coupling” is coupling to the cosmo-
logical constant

L, = —M>

2A, (4.12)

which yields the term
—Q“‘M;lA (4.13)

in the Lagrangian (4.11). If Q contains £,A,, the theory
(4.11) with just a constant term (4.12) is no longer ghost

free. Hence, the conformal factor € is usually assumed to
be a function up to the first derivative of ¢. However, we
have already shown that any functions with up to a second-
order covariant derivative of ¢ do not contain £,A, in the
unitary gauge if the function is projective invariant. The
conformal factor can include the second-order derivatives
when it does not contain the second-order time derivative.

We thus assume that € is projective invariant and is
given by

r r r

Q= Q(g9 ¢7vﬂ¢’vﬂvl/¢) (414)
in order that the nonminimal couplings do not yield the
Ostrogradsky ghost even after adding a matter field. In
particular, the term obtained from the cosmological con-
stant (4.12) is absorbed into the definition of Lj. As a
result, the conformal transformation generates a degenerate
Lagrangian

I T r I T r I r T
FIR+ f2G*N @V ,p + [3GHPN N ¢V NV s+ L,

(4.15)
with four arbitrary functions f, f, f3, L,, where
M? -
leTPQZ’ f2:f27
f3 - _?39_2, £{/) = 942{/) (416)

As discussed in the beginning of this section, the non-
minimal coupling to the Ricci curvature may yield £,A,
after integrating out x; however, since the Lagrangian is
degenerate, Eq. (4.15) is free from the Ostrogradsky ghost
as long as the unitary gauge can be imposed.

One may further consider a general transformation [10],

g = g = Q72 (g +TW), (4.17)

where [ is a symmetric and projective invariant tensor
r T T

constructed by ¢**,¢,V,¢,V,V, ¢. Furthermore, ¢ is

assumed to be nondegenerate. We define the transformation

of the inverse matrix for convenience. Using the relation

QS

det(.@yu) = )det(g;w)v (418)

det(sy + 1T
one can straightforwardly calculate the transformed theory
from (4.7). Since the general expression is complicated due
to the couplings to the Einstein tensor and the dual
Riemann tensor, we just show the case of the disformal
transformation [50]

r r
I =TVHHV b, (4.19)
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whereas I' is a scalar function constructed by ¢**, ¢,
r T T
V,$.V,V,¢. Due to the fact that the Einstein tensor

and the dual Riemann tensor couplings are given by the
contraction of the Levi-Civita tensor, these couplings do
not generate a new kind of terms via the disformal trans-
formation. The only new coupling is obtained from the
Ricci scalar. The U-degenerate Lagrangian of the trans-
formed theory is thus given by

r r r r r o I I T
Lyp = f1R + [LG*N PV, + [3G+*PN VYV ,pV Vs

r U I
+ [aR VPV P + Ly, (4.20)
with
M*Q?
pl 7
=L, = fLV/1+TX,
fl 2m f2 fZ
i} M2QT
=Q72f3V/1+TX, =P
/3 /3 fa iR
L,=Q'L,VT+TX, (4.21)

where X = gf“’gﬂcﬁ%yqﬁ and Iri’”,, :IFQ"WU. This theory
contains five arbitrary functions fy, f5, f3, f4, L4 The
regularity of the transformation imposes that Q and 1 4+ I'X
do not cross zero nor diverge, which give restrictions

f1vf1+f4X¢0

Note that R/w * R ua” 10 metric-affine geometry and the
Einstein tensor is
r
- gWR .

r r r
Hence, the Ricci tensor coupling R, V#¢$V *¢ cannot be
absorbed into the couplings to the Ricci scalar and the
Einstein tensor via the redefinitions of the functions.

r 1/T ro
Gy = 5 (R/w +R 0 (4.22)

V. QUADRATIC SCALAR-METRIC-AFFINE
THEORY

We consider a concrete Lagrangian and show the kinetic
structure after integrating out x. To explicitly solve the
equation of the connection, we shall focus on up to the
quadratic order of the connection. Then, the most general
quadratic-order projective invariant Lagrangian consisting
of the curvature, the scalar field ¢, and its derivatives is

‘CqPI (gv F9 ¢)

r r r r r o r
=f1IR+ [,G"V , ¢V, p+ f4R, NV PV ¢
P+ F L8 + o™

+CereehVr v ¢v ¢>v v qﬁVL,,Vp 1+ Co (L5 )2

I I
+ C3 (gﬂﬂgu&gay _g}wgaygﬁ&)ay¢ay¢vavﬂ¢vyv5¢i

(5.1)
where
gall’ prs r r r r
£3 = %1% y(sva¢va’¢VﬂVﬂ/¢, (52)
gall’ aprs dfy r r I I r r
£4 = eMProe*PY 5V{,¢Var¢vﬁvﬁ/¢vyv;,/¢ (53)

are the projective invariant Galileon terms and f, f»>, f4,
Fy, F3, Fy, Cq, C,, C3 are arbitrary functions of ¢ and
X = (0¢))?. Note that, up to the quadratic order of the
connection, the most general scalar-metric-affine theory
is a class of the ghost-free scalar-metric-affine theory (4.20).
We also notice that C; does not appear in the final expression
and can set C; = 0 without loss of generality [27].

As shown in Ref. [27], the quadratic DHOST theory is
obtained when C, = C3 = 0; in this case, all scalar self-
interactions are given by the form of Galileon. On the other
hand, in the case C,, C5 # 0, the Lagrangian is not a class
of the quadratic DHOST. However, we will explicitly show
that (5.1) indeed satisfies the degeneracy condition in the
unitary gauge even when C,, C; # 0, and (5.1) is equiv-
alent to the quadratic U-degenerate theory.

After integrating out x from (5.1), we obtain the
quadratic U-degenerate Lagrangian

Lau(g. ) = fR(g) + P+ Q19" Py + Qo' b’
(oo (o
- (ﬁ—ﬂu x| +2[3a—ﬂxz>L§2>
n ( n 2?( _% ~ 2;1>Li2>
+ (—}+ )];ZXJFKI {;2+3 2—276]
+ K [30 - H 2) LY, (5.4)
where
LY =gud. LY =@ LY =4 ¢ dud’,,

1
LY = pp'¢re, LY

= ("¢ P)*. (5.5)
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with the notations ¢, = V,¢, ¢, = V,V,¢. The functions

29(gy — 2F5X)

, P, O, 0,5, a, k{, kK, 0 are given b = -2f, , 5.8
f bR SR iX Y O = =2 2y X, 1 2(F, - 6C3)] )
f=hHh-"3 (56) ,
_2fy (99 — 2F3X) (29 — 39xX) 59
3X(g, — 2F,X)? Q="x- 2f / . - (59)
PoF,t » = 2F5 5 XP2fg+ x3{ ¢4+ 2(F, - 6C1x) }]
8fg+ 4X*[Cy + 2(F} — 6C,X)]
|
__ fox(4g+ 9xX) — 4fxg(g + 29xX) + 2C5X(f - 3ffxX +4f3X°) (5.10)
2¢°X - Cyf X3 ' '
2
g
= - , 5.11
T T = (G- )Y >ty
(2 X?(2F, — 4C,X - C"
Kz — g ( fg+ ( 4 2 3)) , (512)
X(fg= (Cs = F)X*)2fg+ X*{C, + 2(F, - 6C,X) }]
|
o= 9x (5.13) Eq. (4.7) describes a trivially U-degenerate theory, while
29 ' (4.20) includes U-degenerate theories.
with
VI. CONCLUDING REMARKS
— A
9=F1(f1 +14X), Fy = F5(f1 + fuX), In this paper, we discussed the possibility that the
Fly = F4(f1 + f4X)?, Ch = Co(f1 + f4X)?, Ostrogradsky ghost-free property of scalar-tensor theories
C, = Cs(f) + fuX)? (5.14) is guaranteed by symmetry and show that the projective
3 - . .

In the unitary gauge, the Lagrangian is reduced to

‘CqU = Azf(lw'aﬁ(Kﬂv - GYﬂvA*‘an*)(Kaﬂ - 67/(1/)’A*£11A*)
+P - (Ql - A£Q2)£nA* _A*(2f¢ + Ql)Kﬂﬂ
+ R+ (2fx + A2a)D,A. DA, (5.15)

where

i{;w,a/} _ (K.lyﬂ(ayﬂ)v + Kz}’m'}/aﬂ)- (516)

We should emphasize that the cases f; =0 and f;| +
f4X = 0 cannot be reduced to the Lagrangian (4.7) via
regular conformal/disformal transformations. The dynami-
cal d.o.f. may not be 3 in these cases. Indeed, the kinetic
structure (5.15) shows that the case g = 0 (which is the case
when f; = 0or f; + f4X = 0) leads to a totally degenerate
theory where there are no dynamical d.o.f.

We can also see that the cases ¢ =0 (gx = 0) give
trivially U-degenerate theories. Because of the relation

3X(gy — 2F4X)

X0, = gx -
O X0 =05 X1Ch + 2(F, — 6C4X)

. (5.17)

the unitary gauge Lagrangian (5.15) does not contain £,A,
if gy = 0. This confirms the discussion done in Sec. IV:

symmetry could be an important ingredient for ghost-free
theories. The projective transformation, which causes a
shift of the affine connection, is defined in metric-affine
geometry where the metric and the connection are inde-
pendent. We call scalar-tensor theories in the metric-affine
geometry scalar-metric-affine theories since their indepen-
dent variables are not only the scalar field and the metric
but also the affine connection. We consider two classes of the
projective invariant scalar-metric-affine theories: theories
without nonminimal coupling to the curvature and theories
with it. In the former theories, we have shown that theories of
which the Lagrangian is constructed by up to second-order
covariant derivatives are free from the Ostrogradsky ghost
when the Lagrangian enjoys the projective symmetry and
the unitary gauge can be imposed. In the latter case, although
we have not been able to conclude that general projective
invariant scalar-metric-affine theories are ghost free, we
have found that a wide class of theories is free from the
ghost. The general ghost-free Lagrangian, which we found,
contains five arbitrary scalar functions consisting of up to
second-order derivatives of the scalar field.’

It would be worth emphasizing that the theories discussed
in the present paper satisfy the degeneracy conditions at least

°In Appendix, we will discuss the existence of a more general
ghost-free scalar-metric-affine theory.
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in the unitary gauge, while scalar-metric-affine theories
constructed by Galileon type self-interactions satisty the
degeneracy conditions in any gauge (at least up to a quartic
Galileon) [27]. If one imposes satisfying the degeneracy
conditions in an arbitrary gauge, another restriction on the
Lagrangian in addition to the projective symmetry, such as
the weakly broken Galileon symmetry [19,20], should be
required.

We have also shown the explicit relation between the
quadratic-order scalar-metric-affine theories and the quad-
ratic U-degenerate theories. This reveals that the quadratic
U-degenerate theories have the hidden projective symmetry
which cannot be seen after integrating out the connection.
Furthermore, this explicit relation would be useful for
phenomenology. The metric-affine (Palatini) formalism of
gravity has gained increasing attention in light of construct-
ing inflation models since the metric and the metric-affine
(Palatini) formalisms compute different results and thus
observations of inflation can potentially reveal what the
fundamental variables of gravity are [46,51-73]. In this
context, theories which can have the Einstein frame have
been mainly analyzed because the equation of the con-
nection becomes simple in the Einstein frame. Instead, we
have already solved the equation of the connection to obtain
(5.4). One can analyze the phenomenology of the quadratic
scalar-metric-affine theories by using the scalar-tensor
theories without solving the equation of the connection.

In summary, we have highlighted the importance of the
projective symmetry for ghost-free theories. In particular,
theories without nonminimal couplings to gravity are
guaranteed to be free from the ghost by the projective
symmetry. It would be thus interesting to discuss whether
the ghost-free structure is protected by the symmetry even
in more general theories including complicated nonmini-
mal couplings to the curvature as well as higher curvature
terms. Recently, Ref. [74] showed the projective symmetry

r
is required to make f(R,,) theories ghost free, which also
suggests the importance of the projective symmetry. We
may come back to the issue of clarifying further relations
between the symmetry and the ghost-free property in
generic theories in the future.
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APPENDIX: HAMILTONIAN ANALYSIS OF
SCALAR-METRIC-AFFINE THEORIES

1. 3+1 decomposition of the curvature tensors

Here, we summarize the 3 + 1 decomposed metric-aftine
Riemann curvature tensor by using the distortion tensor.

We first define the 3 4+ 1 decomposed components of the
distortion tensor as follows:

K. 1= KagnnPn?, (A1)
A,ll = Kopy" 1Y s (A2)
R = Ko NVl (A3)
R == KopyanPnl, (A4)
’A<,1w = Ka/}y”a%/j}’z{» (AS)
Ry = Kag viun 7l (A6)
R = Kagyviyint, (A7)
Ruwp = Ka/;ﬂ’;f)’ghy)- (A8)

Under the projective transformation, «,,, = &, + 9, U,
the 3 + 1 decomposed components are transformed as

3

A /\3
Ky = Ky — U*’ w7 Ky + }//wU*a

Ry =&, —U,, Ruwp = Ry + 70U, (A9)
and other components are unchanged where
U,=Un®  0,=Ugl  (AlD)

To decompose the Riemann curvature, it is useful to define
the variables,

1 3 4 ~1
}CMD = (v/}l’la)j/z}/y = K;w — Ky

(Al1)

o2 3 22
}C/w = (vﬂna)yaﬂ/g = K;w + Kﬂl/’ (A12)
which could be considered as the extrinsic curvature of
metric-affine geometry. Then, all independent components
of the 3 4+ 1 decomposed curvature are

Irea/;y(gn‘”nﬂnyyg
= £,k — Dk, —a,k +a7’(12' —IFCZ)
nkp Pl T dpk rp 1P
r r
+ K7, + K% &7, (A13)

r r r
R,,/,»y,sn"y/,any/‘f =—£,K},— D&+ KL K*,
r

— ARy — R, — a k5 + K ) K,

I
+ K1 RS, 4 RIRS + kYRS (A14)
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r r r
Ress57inPnty = £,K2 Ry —K2,K — R,
r

_aMA;_apA?t‘FKz ICZHPAEW

— RpRs, — &, Ra, (A15)
r
Raﬂﬁyzy’/j"yyp - £ Klll/p pkfw - 2D[/4Ky]p

r r
- ay(Kup - ICI.l//)) +a (K _K:;zm) - a/)Afw

+ (’%If’;a _ K,uu)i%m//) ( 3a + K« )Aﬂ(l/)

r T
—I—/Cll,pl?i /C,%pl?f, (A16)
L 7.0 ~1 v 1 v 2
Ropsnnylys = 2Dk, — 277 ,K ol (A17)
5 7,0 - | S| v la, 2
R Vur oy = 2D[/)’C o] ~ 2K uipRy = 2K R
(AI8)
b B0 2 2 ol o n
R(l/}y(;]/”n YoV = ZD[/,]C lulo] bl ZIC/J[/)KG] -2K [/)K"u(ll(f]s
(A19)
p F 1 2
(z/}yéyy}/ yﬂya - yupa + 2K y[o"c lulp)’ (AZO)
where
r
R;wprf = Rm//m( ) + 2D[p o] + 2K;4 lp av\ﬁ] (AZI)

and R,,,,(y) is the spatial curvature constructed by the
spatial metric y,,. We then obtain

r r

r 1 T r r
Gromyn, = 5 (R + K, KC%, - KWK, (A22)

/

T pavfp 5 r r T r o T T
G mnyivy =5 {/clﬂa/@ﬂ,ﬁ/clﬂw@ﬂ —KW K

3 15 e el 2 L 2 B
a v a
—KPeC "+ <IC ”MIC ””—IC H ICU;,);/
F / r 4 / F e
_R”ﬂ ud _ o B'uc P +Rﬂlfﬂy}/aﬁ ] , (Azg)

which show that the couplings (4.2) do not have time
derivatives of the distortion tensor in the unitary gauge.

2. Counting the number of d.o.f.

In the unitary gauge, the second-order derivative of the
scalar field is

n,(£,A, + Ak.) —n, (DA, +AR])

r
n, (DA, +ARL) —AK],. (A24)
Recall that x, and fc}, are projective modes which never
appear in the projective invariant functions. We define a

new variable:

V, = k.~ D,N/N. (A25)
Then, the second-order derivative is expressed by
r r . o
V.V, =-AnV,—AK,, + projective modes, (A26)

which indicates that any projective invariant functions
including up to the second- order derivatives are algebraic

functions of 7, N, y**, V,, IC , in the unitary gauge.

Here, we consider the Lagrangian

I
L =F*“R,,,+ Ly, (A27)

r
where F#*P° and £¢ are constructed by ¢*, ¢, Vﬂqﬁ,

r
V,V,¢. Due to the antisymmetric property of the last
two indices of the curvature tensor, the tensor FH*P° is
assumed to be F*#?) = ( without loss of generality. For
simplicity, we assume F**7? is given the form

Frwpo — fruvpo Fly”U’n"] = Fzywna] n + fwaﬂvnunv,

(A28)

with F, F, # 0 and £#*?) = () in the unitary gauge. Since
the projective transformation of the curvature tensor is
r r
R/wpa - R;wpa =+ ngwa[y UI/]’ (A29)
the property g, F***? = 0 leads to the projective invariance
of the Lagrangian being guaranteed when F**? and L,
are projective invariant. The functions Fy, F», F’”””, and

£¢ are thus functions of ¢, N, y*, V,, and IC in the
unitary gauge.

In the unitary gauge, Eq. (4.20) is given by

)&l

r
I’l” - (fl —Azf4)7’m”6] nD]Rﬂv/m- +£(/)
(A30)

Lyp=[FG5+f1r"n

with
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1

j;ﬂwm _

r
Ub" =5 (2f1 +ALfy = Alf3KC )y

(o]

1 r 1 r
S ALK Wy AN e (A31)

Therefore, Eq. (4.20) is a subclass of (A27) with (A28). We
will show the ghost-free-ness of the more general theory
(A27) instead of (4.20) itself.

After taking integration by parts, the unitary gauge
Lagrangian is given by

r r r r . r r
NL = N[F " £,K 4 + Foy'£,K 5, = (FIK ¥ + F) ) Ky + F*™7(Ryyps + 2D ks + 2851 Ko + 2K 1K 1)

. r r r r
- 2F,,”””IC},”IC2/’,, - FIVMK'PI’“'U - V,D'F\ + D’F, + KPIWﬂDDFz + F2Dﬂ1<PI””D - (FllC}u, - FZIC,%ﬂ)KPI””

+ (DYFy — FokPW )& + L),

where
Pl ._ » A1 Pl ._ 3
Km//) = K;w/) + }’”DK/,, K;w = K/w + 7;41/’(* (A33)
are projective invariant variables. Since F, F)»,

r
Free Ly depend only on #, N, y*, V,, K}, the
Lagrangian is linear in ) and &;, which act as the
Lagrangian multipliers.

Time derivatives of the variables are given by the Lie

derivatives with respect to the vector # defined by
#" = Nn* + N*, (A34)

where N and N* are the lapse and the shift vectors.
Introducing the 116 canonical variables

r
(N.zy).,  (Nm), (). (K0,
r
(Ko 157, (ko 7). (V. TF),

we have the 70 primary constraints given by

Hy = —NJ7| 7o (R

uvpo pluve

1.

and
5
M) = SN

1 . | B 1 . 1~
- gHIV”KPI’“’U - g V”D”Hl + §D2H1 + gKPIﬂD”Dynz + gHzDMKPIDﬂD + £¢ s

/&wwmmm,

(A32)
I
y ~ 0, m, ~ 0, 5" ~ 0, I* = 0,
M~ PR w0, T~ iy
r r
4 \/77 (F 1) 4 FolC2)) % 0, (A35)
and
1 2 P,
FllCW—FZICWNO, DDFZ—FzK' "”ﬂNO, (A36)

where the last two constraints are obtained because
of the existence of the Lagrangian multipliers «}, and &;.
Due to the constraints ITY —/yFy* ~0 and Iy —
V7Fy* =0, the functions F; and F, can be replaced
with [T} =y, 1"/ /7 and I1, := y,, 115"/ /7 by redefining
the Lagrangian multipliers. The total Hamiltonian is thus

H, = / &Px(Hy + ¥r, + NVH, + 4,P"),  (A37)

with

r r R r r
+2D kP 2Pl (P 2K K }24/,) - ZFGJ””IC;”IC%U

u plave

(A38)

(A39)

where £y is the Lie derivative with respect to the shift and Q4 and P are the sets of the canonical variables, Q4 =

r r
{NyW. KL K2, kb0, V, ) and PA = {my, o TV T1Y 115" . TI#}. ®' and J; are the sets of the 67 primary constraints,

and the associated Lagrangian multipliers explicitly given by
M@ = dymy + B My + ATV + Ay (T =y Fyp) + 25, (I — \/yFay™)

T T 1 Lo~ T . r 1 _ N
+ )“;w " + \/?7 (HIIC 1) + HZIC 2(;41/)) + g \/}7/1,1: (HIIC;IU/ - HZIC tzxﬂ) + g \/?AZ(DDH2 - HZKEZI/”)’ (A4O)
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where we have introduced

A = NP, Me = =N&# (A41)
in order to emphasize that these two variables are just the
Lagrangian multipliers.

The time preservation of 7, ~ 0 leads to the momentum
constraint H, ~ 0, which is surely first class due to the
existence of the spatial diffeomorphism invariance. The
time preservations of the other constraints yield

G000 [ Py01M ()

+ {d)l(t,x),/d3y7'(v(t,y)} —i—gq)l(t,x) ~0,
(A42)

where

V= {@!(1,x). @/ (1.y)}. (A43)
If M! has zero eigenvalues, some of the Lagrangian
multipliers are undetermined, and then the preservations of
the primary constraints generate the secondary constraints
when %d)' ~ 0 are not trivially satisfied.
To explicitly discuss how many secondary constraints
are obtained from % @’ ~ 0, we first consider a simple case,
Frvro — F},ﬂ[ﬂyvlﬂ]’ (A44)
with Fy, F», F = constant. In this case, the 31 components
of the Lagrangian multipliers,

O Y e A MPo. (A45)

uvp ~ 3V uptov

1 )

are undetermined, and there exist 31

constraints,

secondary

d oL,
—ﬂNNE¢+N _F]VO( Plﬁ

dt ON o
R r r
+F<Klaa’C2ﬂﬁ_KlaﬁK/2}a+R(y>_KPIaﬂyK;:,a
+ DaKPIaﬂﬂ) ~0, (A46)
d 0L,
—I"~N — FxPHe ) %0, Ad47
dt <8V . ) (A47)
1;1 ™ _ 15va] < il _ L 35(/»)% ’
F F F F,
t t 5 ok
(A48)

d 1
I (77 BT § (12
dt ( 3 y (l>

~ —NF,Viy — NEPor — N FPlowe — Fyw DEN

1 . . .
+ gyﬂf’ (NF V¥ + NFxE!% + NFiPve  + FDYN) =0,
(A49)

the set of which is denoted by W/ ~ 0. As a result, the
number of phase space d.o.f. is

<116 - (A50)

6x2 — 67 — 31 =6,

== =~ =~
T,AHA0  DIR0 W0
which is sufficient to conclude that the Lagrangian is free
from the Ostrogradsky ghost mode.°

For generic functions of F,, F,, F*’° the expressions

become quite complicated. Nonetheless, the structure of
the constraints is not so changed. Indeed, we confirm that
the Lagrangian multipliers

v, M, FiAl

PI
o) = F2 Ay A

uvp 3 }/ﬂp/l(}:zlza (AS 1)

are undetermined, while others are determined even for the
generic cases. Equations (A46)—(A49) become

d aF, OF,

- /Ila /12(1 APV 0’ A52
NI N e TN (A52)
d OF | OF,
—IH M +—=2%, +.--~0, (A53
dt o, “ 8V “ (A33)
ld_py 1d_py 1 OF 1 OF
th M F,dt 34] F, At 2/120["+
! 2 la/q,w a/cw
~0, (A54)
d 1
— |7 — —y#TIY, | = - - =0, ASS
o (e = Sy, ) (A55)
where - - - stands for the terms not including the Lagrangian

multipliers. Since A'%, and A>*,, are determined by the other
components of %dﬂ ~ 0, Egs. (A52)—(AS55) also give the
31 secondary constraints as with the previous example.
Therefore, the Lagrangian (A27) with (A28) has at most
6 d.o.f. in the phase space and is then free from the
Ostrogradsky ghost.

There could be a first-class constraint in @ ~ 0, ¥/ ~ 0 or a
tertiary constraint from %‘P ~ 0 depending on the Lagrangian
which give further reductions of the number of d.o.f. The
resultant theory would be a class of the minimally modified
gravity theories [49,75] or the cuscuton theories [76-78]. How-
ever, we do not discuss whether such additional reductions exist
and only focus on the fact the Lagrangian is free from the
Ostrogradsky ghost.
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