
 

Gravitational form factors of a spin one particle

Maxim V. Polyakov1,2 and Bao-Dong Sun3,4,*
1Petersburg Nuclear Physics Institute, Gatchina, 188300 St. Petersburg, Russia

2Institut für Theoretische Physik II, Ruhr-Universität Bochum, D-44780 Bochum, Germany
3Institute of High Energy Physics, Chinese Academy of Sciences,

Beijing 100049, People’s Republic of China
4School of Physics, University of Chinese Academy of Sciences,

Beijing 100049, People’s Republic of China

(Received 10 April 2019; published 12 August 2019)

We define the form factors of the quark and gluon symmetric energy-momentum tensor (EMT). The
static EMT is related to the spatial distributions of energy, spin, pressure, and shear forces. They are
obtained in the form of a multipole expansion. The relations between gravitational form factors and the
generalized parton distributions are given.
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I. INTRODUCTION

The gravitational form factors (GFFs) contain the infor-
mation of the spatial distributions of energy, spin, pressure,
and shear forces inside the system [1]. The GFFs are
defined through the matrix elements of the symmetric
energy-momentum tensor (EMT). More details can be
found in the recent papers [2,3]. For spin one particles,
the GFFs, or EMT FFs, have been discussed in the literature
[4–6], but, to our best knowledge, EMT-nonconserving FFs
are either not discussed [4,5] or incomplete [6]. Thus we
introduced a definition for individual quark and gluon EMT
FFs for spin one particles in Sec. II. In the Breit frame, we
find that matrix elements of EMT can be expressed in terms
of the multipole expansion for energy density, pressure, and
shear forces distributions; see Sec. III. By considering the
Mellin moments of the vector generalized parton distribu-
tions (GPDs), the sum rules between the GPDs and EMT
FFs are found in Sec. IV.
The EMT of QCD can be obtained by varying the

action Sgrav of QCD coupled to a weak classical torsionless
gravitational background field with respect to the metric
gμνðxÞ of this curved background field according
to [2,7]

T̂μνðxÞ ¼
2ffiffiffiffiffiffi−gp δSgrav

δgμνðxÞ ; ð1Þ

where g denotes the determinant of the metric (the signature
of the metric we use is þ−−−). This procedure yields a
symmetric Belinfante-Rosenfeld EMT. The quark and
gluon contributions to the total EMT operator are given by

Tμν
q ¼ 1

4

�
ψ̄qð−iD⃖μγν − iD⃖νγμ þ iD⃗μγν þ iD⃗νγμÞψq

− gμνψ̄q

�
−
i
2
=⃖Dþ i

2
=⃗D −mq

�
ψq

�
; ð2aÞ

Tμν
g ¼ Fa;μηFa;

η
ν þ 1

4
gμνFa;κηFa;

κη: ð2bÞ

Here D⃗μ ¼ ∂⃗μ þ igtaAa
μ and D⃖μ ¼ ∂⃖μ − igtaAa

μ with arrows
indicating which fields are differentiated, Fa

μν ¼
∂μAa

ν − ∂νAa
μ − gfabcAb

μAc
ν, and the SU(3) color group

generators satisfy the algebra ½ta; tb� ¼ ifabctc and are
normalized as trðtatbÞ ¼ 1

2
δab. The total EMT is conserved

∂μT̂μν ¼ 0; T̂μν ¼
X
q

T̂q
μν þ T̂g

μν: ð3Þ

II. DEFINITION OF EMT FORM FACTORS

We use the covariant normalization hp0; σ0jp; σi ¼
2p0ð2πÞ3δð3Þðp0 − pÞδσσ0 of one-particle states and intro-
duce the kinematic variables P ¼ 1

2
ðp0 þ pÞ and Δ ¼

p0 − p, t ¼ Δ2. The EMT form factors of a spin one
particle in QCD we define as1
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1We chose the naming of the form factors in line with the
naming used in Refs. [1,2] for spin-0 and spin-1=2 particles.
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hp0;σ0jT̂a
μνðxÞjp;σi ¼

�
2PμPν

�
−ϵ0� · ϵAa

0ðtÞ þ
ϵ0� ·Pϵ ·P

m2
Aa
1ðtÞ

�
þ 2½Pμðϵ0�ν ϵ ·Pþ ϵνϵ

0� ·PÞ þPνðϵ0�μ ϵ ·Pþ ϵμϵ
0� ·PÞ�JaðtÞ

þ 1

2
ðΔμΔν − gμνΔ2Þ

�
ϵ0� · ϵDa

0ðtÞ þ
ϵ0� ·Pϵ ·P

m2
Da

1ðtÞ
�

þ
�
1

2
ðϵμϵ0�ν þ ϵ0�μ ϵνÞΔ2 − ðϵ0�μ Δν þ ϵ0�ν ΔμÞϵ ·Pþ ðϵμΔν þ ϵνΔμÞϵ0� ·P− 4gμνϵ0� ·Pϵ ·P

�
EaðtÞ

þ
�
ϵμϵ

0�
ν þ ϵ0�μ ϵν −

ϵ0� · ϵ
2

gμν

�
m2f̄aðtÞ þ gμνðϵ0� · ϵm2c̄a0ðtÞ þ ϵ0� ·Pϵ ·Pc̄a1ðtÞÞ

�
eiðp0−pÞx; ð4Þ

where a ¼ g; u; d;…, and the polarization vectors
ϵ0μ ¼ ϵμðp0; σ0Þ, ϵμ ¼ ϵμðp; σÞ, and σ ¼ �1, 0. There are
nine GFFs for each quark flavor or gluon for a spin one
particle. The six quark and gluon form factors (FFs) Aa

0;1,
Da

0;1, J
a, and EaðtÞ are individually EMT conserving, and

the other three FFs, f̄a and c̄a0;1ðtÞ, are not.2 As discussed in
Ref. [2], all individual quark and gluon FFs depend on the
renormalization scale, which we do not indicate for brevity.
Because of EMT conservation, Eq. (3), the constraintsP

a f̄
aðtÞ ¼ 0 and

P
a c̄

a
0;1ðtÞ ¼ 0 hold, and the total form

factors A0;1ðtÞ, D0;1ðtÞ, JðtÞ, and EðtÞ are renormalization
scale invariant where we defined A0ðtÞ≡P

aA
a
0ðtÞ and

analogously for other form factors. Some of the notations
for EMT FFs in the literature are listed in Table I. The
generalized form factors in [9] and the reduced matrix
elements in [10] are connected with the gravitational form
factors as shown in Table I.

A. EMT form factors in free field theory

In the free field theory, the massive spin one particles are
described by the Proca Lagrangian,

L ¼ −
1

4
UμνUμν þ 1

2
m2AμAμ; ð5Þ

where Aμ is a massive vector field and the field tensor is

Uμν ¼ ∂μAν − ∂νAμ: ð6Þ

The EMT corresponding to the Proca Lagrangian is given
by

T̂ðProcaÞ
μν ¼ −UμρUν

ρ − gμνLþm2AμAν: ð7Þ

The action Sgrav can be modified by adding a non-
minimal term for interaction with the gravity:

Sgrav ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

4
UμνUμν þ 1

2
m2AμAμ þ 1

2
hRA2

�
:

ð8Þ

Here, R is the Riemann scalar. With this term added, the
EMT in the free field theory becomes

T̂ improve
μν ¼ T̂ðProcaÞ

μν þ θimprove
μν ; ð9Þ

with θimprove
μν ¼ −hð∂μ∂ν − gμν∂2ÞA2: ð10Þ

The value of the parameter h depends on the physics
problem one is considering. With this improved EMT, one
can obtain the free theory values of the total FFs [4] as
shown in Table I.

TABLE I. The notations of EMT FFs in the literature (the FFs in [9,10] are not exactly EMT FFs) and their values in free theory
obtained by the Proca Lagrangian. In Ref. [4] there is a sign mistake in the term corresponding to our ðϵμΔν þ ϵνΔμÞϵ0� · P in EaðtÞ’s
coefficient. In Ref. [6], the authors missed one term that should correspond to the c̄a1 term here. The result of Ref. [11], which appeared
during the preparation of this paper, coincides with our result.

This work A0 A1 D0 D1 J E f̄ c̄0 c̄1

Free theory 1 0 1þ 4h 0 1 1 0 0 0
Holstein [4] F1 4F5 −2F2 8F6 F3 −2F4 � � � � � � � � �
Abidin and Carlson [5] A −2E C −8F Aþ B D � � � � � � � � �
Taneja et al. [6] G1 −2G2 −G3 −2G4

1
2
G5 − 1

2
G6

1
2m2 G7

1
4m2 G7 þ G8 � � �

Cosyn et al. [11] G1 −2G2 −G3 −2G4
1
2
G5 − 1

2
G6

1
2
G7

1
4
G7 þ G8 −2G9

Cosyn et al. [9] generalized form factors Aa
2;0 −2Ca

2;0 −4Fa
2 −8Ga

2
1
2
Ba
2;0 Da

2;1 ∼Ea
2;0 � � � � � �

Hoodbhoy et al. [10] reduced matrix elements a2 − 1
3
d2 � � � � � � � � � � � � � � � ∼d2 � � � � � �

2For the particle with integer spin J there are (4J þ 2)
conserving and (2J þ 1) nonconserving EMT FFs [8].
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III. THE STATIC EMT AND STRESS TENSOR

Before discussing the components of EMT in Eq. (4), let
us review the spin and quadrupole operators. For particles
with spin S ≥ 1, the quadrupole operator is the ð2Sþ 1Þ ×
ð2Sþ 1Þ matrix:

Q̂ik ¼ 1

2

�
ŜiŜk þ ŜkŜi −

2

3
SðSþ 1Þδik

�
ði; j; k ¼ 1; 2; 3Þ;

ð11Þ

which is expressed in terms of the spin operator Ŝi. The spin
operator can be expressed in terms of the SU(2) Clebsch-
Gordan coefficients (in the spherical basis):

Ŝλσ0σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ1Þ

p
CSσ0
Sσ1λ ðλ¼0;�1.σ;σ0 ¼0;…;�JÞ: ð12Þ

In the spin one case, it is equivalent to

Ŝiσ0σ ¼ iϵijkϵ̂�jσ ϵ̂kσ0 ði; j; k ¼ 1; 2; 3Þ; ð13Þ

where ϵμð0; σÞ ¼ ð0; ϵ̂σÞ is the rest frame spin one polari-
zation vectors,

ϵ̂� ¼∓ 1ffiffiffi
2

p ð1;�i; 0Þ; ϵ̂0 ¼ ð0; 0; 1Þ: ð14Þ

Applying the boost operator LðpÞ from the rest frame
kμ ¼ ðm; 0; 0; 0Þ to any frame pμð¼ Lμ

νkνÞ, one has [12,13]

ϵμðp; σÞ ¼
�
p⃗ · ϵ̂σ
m

; ϵ̂σ þ
p⃗ · ϵ̂σ

mðmþ EÞ p⃗
�
; ð15Þ

where σ ¼ fþ;−; 0g and m and E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗j2 þm2

p
are the

rest mass and energy of the state.
In the Breit frame, the initial (final) momentum pμ (p0μ)

has the relation Pμ ¼ ðpμ þ p0μÞ=2 ¼ ðE; 0; 0; 0Þ and
Δμ ¼ p0μ − pμ ¼ ð0; Δ⃗Þ. So p⃗ ¼ −p⃗0 ¼ −Δ⃗=2 and p0 ¼
p00 ¼ E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − t=4

p
with t ¼ Δ2. In this frame, with the

polarization vectors Eq. (15), Eq. (4) can be expressed as

hp0; σ0jT̂00
a ð0Þjp; σi ¼ 2m2Ea

0ðtÞδσ0σ þ Q̂klΔkΔlEa
2ðtÞ; ð16aÞ

hp0; σ0jT̂0j
a ð0Þjp; σi ¼ iϵjklŜkσ0σΔlmJ aðtÞ; ð16bÞ

hp0; σ0jT̂ij
a ð0Þjp; σi ¼ 1

2
ðΔiΔj − δijΔ⃗2ÞDa

0ðtÞδσ0σ þ ðΔjΔkQ̂ik þ ΔiΔkQ̂jk − Δ⃗2Q̂ij − δijΔkΔlQ̂klÞDa
2ðtÞ

þ 1

2m2
ðΔiΔj − δijΔ⃗2ÞΔkΔlQ̂klDa

3ðtÞ

þ
�
δijδσ0σ

�
m2

6
þ t
12

�
þ 1

6
ΔiΔjδσ0σ − 2m2Q̂ij −

m
2ðmþ EÞ ðΔ

iΔkQ̂kj þ ΔjΔkQ̂kiÞ

þ 1

4

�
δij −

ΔiΔj

2ðmþ EÞ2
�
ΔkΔlQ̂kl

�
f̄aðtÞ

þ δij
��

δσ0σ

�
t
6
−m2

�
þ 1

2
ΔkΔlQ̂kl

�
c̄a0ðtÞ þ

1

4

�
1 −

t
4m2

��
t
3
δσ0σ þ ΔkΔlQ̂kl

�
c̄a1ðtÞ

�
; ð16cÞ

where Q̂kl ¼ hS; σ0jQ̂kljS; σi are the matrix elements of the quadrupole operator and

Ea
0ðtÞ ¼ Aa

0ðtÞ þ
1

4
f̄aðtÞ − 1

2
c̄a0ðtÞ þ

t
12m2

�
−5Aa

0ðtÞ þ 3Da
0ðtÞ þ 4JaðtÞ − 2EaðtÞ þ Aa

1ðtÞ þ
1

2
f̄aðtÞ þ c̄a0ðtÞ þ

1

2
c̄a1ðtÞ

�

−
t2

24m4

�
−Aa

0ðtÞ þDa
0ðtÞ þ 2JaðtÞ − 2EaðtÞ þ Aa

1ðtÞ þ
1

2
Da

1ðtÞ þ
1

4
c̄a1ðtÞ

�
þ t3

192m6
½Aa

1ðtÞ þDa
1ðtÞ�; ð17aÞ

Ea
2ðtÞ ¼ −Aa

0ðtÞ þ 2JaðtÞ − EaðtÞ þ 1

2
Aa
1ðtÞ þ

1

4
f̄aðtÞ þ 1

2
c̄a0ðtÞ þ

1

4
c̄a1ðtÞ

−
t

4m2

�
−Aa

0ðtÞ þDa
0ðtÞ þ 2JaðtÞ − 2EaðtÞ þ Aa

1ðtÞ þ
1

2
Da

1ðtÞ þ
1

4
c̄a1ðtÞ

�
þ t2

32m4
½Aa

1ðtÞ þDa
1ðtÞ�; ð17bÞ

J aðtÞ ¼ JaðtÞ þ 1

2
f̄aðtÞ − t

4m2
ðJaðtÞ − EaðtÞÞ; ð17cÞ
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Da
0ðtÞ ¼ −Da

0ðtÞ þ
4

3
EaðtÞ þ t

12m2
½2Da

0ðtÞ − 2EaðtÞ þDa
1ðtÞ� −

t2

48m4
Da

1ðtÞ; ð17dÞ

Da
2ðtÞ ¼ −EaðtÞ; ð17eÞ

Da
3ðtÞ ¼

1

4
½2Da

0ðtÞ − 2EaðtÞ þDa
1ðtÞ� −

t
16m2

Da
1ðtÞ: ð17fÞ

The details for obtaining Eqs. (16) and (17) are shown in
the Appendix.
Because of the constraint

P
a f̄

aðtÞ ¼ 0 andP
a c̄

a
0;1ðtÞ ¼ 0, the total quarkþ gluon EMT drops f̄a

and c̄a0;1ðtÞ terms, and so do E0;2, J , and D0;2;3ðtÞ. The free
theory values of the total EMT FFs are listed in Table II.
The D-term is defined as

D≡D0ð0Þ ¼
1

3
− 4h: ð18Þ

Following Ref. [1], the static EMT Tμνðr⃗; σ0; σÞ of the
spin one particle is defined by Fourier transforming the
EMT in Eqs. (16a)–(16c) with respect to Δ⃗ as

Tμν
a ðr⃗;σ0;σÞ¼

Z
d3Δ

2Eð2πÞ3 e
−iΔ⃗·r⃗hp0;σ0jT̂μν

a ð0Þjp;σi; ð19Þ

where r ¼ jr⃗j.

A. T00: Energy density

Because of the presence of the EMT-nonconserving
terms f̄a and c̄a0;1, the energy density T00ðr⃗; σ0; σÞ can only
be defined for the total system. The multipole expansion of
the energy density is defined as [14]

T00ðr⃗; σ0; σÞ ¼
Z

d3Δ
2Eð2πÞ3 e

−iΔ⃗·r⃗hp0; σ0jT̂00ð0Þjp; σi ð20Þ

¼ ε0ðrÞδσ0σ þ ε2ðrÞQ̂ijYij
2 ; ð21Þ

where

ε0ðrÞ ¼ 2m2Ẽ0ðrÞ; ε2ðrÞ ¼ −r
d
dr

1

r
d
dr

Ẽ2ðrÞ; ð22Þ

with Ẽ0;2ðrÞ ¼
Z

d3Δ
2Eð2πÞ3 e

−iΔ⃗·r⃗E0;2ðtÞ ð23Þ

[the definition of Eq. (23) is used for other FFs in the
following], and the irreducible (symmetric and traceless)
tensor of nth rank is [14]

Yi1i2���in
n ¼ ð−1Þn

ð2n− 1Þ!!r
nþ1∂i1 � � �∂in

1

r
;

i:e:; Y0 ¼ 1; Yi
1 ¼

ri

r
; Yik

2 ¼ rirk

r2
−
1

3
δik; etc: ð24Þ

Note there are obvious relations δilimYi1i2���in
n ¼ 0 andR

dΩYik
2 ¼ 0.

In Ref. [14], more general tensor quantities are intro-
duced for a particle of arbitrary spin,

Mk1���kn
n ¼

Z
d3rrnYk1���kn

n T00ðr⃗Þ; ð25Þ

which corresponds to 2n multipoles of the energy distri-
bution. Here T00ðr⃗Þ ¼ T00ðr⃗; σ; σÞ. Note that only even n
are allowed by the P-parity conservation. Obviously,

M0 ¼ mA0ð0Þ ¼ m; ð26Þ

which gives the normalization

A0ð0Þ ¼
X
a

Aa
0ðtÞ ¼ 1: ð27Þ

The function ε2ðrÞ gives the quadrupole distribution of
the energy inside the particles and describes the deviation
of the hadron’s shape from the spherical one for the hadrons
with spin larger than 1=2. Obviously, it satisfies the
condition

R
d3rε2ðrÞ ¼ 0. For a free spin one particle

one obtains (see Table II) that the quadrupole energy
distribution is zero, intuitively a clear result.

B. T0j: Spin distribution

The 0k components of the EMT are related to the spatial
distribution of the spin. The angular momentum operator in
QCD is defined according to the generators of the Lorentz
transformation [15],

Ji ¼ 1

2
ϵijk

Z
d3xM0jk; ð28Þ

where M0ij is the angular momentum density, expressible
in terms of the energy-momentum tensor Tμν through

TABLE II. The free theory values of the total EMT FFs.

EMT FFs E0ðtÞ E2ðtÞ J ðtÞ D0ðtÞ D2ðtÞ D3ðtÞ
Free theory 1 0 1 1

3
− 4h −1 0
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Mαμν ¼ Tανxμ − Tαμxν: ð29Þ

From Eq. (16b), one gets

T0jðr⃗;σ0;σÞ¼
Z

d3Δ
2Eð2πÞ3 e

−iΔ⃗·r⃗hp0;σ0jT̂0j
a ð0Þjp;σi: ð30Þ

According to Eq. (28), define the individual contribu-
tions of quarks and gluons to the particle spin (J ¼ 1) as
[2,15,16]

Jiaðr⃗; σ0; σÞ ¼ ϵijkrjT0kðr⃗; σ0; σÞ: ð31Þ

Inserting expression (30) [with Eq. (16b)] into Eq. (31)
yields

Jiaðr⃗;σ0;σÞ ¼ Ŝjσ0σ

Z
d3Δ
ð2πÞ3 e

−iΔ⃗·r⃗
��

J̄ aðtÞ þ 2

3
t
dJ̄ aðtÞ

dt

�
δij

þ
�
ΔiΔj −

1

3
Δ⃗2δij

�
dJ̄ aðtÞ

dt

�
; ð32Þ

with J̄ aðtÞ ¼ m
E J

aðtÞ. The equation above has a form very
similar to that for a spin-1=2 particle [2,16]. Note that the
form factor J aðtÞ contains the EMT nonconserving form
factor f̄aðtÞ. In the case of spin-0 and spin-1=2 the
nonconserving form factors do not enter the spatial spin
distribution.
Summing over quarks and gluons and integrating over

the space yields

X
a

Z
d3rJiaðr⃗; σ0; σÞ ¼ Ŝiσ0σJð0Þ ¼ Ŝiσ0σ; ð33Þ

where the individual contributions Jað0Þ add up toP
a J

að0Þ ¼ Jð0Þ which satisfies the normalization con-
dition Jð0Þ ¼ J ¼ 1. Obviously, the free theory value
Jfree theoryðtÞ ¼ 1 in Table I satisfies this relation.

C. Tij stress tensor

In the spirit of Ref. [14], the stress tensor defined by the
ij components of EMT in Eq. (16c) can be written
generically to the quadrupole order as

Tijðr⃗; σ0; σÞ ¼
Z

d3Δ
2Eð2πÞ3 e

iΔ⃗·r⃗hp0; σ0jT̂ij
a ð0Þjp; σi

¼ p0ðrÞδijδσ0σ þ s0ðrÞYij
2 δσ0σ þ p2ðrÞQ̂ij

þ 2s2ðrÞ½Q̂ipYpj
2 þ Q̂jpYpi

2 − δijQ̂pqYpq
2 �

−
1

m2
Q̂kl∂k∂l½p3ðrÞδij þ s3ðrÞYij

2 �; ð34Þ

where the (quadrupole) pressure and shear forces
function,

p0ðrÞ ¼
1

3
∂2D̃0ðrÞ; s0ðrÞ ¼ −

1

2
r
d
dr

1

r
d
dr

D̃0ðrÞ; ð35aÞ

p2ðrÞ¼
1

3
∂2D̃2ðrÞ; s2ðrÞ¼−

1

2
r
d
dr

1

r
d
dr

D̃2ðrÞ; ð35bÞ

p3ðrÞ¼
1

3
∂2D̃3ðrÞ; s3ðrÞ¼−

1

2
r
d
dr

1

r
d
dr

D̃3ðrÞ; ð35cÞ

where ∂2 ¼ 1
r2

d
dr r

2 d
dr is the radial part of the three-

dimensional (3D) Laplace operator.
Comparing with Ref. [14], we get two additional terms

of quadrupole order n ¼ 2, which are p3ðrÞ and s3ðrÞ
terms. The EMT conservation, ∂μT̂

μνðxÞ ¼ 0, implies the
equilibrium equation for the static stress tensor

∂iTijðr⃗; σ0; σÞ ¼ 0: ð36Þ

For each of the first two quadrupole orders, it is easy
to check that Eqs. (35a)–(35c) satisfy the differential
equations

2

3
s0nðrÞ þ 2

snðrÞ
r

þ p0
nðrÞ ¼ 0; with n ¼ 0; 2; 3; ð37Þ

which guarantee the general stability condition of Eq. (36).
Another three obvious relations,

Z
d3rpnðrÞ¼

1

3

Z
d3r∂2DnðrÞ¼0; with n¼0;2;3; ð38Þ

which shows how the internal forces balance inside
a composed particle. It is a consequence of the EMT
conservation, known as the von Laue condition [2,3]. We
also note that the multipole pressure and shear forces
distributions [pnðrÞ; snðrÞ] satisfy the same stability equa-
tion (37) as the distributions in the spherically symmetric
case of spin-0 and spin-1=2 particles. Therefore all stability
relations discussed in [2,3] are valid also for the nonspheri-
cal case of particles with higher spins.

D. EMT-nonconserving terms

The EMT-nonconserving terms in Eq. (4) violate the
EMT conservation ∂μT̂μνðxÞ ¼ 0 as

hp0; σ0j∂μT̂a
μνðxÞjp; σi

¼ iΔμhp0; σ0jT̂a
μνðxÞjp; σi

¼ ieiΔx
��

ϵ · Δϵ0�ν þ ϵ0� · Δϵν −
ϵ0� · ϵ
2

Δν

�
m2f̄aðtÞ

þ Δνðϵ0� · ϵm2c̄a0ðtÞ þ ϵ0� · Pϵ · Pc̄a1ðtÞÞ
�
: ð39Þ

In the Breit frame, the 0 component of Eq. (39) is
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hp0; σ0j∂μT̂a
μ0ðxÞjp; σi ¼ ieiΔxðϵ · Δϵ0�0 þ ϵ0� · Δϵ0Þm2f̄aðtÞ ¼ 0; ð40Þ

and the j component of Eq. (39) is

hp0; σ0j∂μT̂a
μjðxÞjp; σi ¼ ieiΔx

��
ϵ · Δϵ0�i þ ϵ0� · Δϵi −

ϵ0� · ϵ
2

Δi

�
m2f̄aðtÞ þ Δiðϵ0� · ϵm2c̄a0ðtÞ þ ϵ0� · Pϵ · Pc̄a1ðtÞÞ

�

¼ ieiΔx
�
Δjδσ0σm2

�
f̄aðtÞ
6

− c̄a0ðtÞ þ
t

12m2
½−f̄aðtÞ þ 2c̄a0ðtÞ þ c̄a1ðtÞ� −

t2

48m4
c̄a1ðtÞ

�

− 2mEΔiQ̂ijf̄aðtÞ þ ΔjΔkΔiQ̂ki

�
1

2
c̄a0ðtÞ þ

1

4
c̄a1ðtÞ þ

t
16ðmþ EÞ2 f̄

aðtÞ − t
16m2

c̄a1ðtÞ
��

: ð41Þ

The stability equation for the quark part of the stress tensor
has the form

∂Tq
ikðrÞ
∂rk þ fiðrÞ ¼ 0: ð42Þ

This equation can be interpreted (see, e.g., the discussion in
[17]) as the equilibrium equation for quark internal stress
and external force (per unit of the volume) fiðrÞ acting on
the quark subsystem from the side of the gluons. From
Eq. (41) one sees that the corresponding force depends on
the polarization of the spin one particle through the
quadrupole spin operators Q̂ij.

IV. SUM RULES: GPD AND GFF

By considering the Mellin moments of the vector GPDs
[18], the sum rules between the GPDs and EMT FFs are
found in Refs. [5,6]. The sum rules in Ref. [5] contain only
conserving EMT FFs (six out of a total of nine FFs). In a
recent paper [9], the polynomiality sum rules for all
leading-twist quark and gluon generalized parton distribu-
tions of spin one targets are given. The generalized form
factors in the polynomiality condition for GPDs of spin one
particles in [9] are connected to the gravitational form
factors as shown in Table I.
The quark and gluon vector GPDs are introduced in

Ref. [18] for deuteron as

1

2

Z
dz−

2π
eixP

þz−hp0; σ0jψ̄q

�
−
1

2
z

�
γþψq

�
1

2
z

�
jp; σi

			
zþ¼0;z⊥¼0

¼ −ðϵ0� · ϵÞHq
1 þ

ϵþðϵ0� · PÞ þ ϵ0�þðϵ · PÞ
Pþ Hq

2 −
2ðϵ · PÞðϵ0� · PÞ

M2
Hq

3

þ ϵþðϵ0� · PÞ − ϵ0�þðϵ · PÞ
Pþ Hq

4 þ
�
M2

ϵþϵ0�þ

ðPþÞ2 þ 1

3
ðϵ0� · ϵÞ

�
Hq

5; ð43aÞ

1

Pþ

Z
dz−

2π
eixP

þz−hp0; σ0jFb;þη

�
−
1

2
z

�
Fb;

η
þ
�
1

2
z

�
jp; σi

			
zþ¼0;z⊥¼0

¼ −ðϵ0� · ϵÞHg
1 þ

ϵþðϵ0� · PÞ þ ϵ0�þðϵ · PÞ
Pþ Hg

2 −
2ðϵ · PÞðϵ0� · PÞ

M2
Hg

3

þ ϵþðϵ0� · PÞ − ϵ0�þðϵ · PÞ
Pþ Hg

4 þ
�
M2

ϵþϵ0�þ

ðPþÞ2 þ 1

3
ðϵ0� · ϵÞ

�
Hg

5; ð43bÞ

where q ¼ u; d; s;…. Integrating over x of Eq. (43a), one gets the conventional form factor decomposition of the vector
current for a spin one particle,

hp0; σ0jψ̄qð0Þγμψqð0Þjp; σi ¼ −2
�
ϵ0� · ϵGq

1ðtÞ þ 2Gq
3ðtÞ

ϵ0� · Pϵ · P
m2

�
Pμ þ 2Gq

2ðtÞðϵμϵ0� · Pþ ϵ0�μϵ · PÞ: ð44Þ

So, for the quark GPDs, one has [18] Z
1

−1
dxHq

i ðx; ξ; tÞ ¼ Gq
i ðtÞ ði ¼ 1; 2; 3Þ; ð45aÞ

Z
1

−1
dxHq

i ðx; ξ; tÞ ¼ 0 ði ¼ 4; 5Þ: ð45bÞ
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The charge, magnetic, and quadrupole form factors can
be expressed in terms of Gi ¼

P
q G

q
i as (η ¼ −t=4m2)

GCðtÞ ¼ G1ðtÞ þ
2

3
ηGQðtÞ; ð46aÞ

GMðtÞ ¼ G2ðtÞ; ð46bÞ

GQðtÞ ¼ G1ðtÞ −G2ðtÞ þ ð1þ ηÞG3ðtÞ; ð46cÞ

normalized by the charge GCð0Þ ¼ 1, magnetic
moment GMð0Þ ¼ μS¼1=ð2mÞ, and quadrupole moment
GQð0Þ ¼ QS¼1=m2.
The ++ components of Eq. (2) are

Tþþ
q ðxÞ ¼ 1

2
ψ̄qð−iD⃖þγþ þ iD⃗þγþÞψqðxÞ; ð47aÞ

Tþþ
g ðxÞ ¼ Fb;þηFb;

η
þðxÞ; ð47bÞ

or

Tþþ
q ð0Þ ¼ ðPþÞ2

Z
xdx

Z
dz−

2π
eixP

þz−
�
ψ̄q

�
−
1

2
z

�
γþψq

�
1

2
z

��
zþ¼0;z⊥¼0

¼
�
2ðPþÞ2

�
−ϵ0� · ϵAq

0ðtÞ þ
ϵ0� · Pϵ · P

m2
Aq
1ðtÞ

�
þ 1

2
ðΔþÞ2

�
ϵ0� · ϵDq

0ðtÞ þ
ϵ0� · Pϵ · P

m2
Dq

1ðtÞ
�

þ 4Pþðϵ0�þϵ · Pþ ϵþϵ0� · PÞJqðtÞ þ ½ϵþϵ0�þΔ2 − 2ϵ0�þΔþϵ · Pþ 2ϵþΔþϵ0� · P�EqðtÞ
þ 2ϵþϵ0�þm2f̄qðtÞ; ð48aÞ

Tþþ
g ð0Þ ¼ Pþ

Z
dx

Z
dz−

2π
eixP

þz−
�
Fb;þη

�
−
1

2
z

�
Fb;

η
þ
�
1

2
z

��
zþ¼0;z⊥¼0

; ð48bÞ

where Tþþ
g ð0Þ is similar with Tþþ

q ð0Þ. Compare Eqs. (48)
with (43), and we get the polynomiality property of vector
GPDs as

Z
1

−1
xdxHq

1ðx;ξ; tÞ¼Aq
0ðtÞ−ξ2Dq

0ðtÞþ
t

6m2
EqðtÞþ1

3
f̄qðtÞ;

ð49aÞ
Z

1

−1
xdxHq

2ðx; ξ; tÞ ¼ 2JqðtÞ; ð49bÞ

Z
1

−1
xdxHq

3ðx; ξ; tÞ ¼ −
1

2
½Aq

1ðtÞ þ ξ2Dq
1ðtÞ�; ð49cÞ

Z
1

−1
xdxHq

4ðx; ξ; tÞ ¼ −2ξEqðtÞ; ð49dÞ

Z
1

−1
xdxHq

5ðx; ξ; tÞ ¼
t

2m2
EqðtÞ þ f̄qðtÞ; ð49eÞ

for the quark parts and

Z
1

−1
dxHg

1ðx;ξ; tÞ ¼ Ag
0ðtÞ− ξ2Dg

0ðtÞ þ
t

6m2
EqðtÞ þ 1

3
f̄gðtÞ;

ð50aÞ
Z

1

−1
dxHg

2ðx; ξ; tÞ ¼ 2JgðtÞ; ð50bÞ

Z
1

−1
dxHg

3ðx; ξ; tÞ ¼ −
1

2
½Ag

1ðtÞ þ ξ2Dg
1ðtÞ�; ð50cÞ

Z
1

−1
dxHg

4ðx; ξ; tÞ ¼ −2ξEgðtÞ; ð50dÞ

Z
1

−1
dxHg

5ðx; ξ; tÞ ¼
t

2m2
EgðtÞ þ f̄gðtÞ; ð50eÞ

for the gluon part. Equations (49b) and (50b) give the spin
one version of the X. Ji sum rule [5,11,15]. Note that in
Hq

1;5 (Hg
1;5) it contains the EMT-nonconserving GFFs f̄q

(f̄g). Thus it is useful to rewrite them as

Z
1

−1
xdx

�
Hq

1ðx; 0; tÞ −
1

3
Hq

5ðx; 0; tÞ
�
¼ Aq

0ðtÞ; ð51aÞ

Z
1

−1
dx

�
Hg

1ðx; 0; tÞ −
1

3
Hg

5ðx; 0; tÞ
�
¼ Ag

0ðtÞ: ð51bÞ

In the GPD approach, the normalization for A0 in Eq. (27)
is the energy-momentum sum rule,

Z
1

−1
dx

�X
q

xHq
1ðx; 0; 0Þ þHg

1ðx; 0; 0Þ

−
1

3

�X
q

xHq
5ðx; 0; 0Þ þHg

5ðx; 0; 0Þ
��

¼ 1; ð52Þ
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and the normalization for J in Eq. (33) gives the sum rule,

1

2

Z
1

−1
dx

�X
q

xHq
2ðx; 0; 0Þ þHg

2ðx; 0; 0Þ
�
¼ 1: ð53Þ

As discussed in Ref. [18], the forward limit (ξ ¼ t ¼ 0)
of GPDs H1 and H5 can give the parton distribution
functions (PDFs), and therefore H1;5 are, respectively,
related to the deep inelastic scattering structure functions
F1ðxÞ and b1ðxÞ, which are worked out by Hoodbhoy et al.
[10] for spin one targets. Thus, in terms of PDFs, the
normalization for A0 in Eq. (52) corresponds to the energy-
momentum conservation sum rule of PDFs, and, in the
forward limit, the sum rule for H5 in Eq. (45) recovers the
parton model sum rule

R
b1ðxÞdx ¼ 0 [19].

V. SUMMARY

In this paper, we formulate the EMT form factors for spin
one hadrons. The energy density, spin distribution, and
stress tensor are given. The pressure and shear forces
functions are found in terms of multipole expansion as the
spin one particle is not spherically symmetric. The sum
rules between the GFFs and GPDs are derived.
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APPENDIX: BREIT FRAME FORMULAS

The matrix elements of the spin one quadrupole operator
in Eq. (11),

Q̂ik
σ0σ ¼

1

2

�
ŜiŜk þ ŜkŜi −

4

3
δik

�
σ0σ

¼ 1

3
δijδσ0σ −

1

2
ðϵ̂�σ0jϵ̂σi þ ϵ̂�σ0iϵ̂σjÞ ðA1Þ

where σ ¼ fþ;−; 0g, and

ŜiŜj − ŜjŜi ¼ iϵijkŜk: ðA2Þ

In the Breit frame, the initial (final) momentum pμ (p0μ)
has the relation Pμ ¼ ðpμ þ p0μÞ=2 ¼ ðE; 0; 0; 0Þ and

Δμ ¼ p0μ − pμ ¼ ð0; Δ⃗Þ. So p⃗ ¼ −p⃗0 ¼ −Δ⃗=2 and p0 ¼
p00 ¼ E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − t=4

p
with t ¼ Δ2. So initial and final

polarization vectors are

ϵμðp; σÞ ¼
�
−
Δ⃗ · ϵ̂σ
2m

; ϵ̂σ þ
Δ⃗ · ϵ̂σ

4mðmþ EÞ Δ⃗
�
; ðA3Þ

ϵμðp0; σ0Þ ¼
�
Δ⃗ · ϵ̂σ0

2m
; ϵ̂σ0 þ

Δ⃗ · ϵ̂σ0

4mðmþ EÞ Δ⃗
�
: ðA4Þ

So one can get the following useful relations [here Q̂kl ¼
Q̂kl

σ0σ is the matrix element and ϵ0�μ ¼ ϵ�μσ0 ¼ ϵ�μðp0; σ0Þ,
ϵμ ¼ ϵμσ ¼ ϵμðp; σÞ; note t ¼ Δ2]:

ðϵ̂�σ0 · Δ⃗Þðϵ̂σ0 · Δ⃗Þ ¼ −
t
3
δσ0σ − Q̂klΔkΔl; ðA5aÞ

ϵ�σ0 ·ϵσ¼
�

t
6m2

−1

�
δσ0σþ

1

2m2
Q̂klΔkΔl; ðA5bÞ

ϵ�σ0;0ϵσ0;0 ¼
t

12m2
δσ0σ þ

1

4m2
Q̂klΔkΔl; ðA5cÞ

ϵσ · Δ ¼ −
E
m
ϵ̂σ · Δ⃗; ðA5dÞ

ϵ�σ0 · Δ ¼ −
E
m
ϵ̂�σ0 · Δ⃗; ðA5eÞ

ðϵ�σ0 · ΔÞðϵσ · ΔÞ ¼ −
E2

m2

�
t
3
δσ0σ þ Q̂klΔkΔl

�
; ðA5fÞ

ϵ�σ0;0ϵσ · Δ ¼ E
2m2

�
t
3
δσ0σ þ Q̂klΔkΔl

�
; ðA5gÞ

ϵσ;0ϵ
�
σ0 · Δ ¼ −ϵ�σ0;0ϵσ · Δ; ðA5hÞ

ϵ�σ0;jϵσ · Δ − ϵσ;jϵ
�
σ0 · Δ ¼ iE

m
Δkϵ

kjlŜlσ0σ; ðA5iÞ

ϵσ;0ϵ
�
σ0;j þ ϵ�σ0;0ϵσ;j ¼

i
2m

Δkϵ
kjlŜlσ0σ; ðA5jÞ

ϵσ;iϵ
�
σ0;jþ ϵ�σ0;iϵσ0j ¼

�
2

3
δijþ

1

6m2
ΔiΔj

�
δσ0σ −2Q̂ij

−
1

2mðmþEÞðΔiΔkQ̂kjþΔjΔkQ̂kiÞ

−
1

8m2ðmþEÞ2ΔiΔjΔkΔlQ̂kl: ðA5kÞ
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