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We study the canonical AdS/CFT correspondence between 4d SU(N) N = 4 super Yang-Mills theory
(SYM) and type IIB superstring theory on AdSs x S°. We analyze the supersymmetric index of the
N =4 SYM on S! x M5 which counts supersymmetric states with fixed quantum numbers. We compute
an asymptotic behavior of the index in the limit of shrinking S! for any N by a refinement of the 4d
supersymmetric Cardy formula. The asymptotic behavior for the superconformal index case (M5 = S°) at
large N agrees with the Bekenstein-Hawking entropy of a rotating electrically charged Bogomolnyi-
Prasad-Sommerfeld (BPS) black hole in AdSs via a Legendre transformation as recently shown in the
literature. We also find that the agreement formally persists for finite N if we slightly modify the AdS/CFT
dictionary between the Newton constant and N. This implies the existence of a nonrenormalization
property of the black hole entropy against quantum corrections. We also study the cases with other gauge
groups and additional matter and the orbifold A" = 4 SYM. It turns out that the entropies of all the CFT
examples in this paper are universally given by 271'\/ 0,0, + 0,03+ 0,03 —2¢(J; + J,) with charges
Q) 23, angular momenta J| ,, and central charge c. The results for other M3 make predictions to the gravity

side.
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I. INTRODUCTION

It is widely expected that black hole mechanics is
connected to thermodynamics and, in particular, a black
hole has a macroscopic entropy given by a horizon area
[1]. Since string theory is the candidate of consistent
quantum gravity, string theory should give a microscopic
explanation. As is well known, the seminal paper [2] by
Strominger and Vafa has derived the Bekenstein-Hawking
entropy of an asymptotically flat black hole by counting
supersymmetric (SUSY) states in string theory.

In the context of AdS/CFT correspondence [3], the
problem of black hole entropy is mapped into whether the
entropy of an asymptotically AdS black hole is explained
by counting states of a dual CFT. Namely, if there is a
black hole with some quantum numbers on the gravity
side, then the Bekenstein-Hawking entropy of the black
hole should agree with the (log of) degeneracy of states
with the same quantum numbers on the dual CFT side in
the large-N limit. Recently, there have been great steps to
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understand this problem along two directions. First, the
black hole entropies of static dyonic supersymmetric
(BPS) black holes have been reproduced by topologically
twisted indices of the 3d A = 6 superconformal theory
[4,5] by using supersymmetry localization [6]. Then there
appeared agreement in various setups involving static
magnetic charged black holes [7].

The second type of progress has been made in the
canonical AdS/CFT correspondence between the 4d
SU(N) N = 4 super Yang-Mills theory (SYM) and type
IIB superstring theory on AdSs x S°, which is also the
subject of this paper. It is known that there are rotating
electrically charged black hole solutions in AdS5 [8] which
are embedded in the type IIB supergravity in AdSs x S° as
supersymmetric solutions with two supercharges (1/16-
BPS)1 [10]. The black holes have three charges (Q;, O,
and Q) associated with U(1)* c SO(6) and two angular
momenta (J; and J,) associated with the Cartan part of
SU(2)? ~SO(4) C SO(4,2). They are related to the black
hole mass M by

M = g(|J1| + |Jo] + Q1] + [Qo] +105]),  (1.1)

where ¢ is the gauge coupling. The Bekenstein-Hawking
entropy of the black hole is [11]

'See also Ref. [9] for another embedding.
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area
o=
BT 4G,
T
zzn\/Q1Q2+Q1Q3+Q2Q3—4G S0+,
N
(1.2)

where the AdS/CFT dictionary between Gyg®> and N is

T _ a2
g N-. (1.3)

A long-standing question is whether this black hole
entropy is holographically explained by counting super-
symmetric states preserving two supercharges (1/16-BPS
states) in the A" =4 SYM on S' x $3. Technically, it is
much easier to analyze a supersymmetric index called the
superconformal index [12,13] rather than the net sum of the
1/16-BPS states:

— Tr[(_I)Fe_ﬂ{QsQT}p‘]lJ"(r/z)q‘,2+(r/2)1}(l]1 U‘Zh]

— TrBPS [(_I)Fp11+(r/2)qlg+(r/2) v?l ng]’

Islst
(1.4)

where r :%(Ql + Q>+ Q3) and gy, = Q;, — Q5 taking
charges of U(1)? € SO(6), symmetry to be Q) ,3/2. One
common worry is that the index may have a huge
cancellation between bosonic and fermionic states due to
the (—1)F with the fermion number F so that it does not
capture the black hole entropy [12] (see also Ref. [14] for
other early attempts).

However, very recent papers have updated our under-
standing. First, Ref. [15] has shown that a Legendre
transformation of the black hole entropy called the entropy
function is given by a generalization of supersymmetric
Casimir energy Ecggimir [16,17] in the large-N limit* which
is defined as a relative factor between the partition function
and index’:

ZSI o e_ﬂEC“Si"‘iflsl «S3 (1 5)
Second, the authors of Ref. [20] have analyzed the index of
the U(N) N = 4 SYM in a limit of shrinking S' at large N,
which we refer to as the Cardy limit, and identified a saddle
point of the holonomy integral which gives the black hole
entropy function. Then they have assumed the dominance
of the saddle point and derived the asymptotic behavior of
the index in the Cardy limit which agrees with the black

This claim had been made in an earlier version of Ref. [15]in
arXiv. See a revised version for the update.

The entropy function of the black hole was first computed in
Ref. [18]. It was also argued in Ref. [18] that the entropy function
is formally equal to the SUSY Casimir energy. The SUSY
Casimir energy of the A'=4 SYM with the fugacities of
SO(6), was first computed in Ref. [19].

hole entropy (1.2) via a Legendre transformation with
respect to the chemical potentials. They have also discussed
a deconfinement transition in another paper [21]. Third, the
authors of Ref. [22] have analyzed the index for p = ¢ in
the large-N limit by using a Bethe ansatz type formula of
the index [23]. They have identified a saddle point which
reproduces the black hole entropy function corresponding
to the equal angular momenta case: J; = J,. They have
also assumed that the saddle point is most dominant. It has
also been stressed in Refs. [20-22] that the index with real
fugacities has more cancellations than generic complex
fugacities.

The aims of this paper are to provide further evidence
that the index gives a microscopic explanation of the black
hole entropy and make new predictions for the black hole
physics in a more general case. We mainly study the
supersymmetric index of the SU(N) N =4 SYM on
S' x M. We compute an asymptotic behavior of the index
in the limit of shrinking S' for arbitrary N by using a
refinement [24,25] of the supersymmetric Cardy formula
[26], which is supposed to capture a large-charge limit of the
black hole entropy. Therefore, our approach for the super-
conformal index case (M5 = S°)is basically the same as the
one in Ref. [20]. The asymptotic behavior of the super-
conformal index at large N agrees with the Bekenstein-
Hawking entropy (1.2) via a Legendre transformation with
respect to the chemical potentials as already found in
Ref. [20]. We also find that the agreement formally persists
for finite N if we slightly modify the AdS/CFT dictionary
(1.3) as

T

z = N? -1 = 4,
2GNg finite N

(1.6)

where ¢ = (N? — 1)/4 is the central charge of the SU(N)
N =4 SYM. This implies the existence of a nonrenorm-
alization property for the black hole entropy function in the
small-S' limit against quantum corrections. We also study
the cases with other gauge groups and additional matter in
conjugate representations and orbifold A" = 4 SYM. It turns
out that the entropies of all the CFT examples in this paper
are universally given by

Sorr(0.J) =277/ 0,05 + 0,03 + 0203 — 2¢(J, + J5),
(1.7)

with the central charge c. This formula is our prediction for
the black hole entropy with full quantum corrections, which
would give hints for what string theory is in a fully quantum
mechanical sense. The results for other M are also regarded
as predictions to the gravity side.* Itis also interesting to note

‘A proposal for quantum black hole entropy for the M; =
S' x T? case has been made in Eq. (1.82) of Ref. [27].
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that the authors in Ref. [11] first wrote down the black hole
formula for the dual of the SU(N) N’ =4 SYM as

Sgu = 27/ 0105 + 0103 + 0,03 = 2¢(J; +J,)  (1.8)

and then substituted ¢ = N?/4 to get the formula

2

N
SBH_2”\/Q1Q2+Q1Q3+Q2Q3— (Ji+J2) (1.9)

2
in their derivation. Of course, there is no difference in the
large-N limit, but our result suggests that Eq. (1.8) is more
accurate for finite N.

Our argument for the M5 = S° case is overlapped with
the one made in Ref. [20]. While the approach is the same
up to technical details and the final result at large N has
been already obtained in Ref. [20], there are mainly three
differences. First, we mainly consider the SU(N) N =
4 SYM rather than the U(N) case, while the difference is
irrelevant at large N, and we also finally consider the N =
4 SYM with a general gauge group as well as other
theories. Second, we analyze the index for finite N, but
we will see that the result in Ref. [20] is formally correct
also for finite N. Finally, we not only identify a saddle point
giving the black hole entropy (1.2) but also prove that the
saddle point is most dominant. This amounts to justifying
the assumption made in Ref. [20] at large N and making
sure that the most dominant contribution of the index gives
the black hole entropy. Some contents discussed in
Ref. [20] but not in this paper are the Macdonald limit
[28] and the case for AdS; black holes.

II. ASYMPTOTIC BEHAVIOR OF THE
SUPERSYMMETRIC INDEX IN SU(N) N =4 SYM

Let us consider the SU(N) N =4 SYM on Sy x Mj
with the radius f. We take M5 to preserve a part of
supersymmetry, and this constrains S b X M5 to be complex
[29]. Different choices of M5 count different quantum
numbers, as different M;’s have different isometries. One
of the most well-studied cases is the index on S' x §°
known as the superconformal index [12,13]:

Ig, 0 = TfBPs[(—1)FPJ‘+(r/2)qJ2+(r/2> U(f' ”gz}’ (2.1)
where
p= eZm’a’ q= 62711'1’ vy = eZm'ml.z‘ (22)

We are interested in an asymptotic behavior of the partition
function in the shrinking S' limit: # — 0. In this limit, the
partition function is exactly the same as the supersymmetric
index, since we can ignore the contribution from the SUSY
Casimir energy in Eq. (1.5). Therefore, we are essentially
looking at the asymptotic behavior of the index. There is a

general formula to describe such asymptotic behavior for
the general 4d N/ = 1 SUSY theory with U(1), symmetry
and a Lagrangian description which is a refinement [24,25]
of the SUSY Cardy formula [26].

For simplicity of explanation, we first consider the
superconformal index, which is defined through the super-
symmetric partition function on a space with a topology of
S! x §3. For example, if we take M5 to be the squashed
sphere S, v and o are given by 7= —fb/2xi and
6 = —pb~' /2xi, respectively. For any choices, the Cardy
limit  — O for the superconformal index is equivalent to
|z|, |o] = 0. The refined SUSY Cardy formula for the
superconformal index is given by’

—liz(t+0)/1270]Tr(R)

o, =~ e
§x§ |z].|o]—0

X/drankGa ei7z/6wV2(u)Jr[ilr(rJrO')/Zm]V](a)7 (23)

which has been derived in two ways: taking the limit in the
localization formula [25] and effective theory considera-
tion [24].

Several definitions are in order. First, G is the gauge
group, and e?*% with j = 1, ..., rankG is holonomy around
S! valued in the maximal torus of G. Second, Tr(R) is the
anomaly coefficient® of the U (1) symmetry and related to
conformal anomalies by Tr(R) = —16(c —a) for the
superconformal case. Third, V,(a) and V| (a) are piecewise
polynomials of a; and flavor chemical potentials whose
forms are explicitly determined if we specify representa-
tions, U(1)g charges, and flavor charges of chiral multiplets
(see the Appendix). Their explicit forms for the SU(N)
N =4 SYM are’

Va(a)=— Z [k(a;;+my) +x(a;;+my)
I<i#j<N

+x(a;;—my—my)]

—(N=1)[x(my) +x(my) +x(=m; —m,)],

V1(a>:% Z [30(a;;) —6(a;j+m;)—0(a;; +m,)
1<i#j<N
_e(aij_ml_mZ)}
=R 0 + 0ma) +0(-my =), (24)
where

3See Ref. [30] for earlier related works.

®This is simply the sum of U(1), charges of fermions in the
theory under consideration.

"For m; =0 = my, V,(a) and V,(a) are zero. The leading
asymptotic behavior of the index for this case is (N — 1) log § as
shown in Ref. [25].
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FIG. 1. «(x) and 6(x).
N
a,-j:ai—aj, Zaj:(), f(X)
=1
.05}
k() ={x}(1={x})(1=2{x}),  O(x) ={x}(1-{x}), \ / \ / \ /
(2.5) ~10] 05 05 |10 *
with fractional part {x} =x—[x] (see Fig. 1). V,(a) -0.95¢
[V(a)] is apparently a piecewise cubic (quadratic) poly- _o.ob
nomial, but this is actually quadratic (linear) because of '
anomaly cancellations involving the gauge symmetry. —0.1&F
Here we restrict ourselves to

Re <L> <0 (2.6)
T0

and Im(m, ,) = O(f). We will mention other regimes later.
In this regime, the integral in the limit is dominated by the
saddle point configuration(s) to minimize the function
V,(a). We can easily find a dominant saddle point as
follows. Noting x(—x) = —«(x) and® k(x + 1) = x(x), we
rewrite V,(a) as

Vy(a) = Zf(aij) +

i<j

N-1
ro. @)

where

flaij) = k(a;j = {m}) —x(a;; + {m}) + «(a;; = {my})
—x(a;; +{my}) +x(a;; + {m} + {my})

—(ay = {mi} = {ma}). (2.8)

6x + 12{m; Hmy} ({m} + {my} = 1)
12m;|x| + 6my(2m3 + 2mymy — 2m; — m,)

=6(|x| = {m,} = {my})* + 12{m, H{m} ({m, } + {m>})

12{m; }{my}({m} + {m,})

8Physically, this periodicity reflects invariance under a large
gauge transformation.

FIG. 2. f(x) for (m;,m,) = (0.2,0.1).

It is sufficient to minimize each f(a;;) and show that we
can realize a simultaneously minimizing configuration. As
a result, the minimizing configuration is simply a; = 0 for
any j as illustrated in Fig. 2 for a specific value of (m, m,).
To see this generally, it is convenient to first analyze the
regime

0 (my<im),  {m}+{mb<y.  (9)

and extend it to other regimes by using the periodicity
miy~ms+1. In this regime, noting x(x) = 2x> —
3x|x| + x for |x| < 1, the function f(x) in “the fundamental
region” |x| < 1 —{m;} + {m,} is given by

for [x] < {ma},
for {m,} < |x| < {m,},

(2.10)
for {m} < |x[ < {m;} + {m,},
for {my} + {my} < x|,
I
which has the minimum at the origin:
SO min =F(0)=12{m; H{my}({m1 } +{my} = 1). (2.11)
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Therefore, the minimum of V;(a) is realized by a;; = 0 for
all i, j with the traceless condition Z?’:l a; = 0, which is
nothing but a; = 0. Thus, we find the minimum of V,(a) as

V2<a)|min = v2<0)
=6(N?—1){m }{my}({m} +{my} - 1).
(2.12)

The next order O(B~") is simply obtained by substitut-
ing’ the saddle point into V;(a):

2= 2 + oy

+ {m H{my} = {mi} = {my}].

Then, noting ¢ —a = 0 in the N’ =4 SYM, we find the
Cardy limit of the superconformal index to be

V1(a)|a,=o =
(2.13)

ol = O G ) () + () =)
0 (P (ol + o Homs
= (m}= )], 2.14)

In order to directly compare this with the Bekenstein-
Hawking entropy, it is convenient to rewrite the result in the
following two steps. First, we redefine the chemical
potentials m, , as

T+o0

mip = Ay ———, (2.15)
so that our index becomes
Trgps[(—1)F p/1793 g2 03 g27i01(01=03) 27182 (02=03)]
(2.16)

This object is the same as the grand canonical partition
function

3
Trgps [PJ' q” H ezmA“Q“] ; (2.17)

a=1

with the constraint'® A} + Ay + Ay —7—6—1€2Z. In
this parametrization, the asymptotic behavior of the index
becomes

“The saddle point of V,(a) also realizes the minimum of V()
as a result, though this property is not necessary for our analysis.
""Note that (—1)F = 2703

loglgi,g3

[tl.]o—~0

in(N? = D{A A} (A} +{Ar}—1-0-7)

T0

(2.18)

Second, we make a Legendre transformation [18] with
respect to (o,7,A,A,) to directly obtain entropy or
equivalently degeneracy of states with fixed charges and
angular momenta as explained in the next subsection.

A. Comments on other regimes of (z,6)

If we take another regime Re(£) > 0, then we need to
minimize —V,(a) or, equivalently, maximize V,(a). Then
the dominant saddle points are given by the points maxi-
mizing f(x). According to Eq. (2.10), the saddle points are
any configurations giving the plateau regime of f(x),
namely, the ones satisfying {m}+ {my} < |{a;}| <
1 —{m} + {my}. We immediately see that the saddle
points are no longer isolated, and, therefore, it remains
integration over the saddle points which seems complicated,
since V(a) is not constant in this regime. As a result, the
asymptotic behavior of the index is

logly o ~ Timitm}
[z],|lo|=0 T0

<[(N?=1)({m} +{my}) - (N-1)]
N
+lo / dNaé( a,)em(r+a)/2mvl(a).
£ saddles /:Zl !

(2.19)

This implies that we have an anti-Stokes line at Re(£) = 0,
since the dominant saddle point changes there. The above
saddle points are unstable in the regime Re() < 0, which
we have mainly considered in this paper. Relatedly, Stokes
phenomena have been observed in the large-N analysis of
the Bethe ansatz type formula [22]. It would be interesting to
understand the above phenomena in more detail and find
their physical interpretations especially from the gravity
side. This might be related to hairy black holes [31].

B. Comparison with Bekenstein-Hawking entropy

This subsection is essentially a review of various papers
[15,18,20,22] up to identifications of parameters and final
results.'’ The Legendre transformation of the black hole
entropy is referred to as the entropy function [33]. Suppose
that we have the entropy function S:

"The original argument was in Sec. 3 of Ref. [18]. This
subsection is also a review of Appendix B of Ref. [15], Sec. 2.3 of
Ref. [20], and Sec. 6 of Ref. [22]. See also Ref. [32] for a similar
argument for AdS; black holes.
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X1 XX
S = 2mipy 2203 (2.20)
w13
with the constraint
X1+X2+X3— — Wy = Nn. (221)
These quantities in our case are
N?—1
S:_logISIXSZ’ U= 2 )
W =0, =T, ={A,}, n=1L (2.22)

The entropy S(Q,J) is obtained by the Legendre trans-
formation

+2mA(ZX Zw,_n>

a=1 Xq.0;

S(0.) = S(X,, w;) + 27i (ZX 0

. (223)

where A is the Lagrange multiplier. The extremization
conditions are

aS
X,

=-27i(Q,+N), ﬁz—%ri(],—/\),

o (2.24)

with the constraint (2.21). Note that we do not need explicit
solutions for (X,, w;) to compute S if we use the relation

3
S= > Xa > + Z“”a (2.25)
Then the entropy is simply given by
S = 2zinA, (2.26)
where A satisfies
0=(Q1 +A)(Q2+A)(Qs+A) +u(J —A)(J2—A)
= A+ po A2 + piA + po, (2.27)

N
ISIXM3/}§0/dNa5<ZaJ

J=1

with

po = 010,03 +vJJs,
P1=0102+ Q05+ 0:0, —v(J; + Jp),

P2 =01+ 0+ 03+ v/ Js. (2.28)

The equation for A has the three solutions A={—p,,£i,/p1}
with py, p, € Ryo. Imposing S € Ry, the physical solution
among the three is A = —isgn(n),/p;. which leads us to the
entropy

S = 2z|n|\/py. (2.29)

Under the identifications (2.22), the entropy computed by the
superconformal index of the SU(N) N =4 SYM is

Sorr(Q.J)

N21

—27T\/Q 0> +0103+0,03— (J1+J2),  (2.30)

which agrees with the Bekenstein-Hawking entropy (1.2)
via the AdS/CFT dictionary (1.3) in the large-N limit.
Interestingly, the agreement persists for finite N if we slightly
modify the AdS/CFT dictionary for finite N as

T
2GNG |6
NI |finiteN

=N?—1=4c, (2.31)

where ¢ = % is the central charge. This may suggest that

the black hole entropy with full quantum corrections is
captured by the Bekenstein-Hawking entropy with the
renormalized Newton constant (2.31) in the Cardy limit.

C. General M;

The refined SUSY Cardy formula for the SU(N) N = 4
SYM on S' x M5 is

) e_(”3iAM3 65V (a)+(* Lagy /2) V1 (a)=(1/25) P (a)’ (2_32)

where V, (a) is the contribution absent in the superconformal index:

‘71 (a) = Z(f;"h - 55\43)[6((11] -+ m1> + 6((1,‘1' -+ m2> + 6((1,‘1' —m

i#]

—my) +0(a;;)). (2.33)
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The quantities Ayy,, Ly, , and fjm are local functionals on
M3 given by bosonic fields in the 3d new minimal super-

gravity multiplet (h AL ) H,c ) and 3d N =2 vector

ps

multiplet'? (A,.0.D):

Ay, =~ | dxvVh=ctv, +2H],
=y

1 1 |
Ly =— | &xVh [—A,SR)W + ot =5 H + R|.
M

3 2 4
. 1 . ‘
Chy = ; &xVh[-ALv* + D), (2.34)
3

which come from induced Chern-Simons terms of
U(Dgk = U(Dgk» U(L)gg —U(1)g, and U(1)gk-gauge
or flavor, respectlvely, from the viewpoint of the 3d
effective theory on Mj;. Technically, Ay, and L, are
just constants for fixed M5, while l}'w3 generally depends on
(supersymmetric configurations of) the dynamical vector
multiplets, though it has typically a simple form because of
susy.™
Here we restrict ourselves to

iA
Re< ﬂ?) >0,

which generalizes the condition (2.6). Then the
integral in the # — 0 limit is dominated by the saddle

point of V,(a) which is already found as a; = 0. Thus,

noting V, (a)|aj:0 =0, the asymptotic behavior of the

(2.35)

index for general M; is

273 iAy, (N> ~1)

IOgIs'xM3ﬂfO— 7 {m Hma }({m }
)=+ )
X [{m1}2+ {m2}2 +{m H{ma} = {m} = {my}].

(2.36)

This makes predictions to the gravity side for more general
M;. For example, the case for a lens space index is

IOg IS1><S3

~ 2.37
"|z|,|le|=0 n ( )

log Igi,53/7

"“This is for both gauge and global symmetries.
1’See Refs. [24,20] for details.

YFor example, £ 5./2, =0 and ffS’le (3

with Riemann surface Z ’

(magnetic charge)

III. GENERALIZATIONS
A. Other gauge groups

Generalization to other gauge groups is straightforward,
because we can still apply the technique in the SU(N) case.
For the N' =4 SYM with gauge group G, the functions
appearing in the SUSY Cardy formula are

Vz(Cl):—Z[K(“'a+m1)+’<(“'a+mz)

aeroot
- mz)}

1)—|—K(m

+k(a-a—m

— rank(G)[x(m 2) +x(=my —m,)],

Vl(a):% Z[39(a-a)—9(a-a+m1)—9(a-a+m2)

aEeroot

—0(a-a—m; —my)]
= 0m) + 00m) + 0(-m,

3 - mz)]

Vi :Za-fM3[€(a‘a+m1)+9(a-a+m2)
+0(a-a—my—my) +0(a-a)l. (3.1)
In terms of f(x), we rewrite V,(a) as
k(G
= Y o)+ 2D p0), 32)

a€root .

which has the global minimum at a; = 0 by the same logic15
as in Sec. II. Thus, the index asymptotically behaves as

27%iAy,dim(G ),

IOgIslxM3ﬂfO 7 {mH{my} ({m}+{my}—1)
7% Ly, dim(G)
{2 o}
3p
+{miH{my}={m}—{m,}]. (3.3)
Especially, the superconformal index is'®
loglslxs3
indimG{A; }H{A}({A 1} +{A} - 1-0-7)
lel.lo|~0 0 ’
(3.4)

PFor G = U(N), this is sufficient but not necessary due to
decoupling the diagonal U(1). The same minimum is realized by
any configuration satisfying a; = - - - = ay, which is the same as
the one obtained in Ref. [20]. This flat direction affects O(log f3).

For G = U(N), the result is the same as the one obtained in
Ref. [20], which takes the large-N limit. However, our result
shows that the result of Ref. [20] is formally correct also for finite
N. This implies that contributions which are ignored in Ref. [20]
vanish in the Cardy limit.
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The Legendre transformation leads us to the entropy

dimG

Sorr(Q.J) = 2”\/Q1Q2+Q1Q3+Q2Q3 —— (1 +J2)

:2”\/Q1Q2+Q1Q3+Q2Q3—20(J1 +J2),
(3.5)

where we have used ¢ = dim G /4. This implies that the dual
black hole entropy for gauge group G is captured by (1.2)
under the identification

T

3
26N G (finiten

=4c, (3.6)

even if G is not necessarily SU(N) or U(N).

B. Adding matter in conjugate representations

Let us add pairs of chiral multiplets in conjugate
representations to the ' =4 SYM with the gauge group
G. In general, this theory may have new flavor symmetries,
but let us keep their fugacities turned off for simplicity. For
this case, the function V,(a) does not receive contributions
from the matter because of k(—x) = —«(x). Therefore, the
holonomy integral of the SUSY Cardy formula is still
dominated by a; = 0. Furthermore, contributions from the
additional matter to the V; (a) and V, (a) are zero at a; = 0.
Thus, the asymptotic behavior of the index is

2
Ly

~ — 2Tr(R
=0 12 (R)
271' iAy, dim(G)

s
+”2LM-*3‘1/§‘“(G)[{m1}2+{m2}2

+{m H{ma} = {m } = {my}].

loglleM3

{m Hma}({m }+{m,}-1)

(3.7)

Note that only the difference from the N =4 SYM is the
first term, which is simply captured by the unrefined SUSY
Cardy formula [26]. Specifying to the superconformal
index case, we find

izdimG{A }{A}({A }+{As} —1-0-7)
loglg ¢ =
[zl.|e|—0 T0
_in(t+o0)
1270

Te(R). (3.8)

This indicates that the entropies in theories with
ITr(R)|/N* < 1 in the large-N limit are universally cap-
tured by the one of the N' =4 SYM.

C. Orbifold N'=4 SYM

Let us consider so-called orbifold A" =4 SYM which
is the circular quiver A/ =2 gauge theory with the
U(N), x ---U(N)g gauge group and one bifundamental
hypermultiplet of neighboring gauge group U(N),X
U(N);,,- We turn on chemical potentials m; and m, of
flavor symmetry U(1), x U(1), in which the U(1),
(U(1),) symmetry assigns charge 1 to each N’ =1 (anti)
bifundamental chiral multiplet and charge —1 to each
N =1 adjoint chiral multiplet in the N =2 vector
multiplet. The function V,(a) for this theory is

Z Z o) 1+1)+m1)

=1 1<i,j<N

(I+1)

+ K(—ag )+ a; @

+ mj) +K(aij —my —my)].

(3.9)

It is not easy to find the global minimum of this function in
contrast to the N'=4 SYM. Instead of solving this
problem completely, we proceed by taking the physically
motivated ansatz:

(3.10)

which reflects Z, rotation symmetry of the quiver diagram
or, equivalently, all the gauge groups are “democratic.”"’
Under this ansatz, V,(a) becomes

Vz(a>|au>7a Dg, = -K Z [x(aij 4 my) + x(=ai; + my)
1<j<N

+k(a;; —my —my)], (3.11)
which is proportional to V,(a) of the U(N) N/ = 4 SYM.

Thus, the asymptotic behavior of the index is

log Iq X M3 |0,—bif0|d SYM — Klog I XM |N=4 SYM* (3 12)

This result has a nice interpretation from the viewpoint of
so-called large-N orbifold equivalence [35], which states
that a free energy of a “daughter” theory obtained by a
projection of a “parent” theory by a group I" obeys

. F daughter I . parent
WL TN TR AT (3.13)
where |T| is the order of T'. Since the orbifold N' = 4 SYM
is obtained by a Z projection of the U(KN) N = 4 SYM,
the above result is expected from the orbifold equivalence.
For the case of the superconformal index, the entropy after
the Legendre transformation is given by

"This type of ansatz was also taken in the large-N analysis of
the orbifold N' =4 SYM on $* [34].
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KN?
Sorr(Q.J) =271/ 0102+ 0,05+ 0,0; _T(Jl +J5),
(3.14)

which is also expressed as

Sorr(0.J) =271/0,0,+ 0,03+ 0203 —2¢(J, + /1),
(3.15)

via ¢ = KN?/2.

IV. FUTURE DIRECTIONS

There are several questions and interesting future direc-
tions. Perhaps the most immediate question is whether or
not our results match at the quantum level. The first step to
test this would be to compute a logarithmic correction to the
black hole entropy by a one-loop analysis of the super-
gravity as in the case of the magnetically charged AdS,
black holes [36]. Our result suggests that the logarithmic
correction is absent in the Cardy limit. Another question is
what are physical interpretations of the dominant saddle
points in the regime Re(%) > 0, which we have not mainly
considered in this paper. The dominant saddle points in this
regime are not isolated and technically give the plateau in
|

the function f(x) given in Eq. (2.10), but they are not
degenerate at O(p~!). This question might be related to
hairy black holes [31]. It would be also interesting to study
higher-order corrections of # to the Cardy limit in order to
interpolate our result to the one in Ref. [22], which does not
take the Cardy limit. The higher-order corrections might be
significantly different between large N and finite N.
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APPENDIX: EXPLICIT FORMS OF V,(a), V,(a),
AND V,(a) FOR GENERAL LAGRANGIAN 4D
N =1 THEORY

Let us consider the 4d A/ = 1 SUSY gauge theory with
gauge group G coupled to chiral multiplets of representation
R, having U(1), charge R; and flavor charge Q7 of U(1) j
flavor symmetry. The refined Cardy formula takes the
form [24]

IS'xM3ﬂ§0€_[ﬂ2Tr(R)LM3/12ﬁ]/drankca €—<”3iAM3/Gﬂz)vz(a)+(7[2LM3/2ﬂ)VI(a)—(l/zﬂ)VI(a), (Al)
where'®

Vi == 3 S (et 3 o).
Iematter p;eR; Jj€tlavor

Vi) = Yo+ X 3 (R=10(p-at 3 Olmy).
aEroot I€matter p;€R; Jj€etlavor

= 3 S petud(peat S o) (42)
Iematter p;€R;

Jjeflavor

"More generally, V, (@) can have 7, for a flavor symmetry background. For example, £, for M5 = § ' %, is proportional to the
magnetic charge, and we have to specify the background magnetic charges.
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