PHYSICAL REVIEW D 100, 044034 (2019)

Screening and degenerate kinetic self-acceleration from the nonlinear
freedom of reconstructed Horndeski theories

Joe Kennedy,' Lucas Lombriser,” and Andy Taylor'
'Institute for Astronomy, University of Edinburgh, Royal Observatory,
Blackford Hill, Edinburgh, EH9 3HJ, United Kingdom
2Départemem‘ de Physique Théorique, Université de Genéve,

24 quai Ernest Ansermet, 1211 Geneve 4, Switzerland

® (Received 26 April 2019; published 15 August 2019)

We have previously presented a reconstruction of Horndeski scalar-tensor theories from linear
cosmological observables. It includes free nonlinear terms which can be added onto the reconstructed
covariant theory without affecting the background and linear dynamics. After discussing the uniqueness of
these correction terms, we apply this nonlinear freedom to a range of different applications. First we
demonstrate how the correction terms can be configured to endow the reconstructed models with screening
mechanisms such as the chameleon, k-mouflage, and Vainshtein effects. A further implication is the
existence of classes of Horndeski models that are degenerate with standard cosmology to an arbitrary level
in the cosmological perturbations. Particularly interesting examples are kinetically self-accelerating models
that mimic the dynamics of the cosmological constant to an arbitrary degree in perturbations. Finally, we
develop the reconstruction method further to the level of higher-order effective field theory, which under the
restriction to a luminal propagation speed of gravitational waves introduces two new free functions per
order. These functions determine the corresponding correction terms in the linearly reconstructed action at
the same order. Our results enable the connection of linear cosmological constraints on generalized
modifications of gravity and dark energy with the nonlinear regime and astrophysical probes for a more

global interpretation of the wealth of forthcoming cosmological survey data.
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I. INTRODUCTION

The observation of the late-time accelerated expansion of
the Universe [1,2] has led to a large number of theoretical
models that attempt to explain it. To date, the A cold dark
matter (ACDM) model, consisting of a cosmological
constant A and dark matter treated as a cold pressureless
fluid, remains the most successful among them [3]. Despite
its simplicity there remain plenty of open questions. One of
the most pressing issues is the large contribution to A that
should arise from the quantum corrections to the various
matter fields in the Universe [4,5]. Taken with the fact that
the fundamental nature of dark matter also remains a
mystery, these problems have encouraged a great deal of
model-building beyond ACDM. Many of these models
involve an additional scalar degree of freedom (d.o.f.) that
may drive the acceleration even in the absence of a
cosmological constant [6—8]. The scalar field can be
thought of as an additional exotic contribution to the
matter sector or the low-energy effective description of a
modification to general relativity (GR) which acts on
cosmological scales. Scalar fields typically arise through
a symmetry breaking mechanism from a UV-complete
theory. The Higgs field is an example of this and its
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presence in the Standard Model of particle physics provides
motivation to study the effects of scalar fields on gravita-
tional dynamics.

Incorporating a scalar field into GR is not a trivial task.
Higher derivatives can easily enter the field equations of
motion leading to extra propagating d.o.f. and an
unbounded Hamiltonian. This is a consequence of the
Ostrogradsky theorem [9]. In 1974 Horndeski identified the
unique scalar-tensor theory in four dimensions that leads to
at most second-order equations of motion and thus avoids
the Ostrogradsky ghost [10]. The theory was later redis-
covered by generalizing Galileons to curved spacetime
[11,12]. Note that it is possible to have stable higher-order
theories [13,14], which shall, however, not be considered in
this work.

A useful approach to a unified treatment of various dark
energy and modified gravity models is provided by the
effective field theory (EFT) of dark energy. The formalism
was originally developed in the context of inflation [15,16]
before its application to late-time cosmology [17-27]. It
features a systematic order-by-order expansion in the
cosmological perturbations and proves to be a useful tool
for the unified description of the cosmological effects of
Horndeski theory.

© 2019 American Physical Society
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The trade-off for generality is that this EFT formalism is
restricted by definition to certain length scales, usually just
the cosmological background and linear perturbations.
Recently there has been some work in extending the
expansion to higher-order perturbations [28,29]. An alter-
native approach is to start from the full covariant action.
The loss of generality in this approach is now traded for the
applicability on a much broader range of length scales,
allowing nonlinear effects such as screening to be studied.
We have recently presented [30,31] a reconstruction from
the EFT of dark energy on the level of the background and
linear perturbations to the class of Horndeski theories that
give rise to the particular set of given EFT functions. With
this covariant action it becomes feasible to generally
connect the nonlinear regime to that of the background
and linear scales. This link shall be the focus of this paper.

More precisely, within the reconstructed theory of
Refs. [30,31] there are correction terms that account for
the nonlinear freedom that exists between Horndeski
theories that are degenerate at the level of the background
and linear perturbations. Specification of these correction
terms allows one to move between linearly degenerate
theories. We first discuss the uniqueness of the correction
terms in the reconstructed theory. Applying the recent
constraint on the equality between the speeds of light and of
gravitational waves [32] we show that the number of free
functions that are present at higher order in the EFT of dark
energy is significantly reduced to two per order in pertur-
bation theory. This then implies that the nonlinear freedom
is uniquely specified by the nonlinear correction terms. It is
worth noting that out of the four new EFT functions found
in Ref. [33] at second order in the cosmological perturba-
tions of Horndeski theory, the two functions dominating in
the subhorizon regime vanish for a luminal speed of gravity,
and the impact of our nonlinear correction terms on the
weakly nonlinear regime of structure formation remains to
be examined in detail. Note that Ref. [34] showed that a
subclass of Horndeski models that was previously consid-
ered to be ruled out by the luminal speed of gravity
constraint can survive at the background level. However,
this loophole breaks down at the level of the perturbations
reducing the remaining freedom in Horndeski to that of
Refs. [35,36] which we restrict to in this paper.

As an initial demonstration of the implications of the
correction terms, we show how this nonlinear freedom can
be used to endow a reconstructed theory with a screening
mechanism. Due to the tight Solar-System constraints on
deviations from GR [37] it is necessary for a large-scale
modification of GR to employ a screening mechanism that
suppresses the effects of a fifth force on small scales. These
screening mechanisms fall into one of three categories [8]:
those that screen through deep gravitational potentials such
as the chameleon [38] or symmetron mechanisms [39],
those that screen through first derivatives of the potentials
such as k-mouflage models [40], or those that screen

through second derivatives as for the Vainshtein mecha-
nism [41].

A simple scaling method was developed in Refs. [36,42]
to determine whether a given theory possesses an Einstein
gravity limit. We present an application of this scaling
method to the reconstructed theory and demonstrate with
three examples that there is enough freedom in the non-
linear regime of a reconstructed theory to obtain, in
principle, any of these three screening mechanisms.

A further interesting consequence that arises when
considering theories built from the correction terms is that
it is simple to construct theories that are indistinguishable
from ACDM to arbitrary level in cosmological perturba-
tions. Only observations in the nonlinear regime can be
used to distinguish them from ACDM. Such degenerate
theories may be built from kinetic terms alone without
including a cosmological constant, hence providing a
kinetic self-acceleration effect.

Finally, we present a reconstruction from the nonlinear
EFT back to the space of manifestly covariant theories.
This follows a similar structure to the background and
linear reconstruction and in principle provides a method for
obtaining a Horndeski theory reconstructed from a range of
different length scales from the background to the nonlinear
regime.

The paper is organized as follows. In Sec. II we briefly
review Horndeski scalar-tensor gravity, the EFT formalism,
the reconstruction method from linear EFT to Horndeski
gravity, and the nonlinear freedom available for the
reconstructed theories. The uniqueness of the nonlinear
correction terms in the reconstructed action is examined in
Sec. III. Section IV briefly reviews the scaling method and
discusses how the nonlinear freedom in the reconstructed
scalar-tensor theories can be used to implement screening
effects due to large gravitational potentials and large first or
second derivatives of the potential. In Sec. V we discuss
how the nonlinear freedom can be used to construct models
that accelerate the cosmic expansion without a cosmologi-
cal constant with a suitable choice of kinetic terms, yet are
degenerate with standard cosmology at the background
level or even to the arbitrary level of perturbations. The
derivation of a third-order reconstruction is presented in
Sec. VI along with a discussion of the extension to nth
order. Finally, we provide conclusions on the results in
Sec. VIL

II. RECONSTRUCTED
SCALAR-TENSOR THEORIES

For the benefit of the unfamiliar reader we shall briefly
review Horndeski gravity in Sec. I A before discussing
the reconstruction from the EFT of dark energy and
modified gravity to manifestly covariant theories in
Sec. II B. Sec. II C then examines the nonlinear freedom
in this reconstruction. The free nonlinear correction terms
available will then be applied to screening in Sec. 1V, to the
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formulation of degenerate kinetic self-acceleration effects
in Sec. V and finally to the connection to higher-order EFT
in Sec. VL.

A. Horndeski gravity

The most general scalar-tensor theory in four dimensions
that yields at most second-order equations of motion is
given by the Horndeski action [10-12]

5
5= [ aw=sc (1)
i=2

where the Lagrangian densities £; are defined as

L= Gy(¢. X). (2)
L3 = Gs(¢, X)Ogp, (3)
Ly=G4(¢.X)R

= 2G(¢. X)[(Og)* = (VAV*$)(V, V. )], (4)
Ls=Gs(¢.X)G,, V'V

3G X) (08 =3O (,9.9)(VV)

+2(ViVig) (VoVegh) (V, Vi), (5)

with X = ¢0,40,¢. A restriction to the class of
Horndeski theories with luminal speed of gravity simplifies
the action (1) considerably to [36]

L, =G,(¢.X), (6)
Ly = G;(¢. X)0g. (7)
Ly = G4(P)R, (8)

where L5 can be set to zero. By varying this reduced
Horndeski action in Egs. (6) to (8) with respect to the metric
and the scalar field, one obtains the metric and scalar field
equations [12,36]. They will be needed solely in Sec. IV,
and the explicit expressions are given in the Appendix.

B. Reconstruction from linear effective field theory

The effects of Horndeski theory on the cosmological
background evolution and the linear perturbations can be
described in a convenient manner by adopting the EFT of
dark energy [20-25]. The relevant action is constructed
with the usual spirit of EFT by writing down every
operator, in this case the cosmological perturbations, which
is consistent with the symmetries imposed on the theory.
Time diffeomorphism symmetry is broken in the EFT of
dark energy and so every operator which remains invariant
under spatial diffeomorphisms is employed. The scalar

field is then the pseudo Nambu-Goldstone boson of broken
time translational symmetry.

At the level of the background and linear perturbations
the EFT action [20,21] in the notation of Ref. [43] is
given by

§ =800 4+ 8@ + Sy g ¥l 9)
MZ
son =2 / &SGR —2A(1) =T8¢, (10)

1 1
52 = / d*x\/=g [EMg(t)(agOO)2 —EM? (1)6KS5g™
_ 1
— M3(1) <51<2 - 6K"§K,, —§5R(3)5g00>] . (1)

The set {Q(1), A(1),T(t), M5(t), M3 (t), M5(t)} of the free
time-dependent coefficients can be derived for a particular
choice of the Horndeski functions G; [20,22]. There are
alternative bases for the EFT coefficients. A frequently
adopted set was introduced by Ref. [26], which is related to
the coefficients in Eqs. (10) and (11) by a linear trans-
formation

_ M2QY +2(03)

METRQ 202 (12)
“B Ezﬁﬁgiﬁg) (13)
oK = HZIE/IA?;J jﬂzﬁg) ’ (14)
o= ‘Mzéﬁz%zmg ’ (15)

where primes denote derivatives with respect to In a.
Furthermore a,, denotes the Planck mass evolution rate,
ag is related to the coupling between the metric and the
scalar field, ax arises as a coefficient of the kinetic term for
the scalar field, and ay is the deviation of the speed of
gravitational waves from that of light, now determined to be
vanishing at late times [32] (also see Refs. [44,45] for
forecasted implications). A further set of EFT functions
was recently introduced in Ref. [46] with a7 = 0 to avoid
stability issues associated with the previous EFT bases.

Different models such as the cubic Galileon [47,48],
quintessence [49], and k-essence [50,51] in general give
different functional forms for this set [20]. In particular,
Horndeski theories with luminal speed of gravity imply
M35 (1) = 0. The EFT functions can then directly be related
to effective descriptions of a modified Poisson equation and
gravitational slip [25,43,52-57] that are probed by cosmo-
logical observations [58].
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In order to link observational constraints on these
effective modifications to theoretical constraints on funda-
mental theories it is useful to formulate a mapping from
EFT back to the space of physical covariant theories. Such
a reconstruction was developed in Refs. [30,31]. It deter-
mines the class of Horndeski theories reconstructed from a
given set of EFT coefficients that are degenerate at the level
of the cosmological background and the linear perturba-
tions. Specifically, the reconstruction is given by

Go(h. X) = ~M2U($) ~ S MPZ()X + ax($)X* + AGy,

(16)
G(h.X) = bo() + by ()X + AG. (17)
Gu(h. X) = 5 MEF () + (D)X + AG,, (18)
Gs(¢, X) = AGs, (19)

where each term in the reconstruction such as U(¢) and
Z(¢) is dependent on a particular combination of EFT
functions. For completeness, the full list of expressions is
provided in Table I. The AG; functions denote nonlinear
correction terms that characterize the degenerate class of
Horndeski theories. In particular, the correction terms can
be used to move between different theories that only differ
at the nonlinear level.

C. Nonlinear freedom

Under the assumption of the luminal speed of gravity
[32] we shall show in Sec. III that the unique nonlinear
correction terms in the reconstructed theory are specified by

AG, s = 25512'3) () (1 + 154)”’ (20)

n>2

where AG, 5 = 0 and 5,@ (¢) are free functions of the scalar
field, reflecting the large d.o.f. that exists on nonlinear
scales without affecting linear scales. These terms arise
from noting that in the unitary gauge with the foliation

TABLE L.

¢ = tM? the Kkinetic term of the scalar field becomes
X = (=1 + 8¢°)M?. Equation (20) is therefore an expan-
sion in (5g%)".

The freedom in the correction term (20) may be exploited
to endow the reconstructed theories with some desired
nonlinear features without affecting linear theory. In par-
ticular, 551’)(¢) can be designed to implement a screening
mechanism (Sec. IV) or even to hide a kinetic self-accel-
eration effect of the cosmic background expansion to an
arbitrary level of nonlinear perturbations (Sec. V).

III. UNIQUENESS OF THE AG; CORRECTIONS

Due to the importance of the AG; nonlinear correction
terms for the applications of interest in Secs. IV, V, and VI,
we shall first investigate to what extent these terms are the
unique corrections to the reconstructed Horndeski action in
Eqgs. (16) to (19).

Recall that the correction terms in (20) were inferred
from the requirement that in covariant language 5¢% =
1 + X/M?. Successive powers of 1 + X/M? therefore yield
corrections that do not affect lower-order perturbations, in
particular, the background or linear theory. However, there
are of course other operators which can be added to the EFT
which will not affect the background and linear dynamics
such as K> and (SR®))3. In principle a term such as 6K
could be added to the EFT action, which would affect the
dynamics of the second-order perturbations. Note, how-
ever, that for the same reason that K> only appears in
combination with 6K, 6K* after £, is written in the
unitary gauge and expanded in the perturbations, it is
not possible to simply add K> as there are no terms in
the Horndeski action that give rise to this term alone.
More specifically, on the cosmological background
K,,=Hh,,, the perturbation 6K = K — 3H must appear in
the combination

K3 - 3KK,, K" + 2K, K" K", (21)

which gives rise to a number of nonlinear operators in the
EFT action involving 6K, [28,29]. The only term in the
Horndeski action that gives rise to such a combination

The Horndeski functions G;(¢, X) reconstructed from the effective field theory of dark energy at the

level of the cosmological background evolution and linear perturbations. The primes indicate a derivative with

respect to ¢. See Ref. [30] for the derivation.

— L_ M _9HM) (M) | MIM3)" | T(M3)H
U(¢)_A+2 2M? 8M? 8 + 4 4
Z( )_ r 2My  3HM | (M3) (M) H(M3)  4H'M3
¢) = Mt MO 2M° oM M? M M
(#) = My | (M3)Y  3HM} (M3)' | H(M3) | H'M3  3H*M;
a(P) = sps T e ~ o ane Ao MO 2088
b0(¢) =
MZ
J— 2
F(p)=Q+3p

+ M3H' +

9H> M3
2M?

2HM2  (ME) | M
bi(@) =T~ G+ e
3
C](‘/’):m
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is in Ls. Following the spirit of EFT one may add these
nonlinear operators because they are consistent with the
symmetries that we have imposed, but the theory which is
underlying such a combination generally violates the
luminal speed of gravity constraint [36] such that we will
omit these terms. By the use of the Gauss-Codazzi relation

R® =R—-K, K"+ K> -2V, (n*V, n* —nV,n*), (22)

relating the three-dimensional Ricci scalar R®) to the four-
dimensional Ricci scalar R and K, one can furthermore
see that adding on higher powers of R®) to the EFT in a
similar manner will inevitably introduce higher powers of
0K, and the previous argument applies. The same logic also
requires AG, and AGj to vanish and the nonlinear freedom
is now completely specified by Eq. (20).

An alternative perspective on this argument is to consider
a covariant form of the extrinsic curvature tensor or for
simplicity its trace

K=-v,(7%). (23)

By expressing the denominator in terms of the metric
perturbations, Taylor expanding and performing the
replacement of 6¢° with 1+ X/M?2, one obtains in
schematic form

K =0¢ + F(X,V,$.V,X), (24)

where F(X,V,$.V, X) is some complicated function of
the scalar field and the derivatives of the scalar field
obtained after the expansion, the precise form of which
is not relevant to the discussion. Taking higher powers of
0K and making use of Eq. (24) will lead to terms such as
(O¢)". Such expressions belong either to Horndeski
models with nonluminal speed of gravitational waves or
beyond-Horndeski theories. Reversing the logic, it is
necessary to start from such a model in order to obtain a
nonlinear correction involving a higher power of K.
Therefore, any correction terms to the EFT of dark energy
that make use of the operators (6K)" with n > 2 and R®)
will reconstruct a theory that has a nonvanishing G4y or Gs
term or a beyond-Horndeski model.

For Horndeski models with a luminal speed of gravity,
the only nonlinear operators that appear at nth order are
therefore

(69%)", (69™)""6K, (25)
which add two new independent EFT functions per order in
the perturbations. More explicitly, the nth order contribu-
tion to the EFT action with n > 3 is given by

35 = [ dey/=g > ) @) -+ 510) o) 5K,
i=3
(26)

where each M3 () and M7 (1) are the two free functions that
contribute at ith order in the action. This is a logical
extension to nth order of the first two operators which
appear in S@ in Eq. (11), namely (8¢”)? and 5¢°°6K.

IV. NONLINEAR FREEDOM FOR SCREENING

As a first application of the free nonlinear correction
term in Eq. (20) in the reconstructed scalar-tensor action we
shall consider the realization of screening mechanisms that
are required to recover GR in the well-tested Solar-System
regime [37]. For this purpose, we shall employ the
scaling method of Refs. [36,42] (also see applications in
Refs. [59-61]) that allows an efficient identification of the
existence of Einstein gravity regimes for a particular choice
of Horndeski functions. We briefly review the method
(Sec. IVA) and then apply it for a characterization of the
nonlinear correction terms AG; that realize screening by
large gravitational potentials ®, > A for some threshold A
(Sec. IV B), large first derivatives V®, > A (Sec. IV C), or
large second derivatives V2®, > A (Sec. IV D) [8].

A. Scaling method

The scaling method was developed in Refs. [36,42] to
efficiently determine whether a given Horndeski theory
possesses an Einstein gravity limit. It proceeds as follows.
At the level of the field equations the scalar field ¢ is
expanded in terms of a field perturbation y as

¢ = do(1 + aty), (27)

where ¢, denotes the background value and «a is the
theoretical parameter relevant to the expansion. For exam-
ple, it could be the speed of light or the coupling of a
Galileon interaction term. After performing this expansion,
the scalar field equation of the Horndeski model [see
Eq. (A2)] takes the generic form

T
2
*

atMF (. X) + a U (p, X) = (28)

where s,m,t,n € N and X = 0,w0"y. Now consider the
limit of @ — oo or @ — 0. As the right-hand side of Eq. (28)
is independent of a, the leading-order term on the left-hand
side must also be independent of « to balance the equation.
This restricts the possible values of the exponent g.
Therefore there must be at least one term which scales
as a” with every other term involving nonzero powers of a
vanishing in the @ - 0 or @ — oo limit. For example,
choosing ¢ = —s/m and taking the @ — oo limit requires
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—s/m < —t/q, so that t + n(—s/m) < 0 and the dominat-
ing terms in the field equation become

- T
Fiw. %) = 1. (29)
If in a given a limit the metric field equations reduce to the
Einstein equations after performing the expansion (27), then
the corresponding scalar field equation applies to the
screened limit where the fifth force is suppressed. To ensure
consistency the value of g chosen to obtain a screened limit
must be the same in both the scalar and the metric field
equations. Note that there may also be terms that involve
powers of a that do not depend on g. Depending on whether
they are raised to a positive or a negative power they will
diverge or vanish in either limit of @. If they vanish, then this is
not an issue, but if they diverge, extra care must be taken. For
example, it may be important to use the freedom in the AG;
terms to remove any divergences which arise in either limit.

In the following we present the recovery of three distinct
screening mechanisms by suitable choices of AG;.
Drawing on the distinction discussed in Ref. [8] this will
encompass the known screening mechanisms: (i) by large
gravitational potentials @y > A for some threshold A
(Sec. IVB), (ii) by large first derivatives V®y > A
(Sec. IV C), and (iii) by large second derivatives V?®, >
A (Sec. IVD). We shall find that there is more than
sufficient freedom in the nonlinear sector to, in principle,
endow the reconstructed theory with a particular screening
mechanism regardless of the constraints of the background
and the linear perturbations. Importantly, however, while
this generally implies the existence of FEinstein gravity
limits in the deeply nonlinear regime, this does not
guarantee that a given observed region is nonlinear enough
for the screening mechanism to be activated. The numerical
value of the screening scale needs to be computed sepa-
rately and ultimately decides whether a theory is compat-
ible with stringent Solar-System tests. It is not surprising
that screening mechanisms can be added to linearly
reconstructed models as they are inherently nonlinear
effects. It is, however, important to verify this explicitly.

B. Large field value screening

As a first example we consider the implementation of a
screening effect by large field values @y > A. More
specifically, we will focus on the chameleon mechanism
[38,62]. We shall first cast the reconstructed theory into the
Brans-Dicke representation with F(¢p) = ¢/M, (see
Sec. III in Ref. [31]). With this choice we have that I' =
¢/M, and Z=1 in Egs. (Al) and (A2). By making
use of the freedom in AG; it is possible to add a term to
G, that sets the g-value to be arbitrarily positive or
negative. To see this let us begin with the full reconstructed
Horndeski action in Egs. (16)—(18) with a AG, term that
takes the form

AG, = E(¢) (1 + %) (30)

with n > 3 and £(¢) given by

-N

é(gb) = M%U(¢) - T (¢ - ¢min)k’ (31)

where A is a coupling parameter, N and k are both positive
integers, U(¢) is the reconstructed potential in Eq. (16),
and ¢, denotes the minimum value of the second
contribution to the potential in Eq. (31). No other AG;
terms are necessary as they all contain derivative terms
which vanish in the screened limit. We shall take the scaling
parameter a to be the coupling A.

This choice cancels the potential obtained from the linear
reconstruction and replaces it with a power-law potential
that takes a similar form to the chameleon screening
example in Refs. [36,63] but with a — V. It is with a
suitable choice of N that no derivative terms contribute in
the screening limit. In this limit we then obtain the Einstein
equation

¢ 1
ER/W = _T/(d%) + T/w _EgﬂI/T /Mz +Hm [vﬂ¢]’ (32)

where 7 ,(,2”) is defined in Eq. (A8) and H,,[V,¢] represents
all the terms that involve derivatives of ¢ in the metric field
equation, the precise form of which is not relevant as we
shall find that they disappear in the a — 0 limit of interest.
Taking the trace of Eq. (32) leads to ¢R/M, = -T?
which, noting that 7 =2G,/M?, gives a relation
between R and G,. The scalar field equation is given by

2¢

_Mi

(Gap+ GayR) +T? + H([V,¢] = -T/M?, (33)

where H,[V ,¢] represents all the terms in the scalar field
equation involving derivatives of ¢ which will disappear in
the @ — 0 limit. With the choice of AG, in Eq. (30) there is
no contribution from the reconstructed potential U(¢) to
the scalar field equation. After eliminating R and 7 in
favor of G, the scalar field equation becomes

a_N(¢_¢min)k_1 [¢k_2(¢_¢min)} +Hs [vﬂ¢] =-T. (34)

Applying the scaling method with the scalar field now
expanded in terms of y as in Eq. (27), we examine the set of
q values which leave nonvanishing terms on the left-hand
side of Eq. (34) in the @ — 0 limit. As @ — 0 it is necessary
to take the largest ¢ value from this set after the scaling in
Eq. (34). Disregarding the derivative terms in H,[V ,¢], we
find that g takes one of two possible values
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g€ {%%} (35)

We must take ¢ = N/(k — 1) as it is the largest in the set of
q values from G,. The integer N can then be chosen in
Eq. (31) to be arbitrarily large. In the limit of a — 0O this
will send all terms involving spacetime derivatives of ¢ to
zero, justifying the original choice of &(¢). This is
important as in principle the value of n in Eq. (30) is only
bounded from below by the requirement that it is a
nonlinear correction. All the terms involving derivatives
of the scalar field scale as X" = ¢Z"a>"V/(-=DX — 0 as
a— 0 with m ={1,...,n}.

Now we expand the scalar field around the minimum of
the potential such that ¢, = ¢o. This then implies that
¢ — Py = ¢poady. The remaining terms in the scalar field
equation for a — 0 relate the local value of the scalar field
to the matter density as

which recovers the chameleon screening effect for k < 1.
The metric field equation in the same limit reduces to

1
¢0R;w = (T;w - Eg/wT> /M*’ (37)

recovering the standard Einstein equation with a rescaled
Planck mass set by the background field value ¢.
Therefore we have implemented a chameleon mechanism
in a scalar-tensor action that is reconstructed from an
arbitrary cosmological background evolution and linear
perturbations by adding a suitable choice of AG,. Whether
the screening effect operates in the Solar System to comply
with stringent local tests of gravity needs to be checked
numerically for a given reconstructed model.

C. First-derivative screening

Next we examine the implementation of a screening
effect that operates through large first derivatives
V®, > A. More specifically, we focus on the k-mouflage
screening effect [40,64]. We may simply choose here the
scaling parameter a to be the kineticity function ax and
take the @ — oo limit. EFT functions such as ax are
typically parametrized as agof(a) where f(a) is some
function of the scale factor with f(a = 1) = 1. Often this is
simply a power of the scale factor or the evolution of the
dark energy density normalized to the present value
Qpg(a)/Qpgo- This ensures that the effects of the mod-
ifications only become relevant at late times. We shall take
here the scaling parameter to correspond to the value of a
today, a = agy. It is also possible to take apg, or ay, as the
scaling parameter but as the reconstruction depends differ-
ently on these EFT parameters this will lead to different

behavior in the screened limit (see Sec. IV D). Taking « to
be agg, we see that as the reconstructed action is linear in
the EFT functions we have from Table I that each term
scales as U(¢) ~ a, Z(¢p) ~ a, a(¢p) ~ @, and b, (¢p) ~ a®,
which follows from the fact that M3 is independent of ay
(see Table IT in Ref. [30] for the full set of relations between
the EFT coefficients of the different bases). With this
choice we have that the terms in G, will scale as a'*"¢ for
some integer n but those in G5 will scale as 9.

In order to obtain an Einstein field equation it is
necessary to remove the potential to avoid divergences
in the @ — oo limit. This also makes physical sense as the
screening mechanism in this case operates via the kinetic
terms. We shall also remove all of the dependence on the
canonical kinetic term linear in X to ensure that the
screening operates through higher powers of X. To this

end, we choose AG, = AG&I) + Ang), where

1 X\* 1 X3
AGy =2 MSZ(¢) (1 + W) — 5 MZ(¢) (1 + Mi) ,
(38)
AGY = 2M2U(9) <1 + ;)3 - M2U(9) <1 + ;4(4>6.
(39)

These nonlinear corrections ensure that every term in G, is
now at least proportional to X? or greater. With this choice
the relevant term in the scalar field equation is

Vi P = —Gyxx V#XV,p — XGayy, (40)

where J/(f) is defined in Eq. (A6). The first term on the
right-hand side in Eq. (40) scales as a'*39, which sets the
minimum ¢ value to be ¢ = —1/3. As every term in Gj
scales as o"? with n > 0, this will send every term
involving Gj to zero in the @ — oo limit. This particular

g-value will also ensure that Tf,’,,) — 0 as a — oo so that the
metric field equation reduces to the standard Einstein field
equation. The resulting scalar field equation corresponds to
a k-mouflage model

PN D= . (41)
with
97 oU
) =)+ B - @)

D. Second-derivative screening

Finally, we consider the implementation of screening
through large second derivatives V2®, > A, more explic-
itly the realization of the Vainshtein mechanism in the
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a — oo limit where the scaling parameter « is taken to be
ag only. The procedure is similar to Sec. IV C. In this case
U(p) ~a, Z(¢p) ~ a, ay(¢p) ~ a as before, but in contrast to
Sec. IVC, b(¢) ~ a, which follows from the fact that
M3 « ap. We begin by adding on the nonlinear counter-
terms in Egs. (38) and (39) to ensure the X dependence of
G, is at least X2.

It turns out that the important term in the scalar field
equation which gives rise to a nontrivial equauon of motion
and Vainshtein screening is V”Jf,) where J, ,(4 Vs given in
Eq. (A7). Plugging in the expression in Eq. (17), we have
that

Vi) = by($)SH) + H[V, 4], (43)

where again H [V, ¢] represents all of the terms involving
derivatives of ¢ that will vanish in the o — oo limit.
Furthermore S(*?) is a term that involves four derivative
operators and two powers of the scalar field, which is given
explicitly by

S42) = (O¢)? + 8,90 + OX. (44)

These terms each scale as a'*?¢ requiring a g-value of
—1/2 to ensure independence of a on the left-hand side. As
we have also ensured that G, starts at least at X2, scaling as
a*t with g = —1/2, these higher-derivative terms will
disappear in the @ — oo limit. The scalar field equation
in this limit then becomes

X/ﬁ b1<¢0)[<Dl/f

)2+ 00Oy + 0OX] = — (45)

—,
*
where X = 0,y 0"y. This is a typical scalar field equation
involving higher derivatives of y expected for Vainshtein
screening. It is necessary to ensure that the standard Einstein
equation is obtained in the same limit in the metric field
equations so that we can be sure this is the screened limit.

Having already set ¢ = —1/2 from the scalar field
equation and ensured that G, starts at X> with AGEI)

and AGg), every term T,(f,,) in the metric field equation (A1)
vanishes in the @ — oo limit. For example, the first term in

T ,(f,t) scales as
GuySP) ~ o ~a! > 0, (46)

and the first one in 7 ,(;) scales as

2

2 S#3) ~ g!134 ~ g2 5 0. (47)

With the choice of the Brans-Dicke representation of
F(¢) = ¢/M, we have that T = ¢py/M, and E = 1, and
the metric field equation reduces to Eq. (37).

To summarize, by choosing ag as the scaling parameter
and removing the constant and linear terms in X from G,
one can obtain the standard Einstein field equation
with a rescaled Planck mass and a scalar field equation
involving second derivatives in y as expected in the case of
Vainshtein screening.

V. NONLINEAR FREEDOM FOR DEGENERATE
KINETIC SELF-ACCELERATION

As a further application of the nonlinear freedom in
reconstructed scalar-tensor theories, we demonstrate how
the correction term in Eq. (20) can be configured to
construct scalar-tensor theories that are degenerate with
standard cosmology to an arbitrary level of cosmological
perturbations (Sec. VA). As a particular interesting exam-
ple we show how this allows for models that accelerate the
Universe without a cosmological constant yet remain
dynamically degenerate with ACDM through a suitable
configuration of the kinetic terms (Sec. V B).

A. Perturbative degeneracy with ACDM

An important implication of Eq. (20) is that it is possible
to use the AG; terms to write down a Horndeski theory that
possesses a highly nontrivial form for the nonlinear
perturbations yet reduces to ACDM on the background,
where the correction terms vanish. This degeneracy may
even be extended to an arbitrary level of perturbations. The
existence of such classes of theories is a natural conse-
quence of the reconstruction being an expansion in
(1+X/M})" with n € N. One can therefore construct
theories whose physical effects only become relevant at a
particular level of higher-order perturbations characterized
by the power n.

To see how this works in practice let us choose, for
example,

G, = -M2A + E7 (9) <1 + X > (48)

M4

with G; = 0, G, = M?/2, and n > 3. After performing an
ADM decomposition with ¢ = tM? the second term in

Eq. (48) becomes &7 (1)(8g°)". On the background and
linear scales therefore there will be no effects arising from
the noncanonical kinetic terms and it will appear to be
exactly ACDM. Note that this argument does not rely on
the specific foliation adopted as we shall verify shortly for a
specific example, but for now simply note that any nonzero
perturbations that arise from another choice of foliation
must be pure gauge. At the nonlinear level Eq. (48) departs
from ACDM, and we have discussed the mapping of the

5512) (t) functions onto nonlinear EFT functions in Sec. VL. It
is also possible to write a theory with G, = A and
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Gy =&"(¢) (1 + ;}) (49)

In an equivalent manner this corresponds to a Galileon
theory that can only be distinguished from ACDM on
nonlinear scales. Combinations of AG, and AGj5 can also
be used to construct more nontrivial theories.

For clarity we shall provide an explicit example of this
degeneracy and compute the background equations of
motion and check that the expansion is indeed matching
that of ACDM. A more detailed analysis, including the
investigation of possible instabilities and perturbative
effects, will be the subject of further analysis. For sim-
plicity, we shall focus here only on the degeneracy at the
level of the background and not for the linear perturbations.
Hence, we take n = 2 in Eq. (48) so that

X \2

= —MIA+&(¢) +285(d)X/ M + E(d)X?/ME, (50)

where £(¢) is a free function of ¢. Not making any
assumptions about the spacelike foliation we now put this
equation into the unitary gauge by setting the scalar field to
be just a function of time. With X = (-1 4 6¢%)¢* we
have at linear order

2£(1) X,
M

2
— 25](‘2)4‘X0+2§](‘2)8X0 5900, (51)

E(1X3
M}

Gy = —M2A + &(1) + +

where X, is the value that X takes on the background, i.e.,
Xo = —¢°. This gives an explicit expression for the EFT
functions A(z) and I'(¢) in the unitary gauge expansion of
G, in Eq. (51), where the first line corresponds to —M2A(¢)
and the second line to —M?2I"(¢)/2. The Friedmann equa-
tions in the EFT formulation are given by [20,25,43]

Pm
M2’

['(a) + Ala) = 3H* - (52)

Ala) = 2HH' + 3H?, (53)

where we have set the nonminimal coupling parameter
Q =1 and we parametrize the time ¢ in terms of the scale
factor a. With the expressions for I'(a) and A(a) obtained
from Eq. (51) one can take linear combinations of the
Friedmann equations (52) and (53) to eliminate the
dependence on the background expansion H and obtain
a field equation for the background value of the scalar field.
This is determined from the resulting expression

I'(a) + % [C(a) + Aa)] =0 (54)

to be

[45(“”‘" 5’(“><XO—M3/3>}<XO+M1>+ (55)

MlO MIO
28(a) | 2&(a)X,

X [ 3M° + M0 =0, (56)
which is the nontrivial Klein-Gordan scalar field equation.
It has a trivial solution X, = —M%. More complicated
solutions to the background scalar field equation will be
explored in the future. From X, = —M?*, one immediately

recognizes in Eq. (50) that G,(X,) = —A, and hence
the recovery of the ACDM background expansion.
Alternatively, once the solution to the background evolu-
tion of the scalar field has been obtained it is possible to
derive the equation-of-state parameter for the resulting k-
essence model given by [65]

_ —MIA+ E()(1 + X/ MY)?
CMIA = E(p)(1+ X/ME)(1-3X/M)

(57)

w(a)

After inserting the background solution X = X, = —M%
one obtains w = —1, confirming that the background
expansion is indeed matching that of ACDM.

B. Degenerate kinetic self-acceleration

To highlight the implications of the perturbative degen-
eracy, we will now study a particularly interesting example
of Eq. (48). Let us consider a class of models specified by
&(¢) = M2A,4 in Eq. (50). The subscript ¢ indicates that
Ay is a coupling parameter in the higher-order kinetic terms
of the scalar field ¢. Equation (50) then becomes

) o

where we defined A = Agg. We also set G, =1 and
G; =0 and stress that any contributions to Aggr from
quantum corrections of matter fields in this discussion are
neglected. If we now set A, = Agg, this model exhibits the
particular feature of having no explicit cosmological
constant. The model is now simply

Gy, = —MiAgr + MIAy <1 +

Gy = 2AyX /M7 + AyX*/MS. (59)

However, the observed cosmological constant A, in
the cosmological background of this model remains
Aobs = Ay = Agr. An alternative approach is to start with
the model
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and then set Agg = 0. In summary, in one interpretation
the coupling Ay is tuned to match a nonvanishing Agg
that corresponds to the observed A, or Agr =0 and
Ay = N

With either interpretation these models generate a kinetic
self-acceleration effect that is degenerate with the cosmo-
logical constant to the (n — 1)th order of cosmological
perturbations. While this may certainly be viewed as an
engineered self-acceleration effect, it also raises more
general questions about the genuineness of a Kkinetic
self-acceleration that resembles a cosmological constant
for observational compatibility. We note that a similar
expansion to Eq. (58) can be performed for G; with similar
implications. For instance, one may consider a Kkinetic
gravity braiding model with nontrivial G, and G;. By
combining power series of (1 + X/M%)" in G, and G5 that
only contribute at the (n — 1)th order in cosmological
perturbations, one can choose the coefficients of G, and
G5 in an expansion in X to cancel off to just leave a term X"
in G, and Gj; for arbitrarily large n. Greater values of n then
correspond to models which are more difficult to distin-
guish from ACDM and for which nonlinear data must be
used for their discrimination. This may shed some light on
the results of Ref. [66], where better agreement with
ACDM at the linear level was likewise found for kinetic
gravity braiding models with G3; «x X" for large n but
adopting a canonical G, instead, which is not feasible with
using AG; corrections only.

We shall leave a more detailed examination of the
genuineness of Kkinetic self-acceleration that closely
matches ACDM phenomenology to subsequent work. It
is worth noting, however, that a further interesting conse-
quence of A, being interpreted as a coupling rather than a
bare constant is that it may be possible to render the
acceleration effect in Eq. (58) technically natural as it can
now enter as a coefficient to an irrelevant operator rather
than as a nonrenormalizable constant [67,68]. The details
shall also be studied further in forthcoming work. At a more
practical level, we emphasize that these models have the
interesting property that discriminatory effects of this type
of cosmic acceleration are left exclusively to the nonlinear
observational regime.

VI. HIGHER-ORDER RECONSTRUCTION

With the higher-order EFT expansion in Eq. (26) and
the freedom in the nonlinear sector having been signifi-
cantly reduced by the restriction to a luminal speed of
gravity, it becomes straightforward to perform a nth order
reconstruction of the corresponding class of Horndeski
theories by fixing the AG,; functions order-by-order in
terms of the nonlinear EFT functions M. We shall now
see how this extra information modifies the reconstruction

from the background and linear scales by adding in the new
free functions and slightly changing the dependence on the
linear EFT functions. We shall elaborate on this explicitly
for the case of i =3 before outlining the general nth
order case.

Let us begin by noting that in the unitary gauge a term
that takes the form &(¢)X™ ¢ becomes

2m

2m + 1
1

2m+ 1

&(p)xmUe = 7 E()(-X)" K

+ £ () (=Xx)"*1, (61)

where the sign differences on the top and bottom indicate
even or odd m, respectively, and the prime denotes a
derivative with respect to ¢p. After expanding Eq. (61) in the
unitary gauge there will be several terms that contribute and
that can be mapped onto the operators in Eq. (26).

We shall proceed along the same lines as Ref. [30] to
obtain a corresponding covariant action. To begin, by using
the replacement g% = 1+ X/M? the (5¢™) operator
becomes

_ _ 3X 3X2 X3
) (62)

M5(1)(6¢™) = M3() <1 + wh + e + w2

This contributes to U(¢), Z(¢), a,(¢) along with a new,
now necessarily nonvanishing contribution to the coeffi-
cient of X* that we call a3(¢). Let us now derive the
covariant action which gives rise to the following expan-
sion in the unitary gauge:

M3 (1)5g°8K + M3 (1)(5¢™)25K. (63)

We shall take the case of m = 1, 2 in Eq. (61) for simplicity
and begin with the combination

Gy = by(0)XO + by(¢)X*Tp + AGY,  (64)

where AGI(-4> indicates that the nonlinear corrections now
start at fourth order. We transform Eq. (64) into the unitary
gauge and then solve for b;(¢) and b,(¢) in terms of the
EFT functions. It is necessary to have two independent
functions in the covariant expansion as there are two
independent EFT functions. At third order in the perturba-
tions we obtain

1
G3 D — by (p)M85g™ 5K + Zbl ()M (6¢™)*6K (65)

F2hu()MOSGVSK ~ ba(p)MO(5g"P5K.  (6)

where for the sake of clarity we have not shown the terms
which are independent of 6K. We then require that
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=by()MS + 2b5(h)M° = M(). (67)
by (¢)MS — 6D, (p)M 10 = 4M3(). (68)

This system of equations can be straightforwardly solved to
obtain b (¢) and b,(¢). The results are shown in Table II
along with the contributions to G,.

Importantly, this method can straightforwardly be
extended to higher orders, where at each order it is
necessary to invert an n X n matrix to obtain the corre-
sponding EFT coefficients in terms of covariant functions
in G;. It is then possible to derive a reconstruction from the
M#, M? terms which proceeds in exactly the same manner
as discussed for n = 3. It is also important to stress that a
different combination of the terms in Eq. (61) with different
choices of m could have been chosen to develop the
reconstruction. From the structure of Eq. (61) there will
always be terms involving (6¢°°)"6K to arbitrary order for
any m which can be used as the basis for deriving the
reconstructed theory. There is therefore a degeneracy in
the space of models which go as X" [¢ on the behavior of
the background and perturbations.

The reconstructed Horndeski theory that covers the
background, linear-order, and second-order cosmological
perturbations is given by

Ga(h. X) = ~M2U(P) = 5 MEZ($)X + ax()X*

+ a3(¢)X* + AG,, (69)

G3(.X) = bo(p) + b1 (9)X + by(d)X* + AG5, (70)

Gu(. X) = 5 MEF (). (71)

The precise form of each term written in terms of the EFT
functions is presented in Table II. Note that now that we have
extended the reconstruction to nonlinear order it is necessary
to include higher powers of X in the reconstruction, in both
G, and Gj. In the same manner, if we were to extend the
reconstruction to (n — 1)th order in cosmological perturba-
tions it would introduce terms of the form X" in G, and Gj;.

TABLE II.

Finally, it is also of interest to examine what effect these
higher-order perturbations have on the physical EFT basis
recently introduced in Refs. [31,46]. It consists of para-
metrizing the EFT formalism in terms of inherently stable
basis functions: The effective Planck mass squared M2, the
sound-speed squared c2, the kinetic energy of the scalar
field @, and the background expansion H(r), along with
ago- Any constraints placed on these parameters are
guaranteed to satisfy the conditions for avoiding ghost
and gradient instabilities, which otherwise must be checked
independently for other bases. For higher-order perturba-
tions, note that by shifting the time coordinate infinitesi-
mally such that ¢t — ¢ + z the important operators for our
purpose in the EFT action change in accordance with the
following Stiickelberg transformations [20,21]:

g = ¢ + 290”@47[ + g”’“aﬂayﬂ', (72)
6K — 6K —3Hn — a0, (73)

where 7 is interpreted as the extra scalar d.o.f. which was
hidden when the action was written in the unitary gauge.
Higher-order operators will introduce new terms in the
perturbative expansion, for example in the coefficients of
a2, which may alter the stability conditions of the theory.
As the physical basis for the EFT functions is defined
through the coefficients of such terms, this implies that
these higher-order operators act to correct the lower-order
EFT functions. For example, the sound speed will now
depend on these higher-order EFT functions, and so the
linear stability may be affected by what occurs at the
nonlinear level. Physically this makes sense. If one has a
second-order perturbation which is unstable, it will produce
a runaway effect such that it will grow to affect the linear
and background scales. In other words, the perturbations of
the perturbations must be kept under control if the theory is
to be completely stable. The stability of the full theory can
of course be computed at the level of the covariant action.
EFT naturally splits up the dynamics of the different length
scales, and in order to obtain a theory that is stable, this
stability must be kept at all orders in the EFT expansion.
Note, however, that Ref. [29] checked the stability con-
ditions of a general beyond Horndeski action at fourth
order, finding them to be automatically satisfied once the

Contributions to the reconstructed Horndeski action arising from the nonlinear corrections in the EFT

action at third order. The reconstruction can easily be expanded to arbitrary higher order.

3HM? | 3HM;

¢ 2M% 3HM] | 12HM | 3(M3) 4(M3)  6M;
Z(¢) — M Mgz_ MEI + Mi’3+ SMIi - 5M%2 - ME3
() = Mi 3R any sy i
D\P) =8 T M T SME T SmMe T8
([\_43)/ (M})/ M4
as(¢) = gopm — im0
F(¢) =Q

3(M3Y M}/ M
U(‘/’):A"'g_ﬁ_ e T T (201) +(53) —

33 263
bi(d) = 5t — 3
Mo M
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linear stability conditions were met. It is an open question
whether this result can be generalized to our expansion in
Eq. (26) at nth order. We leave a discussion of these issues
for future work.

VII. CONCLUSIONS

Constraining models beyond ACDM are worthwhile and
promising endeavors of modern cosmology. We are about to
see an enormous influx of observational data from surveys
such as Euclid [69,70] and LSST [71], which will provide
percent-level constraints on the cosmological parameters.
The outcome of these surveys will be twofold. On the one
hand, the Universe turns out to be consistent with ACDM,
which will motivate a more directed effort in tackling the
cosmological constant problem (see, e.g., Refs. [72—-85]).
On the other hand, if recent observational tensions [3,86,87]
persist, then that will be strong evidence that the theory
describing the Universe on cosmological scales requires
revision and potentially will go beyond a cosmological
constant. Constraints on deviations from GR are obtained on
a broad range of different length scales, and a potential new
theory acting on large cosmological scales must also be
consistent with observations at nonlinear scales.

In this paper we have discussed how in generalized
scalar-tensor theories observations made at the level of the
background and the linear perturbations may be connected
with the nonlinear regime and vice versa. This is made
possible through the reconstruction of covariant Horndeski
theory from the EFT of dark energy [30,31]. The recon-
structed theories are degenerate to linear order in cosmo-
logical perturbations and differ only by nonlinear
correction terms AG;. We first explored the uniqueness
of these correction terms. At nth order in perturbation
theory the number of EFT operators that one can write
down which are consistent with the symmetry of broken
time diffeomorphisms becomes unmanageable. However,
we have argued that by restricting to Horndeski theories
that respect the GW170817 constraint of luminal speed of
gravity [32,36], the number of free functions that enter the
EFT expansion at each order is limited to two. The two
correction terms at nth order can then be related to the free
functions 55,2‘3)((15) specifying AG, and AG;.

As a first application of the nonlinear correction terms,
we have considered the implementation of screening
mechanisms. With the reconstructed covariant theory it
is possible to apply techniques that have been developed
[36,42] to identify the existence of Einstein gravity limits
within a given Horndeski theory. With the use of these
methods we have demonstrated that there is enough free-
dom on nonlinear scales to employ a particular type of a
screening mechanism by a suitable configuration of the
correction terms. More specifically, we have provided
the examples of realizing chameleon, k-mouflage, and
Vanshtein mechanisms.

A further consequence of the reconstruction method
concerns the identification of a class of models that is
degenerate with ACDM at the level of the background
and linear perturbations but departs from it at an arbitrary
order of nonlinear perturbations. A subclass of these models
further exhibits kinetic self-acceleration, where the back-
ground expansion is accelerating exactly as ACDM but there
is no explicit cosmological constant written in the theory. The
acceleration is instead driven by the kinetic terms. An
immediate consequence of the existence of such models is
that even if the background expansion and linear matter
power spectrum is measured to agree with ACDM from the
next generation of surveys, the degenerate alternatives may
not generally be excluded. Moreover, a theoretically appeal-
ing aspect of these models is that, with the cosmological
constant now acting as a coefficient of kinetic terms
rather than a bare constant, it may be possible to render it
technically natural. These implications warrant a more
detailed study of these models. Finally, the same techniques
that were employed in the development of the reconstruction
of the Horndeski action to linear order in cosmological
perturbations were utilized here to derive a reconstructed
theory that includes the nonlinear EFT functions. For given
constraints on these functions this enables a reconstruction of
the Horndeski theory across a broad range of length scales,
which may be supplemented with a restriction of the allowed
forms of AG; to those that employ a screening mechanism.

There remain many further applications to be examined
for the nonlinear sector of the reconstruction method. For
example, obtaining the stability conditions is an important
step in understanding the viability of the sampled models in
parameter estimation analyses, and it is as yet unclear what
effect the nonlinear correction terms have on the stability of
the theory. There may also be a more physical basis for the
correction terms such as that presented in Ref. [46] for
linear perturbations, which automatically satisfies the
stability constraints at the nonlinear level. We leave such
considerations to upcoming studies.
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APPENDIX: HORNDESKI FIELD
EQUATIONS WITH a;=0

For completeness, we shall present here the metric and
scalar field equations that are obtained from varying g,
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and ¢ in Egs. (6) to (8). Although the structure of these
equations is complicated, the relevance for the application
in Sec. IV is simply the number of spacetime derivatives
and powers of the scalar field that enter into each of the
field equations. The metric field equation is given by [36]

Z—ZTW ( —lg,w )/Mi, (A1)

and the scalar field equation is given by

4
ry (v -pP))+8Y 70 = - (A2)
=234 i=2 *
where I = 2G,/M? and E = 2G4,/M?, and
@ _ 2
Py =35 G (A3)
PO =2y GV A4
¢ ﬁz uI3¢p ¢’ ( )
@ _ 2

I = =GV, (A6)
I = G0V, + G3xV, X +2G3, V., (A7)
T == OV V.4 5300 (XGox +262). (A9
Ty = M2 G3xSU) + G5V, V.0, (A9)
T = GayS®Y + GupySC2). (A10)

Note that J& = 0. The S notation indicates a term that
contains i spacetime derivatives and j powers of the scalar
field. As discussed in Sec. IV, knowledge of these quan-
tities is sufficient to determine whether a given term will
become dominant or subdominant in a screened or
unscreened limit, not its precise functional form. We refer
the reader to the Appendix of Ref. [36] for the explicit
expressions but note the different definitions of the G;
functions and X.
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