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Scalar fields and parametrized spherically symmetric black holes:
Can one hear the shape of space-time?
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In this work we study whether parametrized spherically symmetric black hole solutions in metric
theories of gravity can appear to be isospectral when studying perturbations. From a theory agnostic point
of view, the test scalar field wave equation is the ideal starting point to approach the quasinormal mode
spectrum in alternative black hole solutions. We use a parametrization for the metric proposed by Rezzolla
and Zhidenko, as well as the higher order WKB method in the determination of the quasinormal mode
spectra. We look for possible degeneracies in a tractable subset of the parameter space with respect to the
Schwarzschild quasinormal modes. Considering the frequencies and damping times of the expected
observationally most relevant quasinormal modes, we find such degeneracies. We explicitly demonstrate
that the leading Schwarzschild quasinormal modes can be approximated by alternative black hole solutions
when their mass is treated as free parameter. In practice, we conclude that the mass has to be known with
extremely high precision in order to restrict the leading terms in the metric expansion to currently known
limits coming from the PPN expansion. Possible limitations of using the quasinormal mode ringdown to

investigate black hole space-times are discussed.
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I. INTRODUCTION

In Einstein’s theory of general relativity [1], the field
equations determine the metric tensor, which is related to
the present energy and matter. With the metric tensor at
hand, different types of perturbations on this background
can be studied and eventually lead to quasinormal mode
spectra, see [2—4] for some reviews. The quasinormal mode
spectrum of a certain type of perturbation is an important
and characteristic property connecting linear oscillation
phenomena with compact objects, e.g., gravitational per-
turbations of black holes [5—7] and neutron stars [8]. The
simplest perturbation is a scalar test field, described by the
massless Klein-Gordon equation. It is the simplest exam-
ple, because once the background metric is known, there is
no direct connection to the rather complicated field
equations of general relativity. This is different for gravi-
tational perturbations, which are obtained by expanding the
field equations in terms of a small perturbation of the metric
tensor. In this case, even at linearized order, the field
equations determine how perturbations evolve. The impor-
tance of this key difference becomes crucial if one starts to
be interested in alternative metric theories of gravity.
Although general relativity has been passing all tests for
more than 100 years [9], the strong field regime around
black holes only became accessible recently, via gravita-
tional waves e.g., [10,11] and black hole shadows [12].
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It is also possible that different field equations admit a
subclass of similar solutions, see [13] for a discussion on
scalar tensor theories and [14] for the gravitational pertur-
bations of the Kerr solution in f(R) theories. However,
since the field equations differ, the evolution of gravita-
tional perturbations will in general be different. This
implies that even if a metric tensor is provided or assumed,
it is necessary to know the underlying theory if one is
interested in gravitational waves. This is in strong contrast
to the test scalar field evolving independent of the field
equations. Of course, one could also imagine the rather
exotic case that two alternative theories yield slightly
different solutions for the background, but evolve pertur-
bations in such a way that the observations are too similar
to be distinguishable. Thus, if one is agnostic about the
underlying theory of gravity, but interested in describing
gravitational waves, one faces a fundamental problem.

In general relativity, scalar test fields behave qualita-
tively to a large extend similar to gravitational perturba-
tions. In the Schwarzschild space-time [15], scalar and
gravitational perturbations are both described by an effec-
tive one-dimensional wave equation that includes a poten-
tial term [5,6]. The explicit form of the potential differs
quantitatively, but is qualitatively very similar. Moreover,
by going to the eikonal limit (large / limit), both potentials
approach each other. Although such similarities can clearly
not be expected in every alternative theory, it is still
reasonable that they are encoded in some of them.
Therefore, as long as one is aware of this circumstance
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and restricted to such theories, this connection is a
promising starting point to study the qualitative gravita-
tional wave behavior in alternative black hole solutions.

Instead of picking a few explicit examples from specific
theories, we here are interested in parametrized black
hole metrics. Such a parametrization might or might not
be an exact solution in a known or unknown theory. In any
case, it can be an effective approximation and therefore
serves as useful tool in explicit calculations. Different
parameterizations for nonrotating, as well as rotating, black
hole solutions have been proposed in the literature, e.g.,
[16-20]. The idea is to introduce extra terms that can
capture possible deviations from the Kerr solution [21].
Following such approaches can be promising even beyond
oscillation phenomena, because they can also be applied to
the geodesic motion of test particles, the determination of
black hole shadows [22], and x-ray reflection spectroscopy
[23,24]. However, it is clear that not every parametrization
will be a reasonable physical solution and pathologies
might arise.

In this work we use the proposal by Rezzolla and
Zhidenko [18], which can be used for nonrotating black
hole solutions. The advantage of this parametrization is that
a small number of parameters can be used to describe
deviations from the Schwarzschild solution in an explicit
way that incorporates proper conditions at spatial infinity
and at the horizon. Moreover, it was demonstrated [18,25]
that this proposal allows for a precise and fast converging
approximation for exact solutions in alternative theories.

With this background information at hand, and some
inspiration from Marc Kac’s question whether one can hear
the shape of a drum [26], the motivation of our work is the
following. From a theory and metric agnostic point of view,
one can ask the following question:

How uniquely is the quasinormal mode spectrum related
to the theory and metric under consideration?

Since the answer in the case of gravitational perturba-
tions involves the underlying field equations, it cannot
be answered explicitly. Connecting quasinormal mode
spectra with compact objects has lead to the field of
black hole spectroscopy [27]. Now, if one makes the
assumption that the underlying field equations are very
similar, and only introduces changes in the metric, a study
on the time evolution of axial perturbations has been
done in [28]. A perturbative framework, which relates
small, parametrized deviations from different perturbation
potentials to their quasinormal mode spectrum, has been
proposed in [29] and extended to coupled wave equations
[30] arising in alternative theories of gravity. Related
approaches using the eikonal limit can be found in [31,32].

As another approach, at least for scalar test fields, one
could start with an efficient parametrization for different
space-times and study the related eigenvalue problem. Even
on the level of scalar fields, there is a rich complexity that

can arise in the possible black hole space-times. Therefore,
it is a priori not trivial to answer whether the same
quasinormal mode spectrum can originate from different
space-times.

Since the complete quasinormal mode spectrum is
infinite in general relativity, one can also rephrase the
question in a more observation driven context:

Assuming that observations would provide the first few
quasinormal modes within a finite error, how likely is it
that the reconstructed parameters determine these
eigenvalues uniquely?

It is clear that the underlying theory of gravity is
needed to describe actual gravitational wave observations.
However, test scalar fields will at least in some theories
behave qualitatively similar and do not require more than
the background space-time. Therefore, we consider a scalar
test field evolving in the background of the parametrized
Rezzolla-Zhidenko metric as a theory agnostic way to
study the qualitative behavior of fields and their quasinor-
mal mode spectra.

We are particularly interested in the quasinormal mode
properties, because at least for moderate deviations from
Schwarzschild, they are strongly influenced by the metric
around the light ring (~3M). This is much closer to the
horizon than accretion discs and therefore potentially more
sensitive to deviations.

This paper is organized as follows. In Sec. II we briefly
outline the Rezzolla-Zhidenko parametrization along with
the scalar wave equation. Our framework for the study
of the quasinormal mode spectrum of different black
hole space-times is explained in Sec. III. Our results are
then presented in Sec. IV and discussed in Sec. V. Finally,
we conclude in Sec. VI. Throughout the paper we use
G=c=1

II. BLACK HOLE PARAMETRIZATION AND
SCALAR PERTURBATIONS

The starting point in this work is the Rezzolla-Zhidenko
(RZ) parametrization for spherically symmetric black hole
metrics [18]. Instead of reproducing all the details, we only
give a short summary and refer to the original work for
detailed discussion and applications.

A. Parametrization of the RZ metric

The line element for spherically symmetric black holes
described by the RZ metric takes the form

BZ
ds? = —N?(r)ds*> + _(r) dr? + r2dQ2, (1)

N2(r)
with dQ? = d@? + sin? Od¢?. All details of the space-time

are encoded in the two functions N(r) and B(r). It turns out
to be useful to introduce the dimensionless variable
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which maps the location of the event horizon ry to x =0
and spatial infinity to x = 1. Another function A(x) is
introduced via

N? = xA(x), (3)

with 0 < A(x) for 0 < x < 1. The parametrization will in
practice be described by the expansion coefficients that
determine A(x) and B(x), which are defined by
Ax) =1 —e(1 —x) + (ag — &)(1 = x)% + A(x)(1 — x),
(4)
B(x) =1+ by(1 —x) + B(x)(1 —x)2. (5)
The functions A(x) and B(x) should describe the metric
near the horizon and at spatial infinity. A connection to the
parametrized post-Newtonian (PPN) expansion allows to

constrain their behavior around x =~ 1 and relate them to the
PPN parameters f, y. In the same work it was shown that

_Bn(i+er

ap T (7)
py= =005, @)

By using the experimentally constrained values for f and y,
it follows that ay ~ by ~ 10~*. Finally, the functions A(x)
and B(x) are expressed with their Padé approximants as
continued fractions

A(x) = ax_ 9
=y e ©)
N b
B(x) = —+. (10)
1 + b3x
[

B. Scalar wave equation

The simplest, but also gravitational theory independent
wave equation is the Klein-Gordon equation. For spheri-
cally symmetric space-times it is well known that it reduces
effectively to solve

d2

g2 Vo= Vi(n¥ =0, (11)

where r* is the tortoise coordinate related to the para-
metrized metric via

dr*  B(r)
= 12
dr  N2(r)’ (12)
and the effective potential V,(r) is given by
I(+1) , 1 d N%(r)
=— - . 1
V[(f) r2 N (r) + rdr* B(r) ( 3)

Note that the simple time independent Schrodinger form in
Eq. (11) can in practice be tricky, because the explicit
determination of the tortoise coordinate r*(r), as well as its
inversion r(r*), might in general not be possible with
known functions. This makes the explicit evaluation of
V,(r(r*)) a simple numerical exercise. However, this form
of the wave equation has the major benefit that many well
studied methods to solve it exist.

The shape of V,(r) of the Schwarzschild black hole is
the one of a two turning point potential barrier, with a
maximum close to the light ring at 3M. In a series of
seminal works, it was shown how the Wentzel-Kramer-
Brillouin (WKB) method can be used to derive an
extremely useful explicit solution to the eigenvalue pro-
blem of outgoing waves at infinity and ingoing waves at the
horizon of different types of black holes [33-39].

In the nonrotating case, the quasinormal mode spectrum
w,, is determined by

iQg 1

\/@—Az—A3—A4—A5—A6:n—I—§, (14)
with Q(r*) = w2 — V,(r*), which is evaluated at the
maximum of potential [39]. The primes denote the deriva-
tive with respect to the tortoise coordinate, also evaluated at
the maximum. Without the correction terms A;, the para-
bolic result of Mashhoon [40],] and Schutz and Will is
recovered [33].2 The index of the correction terms show the
order in the WKB expansion and are explicitly determined
by the overtone number n, as well as derivatives of the
potential with respect to the tortoise coordinate, evaluated
at the maximum of potential. Since their explicit form is
rather long, we refer to [39].

The main advantage of Eq. (14) is that all terms can
be evaluated, once the potential and the tortoise trans-
formation are being provided. The method is expected to
give accurate results for n < [. The overall performance
improves with increasing / and decreases with increasing n.
As long as the general criteria for the validity of the WKB
method are fulfilled [41], and the potential barrier has two
turning points, the method provides a quick and robust
determination of the leading quasinormal modes. Luckily,
these are the ones which are dominant in the ringdown
phase and therefore of key importance from an observa-
tional point of view.

1Using the bound states of the inverted parabolic potential.
*Using the parabolic barrier explicitly.
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ITII. SEARCH FOR ISOSPECTRALITY

The purpose of our work is to study how the quasinormal
mode spectrum and the parametrized metric are connected
to each other. More specifically, we want to investigate
whether different metrics can yield the same quasinormal
mode spectrum. This would imply that the effective
potentials are either exactly the same or differ, but are
still isospectral. At the same time, we also want to relate
the question to the situation that only some part of the
quasinormal mode spectrum is provided, but with finite
errors. In this case we then want to know if a degeneracy in
the parameter space of alternative black hole solutions with
respect to the Schwarzschild solution can arise.

In order to address both questions, we find ourselves at
the crossroads of following a more mathematical inspired
path or a more applied one. By mathematical we mean e.g.,
to apply the Darboux transform, as it was recently done in
[42], to confirm the already known isospectrality of the
Regge-Wheeler and Zerilli potentials of gravitational per-
turbations in general relativity. The more applied path we
chose is to start with a finite set of parameters that describe
the metric and search in the parameter space for degeneracy
by solving the eigenvalue problem explicitly for reasonable
combination of parameters.

In the following we outline our approach to study the
parameter space of different metrics and how we relate it
with a given spectrum.

A. Provided spectrum

In order to study isospectrality, one needs to define a
potential or a spectrum as reference first. The canonic
choice for a spherically symmetric black hole is the
Schwarzschild solution [15]. We will use its quasinormal
mode spectrum as reference and define the relative error for
the real (r) and imaginary (i) parts of @ as

s wifh _ a)lra’zilram

w,; = —sh (15)
r.i

where the explicit choice of n and [, as well as the

parameters are suppressed. In order to combine the knowl-

edge of the real and imaginary part of a given mode, we

also define a combined relative error as

S, = \/dw? + Sw?,

where dw,; are the standard relative errors defined
in Eq. (15).

A parametrized potential is isospectral to the
Schwarzschild potential, if dw,; =0, for all / and n.
Since there are infinitely many eigenvalues, the full
problem can in practice not be studied numerically.
However, coming back to the connection to observa-
tions, one can only measure a finite set of eigenvalues.

(16)

A reasonable choice is to start with the knowledge of the
fundamental quasinormal modes for moderate / and include
a finite set of eigenvalues by increasing / and n. One can
then compute the relative errors explicitly in the parameter
space. Since the quasinormal mode spectrum is complex
valued, it is also interesting to see how its real and
imaginary parts separately depend on the parameter space,
as well as their combination.

B. Studied parameter space

In [18] it was demonstrated that the parametrized metric
has very good convergence properties with respect to the
number of included parameters. Thus, even including a
relatively small set of parameters can yield accurate results,
which implies that many alternative black hole solutions are
being included. This is an important observation for our
work. A large set of free parameters makes it likely that a
small set of observables can more easily be explained than
if the set of free parameters is small and therefore less
favored.

The whole parameter space of the most general metric is
infinitely large. However, since we are only interested in
those space-times that can be well approximated with a few
terms, we consider a finite parameter space. As such, we
choose the ADM mass M and only the leading terms for
[ah b i ]

P =M, agy,ay, by, by, (17)
while all other parameters [e, a;, b;], with 2 < i are set to
zero. The deviation of the horizon location, described by ¢,
is set to zero as well. Allowing for more nonzero param-
eters is in principle interesting as well, but the number of
combinations becomes less tractable. We set ¢ to zero in
this work, because it appears in the lowest order of the
expansion and the next higher order terms [a, by] are
already constrained to be small.

Note that not all actual values for the parameters can be
chosen arbitrarily. Naturally the ADM mass M is positive.
Furthermore, in order to keep the signature of the metric,
the expansion parameters describing A(x) have to be
chosen such that 0 < A(x), for 0 <x < 1. Also, since
we are using the WKB method, we have to make sure
that all effective potentials in the parameter space being
considered are actually two turning point potential barriers.

C. Higher order WKB and numerical implementation

For every choice of the parameters PP one has to solve the
eigenvalue problem. In practice we are interested in the
leading quasinormal modes with moderate / and n < [.
First, these modes are the most relevant ones from an
hypothetical observational point of view. Second, for these
modes it is justified to use the WKB method for numerical
results. Applying the WKB method is in principle trivial,
but there are some practical aspects we want to note.
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Obviously, it gets computationally expensive, once the
parameter space is investigated with high resolution. For a
given computational time, there is a clear trade-off between
the quasinormal mode precision, by including more higher
order WKB terms A;, and the resolution of the parameter
space P. The reason being that going one order higher in
the WKB method requires two more higher order deriv-
atives of the potential, evaluated in the tortoise coordinate.
In the case of a general parametrized metric, this becomes
more and more involved. At the same time, keeping a
smaller number of WKB terms yields slightly less precise
numerical results, but allows us to study the parameter
space in more detail.

For the explicit numerical calculations we wrote
a code. The derivatives of the potential at the maximum
are computed with finite differences. Here we avoid the
explicit computation of the tortoise coordinate and instead
use an iterative scheme

(18)

to obtain the derivative of the potential. The advantage
is that we reduce numerical errors arising from the
coordinate transformation, but pay the price that higher
order derivatives become numerically more expensive.
In principle computer algebra software like MAPLE or
Mathematica can compute the derivatives analytically, but
the number of involved terms grows rapidly, limiting the
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FIG. 1.

overall performance when studying a large parameter space
with high WKB order. We choose the third order WKB
method for the reasons being mentioned.

IV. RESULTS

In the following we discuss our results for the studied
parameter space P Eq. (17). We consider the fundamental
modes (n = 0), as well as the first overtone (n = 1), for
[ =2 and [ = 3, to make the qualitative connections to
gravitational perturbations. This section is organized in
different parts. In Sec. IVA we compare the properties of
the quasinormal mode spectrum by varying [ag, by] and
[ay, by] with respect to the Schwarzschild case. In Sec. IV B
we show what precision in the black hole mass M is
required, in order to determine [ag,by] and how this
depends on the number of provided modes. We do the
same analysis for [a;, b,] in Sec. IV C. We discuss how
these results change if one considers the first overtone
(n=1) in Sec. IVD. Finally, we show some of the
reconstructed potentials in Sec. IV E. Note that parameters
not being explicitly varied are set to zero.

A. Parameters [ay.by] and [a;,b]

Here we show our results for the relative errors for the
fundamental (n = 0) quasinormal mode for [ =2 (top
panels) and [/ =3 (bottom panels) for [ag, by] in Fig. 1
and for [ay, by] in Fig 2. The reference value to which the
relative error is obtained is the M = 1 Schwarzschild case

-1 -1

.08
0 0.04 —0.08 —0.04 0

ap ag

-1 0.08 -1

-5 —0.08
—0.08

-5

0 0.04

0.08

—0.04 0

ag ao

0.04 0.08

Relative errors for n = 0 and different [ for [ay, b). In the following we show the logarithm log;,(x) of the relative errors from

left to right for: the real part w,, the imaginary part w;, and the combination . Eq. (16). From top to bottom we show [/ = 2 and [ = 3.
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FIG. 2. Relative errors for n = 0 and different [ for [a;, b,]. In the following we show the logarithm log;,(x) of the relative errors from
left to right for: the real part w,, the imaginary part w;, and the combination w. Eq. (16). From top to bottom we show [ = 2 and [ = 3.

for the same n and /, computed with the WKB method. The
relative errors in the real part @, are shown in the left panels
and the ones for the imaginary part w; in the central panels.
Finally, the combined relative errors @, are shown in the
right panels. The color scaling shows the logarithm of the
absolute value of the relative errors, respectively. The
contour lines show integer values for this logarithm.

It is evident that the role of [ag, by| and [ay, by] is very
similar for both . Both can effectively influence each other
in such a way that the real and imaginary parts remain
unchanged compared to the Schwarzschild case. It is
remarkable that the knowledge of only the real or imaginary
parts for two different / can hardly be used to constrain
[ag, by] or [ay, b;], because the scaling is very similar in
both cases. It is by far more useful to connect the real and
imaginary part of the same mode, which we show in the
combined relative errors in the right panels. However,
comparing this for both /, it is evident that merging both
results is of limited usefulness in the more precise deter-
mination of the parameters. Also, note that the real part is
almost blind to changes in b, and b;, while the imaginary
part is sensitive to both.

B. Parameters M a.b|

In this section we investigate up to which extent a change
in the mass M can allow the fundamental quasinormal
modes of nonvanishing @, and b, to mimic the pure
Schwarzschild modes with reference mass M = 1. Since
it is more involved to visualize the contours of the now

three-dimensional parameter space, we decided to show
slices of constant M in the a, and b, parameter plane. These
two dimensional slices through the three dimensional
parameter space are orthogonal to the M-axis and have a
similar color map representation as used in the previous
Sec. IVA. This is shown in the top panels of Fig. 3.

The similar scaling of the combined relative errors for
| =2 and [ = 3 is remarkable. It shows that changing the
mass by 1% allows values for [ag, by] of around +0.04,
assuming the relative error would be 1072, Since the scaling
for both [ is very similar, merging the two parameter ranges
can hardly be used to constrain the mass. The relative errors
for the real and imaginary parts scale also very similar,
which we do not show explicitly here.

C. Parameters [M a,.b,]

In the bottom panels of Fig. 3 we show our results for
repeating the analysis from Sec. IV B with varying a; and
bi. Now a and b are set to zero. Qualitatively we arrive at
a very similar result. Again it is possible to find nonzero
values for the parameters through modifying the black hole
mass. But, since the combined error areas enclosed by the
same contour are larger here, compared to the [ag, by] case,
the combination [a;, b;] requires higher precision to be
constrained.

D. Investigating the first overtone n=1

The analysis of the previous subsections can also be done
for the first overtone n = 1, which we show in Fig. 4-6.
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FIG. 3. Here we show the combined relative errors w, for n = 0 and different M. The top panels are the / = 2 (left) and / = 3 (right)
case for [ay, by|, while the same [ cases are shown in the bottom panels for [a;, b;]. Each layer is obtained for different mass M, while
setting the nonvarying parameters to the general relativity value of 0.
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FIG. 4. Relative errors for n = 1 and different [ for [aq, b]. In the following we show the logarithm log;(x) of the relative errors from
left to right for: the real part w,, the imaginary part w;, and the combination . Eq. (16). From top to bottom we show [/ = 2 and [ = 3.
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left to right for: the real part w,, the imaginary part w;, and the combination w. Eq. (16). From top to bottom we show [/ = 2 and [ = 3.
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FIG. 6. Here we show the combined relative errors w, for n = 1 and different M. The top panels are the / = 2 (left) and / = 3 (right)
case for [ay, by|, while the same [ cases are shown in the bottom panels for [a;, b;]. Each layer is obtained for different mass M, while

setting the nonvarying parameters to the general relativity value of 0.

044026-8



SCALAR FIELDS AND PARAMETRIZED SPHERICALLY ...

PHYS. REV. D 100, 044026 (2019)

We find that the overtone changes the scaling of the real
part (left panels), it is now more sensitive to changes in b
and b;. The change in the imaginary part (central panels)
seems to be more stable toward the first overtone n.
However, unless pristine precision is available, the com-
bined error contours (right panels) overlap significantly in
all studied cases and can hardly be used to constrain the
parameters [ay, by| to be within their PPN limits or [y, b;]
to be of similar order.

E. The effective potentials

In order to verify that changing the mass parameter M
can actually recast the Schwarzschild fundamental quasi-
normal modes, although [ay, by] and [ay, b;] are nonzero,
we show specific effective potential barriers in Fig. 7.
These serve as verification that the application of the WKB
formula is well justified, because the potential barriers have
two turning points and very similar behavior to the well
established Schwarzschild case.

0.3
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0.2
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\

[ag, bo] for I =2
Sch M = 1.00
Sch M =0.99 —— |7
RZM =099 --------
Sch M =101 ——
RZ M =1.01
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[a1,b1] for I =2
Sch M = 1.00
Sch M =0.99 —— |7
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\ RZ M = 1.01
Eoon / \
\
0.05 //

—10 -5 0 5 10 15 20

5

s

FIG. 7.

From all panels one can deduce that changing the mass
by 1% around the reference value of M = 1 leads to clearly
distinguishable potential barriers for Schwarzschild (solid
lines). This is expected and will change the quasinormal
modes in the same order. In all panels, we also show
multiple realizations of the RZ metric (dashed lines), where
we choose [ag, by and [ay, D] to be the ones that minimize
the combined errors dw, (here for n = 0). Note that these
values slightly differ from / = 2 to [ = 3 and are not exactly
the same. However, since the contours are almost the same
for both /, the values are very close to each other, as shown
in Fig. 3.

For large r*, all potentials go to zero, as expected from
construction of the metric. Around the peak of the barrier,
which is the region of the potential that determines the
properties of the fundamental quasinormal modes, the RZ
potentials match the Schwarzschild reference potential
extremely well, although their mass parameter is different.
At the same time, the other Schwarzschild potentials differ
the most. Going to large negative values of r*, which means

0.5 T T
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Sch M = 1.00 1

0.45
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0.4
/ \ RZM =0.99 -----nn-
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[\ Lz
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= 025
> / \
0.2

N\

O.(;S /

0.5
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0.45 Sch M =1.00 1
04 / \ Sch M =0.99 — ||
/ \ RZ M = 0.99 --------
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0.3 / \ RZ M = 1.01 i
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0.1 /
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0
—10 -5 0 5 10 15 20

5

I

Here we show various potential barriers V(r) as function of the tortoise coordinate r* for different parameters [M, a, by] (top

panels) and [M, a,, b,] (bottom panels). From left to right we consider input from n = 0 for the / = 2 and [ = 3 cases. In each panel we
show the standard Schwarzschild potentials (Sch) for different M = [0.99, 1.00, 1.01] (solid lines). The dashed lines are the best matches
of [ag, bo] and [a;, by] for M = [0.99,1.01] in the RZ metric (dashed lines). The parameters were chosen by taking the smallest
combined error éw, with respect to the M =1 Schwarzschild case. To demonstrate that these modified masses change the
Schwarzschild potential noticeably, we also show the Schwarzschild potentials for M = [0.99, 1.01] (red and blue solid) for comparison.
Note that the RZ results (dashed lines) overlap with the canonic Schwarzschild potential (black solid) around the maximum, while the
other Schwarzschild cases (red and blue solid) are clearly distinguishable.
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to approach the black hole horizon, we see that the dashed
lines in the [ay, b;| case deviate slightly more than the ones
for [ay, by]. This should be expected, since nonzero values
of [a;, b;] become by construction more significant closer
to the horizon, but less important for large r*.

Finally, the precise match of the constructed RZ poten-
tials with the Schwarzschild reference potential also con-
firms that the WKB method is well suited for the problem.

V. DISCUSSION

We first discuss our findings for varying [ag, bo)
and [ay,b;] simultaneously for reference mass M = 1.
Afterwards, we interpret the effect of allowing different
values for the mass for these combinations. The recon-
structed potentials, as well as the role of rotation are
discussed in the end.

From our findings in Sec. IV A we see that knowing only
either the real or imaginary parts of the fundamental
quasinormal modes for [ = 2 and [ = 3 is less useful than
knowing real and imaginary part of the same [. This is
because combinations of [ag, by| and [a;, b;] leaving either
the real or imaginary part of the Schwarzschild result
unchanged, behave quite similar for both /. Combining the
real and imaginary parts is more powerful when con-
straining the parameters. Looking into the absolute num-
bers, we find that one requires a very precise knowledge of
the real and imaginary parts of a given quasinormal mode in
order to constrain [ag, by| to the already known limits
coming from the PPN expansion, which is discussed in
Sec. I A and was derived in [18]. Note that this section
assumes that the mass is provided without any error.

However, treating the mass M as free parameter in
Sec. IV B, we report combinations in Fig. 3, such that
one obtains a similar result for the fundamental quasinor-
mal modes of different /. In fact, introducing an uncertainty
in the mass M of around one percent allows values for a
and b, to be of order 1072, which is beyond the PPN
constraints of ~107*, [18]. However, realizing such high
precision in determining [ag, by] requires pristine knowl-
edge of M. Achieving this in actual observations is
challenging and might require combined measurements
using a network of third generation gravitational wave
detectors [43]. Since the scaling of the relative errors for
both [ is quite similar, the combination of both fundamental
modes is not of significant help. In practice, this means that
the mass parameter M is clearly degenerate with respect to
some combinations of @y and by. We conclude that even
small uncertainties in M can actually mimic Schwarzschild
fundamental quasinormal modes for suitable choices
of [ao, bo]

In Sec. IVC we arrived at a very similar results for
combinations [a;, b;]. Note that these parameters are not
connected in the same way to the PPN parameters and
should, by construction of the RZ metric, be more
significant close to the horizon than far away. We find a

similar scaling with respect to M. Quantitatively the error
contours are a bit larger compared to [ag, by], making these
parameters eventually more difficult to be constrained by
quasinormal modes.

We also studied the role of the first overtone n = 1 in
Sec. IVD. There we find that it can be helpful in
determining parameters of the metric, but the contours
still follow qualitatively similar patterns. Again, without
very high precision for the provided spectrum, determining
the leading parameters [ag, by] within their PPN limits
seems unlikely. However, especially for introducing
changes in the scaling of the real part, the access to
overtones looks very promising. The role of overtones in
testing the no-hair theorem and doing parameter estimation,
are ongoing research [44—46].

With the explicit demonstration of the effective poten-
tials in Sec. IV E, we have verified that the shape of the
potential allows the application of the third order WKB
formula. This also motivates that our findings are reason-
able, because the reconstructed potential barriers agree
excellently. But, since the WKB method is not an exact
method, small deviations with respect to exact methods
are possible. Finally, because differences between the RZ
potentials and the reference Schwarzschild potential
become only visible close to the horizon, it is reasonable
to expect that time-evolution calculations describing scat-
tered radiation should give almost indistinguishable
results too.

Now we want to make some remarks regarding the
possible application of the RZ metric in the inverse
spectrum problem, where one reconstructs the perturbation
potentials or metric from a given quasinormal mode
spectrum, e.g., [47-51]. An important question in this
problem is the uniqueness of the reconstructed potential.
In some of the mentioned works, Birkhoff’s theorem
[52,53] for spherically symmetric and nonrotating space-
times was used. However, in this work, we do not have
such a theorem if the underlying theory is not known. At
the same time, it is well understood that different potentials
can admit the same spectrum. Popular examples are the
perturbation potentials of axial and polar perturbations
described by the Regge-Wheeler [5] and Zerilli potentials
[6]. This was shown by Chandrasekhar and Detweiler [54]
and connected to the Darboux transform recently [42].
Considering only the first few parameters in the RZ metric,
and demanding them to match Schwarzschild like funda-
mental modes, will give tight constraints on the potential
around the maximum. Since the RZ parameters introduce,
by construction, more significant effects close to the
horizon, than far away, this puts additional constraints.
Note that the potentials constructed in this work actually
match the Schwarzschild potential in these regions
extremely well. However, this precise overlap is not
obvious, since in general, isospectral potentials can admit
much stronger deviations from each other.
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Finally, we want to comment on the role of rotation.
Astrophysical black holes are expected to spin signifi-
cantly, especially the observable ones forming via binary
black hole mergers. This introduces not only a second
parameter to the problem, but also complicates the structure
of the metric and the perturbation equations. Dealing with
this circumstance appropriately is far beyond the scope
of this work, but an important aspect in the full problem.
Note that the RZ metric has been extended to include
rotation in [19], so our study can in principle be extended
in the future. Since we find some degeneracy between the
leading RZ parameters and the black hole mass, the
situation might be significantly more difficult if the mass
and spin are both treated as free parameters.

VI. CONCLUSIONS

Using the spectrum of quasinormal modes to study
alternative black hole space-times is an interesting and
feasible approach in exploring alternative theories of
gravity. In a theory agnostic situation, where the underlying
field equations are not known, parametrized metrics can
be an effective way to investigate different properties of
space-time. Unfortunately, the absence of the field equa-
tions makes it impossible to predict the evolution of
gravitational perturbations, which are accessible to the
LIGO and Virgo gravitational wave observatories.

In this work, we assumed that some classes of alternative
theories exist, in which nonrotating black hole solutions are
sufficiently well approximated by the leading order terms
of the parametrized metric proposed by Rezzolla and
Zhidenko [18]. Since scalar perturbations evolve qualita-
tively similar to the ones for gravitational perturbations in
general relativity, and do not directly depend on the field
equations, we have motivated that at least for some
alternative theories, their qualitative behavior might be
well captured with the scalar test field. Although no
stringent direct connection to gravitational perturbations
is possible, such fields are a legitimate approach if one is
aware of this limitation.

By using the third order WKB formula to compute the
quasinormal mode spectrum, we have investigated some
part of the multidimensional parameter space of the RZ
metric with reasonable resolution. We showed explicitly
how the leading parameters influence the fundamental

mode (n = 0) and the first overtone (n = 1) for different
I. We find that the parameter combinations [, by| and
[ay, by] strongly correlate with the black hole mass M.
This implies, even in the rather optimistic case in which
the connection to the scalar field holds, tiny uncertainties
in the black hole mass predict nonzero parameters of
the metric, which are still in agreement with the pure
Schwarzschild modes.

As we have demonstrated in Fig. 7, the approach carried
out in this work can also be used in the inverse spectrum
problem, where one tries to reconstruct perturbation poten-
tials from the quasinormal mode spectrum. Our explicit
reconstruction of potentials admitting the same fundamen-
tal modes proofs that such potentials can be constrained via
this method.

Our findings might put the popular approach of using the
quasinormal mode spectrum in the study of black hole
space-times in a delicate context. Of course, in principle the
higher order parameters might be well constrained once the
whole spectrum is being provided with pristine precision,
but such a scenario is far away from actual observations. In
the loudest event GW150914, only rough constraints on the
fundamental quasinormal mode are possible [10,11,55].
Since we did not consider rotating black holes in this work,
our work has to be extended in the future. However, besides
having a second parameter to fit observations, the results of
this work already indicate that the situation becomes more
involved and the unique reconstruction of parameterized
space-times complicated.

Finally, since parametrized metrics are also used to
obtain geodesics and therefore find applications in the
calculation of black hole shadows and ray tracing, it might
be promising to combine both approaches. Since the light
ring is closer to black hole horizon than typical extensions
of an accretion disc, it might be enlightening to combine
both approaches to put even tighter constraints on the
parameters.
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